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N
Notations

o [* :=T — {0} for a field F.

@ ¢ is the Euler’s totient function.

@ 4 is the Mobius function.

o G is the group of characters of the group G.

@ w(m) is number of distinct prime divisors of m.

o W(m) = 2%(™ is number of square free divisors of m.
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Basic Definitions

Character

Let G be a finite abelian group with identity e. A character x of G is a
homomorphism from G into C*.

x:G— C*.

that is,
e x(ab) = x(a)x(b) for all a,b € G.
@ Among the characters of G, the trivial character of G is x1 with
x1(a) =1, forall a € G.
@ The order of a character x is the least positive integer d such that
x? = x1.
o |G| =G|
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Some basic results

Theorem
If x is a non-trivial character of a finite abelian group G, then

> x(a)=0.

aeG
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Some basic results

Theorem

If x is a non-trivial character of a finite abelian group G, then

> x(a)=0.

aeG

Theorem

If a € G is a non trivial element and G is the group of all characters of

group G, then
Y x(a) =0

XE€EG
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Definitions

Primitive element
An element is said to be a primitive element over Fy if it generates F ™.

e For f € Fq(x), we call (o, f(a)) a primitive pair in Fq if both o and
f(a) are primitive elements of Fy.
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N
Definitions

Primitive element

An element is said to be a primitive element over Fy if it generates F ™.

e For f € Fq(x), we call (o, f(a)) a primitive pair in Fq if both o and
f(a) are primitive elements of Fy.

u - free element

For u a divisor of g — 1, an element o € F is called u - free, if a = Bd,
where § € Fq and dju, = d =1.

o Note that an element « is primitive iff it is (g — 1) - free.
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The following assertion is a particular case of [10, Lemma 10], given by
Shuqin et. al. (2004).

Lemma

Let u be a divisor of g — 1 and let a € ]F;. Then

/ s ifa is u-free,
/.L( ) ZX/(O() — { w(u)

e (/) ” 0 otherwise.
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Characteristic function

Characteristic function for the subset of u-free elements of F*

For each divisor u of g — 1, the characteristic function for the subset of u-
free elements of F is a map p, : Fy — {0,1} defined by

o O(u z“jzxd 1)

where 0(u) = <75(UU)

and g denotes the multiplicative character of F of
order d.
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Exceptional Rational function

We say that a rational function f € Fy(x) is exceptional if f = cx'g9 for
someceFy,i€Z, g €Fqy(x)and d > 1 divides g — 1.
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Literature Survey

In 2020, Cohen et al. [3] gave the following result for a general (ny, n2)-
function. For each positive integer n, let

e R,:={f = f1/f, non-exceptional rational functions over Fq of degree
sum n that is, n = ny + ny and with (f1, ) =1 }.

e Q,:= {q, a prime power s.t. for every f € R, there exists a primitive
element a (depending on f) in Fg such that f(«) is also primitive in

Fo}.
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Literature Survey

In 2020, Cohen et al. [3] gave the following result for a general (ny, n2)-
function. For each positive integer n, let

e R,:={f = f1/f, non-exceptional rational functions over Fq of degree
sum n that is, n = ny + ny and with (f1, ) =1 }.

e Q,:= {q, a prime power s.t. for every f € R, there exists a primitive
element a (depending on f) in Fg such that f(«) is also primitive in
Fq}.

2020, S.D.Cohen et al.
Let n > 2, and g be a prime power. Suppose that

q% > nW(q — 1)

Then g € Q..
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Literature survey

We will use the following result of Weil [11], as described in [1].;
(1948)

Lemma

Let F(x) € Fq4(x) be a rational function. Suppose F(x) = Hf:l fi(x)15,
where f; € Fy[x] is an irreducible polynomial and rj € Z\ {0} for
1 <j < k. Let x be a multiplicative character of Fq. Suppose that the

rational function F(x) is not of the form cH(x)° () € F,(x) for some

H(x) € Fq(x) and c € F, where ord(x) is the order of x. Then we have

¥ )]s (Zkldeg(a-) 1) ok
=

OCEFQ7F(O‘)7£OO
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Literature survey

Inequality due to Robin [7, Theorem 11];

Lemma
1.38402 logn
Fora//n23,w(n)§w. J
M



Define,

@ R,:={f = fi/f, even or odd non-exceptional rational functions over
Fy of degree sum n that is, n = ny + ny and with (fi, ) =1 }.
e Q,:={ g, a prime power with g =3 (mod 4) s.t. for every f € R,

there exists a primitive element a (depending on f) in Fg such that
f(«) is also primitive in Fg}.
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Define,

@ R,:={f = fi/f, even or odd non-exceptional rational functions over
Fy of degree sum n that is, n = ny + ny and with (fi, ) =1 }.

e Q,:={ g, a prime power with g =3 (mod 4) s.t. for every f € R,
there exists a primitive element a (depending on f) in Fg such that
f(«) is also primitive in Fg}.

Lemma

If x4 is a multiplicative character of ¥ of even order d and q =3
(mod 4), then xq(—1) = —1.
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|
Outline of proof

@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}
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|
Outline of proof

@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}

Ne(myma) = > pmy (@)pma ()

a€Fq\S¢
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|
Outline of proof

@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}

Ne(myma) = > pmy (@)pma ()

a€Fq\S¢

Ne(mi,ma) = 0(m)o(ma) > MIVHE) S~ )

dy|my,da|my Xdy »Xdp

where, xr(xa, X)) = D Xer(@)Xar (F()).
a€Fg\S¢
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Outline of proof

@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}

Ne(myma) = > pmy (@)pma ()

a€Fq\S¢

Ne(mi,ma) = 0(m)o(ma) > MIVHE) S~ )

dy|my,da|my Xdy »Xdp

where, xr(xa, X)) = D Xer(@)Xar (F()).
a€Fg\S¢

@ CASE 1: If f is an odd rational function and exactly one of d; or d» is even.

@ CASE 2: If f is an even rational function and d; is even.
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|
Outline of proof

@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}
Ne(m,mo) = pmy()pmy (F())
a€Fq\S¢
_ p(dy
N¢(my, m2) = 6(m1)0(m2) > o(d > xr(xers xe)

di|my,da|m;

where, X7 (Xd;> Xdp) = Z Xd; (@) xd, (F()).

a€Fg\S¢

@ CASE 1: If f is an odd rational function and exactly one of d; or d» is even.

@ CASE 2: If f is an even rational function and d; is even.

@ Xr(Xdi» Xar) = —xr(Xer» Xdo) = Xr(Xer» Xa) = 0.
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Outline of proof
@ Ne(my,my) :=|{a € Fq: v is my- free and f(«) is my- free, for my, my divisors of
q— 1}

Ne(myma) = > pmy (@)pma ()

a€Fq\S¢

Ne(mi,ma) = 0(m)o(ma) > MIVHE) S~ )

dy|my,da|my Xdy »Xdp

where, xr(xa, X)) = D Xer(@)Xar (F()).
a€Fg\S¢

@ CASE 1: If f is an odd rational function and exactly one of d; or d» is even.
@ CASE 2: If f is an even rational function and d; is even.
@ xr(Xais Xeb) = —xr(Xah> Xob) = X (X5 Xp) = 0.

@ N¢(mi, mz) > 0 whenever q? > w
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Results

Theorem 1
Suppose n € N, n > 2 and ¢ =3 (mod 4) is a prime power. Then

nW(g — 1)2
qéz(qz):qGQn- (2)
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Results

Theorem 1
Suppose n € N, n > 2 and g = 3 (mod 4) is a prime power. Then

1 nW(g—1)32
ERLLCES JPY

The following result is the sieve variation of Theorem 1.

Theorem 2
Let e|(g — 1), and let {p1, p2, ..., pr } be the collection of all primes

dividing (g — 1) but not dividing e. Suppose 6 :=1—2>7_. L > 0 and

i=1 p
set A= 2= 42 Then

nAW (e)?
2

N[

qz > = q € Q,.

(3)
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|
Outline of the proof of Theorem?2

For the proof of Theorem?2, we require the following lemma which give an
upper bound for the absolute value of N¢(pe, e) — 6(p)N¢(e, e) and

Ne(e, pe) — 0(p)Ne(e, e).

Lemma

Let e be a positive integer that divides g — 1 and let p be a prime that
divides ¢ — 1 but not e. If f € R, and g =3 (mod 4), then

INi(pe. &) — 0(p)Ni(e, ) < LB gt yey?

and

Ne(e.pe) — 0(pe(e. )] < X b ey
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|
Outline of the proof of Theorem?2

Lemma

Let e be a positive integer that divides g — 1 and let {p1, p2,...,pr} be
the collection of all primes that divides g — 1 but not e. Then

Ne(g—1,9—1) > Z N¢(pie, e) Z N¢(e, pie) — (2r — 1)N¢(e, e).
i=1

Hence,

r

Ne(g—1,q —1) > (Ne(pje, ) — 0(pi)Ne(e, €)) + > _(N¢(e, pie) — O(p;
= i—1

{1-2) (1 —6(p:))} x Ne(e, e).

i=1
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|
Outline of the proof of Theorem?2

We have g € Q,, if
nW(q —1)°

q%>
- 2

<= logg >2logn+4w(q —1)log2 — 2log?2.
which holds if,

1 5.5361log2\ loggqg
loglogg ) 2log(5) —
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|
Outline of the proof of Theorem?2

We have g € Q,, if

1 nW(q— 1)
q? = — s = log g > 2logn+ 4w(g —1)log2 — 2log2.

which holds if,

1 5.5361log2\ loggqg
loglogg ) 2log(5) —

Theorem 3

Suppose n € N, n > 2 and g is a prime power such that ¢ =3 (mod 4).
Let np = 2(exp(22*45361) Then

('2’)4 if n > ng, )
- max{(g)8,exp(2%X5'536l)} if n < no,
implies g € Q.
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The following result is an analogue of the Theorem 3 for functions which

are not necessarily even or odd; needless to say that it is a consequence of
[3, Theorem 3.3].

Theorem 4

Let g be a prime power, n > 2 be an integer and let f(x) € Fq(x) be a
non-exceptional rational function of degree sum n. Set v = 0.9998 and
ng = 2y~ L exp(22x4:5301) |f

(ny)* if n > ng,
q=2 8 4x55361y)
max{(nvy)®, exp(237>>°1)} if n < no,

then there exists a € Fy such that both a and f(«) are primitive in Fy.
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The minimum number of prime factors of g — 1 required for g to have a
primitive pair is displayed in Table for certain degree sums of rational
functions according to Theorem 3.1 in [3] and Theorem 1.

Degree sum (n) 2 3|45 (6 |7|8]9
w(qg — 1) for general f 17 |18 |18 | 19 | 19 | 19| 19 | 19
w(q—1) forevenorodd f | 16 | 17 | 17 | 17 | 18 | 18 | 18 | 18

Table: Minimum value of w(g — 1) with respect to degree sum of f
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The minimum number of prime factors of g — 1 required for g to have a
primitive pair is displayed in Table for certain degree sums of rational
functions according to Theorem 3.1 in [3] and Theorem 1.

Degree sum (n) 2 3|45 (6 |7|8]9

w(qg — 1) for general f 17 |18 |18 | 19 | 19 | 19| 19 | 19
w(q—1) forevenorodd f | 16 | 17 | 17 | 17 | 18 | 18 | 18 | 18

Table: Minimum value of w(g — 1) with respect to degree sum of f

For example, for a general non-exceptional rational function of degree sum
3, we require g > 1.173 x 1023 whereas for an even or an odd
non-exceptional rational function function of degree sum 3, we require

g > 1.923 x 10%L.
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