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The local-global divisibility problem

Let
@ k be a number field;
@ M, be the set of places of k;
@ k, be the completion of k at v € My;
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The local-global divisibility problem

Let
@ k be a number field;
@ M, be the set of places of k;
@ k, be the completion of k at v € My;

Theorem (Hasse principle for quadratic forms, 1924)

A quadratic form F(Xy,...,X,) € k[Xq,...,Xy] has nontrivial zeros in k if
and only if it has nontrivial zeros in k,, for every v € M.
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"for every v € M " — "for all but finitely many v € M,"

With k = Q and n = 2: is it true that if m € Q is a square modulo almost
all primes, then it is a (perfect) square in Q7
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"for every v € M " — "for all but finitely many v € M,"

With k = Q and n = 2: is it true that if m € Q is a square modulo almost
all primes, then it is a (perfect) square in Q7

Question (revisited)

With g—powers and arbitrary k: is it true that if P € G,(k) is such that
P = RY in Gm(k,) for almost every v, then P = R9 in Gp(k)?
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"for every v € M " — "for all but finitely many v € M,"

With k = Q and n = 2: is it true that if m € Q is a square modulo almost
all primes, then it is a (perfect) square in Q7

Question (revisited)

With g—powers and arbitrary k: is it true that if P € G,(k) is such that
P = RY in Gm(k,) for almost every v, then P = R9 in Gp(k)?

An answer is given by the Grunwald-Wang Theorem.
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Let G be a commutative algebraic group defined over k and fix g a positive
integer.

Problem (Dvornicich and Zannier, 2001)

If P € G(k) is such that P = gD, for some D, € G(k,), for all but finitely
many v € My, can we conclude that P = gD for some D € G(k)?
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Let G be a commutative algebraic group defined over k and fix g a positive
integer.

Problem (Dvornicich and Zannier, 2001)

If P € G(k) is such that P = gD, for some D, € G(k,), for all but finitely
many v € My, can we conclude that P = gD for some D € G(k)?

By the Bézout identity it is enough to answer when g = p”, with p prime.
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Cohomological interpretation

Fix g = p", with p prime number.
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Cohomological interpretation

Fix g = p", with p prime number.
K := k (G[q]) is finite Galois over k with G := Gal(K/k).
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Cohomological interpretation

Fix g = p", with p prime number.
K := k (G[q]) is finite Galois over k with G := Gal(K/k).

Definition

We say that the class of a cocycle [c] = [{Z,}sec] € HY(G, G[q]) satisfies
the local conditions if

Vo € G 3IW, € G[q] sit. Z, = (0 —1)W,.

The subgroup of H'(G, G[q]) of these classes is called the first local
cohomology group HL (G, G[q]).
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Cohomological interpretation

Fix g = p", with p prime number.
K := k (G[q]) is finite Galois over k with G := Gal(K/k).

Definition

We say that the class of a cocycle [c] = [{Z,}sec] € HY(G, G[q]) satisfies
the local conditions if

Vo € G 3IW, € G[q] sit. Z, = (0 —1)W,.

The subgroup of H'(G, G[q]) of these classes is called the first local
cohomology group HL (G, G[q]).

(G, Glal) = [ ker (H'(G,Gla)) > H'(C, Gla)) ).

Cc<G
C cyclic
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Cohomological interpretation

Fix g = p", with p prime number.
K := k (G[q]) is finite Galois over k with G := Gal(K/k).

Definition
We say that the class of a cocycle [c] = [{Z,}sec] € HY(G, G[q]) satisfies
the local conditions if

Vo € G 3IW, € G[q] sit. Z, = (0 —1)W,.

The subgroup of H'(G, G[q]) of these classes is called the first local
cohomology group HL (G, G[q]).

(G, Glal) = [ ker (H'(G,Gla)) > H'(C, Gla)) ).

Cc<G
C cyclic

Clearly, if G is cyclic then Hi .(G,G[q]) =
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Y = {v € My | v unramified in K}
If v € X and w|v, the group G, = Gal(K,,/k,) is cyclic.
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Y = {v € My | v unramified in K}

If v € X and w|v, the group G, = Gal(K,,/k,) is cyclic.
By the Chebotarev Density Theorem, G, varies over all cyclic subgroups of
G, as v varies in 2.
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Y = {v € My | v unramified in K}

If v € X and w|v, the group G, = Gal(K,,/k,) is cyclic.
By the Chebotarev Density Theorem, G, varies over all cyclic subgroups of
G, as v varies in 2.

Hhe (G.91q]) = () ker (H1(G,Glq]) “* BY(G,.Gla])) - (1)

vEY

Remark: if we take all places we get a group isomorphic to the
Tate-Shafarevich group III(k, G[q]).
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Theorem (Dvornicich - Zannier, 2001)

IFHL

loc

(G,Glq]) = 0, then the local-global divisibility by q holds in G(k).
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Theorem (Dvornicich - Zannier, 2001)

IFHL

loc

(G,Glq]) = 0, then the local-global divisibility by q holds in G(k).

Let G, be a p—-Sylow subgroup of G.

Theorem (Dvornicich - Zannier, 2001)

Hlloc (Gp7g[q]) =0 = Hlloc (Gvg[q]) =0

Jessica Alessandri (UnivAq) Local-global divisibility on algebraic tori



Theorem (Dvornicich - Zannier, 2001)

IFHL

loc

(G,Glq]) = 0, then the local-global divisibility by q holds in G(k).

Let G, be a p—-Sylow subgroup of G.

Theorem (Dvornicich - Zannier, 2001)

Hlloc (Gpvg[q]) =0 = Hlloc (Gvg[q]) =0

Theorem (Dvornicich - Zannier, 2007)

IfHL (G,G[q]) # 0, there exists a number field L such that the

local-global divisibility by q does not hold for G(L).
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Known results

o Elliptic curves:
e yes for g = p;
e yes for g = p":
e with p>5if k=Q,
o with p > C([k : Q]) if k does not contain Q((, + C,);
e no for g =2™,3™, with m > 2.
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Known results

o Elliptic curves:
e yes for g = p;
e yes for g = p":
e with p>5if k=Q,
o with p > C([k : Q]) if k does not contain Q((, + C,);

e no for g =2™,3™, with m > 2.

@ Abelian varieties: conditions on .A[q] for principally polarized abelian
varieties, for g = p".
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Known results

o Elliptic curves:
e yes for g = p;
e yes for g = p":
e with p>5if k=Q,
o with p > C([k : Q]) if k does not contain Q((, + C,);

e no for g =2™,3™, with m > 2.
@ Abelian varieties: conditions on .A[q] for principally polarized abelian
varieties, for g = p".
@ General commutative groups: conditions for g = p.
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Known results for algebraic tori

Classical case T = G,,,: we have a complete answer.
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Known results for algebraic tori

Classical case T = G,,,: we have a complete answer.

Theorem (Grunwald-Wang Theorem)

Let m = 2'm’ be an integer, with m’ odd. If a« € k™ is such that a € kg
for all but finitely many primes and k((at)/k is cyclic, then o € k™.

Thus, for m odd, or divisible at most by 4, the answer is affirmative.
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Known results for algebraic tori

Classical case T = G,,,: we have a complete answer.

Theorem (Grunwald-Wang Theorem)

Let m = 2'm’ be an integer, with m’ odd. If a« € k™ is such that a € kg
for all but finitely many primes and k((at)/k is cyclic, then o € k™.

Thus, for m odd, or divisible at most by 4, the answer is affirmative.
For m = 2%, with t > 3, the answer is negative.
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Known results for algebraic tori

Classical case T = G,,,: we have a complete answer.

Theorem (Grunwald-Wang Theorem)

Let m = 2'm’ be an integer, with m’ odd. If a« € k™ is such that a € kg
for all but finitely many primes and k((at)/k is cyclic, then o € k™.

Thus, for m odd, or divisible at most by 4, the answer is affirmative.
For m = 2%, with t > 3, the answer is negative.

Example (Trost, 1948)

The equation x® — 16 = 0 has solutions in Qp for all odd primes p, but has
no solution in Q (and Q3).
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What about the non-split case?
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What about the non-split case?

Theorem (Dvornicich - Zannier, 2001)

If T is an algebraic k—torus of dimension n < max(3,2(p — 1)), then the
local-global divisibility by p holds for T (k).
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What about the non-split case?

Theorem (Dvornicich - Zannier, 2001)

If T is an algebraic k—torus of dimension n < max(3,2(p — 1)), then the
local-global divisibility by p holds for T (k).

Example (Dvornicich - Zannier, 2001)

There exists a torus T over k = Q((,3), with dim(T) =p* —p?> +1, and a
point P € T(k) such that P locally p—divisible for all but finitely many
v € M, but not globally.
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What about the non-split case?

Theorem (Dvornicich - Zannier, 2001)

If T is an algebraic k—torus of dimension n < max(3,2(p — 1)), then the
local-global divisibility by p holds for T (k).

Example (Dvornicich - Zannier, 2001)

There exists a torus T over k = Q((,3), with dim(T) =p* —p?> +1, and a
point P € T(k) such that P locally p—divisible for all but finitely many
v € M, but not globally.

The problem was left open for 2p — 1 < dim(T) < p* — p? + 1.
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Theorem (lllengo, 2008)

Let p # 2 be a prime and T an algebraic k—torus of dimension
n < 3(p —1). Then the local-global divisibility by p holds for T (k).
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Theorem (lllengo, 2008)

Let p # 2 be a prime and T an algebraic k—torus of dimension
n < 3(p —1). Then the local-global divisibility by p holds for T (k).

Proposition (lllengo, 2008)

There exists T with dim(T) = 3(p — 1) defined over some k and (possibly
extending k) a P € T (k) for which the local-global divisibility by p # 2
fails.

Thus the bound founded for the local-global divisibily by p is sharp.
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The case g = p on algebraic tori is completely solved.
What can we say for g = p"?
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The case g = p on algebraic tori is completely solved.
What can we say for g = p"?

Theorem 1 (A., Chirivi, Paladino)

Let p # 2 be a prime.

(a) Let T be a torus defined over k. If dim(T) < p — 1, then the
local-global divisibility by every power p" holds for T (k).

(b) For each n > p — 1 there exists a torus T defined over a number field
k with dim(T) = n and a finite extension L/k such that the
local-global divisibility by p" does not hold for T(L) for any r > 2.
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The case g = p on algebraic tori is completely solved.
What can we say for g = p"?

Theorem 1 (A., Chirivi, Paladino)

Let p # 2 be a prime.

(a) Let T be a torus defined over k. If dim(T) < p — 1, then the
local-global divisibility by every power p" holds for T (k).

(b) For each n > p — 1 there exists a torus T defined over a number field
k with dim(T) = n and a finite extension L/k such that the
local-global divisibility by p" does not hold for T(L) for any r > 2.

To prove (a), we showed that if dim(T) < p — 1 then G, is cyclic
= H} (Gp, T[p']) = 0.
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Sketch of proof of part (b)

Remark: T[q] ~ (Z/qZ)", with n = dim(T).
Gal (k(T[ql)/k) — GLn(Z/qZ).
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Sketch of proof of part (b)

Remark: T[q] ~ (Z/qZ)", with n = dim(T).
Gal (k(T[ql)/k) — GLn(Z/qZ).

Lemma 2 (A., Chirivi, Paladino)

There exists an algebraic torus T of dimension r = p — 1 defined over
Q(Cp) such that G = Gal (k(T[p?])/k) ~ Z/pZ x Z/pZ and is generated
in GL,(Z/p*Z) by

0 -1
1 0 -1 p+1
"= and vy = .
1 0 -1 p+1
1 -1
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Lemma 3 (A., Chirivi, Paladino)

There exists a (unique) extension of

=1
PO p
M v = : y Y — Vo= :
0 P
] 0

to a non-trivial element of HX

he (6. (@/p°2)"").

Hi (G, T[p?]) #0 = local-global divisibility by p? fails (in a finite
extension).
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Lemma 3 (A., Chirivi, Paladino)

There exists a (unique) extension of

=1
PO p
M v = : y Y — Vo= :
0 P
] 0

to a non-trivial element of HX

he (6. (@/p°2)"").

Hi (G, T[p?]) #0 = local-global divisibility by p? fails (in a finite
extension).
For r > 2: p?—divisibility fails = p’—divisibility fails.
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If {,r € k the local-global divisibility by every odd p" still holds.
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If {,r € k the local-global divisibility by every odd p" still holds.
= [k (TIp]) Nk (Cpr) : K-

k(TIp'T) k(Cor)

N

k(TIp']) Nk (Spr)

d

k
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If {,r € k the local-global divisibility by every odd p" still holds.
= [k (TIp]) Nk (Cpr) : K-

k(TIp'T) k(Cor)

N

k(TIp']) Nk (Spr)

d

k

Theorem 4 (A., Chirivi, Paladino)

If T is a torus defined over k with dim(T) < 3(p — 1) and p { d, then the
local-global divisibility by p" holds for T (k).
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.

Assume r > 2 and H}, (Gal(k (T[p/]) /k), T[p]) =0 for j < r.

loc
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.
Assume r > 2 and H}, (Gal(k (T[p/]) /k), T[p]) =0 for j < r.

loc

We prove that G = Gal(k (T[p']) /k) acts on

1— Tlp] — Tp'1— T[] —1
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.
Assume r > 2 and H}, (Gal(k (T[p/]) /k), T[p]) =0 for j < r.

loc

We prove that G = Gal(k (T[p']) /k) acts on
1— Tlp] = T[p] =T —1

which induces

Hlloc(G’ T[p]) - Hlloc(G’ T[pr]) - Hlloc(Ga T[pr_l])
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.
Assume r > 2 and H}, (Gal(k (T[p/]) /k), T[p]) =0 for j < r.

loc

We prove that G = Gal(k (T[p']) /k) acts on
1— Tlp] = T[p] =T —1

which induces

Hlloc(G’ T[p]) - Hlloc(G’ T[pr]) - Hlloc(Ga T[pr_l])
=0 -0
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Sketch of proof

For r = 1, we have the results of Dvornicich-Zannier and lllengo.
Assume r > 2 and H}, (Gal(k (T[p/]) /k), T[p]) =0 for j < r.

loc

We prove that G = Gal(k (T[p']) /k) acts on
1— Tlp] = T[p] =T —1

which induces

Hlloc(G’ T[p]) - Hlloc(G’ T[pr]) - Hlloc(Ga T[pr_l])
=0 -0

= Hlloc(Gv T[pr]) =0.
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Thank you for your attention!
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