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Introduction

Throughout this talk, let s = o + it be a complex number.

The multiple zeta-function of depth r

Cr(s1, 92, ..., 80) i= Z ——

0<m<my<---<my

o If r =1, this is the Riemann zeta-function.
@ The series converges absolutely when

or>1,014+0,>2,...,014+ 40, >r.

@ Zhao (2000), Akiyama, Egami and Tanigawa (2001) showed that
¢ (s1,2,...,5) can be continued meromorphically to C"-space.
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o Let
(1 — sl)F(sl + s — 1)

M(s2)

@ V(a, c; x) denotes the confluent hypergeometric function of the second
kind defined by

r1-c
NMa—c+1)

<(51 + 5 — 1)

g(s1,%2) = C(s1, %) — r

Mc—1)

V(a,c;x) = )

1Fi(a, c;x) + x'"1FR(a—c+1,2—c:x),

where 1F; is the Kummer's confluent hypergeometric function.

W-expression for the double zeta-function (Matsumoto, 1998)

Let oa(n) = 3 ,d*. Then for o1 < 0,01 4 02 > 2 we have

g(s1, ) = (2mi)* ™2 7(1 - 51)

X {Z Os+5—1(MV(s2, 51 + 52; 27in) — Zasﬁsrl(n)\ll(sz, s1+ s; —27rin)} .

n=1 n=1
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Functional equation

the reflection formula

V(a,c;x)=x"W(a—c+1,2—c;x).

F2i(51,52) = Zalersrl(k)‘~ll(527 s1 + s; £2mik)

k=1

can be continued meromorphically to C?.

It holds that
Fif (s, ) = (£27) 7 2FE (1 — 55,1 — 51).

Functional equation for the double zeta-function (Matsumoto, 2004)

For any s1,s, € C, except for singularity points, we have

g(s1,s2) _g(1—9,1—49) .. T +
@m)ste-IM(1 —s)  inte-1[(s) > 2l (5(51 8= 1)) Fa (1, %2)-
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Generalization of the Matsumoto’s result

The Mordell-Tornheim multiple zeta-function

1
CuT,r(S1,- -, 5, Sr41) 1= Z s

my,...,mp>1 myt . omp(my e m )
aut, (1, SrySr+1) := CuT,r(S1y -+ -y Sry Sr11)
M1—s)(sr+s+1—1
— ( r) ( r rtl )(:MT,,_l(Sl,,..,S,—1,S,+Sr+1 — 1)
I(sr41)

Okamoto and Onozuka (2016)

gMT,r(Sly ey Sry Sr+1) = (27Ti)s'+s'+1_1r(1 — Sr)

i 0‘51+...+5,+5,+171(gcd(£1, 0oo ,frfl))

X ) Y(sr41,S + Sr41; 2mi (0 + - - + £,—1))
1,8, —1=1 1%
= v 1(gcd(€1 Y/ 1))
_ Z 51+-..+Sr+$r+£s: . 5 oo o= W(srt1,Sr + Sr41; —2mi (b1 + - -+ + £r—1))
01,8, _1=1 1t

v
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Mordell-Tornheim multiple L-function

Definition(Mordell-Tornheim multiple L-function)

Z ar(m)...a(m,)

,CMT S1,..+.55,S5+1,d1,...,4dr) =
MO S .-, ar) mit.omy (my 4+ my)s]

where {a1(n)}n>1,...,{a-(n)}.>1 satisfy that Dirichlet series
L(s,a;) = >.°, aj(n)n™* are belong to the Selberg class S.
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The Selberg class S is the class of L-functions £(s) = Y%, ac(n)n™°
satisfying the following conditions 61 - 65):

S

@
53]

The series £(s) =Y., az(n)n° is convergent absolutely for o > 1.

There exists m. € Zso such that (s — 1)™2L(s) is entire of finite order.
For all s € C, £(s) satisfies the functional equation Z;(s) = w:Z-(1 -3),
where

=@ H F(Ajs + i) L(s) = v(s)L(s)

Jj=1

with Aj > 0,Q > 0,Re(yj) >0, and |we |=1.
For o > 1, £(s) can be written as £(s) =], exp( ) bi([jk)), where
bz(n) =0 and bz(n) < nc for 6. € [0.2).

For any n € Zz1, ac(n) < n°.

The degree of £
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Main result

Kaczorowski-Perelli (1999)

Let £ € S with d: =1. Then
L(s) =((s), or L(s+i6,x")

where x* is a primitive Dirichlet character.

Theorem (T., 2023+)

If one of L(s,a),...,L(s,a) has the degree 1, then Lmt (si,. .., S+1;
ai,...,a,) has an expression in terms of the confluent hypergeometric
function V.

If L(s,a1)=---=L(s,a,) = ((s), this recovers the result of Okamoto and
Onozuka.
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Sketch of Proof

the Mellin-Barnes formula

—_ 1 [ Hs+2)0(=2),.

Lmt,r(Sty -y Sy Sr41; 815+, ar)

_ Z a(m)...a(my)

Sr+1
s s, Sri1 my+-4mp_q r+
my,eme>l My o mymy (1 +

1 Msy1+2)M[(—2z
=5 © %EMT,rfl(sla cosS—1,—Z;a1, ..., ar—1)L(ss + sr41 + 2, ar)dz.

The Mellin-Barnes integral expression of V:

. 1 M(sr41+ 2)M(=2)I(1 = sy — 5p41 — 2) 2
V(s 5 Sr 1 £2mik) = — 2rik .
(Sr+1, Sr + Sr41; £2mik) — /m F(s )M (=s + 1) (£2mik)*dz

where —Re(s,+1) <y < min{0,1 — Re(s; + s.+1)}.
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Sketch of Proof

the Mellin-Barnes formula

s_ 1 s+ 2)N(-z),,

Lmt,r(Sty -y Sy Sr41; 815+, ar)

= Z a(mi)...a(m)
a S1 St Sr+l mite4mp_q ) o+l
my,..., m>1 my ...mmy (]_+ mir)
1 M(sr+1 + 2)[(—2)

=5 “ WEMTJ,I(&, ceySr—1,—2Z; 31, ..., ar—1)L(sr + sr41 + 2, 3,)dz.

The Mellin-Barnes integral expression of V:

. 1 M(sr1+ 2)I(=2)[(1 = s — 5741 — 2) oz
W(Srt1, S + Srv1; E27ik) = —/ +27ik)*dz.
(srt * ) ) F(sr1) (=5 + 1) ( )

™I

where —Re(s,+1) <y < min{0,1 — Re(s; + s.+1)}.
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@ the functional equation for ¢(s):

C(sr+ 511+ 2) = oSStz pstsiitz—l g g(l — 5 — 5 —2)
XT(1—s —s41—2)¢(1 — s — sp41 — 2).
@ the functional equation for L(s, x):

(27r)5r+5r+1+z

L(sr +sr+1+ 2, x) = e(x) q%fs’fs’“*z cos g(l — S —S41—Z—K)

XxT(1—s —s41—2)L(1 —s — 541 — 2,%).

A-conjecture

Every £ € S has a y-factor with \; =1 for j=1,2,... k.

k
de =2 N
j=1

If A-conjecture is true, then there is no other L(s,a) = > a(n)n™° € S such

n=1

that it has only one '-function in the functional equation.
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Thank you for your attention!
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