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Hankel determinants

Let (an)n∈N – a number sequence.

Definition
We define the Hankel determinant of order n as

H(n) = det


a0 a1 · · · an−1

a1 a2 · · · an
...

...
...

an−1 an · · · a2n−2

 .

Applications:
Padé approximation and irrationality exponents
Orthogonal polynomials
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Selected results

Thue–Morse sequence:
tn = (−1)s2(n),

where s2(n) – sum of binary digits of n.

Theorem (Allouche, Peyrière, Wen, Wen (1999))
For all n ∈ N we have H(n) 6= 0.

Theorem (Bugeaud (2011))
For any base b ≥ 2 the number

∞∑
n=0

tn
bn

has irrationality exponent 2.
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Selected results
Paperfolding sequence:

f2n = (n + 1) mod 2, f2n+1 = fn.

Theorem (Guo, Wu, Wen (2014))

H(n) ≡
{
1 (mod 2) if n ≡ 0, 1, 2, 5, 8, 9 (mod 10)
0 (mod 2) if n ≡ 3, 4, 6, 7 (mod 10).

Theorem (Guo, Wu, Wen (2014))
For any base b ≥ 2 the number

∞∑
n=0

fn
bn

has irrationality exponent 2.
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Selected results
A general result concerning irrationality exponent of

∞∑
n=0

an
bn

for a broader class of sequences (Bugeaud, Han, Wen, Yao (2016))

Period-doubling sequence:

dn = (s2(n + 1)− s2(n)) mod 2.

Theorem (Fokkink, Kraaikamp, Shallit (2017))
H(n) is [up to sign] a product of n Jacobsthal numbers.

Jacobsthal numbers:

J0 = 0, J1 = 1, Jn = Jn−1 + 2Jn−2.

Catalan, Euler, Bernoulli numbers, etc.
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Hankel determinants for the binary sum of digits

Problem (Allouche, Shallit)
Find a simple closed form for the Hankel determinants for the binary sum
of digits (s2(n))n∈N.

One can observe the following:

n 2 3 6 11 22 43 86 171 · · ·
H(n) −1 2 3 −4 −5 6 7 −8 · · ·

More precisely, for n0 = 2, nk = 2k+1 − nk−1 + 1 we have

H(nk) = (−1)
(k+2)(k+3)

2 (k + 1).
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Weighted sum of binary digits

Let w = (wj)j∈N – a sequence of weights.

Definition
Let n ∈ N have binary expansion

n = 2mεm + · · ·+ 2ε1 + ε0, εj ∈ {0, 1}.

We define weighted sum of binary digits n as

sw(n) = εmwm + · · ·+ ε1w1 + ε0w0.
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Hankel determinants associated with sw
We define

Hw(n) = det


sw(0) sw(1) · · · sw(n − 1)
sw(1) sw(2) · · · sw(n)
...

...
...

sw(n − 1) sw(n) · · · sw(2n − 2)

 ,

Gw(n) = det


dw(0) dw(1) · · · dw(n − 1)
dw(1) dw(2) · · · dw(n)

...
...

...
dw(n − 1) dw(n) · · · dw(2n − 2)

 ,

where dw(n) = sw (n + 1)− sw(n).

Goal
Compute Hw(n) and Gw(n).
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A formula for Gw(n)

Theorem
Let n ∈ N+ have binary expansion

1`s0`s−11`s−2 · · · (1− a)`3a`210`1−1,

where s ≥ 1, `i ≥ 1 for i = 1, . . . , s and a ∈ {0, 1}. Put

ki =
{
`1 − 1 if i = 1,∑i

j=1 `i if i ≥ 2.

Then

Gw(n) = εn

s∏
i=1

`i∏
j=1

(wki − 2jwki−j)αi,j ,

where εn ∈ {1,−1} and the exponents αi ,j ≥ 1 sum up to n.
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A corollary for the period-doubling sequence

Corollary
If wj = Jj+1, then dw is the period-doubling sequence and for all n ∈ N+
we have

Gw(n) = γn

s∏
i=1

`i∏
j=1

Jαi,j
j ,

where γn ∈ {1,−1}.

This generalizes the result of Fokkink, Kraaikamp and Shallit.
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Formulas for Hw(n)
Let G̃w(n) denote Gw(n) after replacing the last column with 1’s.

Theorem
Let n ≥ 5 and let k be such that 2k < n ≤ 2k+1.
1. If 2k < n ≤ 3 · 2k−1, then[

Hw(n)
G̃w(n)

]
= An

[
−1 Cn

0 1

] [
Hw(2k+1 − n + 1)
G̃w(2k+1 − n + 1)

]

2. If 3 · 2k−1 < n ≤ 2k+1, then[
Hw(n)
G̃w(n)

]
= Bn

[
1 Cn

0 1

] [
Hw′(n − 2k)
G̃w′(n − 2k)

]
,

for some constants An,Bn,Cn depending on n,w, where

w′ = (w0,w1, . . . ,wk−1,
1
2wk+1, . . .).
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Corollaries
For wj = t j write

Hw(n) = H(n, t).

In particular H(n, 1) is the Hankel determinant for the usual binary sum of
digits.

Corollary
Let n0 = 2 and

nk = 2k+1 − nk−1 + 1, k ≥ 1.

Then

H(nk , t) = (−1)
(k+2)(k+3)

2 tαk (t − 2)nk−2(1 + t + · · ·+ tk)

for some αk ∈ N+. In particular,

H(nk , 1) = (−1)
(k+2)(k+3)

2 (k + 1).
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Corollaries

Corollary
For all m ≥ 2 we have

H(2m, 1) =
m∑

j=1

2j−1

2j − 1

m∏
j=1

(2j − 1)2m−j
.

and

H(2m − 1, 1) = (2m−1 − 1)

1 +
m−1∑
j=1

2j−1

2j − 1

 m−2∏
j=1

(2j − 1)2m−j
.
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Corollaries
Corollary
For all n ≥ 1 we have

H(n, 1) ≡ (n + 1) (mod 2).

Corollary
For n ∈ N let

s(n) =
{

sgn H(n, 1) if n 6= 1,
1 if n = 1.

Then for all n ∈ N we have

s(2n) = (−1)
n(n+1)

2 s(n),
s(4n + 1) = (−1)ns(2n + 1),
s(4n + 3) = −s(2n + 1).

In particular, H(n, 1) 6= 0 for all n ≥ 2.
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(Non)vanishing of H(n, t)
For wj = t j we write

sw(n) = S(n, t),
Hw(n) = H(n, t).

Questions
Which algebraic numbers t ∈ C can(not) be roots of H(n, t)?
If H(n, t) = 0 for some n ≥ 2, do there exist infinitely many such n?

What we know so far:
S(n, 0) = n mod 2 =⇒ H(n, 0) = 0 for all n ≥ 2,
S(n, 2) = n =⇒ H(n, 2) = 0 for all n ≥ 2,
ζd = 1, ζ 6= 1 =⇒ H(n, ζ) = 0 for infinitely many n.
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(Non)vanishing of H(n, 2ζ)
Theorem
For x ∈ R+ we have

#{n ≤ x : H(n,−2) 6= 0} = Θ(log x).

If d ≥ 3 and ζd = 1, then

log x � #{n ≤ x : H(n, 2ζ) 6= 0} � x δd ,

where δd < 1 + log2(1− 2−d ) < 1.

Corollary
For any d ≥ 1 we have

dens
{

n : (td − 2d ) | H(n, t)
}

= 1.

Consequently, if g is odd, then

dens {n : g | H(n, 1)} = 1.
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(Non)vanishing of H(n, t) for general t

Let t 6= 0, 2ζ, where ζ is a root of unity.

Theorem
Assume there exists odd n ≥ 3 such that H(n, t) = 0 and let m be such
that 2m−1 < n < 2m. If we put

n0 = n, n` = 2m(n`−1 − 1) + n0, ` ≥ 1,

then for all ` we have
H(ni , t) = 0.

Proposition
For x ∈ R+ we have

#{n ≤ x : H(n, t) 6= 0} � log x .
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Further problems

Describe H(n, 1) mod 2k .

For ζd = 1, give better bounds on

#{n ≤ x : H(n, 2ζ) 6= 0}.

Do there exist roots of H(n, t) of multiplicity > 1 other than
t = 0, 2ζ?

Do there exist n ≥ 2 such that H(n,
√
2) = 0 or H(n, 3) = 0?
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Thank you for your attention!
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