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Hankel determinants

Let (an)nen — @ number sequence.

Definition

We define the Hankel determinant of order n as

4o dar - dp-1
al a2 PR an
H(n) =det| .
dn—1 dn - axp-2
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Hankel determinants

Let (an)nen — @ number sequence.

Definition

We define the Hankel determinant of order n as

4o dar - dp-1
al a2 PR an
H(n) =det| .
dn—1 dn - axp-2

Applications:

@ Padé approximation and irrationality exponents
@ Orthogonal polynomials
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Selected results

@ Thue—Morse sequence:
t, = (_1)52(")7

where s(n) — sum of binary digits of n.
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Selected results
@ Thue—Morse sequence:
t, = (_1)52(")7
where s(n) — sum of binary digits of n.

Theorem (Allouche, Peyriere, Wen, Wen (1999))
For all n € N we have H(n) # 0.
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Selected results
@ Thue—Morse sequence:
t, = (_1)52(")’
where s(n) — sum of binary digits of n.

Theorem (Allouche, Peyriere, Wen, Wen (1999))
For all n € N we have H(n) # 0.

Theorem (Bugeaud (2011))
For any base b > 2 the number

has irrationality exponent 2.
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Selected results

o Paperfolding sequence:

fan = (n+ 1) mod 2, font1 = fo.
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Selected results

o Paperfolding sequence:

fan = (n+ 1) mod 2, font1 = fo.

Theorem (Guo, Wu, Wen (2014))

H(n) 1 (mod2) ifn=0,1,2,5_8,9 (mod 10)
n) =
0 (mod?2) ifn=3,4,6,7 (mod 10).
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Selected results

@ A general result concerning irrationality exponent of

oo
dn

Hn
n=0 b

for a broader class of sequences (Bugeaud, Han, Wen, Yao (2016))
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Selected results

@ A general result concerning irrationality exponent of

oo
dn

n=0 F
for a broader class of sequences (Bugeaud, Han, Wen, Yao (2016))
@ Period-doubling sequence:

dn = (s2(n+ 1) — sp(n)) mod 2.

Theorem (Fokkink, Kraaikamp, Shallit (2017))
H(n) is [up to sign] a product of n Jacobsthal numbers.

Jacobsthal numbers:

Jo = 0, S = 1, Jn=Jn1+2J52.
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Selected results

@ A general result concerning irrationality exponent of

oo
dn

n=0 F
for a broader class of sequences (Bugeaud, Han, Wen, Yao (2016))
@ Period-doubling sequence:

dn = (s2(n+ 1) — sp(n)) mod 2.

Theorem (Fokkink, Kraaikamp, Shallit (2017))
H(n) is [up to sign] a product of n Jacobsthal numbers.

Jacobsthal numbers:

Jo = 0, S = 1, Jn=Jn1+2J52.

@ Catalan, Euler, Bernoulli numbers, etc.
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Hankel determinants for the binary sum of digits

Problem (Allouche, Shallit)

Find a simple closed form for the Hankel determinants for the binary sum
of digits (s2(n))nen-
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Hankel determinants for the binary sum of digits

Problem (Allouche, Shallit)

Find a simple closed form for the Hankel determinants for the binary sum
of digits (s2(n))nen-

One can observe the following:

n |2 36 11 22 43 8 171
Hn)|-1 2 3 -4 -5 6 7 -8
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Hankel determinants for the binary sum of digits

Problem (Allouche, Shallit)

Find a simple closed form for the Hankel determinants for the binary sum
of digits (s2(n))nen-

One can observe the following:

n |2 36 11 22 43 8 171
Hn)|-1 2 3 -4 -5 6 7 -8

More precisely, for ng = 2, ne = 2K71 — n_; + 1 we have

(k+2)(k+3)

H(ng) = (-1)" 2 (k+1).
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Weighted sum of binary digits

Let w = (wj)jen — a sequence of weights.

Definition
Let n € N have binary expansion

n:2m€m+---+261+€0, Ej € {0,1}.
We define weighted sum of binary digits n as

sw(n) = eEmWm + - - + e1w1 + gowp.
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Hankel determinants associated with s,
We define

sw(0)  sw(l) -+ sw(n—1)
Ha(n) = det sw(l)  sw(2) - sw(n)
sw(n.— 1) swkn) 5w(2’;_2)
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Hankel determinants associated with s,

We define
sw(0)  sw(l) -+ sw(n—1)
Hn) = dee | 0 @ s
Sln—1) su(n) - su(20-2)
dw(0) dw(l) -+ dw(n—1)
Gl et | WD ) |
du(1—1) du(n) -~ du(2n—2)

where dy(n) = s, (n+ 1) — sy(n).
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Hankel determinants associated with s,

We define
sw(0)  sw(l) -+ sw(n—1)
Hn) = dee | 0 @ s
Sln—1) su(n) - su(20-2)
dw(0) dw(l) -+ dw(n—1)
Gl et | WD ) |
du(1—1) du(n) -~ du(2n—2)

where dy(n) = s, (n+ 1) — sy(n).

Goal
Compute Hy(n) and Gy(n). J
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A formula for Gy(n)
Theorem
Let n € N have binary expansion
14051152 (1 - a)Ba210% 71,
wheres > 1, ¢; > 1 fori=1,...,s and a € {0,1}. Put
ki:{ﬁli_l I:fl:::l,

Then

s 4
Gu(r) = 20 [T TTwt — 2wt

i=1j=1

where e, € {1,—1} and the exponents «jj > 1 sum up to n.
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A corollary for the period-doubling sequence

Corollary
If wj = Jiy1, then dy, is the period-doubling sequence and for all n € N

we have s 0
Gu(m) = [T L5

i=1j=1

where vy, € {1, —-1}.

This generalizes the result of Fokkink, Kraaikamp and Shallit.
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Formulas for Hy(n)

Let Gy (n) denote G, (n) after replacing the last column with 1's.
Theorem

Let n > 5 and let k be such that 2k < n < 2k+1,
1. If2k < n < 3-2k1 then

Hy(n) a1 G Hy (2K — n4-1)
Gu(n)]  ""[0 1] |Gu(2*—n+1)
2. If3-2k71 < p < 2k+1 then
Hw(n) _5 1 G| [Huw(n—25
Gu(n)] "0 1] |Guw(n—2M]"

for some constants A,, B,, C,, depending on n,w, where

; 1
w = (Wo, Wi, ..., Wk_1, EWk_H, o0 )
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Corollaries

For w; = t/ write
Hw(n) = H(n, t).

In particular H(n,1) is the Hankel determinant for the usual binary sum of
digits.
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Corollaries
For w; = t/ write
Hw(n) = H(n, t).

In particular H(n,1) is the Hankel determinant for the usual binary sum of
digits.
Corollary
Let ng =2 and

ne =21 —n 1 +1, k>1.
Then

(k+2) (k+3)

H(nk, t) = (=1)

for some o € Ny. In particular,

(= 2)" 21+t + -+ t5)

(k+2)(k+3)

H(ne, 1) = (1) =2 (k+1).
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Corollaries

Corollary
For all m > 2 we have

H(2™ 1) =
and

H(2m—1,1) = (2™ 1 -1) (1 -

21'71

m

=l

12"

m—1 2_,'_1 m—2 )
Z o 1) 1:[(21
j=1 J=

Bartosz Sobolewski
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Corollaries

Corollary
For all n > 1 we have

H(n,1)=(n+1) (mod 2).
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Corollaries

Corollary
For all n > 1 we have

H(n,1)=(n+1) (mod 2).

Corollary
For n € N let

= oo
Then for all n € N we have

s(2n) = (-1)"% " s(n)
s(4n+1) = (-1)"s(2n+ 1),
s(4n+3) = —s(2n+1).

In particular, H(n,1) # 0 for all n > 2.
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(Non)vanishing of H(n, t)

For w; = t/ we write
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(Non)vanishing of H(n, t)

For w; = t/ we write

Questions
@ Which algebraic numbers t € C can(not) be roots of H(n, t)?

o If H(n,t) =0 for some n > 2, do there exist infinitely many such n?
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(Non)vanishing of H(n, t)

For w; = t/ we write

Questions
@ Which algebraic numbers t € C can(not) be roots of H(n, t)?

o If H(n,t) =0 for some n > 2, do there exist infinitely many such n?

What we know so far:
@ S(n,0) =nmod2 = H(n,0) =0 for all n > 2,
e S(n,2) =n = H(n,2) =0 for all n > 2,
o (=1, #1 = H(n,¢) = 0 for infinitely many n.
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(Non)vanishing of H(n,2()
Theorem
For x € Ry we have

#{n < x:H(n,—2) # 0} = O(log x).
Ifd >3 and Cd =1, then
logx < #{n < x : H(n,2¢) # 0} < x%,

where 64 < 1+ logy(1 —279) < 1.
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(Non)vanishing of H(n,2()
Theorem

For x € Ry we have
#{n < x:H(n,—2) # 0} = O(log x).
Ifd >3 and Cd =1, then

logx < #{n < x : H(n,2¢) # 0} < x%,
where 64 < 1+ logy(1 —279) < 1.

Corollary
For any d > 1 we have

dens {n: (t? = 27) | H(n,t)} = 1.
Consequently, if g is odd, then

dens{n:g|H(n 1)} =1
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(Non)vanishing of H(n, t) for general t

Let t # 0,2(, where ( is a root of unity.
Theorem

Assume there exists odd n > 3 such that H(n,t) = 0 and let m be such
that 2™~ < n < 2™ If we put

ng = n, ny = 2’”(ng_1 = 1) +ng, £>1,

then for all ¢ we have
H(n,~, t) =0.
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(Non)vanishing of H(n, t) for general t

Let t # 0,2(, where ( is a root of unity.

Theorem

Assume there exists odd n > 3 such that H(n,t) = 0 and let m be such
that 2™~ < n < 2™ If we put

ng = n, ny = 2’”(ng_1 = ].) +ng, £>1,

then for all ¢ we have
H(n,~, t) =0.

Proposition
For x € Ry we have

#{n < x:H(n,t) #0} > logx.
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Further problems

o Describe H(n,1) mod 2k.
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Further problems

o Describe H(n,1) mod 2k.

e For (¢ =1, give better bounds on

#{n < x:H(n,2¢) # 0}.
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Further problems

o Describe H(n,1) mod 2k.

e For (¢ =1, give better bounds on

#{n < x:H(n,2¢) # 0}.

@ Do there exist roots of H(n, t) of multiplicity > 1 other than
t=0,207
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Further problems

o Describe H(n,1) mod 2k.

For ¢4 = 1, give better bounds on

#{n < x:H(n,2¢) # 0}.

@ Do there exist roots of H(n, t) of multiplicity > 1 other than
t=0,207

o Do there exist n > 2 such that H(n,+/2) =0 or H(n,3) = 0?
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Thank you for your attention!
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