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Artin’s Conjecture

Let « € Z \ {0, £1}.
Consider the index of (a mod p) € (Z/pZ)*.

[Hooley, 1967], under GRH:

e The density of primes for which we have index 1 exists and equals

2 QG @ [Q( Cn, ): Q]

n>1

The density is strictly positive if « is not a square.
It is a rational multiple of Artin’s constant

1 (- gmg)

¢ prime



Variants of Artin’s Conjecture for number fields

Let K be a number field and o € K>\ k.

Consider the index of (o mod p).



Variants of Artin’s Conjecture for number fields

Let K be a number field and o € K>\ k.

Consider the index of (o mod p).

[Cooke and Weinberger, Lenstra, Ziegler, JPS,...], under GRH:

e index 1

Z[K oo 1/n ) K]

e index t

¢ index square-free
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Results on the Index Map [JP]

f:{primes of K} — Z>1
p — ind(a mod p)
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Results on the Index Map [JP]

f:{primes of K} — Z>1
p — ind(a mod p)

o Preimages are either finite or have a positive density. Moreover,

dens(f~1S) = Z dens(f~1s)

seS

e The image of f is computable. There is some ng such that

n € Im(f) < ged(n, ng) € Im(f)



Expressing Artin densities [JPS]

Define B as a squarefree bound to include all the problematic primes.
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Expressing Artin densities [JPS]

Define B as a squarefree bound to include all the problematic primes.

Let S C Z>1. Define Sy := {n: vy(n) € v¢(S)} and similarly define Sg.

Suppose that S = Sg N ﬂ&B Sy.

dens(f*15) = dens(f 155 Hdens 15[
“B
= Fs . As
—

Q Artin type constant



Special case




Index Map for Q

Notation

d
a=(-1) (-2 T)?
e € {0,1} and d > 0 maximal

beQ* and ¢ € {0,1} and T =1 mod 4 squarefree

e Excluded values for ind,(«) (where p # 2, vp(a) =0)

{2n+1} ifd>1lande=0
{(2n+1)|T|} ifd=0=e=0
{2n+1)2|T|} fd=d=e=1
{m2™|T|/3:3tn} ifaisacubeand 3| T

Example ind,(2) takes all possible values
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