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Representation of an integer k € [0, g"[ in base g > 2:

n—1

k=) ei(k)g.

J=0

where €;(k) € {0,...,9 — 1} is the digit of k at the position j.

independence?

base g expansion «————— multiplicative representation
(as a product of prime factors)
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Integers with preassigned digits

e AcC{0,...,n—1}: set of positions,
o d = (dj)jea: preassigned digits at these positions.

[ {k<g":Vje A egik)=dj}| =g

sparse set
if |A] = +00 asn — 400
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Prime numbers with preassigned digits
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Historical background

Goal: estimate [{p < g" :Vj € A, €j(p) =d;}| as n — +o0.

o Katai (1986).

Al <2
(JA] < (1 —e)y/n under GRH).

e Wolke (2005): asymptotic,

e Harman (2006): lower bound, |A| < constant.

e Harman-Katai (2008): asymptotic, |A| < /n(logn)~t.

o Bourgain (2013): asymptotic, |A| < n*7(logn)~*7, in base 2.

e Bourgain (2015): asymptotic,

Al < ¢n, in base 2 (¢ > 0 absolute constant).

Cathy Swaenepoel Primes and squares with preassigned digits 5/ 20



Result

Theorem 1 (S. 2020)

For any g > 2, there exist an explicit ¢ = ¢(g) €1]0,1[ and § = 6(g) > 0 such that for
anyn > 1, forany A C {0,...,n — 1} satisfying {0,n — 1} C A and

|A| < en

for any (dj)jea € {0,...,g — 1} such that (do,g) =1 and d,—1 > 1, we have

Hp < g":VjeA eip) =d;j}| = log|gA| go(gg) (l—i-Og (n—5)).

This generalizes Bourgain's result (2015) to any base.
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Explicit values of ¢

Theorem 1 holds with ¢(g) given by

g 2 3 4 5 10 | 103 | 2200
c(g)-10% ] 0.21 | 0.31 | 0.36 | 0.40 | 0.47 | 0.68 | 0.90
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Squares with preassigned digits
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Squares vs primes

Denote S = {2, £ > 0} the set of squares.

Goal: estimate [SN{k < g":Vj € A, ¢j(k) =d;}| as n — +o0.

@ Squares are a priori easier to handle than primes
(distribution in short intervals, in arithmetic progressions, ...).

But

@ squares are sparser than primes,

@ there are algebraic constraints on the digits of squares.

— New difficulties for squares.
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Hypothesis H on the preassigned digits

va(g) = 2-adic valuation of g.

e If g is odd or va(g) > 3,
H(g): {0} C A, (do,g9) =1, dy square mod g.
o If ua(g) =2,
H(g): {0,1} C A, (do,g) =1, drg + do square mod g°.
o If va(g) =1 (e.g. g =2o0r g=10),

H(g): {0,1,2} C A, (do,g) =1, dog® + d1g + dy square mod g¢°.
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Result

Theorem 2 (S. 2023+)

For any g > 2, there exist an explicit ¢ = ¢(g) € ]0,1/2[ and 6 = 6(g) > 0 such that
for any n >3, for any A C {0,...,n— 1} and d = (d;)jca € {0,...,g — 1}4
satisfying H(g), n—1 € A, d,,—1 > 1 and

|A| < cn,
we have
ISN{k < g™ :Vj€ A, e;(k) =d;} =&(g,n,A4,d) (1+ 04 (n7?))
where (@) @
_ n(g _ ] 22, g odd,
G(g)n7A7d) - k;n 2\/E, 77(9) - { 2w(g)+1’ g even.
g

V€A, e;(k)=d;

In particular, the order of magnitude of |SN {k < g" :Vj € A, g;(k) = d;}| is g% 1.
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Explicit values of ¢

Theorem 2 holds with ¢(g) given by

g 2 1 34| 5|10/ 16 |23 264
c(g)-102 (0509|1113 |1.6|1.8|3.6| 4
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An example where (doy,g) > 1 (g = 10, dy = 5)

Lemma (S.)
Let m such that %y —m — +00 as n — +00. Choose
A={0,2,4,...,2(m —1),n —1}.
Let s such that s = 1mod 8 and s = 0mod 5™~ and let d € {0, ...,9}. Choose
do; = €9i(s) fori=0,...,m—1, d,_1 =d.

Then we have

ISN{k<10™:Vj € A, e;(k) =d;}| = )104—\A|(1+ o(1))

214
where C(d) > 0 depends only on d.

So the order of magnitude may be smaller than 10% 4.

Idea: at the positions 1, 3,...,2m — 3, the digits of k£ have to be the digits of s.
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Notations for the proof of Theorem 2

e e(x) = exp(2imx), x € R.
o S= {2, (>0} the set of squares.
e D(n,A,d)={k <g":Vje A, cjk)=d;}
o N =g".
We want to estimate

Y 1s(k)lpgmaa (k)
No<k<Ni

where Nog = d,, 19" and Ny = (dp,_1 + 1)g" L.
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Use the circle method:

No<k<N;
where
Sl = > 1s(k)e(ka) and R(a)= > lppaak)elka).
No<k<N; No<k<Ny
can be large only when « is close to depends on the digital conditions

a rational with small denominator
i.e. ais in a major arc

@ integral over major arcs — main term (+ error term)

@ integral over minor arcs — error term
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Fourier transform of 1p;, 4 4)

1 1
Fo(a) = g AT Z 1p(n,a.a)(k) e(ka) = WR(CV)-
k<gm
By writing k& in base g, we obtain:
P, (g7 ) = sin wgt
Fp(a)| = L= here ®,(t) = )| =
Fue)= [ = where @,(t) = |3 e(vr)| = 2272
o<j<n—1 v=0
J¢A
For g = 2,
|Fn ()| = H |cosm2ax] .
0<j<n—1
JgA

We need very strong upper bounds for || F;, ||, and some (weighted) averages of |F}, (a/q)|.
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Minor arcs contribution

| [S@R@)|dac= g4 [ |S(a)Fr(@)] dar < g1 1y sup |S(a0)

@ Use the strong upper bound:
IFall, < N~ log N (trivial: 1)

where £ is explicit and £ — 0 as |A|/n — 0.

@ Use a classical estimate on Weyl sums to bound |S(«a)| over the minor arcs:

Z e(fa)| <

OEM | No<t<v/ M

7B (trivial: v/N)

sup |S(a)| = sup

acm

where B is a small power of V.
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Contribution of all major arcs around a/q, q fixed

Up to an admissible error, the contribution of all major arcs around a/q (g fixed) is

1p(n, a.4)(k)
C(q) := Z —————"H(q,k)
No<k<N; 2\/%

where

1 — q 2

Mk =g 5 oene(57) e cwa=2 (),
7 1<a<q q =l q
(a,9)=1

e g H(q, k) is multiplicative, simple formulas for H(p", k).
e Write ¢ = s¢’ where (p|s=p|g) and (¢, g) = 1.

@ Distinguish two cases depending on s and ¢'.
o In one case, C(q) is large — main term.
o In the other case, C(q) is small — error term
(use a strong bound for the Fourier transform of 1p, 4 q))-
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Conclusion of the proof

Taking c sufficiently small, we get

> 1s(k)lpmaa) (k) = S(g,n, A, d) (1 + 0y (”_5))

k<gm™

for some § > 0, where

_ 1(9) _ 29, godd,
S(g,n,A,d) = kgg:" k' (9) = { 2w(@)+1 g even.
Vi€A, e;(k)=d;

i

The main term comes from the major arcs around a/q with
e ge{l,p}ifgisaprimep=>3,
e g€ {1,4,8}if g =2,
e q€{1,4,5,8,20,40} if g = 10.
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Conclusion

@ In any base g > 2, we obtain an asymptotic formula for the number of primes and
squares with a positive proportion of preassigned digits.
@ We give explicit values for the proportion of digits this method allows us to

preassign.
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Conclusion

@ In any base g > 2, we obtain an asymptotic formula for the number of primes and
squares with a positive proportion of preassigned digits.
@ We give explicit values for the proportion of digits this method allows us to

preassign.

Thank you for your attention!
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