Rigidity results for spin manifolds with foliated
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Abstract

In this paper, we consider a compact Riemannian manifold whose bound-
ary is endowed with a Riemannian flow. Under a suitable curvature as-
sumption depending on the O’Neill tensor of the flow, we prove that any
solution of the basic Dirac equation is the restriction of a parallel spinor
field defined on the whole manifold. As a consequence, we show that the
flow is a local product. In particular, in the case where solutions of the
basic Dirac equation are given by basic Killing spinors, we characterize
the geometry of the manifold and the flow.
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1 Introduction

Over the last decades, spin geometry has become a useful tool for the study of the
geometry of manifolds and their hypersurfaces. In this setting, many results have
been obtained in several papers [5, 17, 15, 18, 19, 16] relating the extrinsic aspect
of an hypersurface M embedded (or immersed) into a Riemannian manifold N,
to the intrinsic one.

Using the spinorial Reilly formula [19, Remark 1], O. Hijazi, S. Montiel and
X. Zhang proved that on the compact boundary M™*! of a Riemannian spin
manifold N2 of dimension n + 2 with non-negative scalar curvature, the first
positive eigenvalue A\; of the Dirac operator Dy of the boundary satisfies [19,
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Theorem 6]

n+1

S .
A1 > 1]r\14f H, (1)

where H denotes the (inward) mean curvature of M, assumed to be positive.
Equality holds if and only if H is constant and every eigenspinor associated with
A1 is the restriction to M of a parallel spinor on N (and so N is a Ricci-flat
manifold). As an application of the limiting case, they gave an elementary proof
of the famous Alexandrov theorem: The only compact embedded hypersurfaces
of constant mean curvature in the Euclidean space are the round spheres.

The eigenvalue estimate (1) has also led to several rigidity theorems [15]. For
example, if the boundary of a manifold is assumed to carry a Killing spinor
(called extrinsic), then under some curvatures assumptions, the equality in (1)
is attained and therefore the Killing spinor (which is the corresponding eigen-
spinor) comes from a parallel spinor on the whole manifold. As a consequence,
the boundary has to be totally umbilical. This yields the following result: A com-
plete Ricci-flat Riemannian manifold of dimension at least 3 whose mean-convex
boundary is isometric to the round sphere is a flat disc [15, Cor. 6].

In a more general context, S. Raulot assumed in [23] the existence on the bound-
ary of a solution of the Dirac equation (instead of an extrinsic Killing spinor),
i.e. a spinor field ¢ satisfying Dy = ”THHoga for some particular function Hy.
He showed that the boundary has to be connected and the spinor ¢ is the restric-
tion of a parallel spinor. In this case, the solution ¢ satisfies an overdetermined
differential equation involving the second fundamental form. As an application,
he proved that if the whole manifold has a vanishing sectional curvature along
the boundary (assumed to be simply connected), it has to be flat.

Recently, O. Hijazi and S. Montiel [17] covered some of the previous results by
establishing an integral inequality relating the Dirac operator on the boundary to
the mean curvature. Indeed they proved that, in general, if the mean curvature
H of the boundary is positive, then any spinor field ¢ € S := X.N|)s satisfies
the inequality

1 5 (n+1)? 5
0< [ (GDsel? - ), 2)

where dv the volume element on M and Dg is the Dirac operator defined on
S: depending on the dimension of the manifold M, the operator Dg coincides
with Dj; or with the double copy Dy @ —Dyy, see Section 2 for more details.
Moreover, the equality holds in (2) if and only if there exists two parallel spinor
fields ¢,0 € T'(XN) such that Pry = Pyt and P_p = P_6 on the boundary.
Here the operators Py are the orthogonal projections of L?(S) onto the +1-
eigenspaces corresponding to the £1-eigenvalues of the endomorphism iv on S,
where v is the inward unit vector field normal to the boundary.

The proof of Inequality (2) relies mainly on the use of the spinorial Reilly for-
mula applied to an appropriate spinor field which is a solution of a boundary
value problem (see [18] for a survey on those). As an application of this in-
equality, O. Hijazi and S. Montiel proved that if M admits an isometric and
isospin immersion as an hypersurface into another spin Riemannian manifold N



carrying a parallel spinor field with mean curvature H , then the inequality

2
Hdvg/ —dv, 3
IREEI ®

holds [17, Theorem 2]. Moreover, the equality is realized if and only if the shape
operators of both immersions are the same. In the special case where N =
R"™*2, equality in (3) implies that N is a Euclidean domain and the immersion
is congruent to the embedding of M into N as its boundary. Inequality (3)
implies also the Positive Mass Theorem in the spin case. Another application
of interest is that the first eigenvalue of the Dirac operator of the boundary M
corresponding to the conformal metric with conformal factor H? is at least 5

and equality holds if and only if there exists a non-trivial parallel spinor field
on N [17, Theorem 1].

In this paper, we are interested in studying the class of Riemannian spin man-
ifolds whose boundary is foliated by a unit vector field £ (we will call those
foliations Riemannian flows, see Section 2). We aim at establishing rigidity re-
sults on such manifolds when looking at solutions of the basic Dirac equation
on the boundary, that is, a spinor field ¢ satisfying the equation

1
Dyp = Hyep, (4)

where Hj is a basic function defined on the boundary and Dy is the basic Dirac
operator, see [12, 13] and references therein for the study of its transversal
ellipticity. Here the word “basic” refers to transverse objects that are constant
along the leaves of the flow.

First, we start with studying solutions of the equation (4). In fact, we prove that
any solution ¢ satisfies an integral inequality derived from (2) (see Theorem
3.1) which involves the geometric data of the flow and the boundary, such as
the O’Neill tensor and the mean curvature. By requiring the positivity of the
&-direction principal curvature, we show that the equality case of this integral
inequality restricts the geometry of the flow. In fact, it has to be a local product
(that is, the O’Neill tensor vanishes) and the vector £ belongs to the kernel of the
Weingarten map (see Theorem 3.2). In this case, the spinor ¢ (resp. ¢ +& -y @)
can be extended to a parallel spinor on the whole manifold if n is even (resp. n
is odd). Here “-3;” denotes the Clifford multiplication on the boundary M.

In a second step and since basic Killing spinors (see e.g. [14, eq. (1.4.5) p.37]) are
particular solutions of the basic Dirac equation, we characterize the geometry
of the flow carrying such spinors. By applying the equality case of the integral
inequality, we prove the following rigidity result:

Theorem 1.1 Let (N,g) be an (n + 2)-Riemannian spin manifold of non-
negative scalar curvature with connected boundary M of positive mean curvature
H. Assume that M is endowed with a minimal Riemannian flow carrying a max-
imal number of basic Killing spinors of constant —% (resp. a mazimal number
of basic Killing spinors of constants —% and 1) if n is even (resp. if n is odd). If
the inequality 15 + n%_l[%}am < H holds, then N is isometric to the quotient
F\R X B for some fized-point-free cocompact discrete subgroup T' C R x SOp 41,




where B is the closed unit ball in R™1. In case n is even, I' = Z acts via
(k, (t,z)) = (t + ka, A*z) for some (a, A) € R* x SOy41.

Here (2 denotes the 2-form associated to the O’Neill tensor field. In the last part
of the paper, we combine our result with an inequality by B.-Y. Chen [7] in
order to deduce a sufficient condition for having a non-trivial flow, i.e. a flow
that is not a local product (see Theorem 4.8).

2 Riemannian flows and manifolds with bound-
ary

In this section, we briefly recall some preliminaries on spin Riemannian flows (see
[28], [14]). We then describe the geometric setting on manifolds with boundary.
For more details, we refer to [20], [10], [11] and [6].

2.1 Spin Riemannian flow

Let (M™*! g) be a Riemannian manifold of dimension n + 1 endowed with a
Riemannian flow given by a unit vector field £. That is, the vector £ defines a
one-dimensional foliation of M given by its integral curves satisfying the bundle-
like condition £§g|g . = 0 (see [26]). Here L denotes the Lie derivative with
respect to the vector field . Equivalently, this means that the endomorphism A
defined by h := VM¢ : TM — TM and known as the O’Neill tensor of the flow
[22], restricts to a skew-symmetric tensor field on the normal bundle Q = &+.
In particular, this gives rise to a unique metric connection V on the normal
bundle, called transversal Levi-Civita connection, with respect to the induced
metric. It is defined, for any section Y € I'(Q), by

X, Y] if X =¢,
VxY =
n(VMY) if X L¢,

where 7 : TM — @ denotes the orthogonal projection [28]. On the other hand,
one can easily check that the corresponding Levi-Civita connections on M and
Q are related for all sections Z, W in I'(Q) via the Gauss-type formulas [14]:

VYW =V W —g(h(Z), W),
VMZ =VeZ + h(Z) - K(Z)E,

where k1= Vé”f is the mean curvature of the flow.

From now on, we assume that M is a spin manifold. Since the tangent bundle
of M splits orthogonally as TM = R¢ @ @, the pull-back of the spin structure
on M induces a spin structure on the normal bundle @ (see [5]). In this case,
the spinor bundle ¥ M is canonically identified with the spinor bundle of @,
denoted by 2@, for n even and with the direct sum XQ & XQ for n odd. The



Clifford multiplications “-p;” in ¥M and “” in @ are identified for any
section Z € I'(Q) and spinor field ¢ € T'(2Q) as follows:

Z-yme=27-q¢, for n even
Z-uémp=(Z-g®—Zq)p, forn odd.

Therefore, by using of the above identification, one can relate the spinorial Levi-
Civita connection VM on ¥ M with the one on $Q by [14, eq. (2.4.7)]

Ve =Veo+3Q-meo+ 38 mE-me,
(5)
V¥e =Vze+3&-mh(Z) -m e,

where (Q is the 2-form associated to the tensor h defined for all Y, Z € T'(Q) by
QY,2) =g(h(Y), Z).

Throughout this paper, we will consider Riemannian flows with basic mean
curvature s, i.e., the mean curvature of the flow satisfies V¢x = 0. The basic
Dirac operator Dj is a first order differential operator (see [12] and [13]) defined
on the set of basic sections (sections of the spinor bundle £Q satisfying Vep = 0)
by

” 1
Db = Zei ‘Q Vei - §I€~Q,
=1

where {e;}i=1,... n is a local orthonormal frame of I'(Q). Recall that the basic
Dirac operator preserves the set of basic sections and is a transversally elliptic
and essentially self-adjoint, if M is compact. Therefore, by the spectral theory
of transversal elliptic operators, it is a Fredholm operator and has a discrete
spectrum [8, 9].

As a direct consequence from Equations (5), the transverse Levi-Civita connec-
tion commutes with the Clifford action of £, that is Vx (£ -ar ¢) = € i Vxop
for any spinor field ¢ € T(XQ) and X € I'(T'M). In particular, this means that
the spinor field € -js ¢ is basic if and only if ¢ is basic. Thus, the basic Dirac
operator shares a fundamental property with the Clifford action of £ on basic
spinors. In fact, for n even (resp. n odd) and for any basic spinor field ¢, we
have

Dy(§n p) = =& m Do (resp. Dy(§ m ) = & v Dyp). (6)

Here we point out that, for n odd, the identity in (6) is equivalent to saying
that (Dy ® —Dyp)(€ a1 0) = =€ -mr (Dy & —Dy)p, since for any ¢ € 2Q ~ LT M,
we have

—Dy(§mp) = (Dp @ —Dp)(€m ) = —§m (Dy @ —Dip)p = =& -1 Dyyep.

Hence, the spectrum of the basic Dirac operator Dy, (resp. Dy & —Dy) is symmet-
ric with respect to zero. We finish this part by stating a fundamental relation
between the Dirac operator on M and the basic Dirac operator. We have,

DM:Db—%@M Q- for n even

(7)
Dy =& -p (Dy ® —Dy) — 2601 Q-pg,  for noodd.



2.2 Riemannian spin manifolds with boundary

In the following, we will review some well-known facts on spin manifolds with
boundary, see e.g. [15, 18, 19] and references therein. Let (N"*2, g) be a Rie-
mannian spin manifold of dimension 142 with smooth boundary M = ON. The
existence of the (inward) unit vector field v normal to the boundary defines in
a natural way a spin structure on M induced from the one on N. This gives rise
to the two spinor bundles on the boundary, the intrinsic bundle XM and the
extrinsic one S = XN |;;. Each bundle is endowed with the spinorial Levi-Civita
connection, the Clifford multiplication and the Dirac operator. The extrinsic
data are related to the ones on NV by the formulas:

Xsp = X-v-p
1
Vg = Vie+;4AX)se (8)
n+1
Dsg = — Hop—v-Dyp— Vo,

“oom

where is the Clifford multiplication on N, the tensor A is the Weingarten
map given for all X € T'(TM) by A(X) = —V¥v, the spinor field ¢ is a section
inSand H = %_HTrace(A) is the mean curvature of M. The operator Dg, called

R . 1
the extrinsic Dirac operator, acts on sections on S as Dg = 27:4_1 €;'s V?ﬁ., where

{e1, -+ ,ent1} is a local orthonomal frame of T M.

On the other hand, the extrinsic spinor bundle can be identified with the intrinsic
one in a canonical way depending on the dimension of N. Namely, if n is odd, the
tuple (S, “-g 7, VS, Dg) can be identified to (XM, “ 5”7, VM, Dys) whereas for
n even it can be identified to (XM @XM, “- 3 & — 2", VM VM Dy @ —Dyy).
Moreover, using the first two equations in (8) and the Gauss formula, one can
prove that the following relations hold for all X, Y € I'(T'M),

V%(Y) =vVv¥y . +vY- Vi,
(9)
V() =v- V%
and that,
Ds(V~) = —V- Ds. (10)

Equality (10) means that the spectrum of Dg is symmetric with respect to zero
and if n is even the Dirac operator on M commutes with the action of v, that
is,

D]VI(V~®):V~DM(P (11)
for any spinor field ® € T'(XM).
We define the operators Py as being the orthogonal projection of L?(S) onto

the +1-eigenspaces corresponding to the +1-eigenvalues of the operator iv on
S, i.e. iv - Py = +Py. They satisfy
P.(X-)=X-Py and Py(v)=v-Ps,

for all X € I'(T'M). This implies that DgPy = P:Dg. Now, we state the
following lemma about the spectrum of the basic Dirac operator when N is



an (n + 2)-dimensional Riemannian spin manifold whose boundary M carries a
Riemannian flow.

Lemma 2.1 Let N be an (n + 2)-dimensional Riemannian spin manifold with
boundary M. Assume that n is even and M carries a Riemannian flow given by
a unit vector field . Then, for any basic spinor field ¢, we have

Dy(§ - @) = =¢ - Dy

Proof. Using the identification of the spinor bundles for n even, we have
YQeYXQ ~YXMe XM ~S. (12)

Therefore, we can think of any ¢ € I'(XQ) as a section in one subbundle of S,
say ST. This means that & - ¢ is a section in S7. In order to prove the lemma,
we need first to show that £ - ¢ is a basic spinor field. Indeed, using the first
equation in (5) and the identification of the Clifford multiplications in (8), we
write

1 1
Ve€-9) = VE(E9) =50 (6 9) =585 (€ 9)
1 1 1
2 VEEp) = 5AE v &8 Qp—orep
1 1 1
= VI o+ VEptgAC v 280 p—ohep
1
D Ve g(Ag v+ € Vilp+ 26 A v
1 1 1
t5AE € vp—5E 0 p—ch P e Vep,

which vanishes since ¢ is a basic spinor field. Now using Equation (7), we have

Du(§-p) = Db(g'@)_%f'MQ'M(f'SD)
= Dy tgt v 0Ly
= Dy p)+gr 0 (13)

On the other hand and again by the identification between the Clifford multi-
plications, we compute

Du(€-¢) = Du-&v-9)=Du-(§me))
=" v -Du(&me)

= V~(Db(§'M<p)*%f'MQ'M &-m )

1
= v (=& m Do+ 52w )

1
—f-Dbcp+§l/'Q'g0. (14)



Finally comparing Equations (13) and (14), we deduce the desired identity. O

This lemma has the important consequence that if ¢ is an eigenspinor for the
basic Dirac operator associated to an eigenvalue A, then the spinor £ - ¢ is an
eigenspinor associated to the eigenvalue —\.

3 Foliated manifolds with boundary

In this section, we will deal with a Riemannian spin manifold whose boundary
carries a Riemannian flow given by a unit vector field £. We will assume, after
restricting the spin structure to the normal bundle, the existence of a spinor
field ¢ which is a solution for the basic Dirac equation. We will prove that the
solution  satisfies an integral inequality involving the geometric data of the flow
and the boundary. When the equality case in this integral inequality is attained,
we will show that the spinor solution ¢ (resp. ¢ + & -ps ¢) is the restriction of a
parallel spinor on the whole manifold N if n is even (resp. if n is odd). The key
point of our results is the integral inequality (2) established by O. Hijazi and S.
Montiel in [17, Prop. 9].

Next, we state the two main theorems of this section:

Theorem 3.1 Let N be an (n+2)-dimensional compact Riemannian spin man-
ifold with non-negative scalar curvature, whose boundary hypersurface M has a
positive mean curvature H and is endowed with a Riemannian flow. Assume that
there exists a spinor field ¢ such that Dyp = %—HH()QD, where Hy is a positive
basic function. Then, we have

1
0< /M 77 (D2 HGll* + [ -ar o] = (n + 1) H?|io] ) dv. (15)
The equality case in Inequality (15) is now characterized by:

Theorem 3.2 Under the same conditions as Theorem 3.1 and if we assume
that g(A(€),&) > 0, then equality holds in (15) if and only if h = 0 (that is the
flow is a local product) and Hy = H. In this case, we get that A(§) = 0 and the
spinors @ and £ - @ are respectively the restrictions of parallel spinors on N if
n is even, and if n is odd the spinor ¢ + & -pr @ is the restriction of a parallel
spinor on N.

Since the identification between the data (the spinor bundles, the Clifford multi-
plications, the Dirac operators,...) of the manifold, the boundary and the normal
bundle of the flow depend on the parity of n, we will distinguish two cases to
prove Theorem 3.1 and Theorem 3.2: the even-dimensional case and the odd-
dimensional case.



3.1 The even-dimensional case

In this subsection, we will prove Theorem 3.1 and Theorem 3.2 for n even. We
start by proving Theorem 3.1.

Proof of Theorem 3.1. Since the manifold N is spin, the manifold M and the
normal bundle @ of the flow are also spin. Because n is even, the spinor bundle
of @ is identified with the one of M, which is also identified with one subbundle
of S, see (12). Therefore we can think of any ¢ € I'(XQ) as a section in one
subbundle of S, say ST. With the help of Equation (7), we can say that

n+1
2

1
Dsp=Dyyp = Hop — 55 M Qe (16)

and 1 1
n
Ds(¢-¢) = ~Du(§-¢) 2 "= Hot - p—5v- Q- (17)

2
We then have

(n+1)2 1 n+1
Dsel* = T>H3|<P|2 + ZlQ el — TH0<<P»€ M)

and

(n+1)2 1 n+1
Ds(¢-9)> = THOQWQ + 1|Q vl + TH0<<P7§ M Q).
Thus, by applying Inequality (2) to ¢ and £.o and summing the obtained in-
equalities, we find the desired result. O

Before proving Theorem 3.2, we start by establishing a crucial lemma about the

characterization of the equality case of (15).

Lemma 3.3 Under the same conditions as Theorem 3.1 and if equality holds
in (15), we have

) 0 -+ 9(A). X) 0 = (A X0E ar L oar
= —ﬁA(X) M Qmp, (18)

for all X e T(TM).

Proof. Assume that equality holds in (15). We know that the optimality is
characterized by the existence of two parallel spinors 1, 8 on N such that Py¢ =
Py and P_p = P_6 on M. By taking Dg on both sides and using the last
equation in (8) for the spinors ¢ and 6, we get P_(Dgyp) = %HHP_w and
Py (Dsyp) = “31HP. 9.

There exists two parallel spinors ¥, © such that the following holds on M:
Pi(§-9) =PV and P_(§-¢)=P-0O.
As before, this also means that

1 1
”;r HP_¥ and P+(Ds(£-<p)):n;r

P_(Ds(§-¢) = HP,O.



Now, differentiating the equation £ - P_0 = P,V along any vector field X in
[(TM) and using the first formula in (9) with the fact that VS commutes with
Py, we get

hX)-P_O+¢- P (VX0) = P (VYT).

Since the spinors § and U are parallel, we deduce from (8) that the above
equation can be reduced to

WX)-P§— %g CAX) v Py = —%A(X) V. P, (19)

In the same way and by differentiating the equation ¢ - P v = P_0O, we can
derive the relation

hX) - Ppap— %g CAX) v Py = —%A(X) v PO,

On the other hand

an n+1

Ds(§- ) 5

1 16
Hot o= 5v-Q- % (n+ DHeE o — € - Dsp.

Thus, by applying P+ on both sides of the last equality we find that
HP ¥ =2Hy - Prop— HE- Py, (20)

and,
HP,© =2Hy-P_p— HE- P_1.

In Equation (19), we replace P_W¥ by its value from (20) and P, 6 by

2 (16) Ho

mp+(Ds<P) - Pry— ( Hf'V'Q'P—% (21)

P.o= —_
+ H n+1)

to get the following identity

WX)-Pog + g(AW©). X) G0 Prg = (A X)E- Q- P
1
BRCES 1/ i 2

Also, we can prove that a similar identity as in (22) holds with the opposite
sign. This gives after summing them Equation (18). O

We are now able to prove Theorem 3.2 for n even.

Proof of Theorem 3.2. Assume that Equality holds in (15) and let us prove
that h = 0 and A(¢) = 0. First of all, multiplying (18) by a vector X and
contracting over an orthonormal frame {&,eq, - ,e,} of TM, we get that

H,
Embm e+ Qe+ —AE) wp—

H A) mEmQmp=0, (23)

(n+1)H

where we used the local expression of € given by Q = % S eia h(e;). Mul-
tiplying again Equation (23) by A(&) -as & ar and plugging the last term in (23)

10



by its value into the new equation, we find after a straightforward computation
that

RA©PE o+ (1 DHOAE) o

+((n+ 1)H +29(A(€),6) )€ a ko 0 =0, (24)

—A) mE Mme+BQLypt

where we denote by B the term

B = (n+ DH + 20(A).€) + g O

(n+1

We now claim that B # 0. In fact, we can write B = WM(Q +(n+1)HE%
If B=0, then A(§) = —(n + 1)H¢. Plugging this in (23), we get € -y k-ar @ =
Hy(n+1)§ -y ¢ and so k-p ¢ = Ho(n + 1)p. Taking the real part of the scalar
product of the last identity with ¢, we get

(n+1)Holp|> =0

Since by assumption Hy > 0, this gives ¢ = 0. But the zero-set of any basic
solution ¢ of (4) has dense complement subset in M by [4, Main Theorem] since
the basic Dirac operator on basic sections only differs from the Dirac operator
Dys by a zero-order-term, see (7). Therefore, we obtain a contradiction and
hence B # 0 must hold. Now, we claim the following:

Lemma 3.4 We have that
HIL yk-pmo+HoTL =0,
where
Z:=(n+1)H + g(A(),§),
J = (n+1)Hg(A(€),€) + [A©)[%,
K= (n+1)H + 29(A(S), €),
L:=A(&) — K¢.
Assume the lemma holds for the moment. First of all, we point out that £ is a
non-vanishing vector field. Indeed, assume that A(£) = K¢ then, g(A(£),¢&) =
—(n+1)HE. This implies that A(§) = —(n+1)H¢ which leads to a contradiction
because B # 0. Therefore, we deduce that HZk-y; p+ HoJ ¢ = 0 and, and, since

the zero-set of p has dense complement subset in M, we obtain J = 0 and Zx =
0. Notice that Z cannot be zero because Z = (n+1)H‘7 +B=B. Thus k =0

and A(£) = 0. Plugging this in (24) gives that Q -3y ¢ = 0. Finally, Equation
(18) implies that h = 0. In order to prove the last statement of Theorem 3.2,
we proceed as in [17, Thm. 2]. Using Equation (21), we have that

HoPyp=HP;0 and HyP_p=HP_1.

Applying Dg on both sides of the two equalities yields after taking the sum that

n+1 H n+1
dHy s ¢+ —5—Hip = 22dH s o+ ——H°p.

11



Thus, the Hermitian product by ¢ gives Hy = H which means that P,p = P06
and P_p = P_1. Thus, we get that ¢ =1 = 6 on M. The same can be done
for £ - . O

We still have to prove Lemma 3.4.
Proof of Lemma 3.4. Since B # 0, Equation (24) implies that
Qarp= § (A© w ka9 = [+ DH +29(A©), )€ s ka0
~(n+ D HoAE) a1 9 — LIAE)PE ). (25)

Taking the Clifford multiplication of Equation (18) with £ and for X = &, we
get

H,
Emrk-me + Q(A(f)af)fof ‘M P

1

= m AE) M & m +g(A(§)7§)}Q . (26)

Combining Equations (26) and (25), we get

(n+1)H B é-M%-Ms0+g(A(5)7£)%€-zvf w]
= A€ a5 -m 0 — 29(A(€), ) AE) M kim0
+n+1)HAE) v & -m o+ 29(A€), E)AE) ‘v K -ar o
—(n+1)HolA(§)|*€ a1 ¢ + 2(n + 1) Hog(A(€), ) A(E) -m
AP A©) a1 o+ 9(A©), OAE) ar mour g
—(n+1)Hg(A(&),8)§ "M k- MSO—QQ(A(ﬁ),f)Qf'MH'M@
—(n+ 1)Hog(A(£),§)A(&) -m ¢ — ﬁ|A(£)|29(A(€)v§)€‘M .

The last expression can be written as C1& ar &k -p p + C2€ -pr ¢ = C3A(E) m
K-m @+ CLA(€) - . Let us determine Cy,Cy, C3 and Cy. For example, the
coefficient C7 of £ -p; K -pr @ is given by

Ci = (n+1)HB—[A©F + (n+1)Hg(A(€),€) + 29(A(€),£)*
= (n+1)2H? +3(n +1)Hg(A(€), €) + 29(A(€),€)

(0 +1H +9(4(8),9) ((n+ 1) H +29(A(&). ©))
K.

In a similar way, we can find

Hy

CQ—H

(0 + DHg(A©). &) + [A©F) (0 + VH +29(A(6). ) ) = LT,
Cy = (n+ VH + g(A(€),§) = T,

Or = B0 (0 + DHY(A©). ) + 1A©)P) = 2.
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Finally, we have
HIKE v kv p+ HoTKE v = HTA(S) M kv o+ HoTA(E) -m s
which is HZL -py k-pp o+ Ho T L -0 o = 0. O

Remark 3.5 We notice that when equality case in (15) is realized, the second
fundamental form has two important properties:

1. First, it commutes with the O’Neill tensor. Indeed, the Hermitian product
of (18) with & provides the vanishing of the real part of (A(X)-ar Q-ar
0, & pm ) for any X € T(TM). Therefore, by taking again the Hermitian
product of (18) with A(X) p ¢, we obtain g(h(X),A(X)) = 0 which
means that h and A commute. In particular, the eigenvalues of A are of
multiplicity at least two if h is not zero.

2. Second, it has two constant principal curvatures 0 and —(n + 1)H. In
fact, by taking the Hermitian product of (18) with ¢ and plugging Equa-
tion (25), we get after a straightforward computation that A%(§) = —(n +
DHA().

3.2 The odd-dimensional case

In this subsection, we will prove Theorem 3.1 and Theorem 3.2 when n is odd.
The difference between the proofs in both cases comes certainly from the dif-
ferent identification of the spinor bundles, the Clifford multiplications and the
Dirac operators.

We recall from Section 2 the identifications of the spinor bundles of N, the
boundary M and the normal bundle of the flow as

YQBOYXQ ~XM ~8S,

where in the first isomorphism, the Clifford multiplications are being identified
as
(Zq®-2Q)Y=2Z-u8u T,

for any Z € I'(Q)), while in the second isomorphism X -py T = X - v - T for any
spinor field T € S = ¥ N|y. From the fact that n + 1 is even, the action of iv
on S is determined by the action of the complex volume form w of XM, that is
for any spinor Y on S, we have iv- T =w-Y =T, where T = Y, — Y_ with
T, are eigensections of w corresponding to the eigenvalues +1. Thus, from the
definition of the projections Py, we deduce that PLY = T,.

Proof of Theorem 3.1. As for the even case, the proof is mainly based on
the use of Inequality (2) applied to the spinor field T = ¢ + £ -ps . Here ¢ is
considered as a section in ¥Q ~ YT M, i.e. P, = . Therefore, we compute

DsY = DyY =Dyp+ Duy(é )
7 n+1 1 1
. g HoS o= 58 Qoo =& D€ @) + 52 ¢
6 n4+1 1 n+1 1
©) ; Hof'M‘Pfif 'MQ‘MSD+THO(P+§Q'M e (27)
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It is easy to check that (£ -pr Q a0, ) = 0, we then deduce that the norm of
the spinor field |DgY|? is equal to

(n+1)

IDsY|* = 5

1
Hilol” + 5192 a0l
Plugging the last equality into Inequality (2) and using the fact that |Y|?> =
2|p|?, we get Inequality (15). O
Before proving Theorem 3.2 and as we did for the even case, we will start by
stating and proving a lemma which characterizes the equality case in (15).
Lemma 3.6 Under the same conditions as Theorem 3.1 and if equality holds
in (15) the spinor field Y := o + £ -ar @ satisfies

) 0 T+ (A€, X) T ~ o a(A). X)Eoag s T
1

- _WA(X) Qe T, (28)

for all X e T(TM).

Proof. Assume that we have the equality case in (15). As before, the optimality
is characterized by the existence of two parallel spinors ¥ and © such that on
M we have

P Y=¢p=P. ¥ and P Y=¢-pp=P_0.

Differentiating the second equation with respect to any vector field X € I'(T'M),
we find after using Equation (9) that

h(X)-V~¢+%§-A(X)-y-P_\IJ:—%A(X)~u-P+@. (29)

On the other hand, we get from Equation (27) that

n+1 n+1

1
Dsp = Hof'MSO—§§'MQ'M¢= HP_ U,

and,
n+1

2

Hence, replacing the spinor fields P_ V¥ and PO by their values from the above
two equations into (29), we find after a straightforward computation that

n+1 1
Ds(§ v ) = — Hop+ e = HP, 0.

) a1+ FOAC). O a9+ g ACK) ar Qa0 =
mg(A(X),f)f YRRV (30)

Here we used the identification between the Clifford multiplications on XM and
YN and the fact that iv - ¢ = . Now one can easily check that Equation (28)
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holds for the spinor field T after taking the Clifford multiplication of (30) by
the vector £. O

Now, we prove Theorem 3.2 for n odd.

Proof of Theorem 3.2. We remark that Equation (28) is the same as Equation
(18) when n was even but the spinor ¢ in (18) is replaced by the spinor T =
@+ & -m @ in (28). So, we repeat the same technique applied in the proof of
Theorem 3.2 when n was even. (]

Remark 3.7 The condition taken in the equality case of Theorem 3.1 can be
refined by requiring that the sectional curvature on N wvanishes along planes in
TM containing . Indeed, using the Gauss-Codazzi equations the Ricci curvature
on M of the vector £ is equal to

Ricaré =Y RY(& ei)e; — A(€) + (n+ 1) HA(S),
i=1
where {e;} is a local orthonormal frame of T(Q). Since g(Ricar€, &) = |h|? [22],
we deduce that g(A(£),€) > 0.

4 Rigidity results for the geometry of the man-
ifold, its boundary and the Riemannian flow

In this section, we will state various rigidity results on manifolds whose boundary
carries a particular solution of the basic Dirac equation and the mean curvature
is assumed to satisfy some condition depending on the norm of the O’Neill tensor
of the flow. These results can be seen as the foliated counterpart of the ones in

[23].
We will estimate the two terms in the integral inequality (15) involving the
2-form ) in terms of its norm. Indeed, we have:

Proposition 4.1 Under the assumptions of Theorem 3.1, the inequality
1
0< [ (0+1PH3 4 GIOP - (04 1782) IpPdv, (31)
mH 2

holds. Moreover, under the condition (n + 1)Hy + [%]% | < (n+1)H, equality
is attained if and only if h =0 and Hy = H. In this case, we have that A(§)=0
and the spinors ¢ and £ - ¢ are respectively the restrictions of parallel spinors
on N if n is even, and if n is odd the spinor ¢ + & -pr @ is the restriction of a
parallel spinor on N.

Proof. Since the operator €2 is Hermitian, all its eigenvalues are real. Therefore,
one can always find an orthonormal frame {e;} of TM such that

(3]
Q= )\jegjfl A egj.
1

|3

J
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Here \; are the eigenvalues of the operator i€2. Thus, from the Cauchy-Schwarz
inequality, we get
(3] "
| ol <Z\>\ llel < [5]2( ZI/\ BHEES ]2\Q|\<P|
J

w3

and we conclude (31) by using Theorem 3.1.

The equality holds if and only if (n + 1)?H§ + [%]|2* = (n + 1)?H?. In this
case, the condition (n + 1)Hy + [g]%|ﬂ| < (n+ 1)H allows us to deduce that
) = 0 which yields from (18) to h = 0 and A(§) = 0. When n is odd, the same
technique carries again over by using (28). O

Remark 4.2 Under the assumptions of Theorem 3.1 and the conditions (n +
1)2H3 + [2]|9]? < (n+1)?H? and g(A(£),€) > 0, equality holds in (15). Then,
by Theorem 8.2, we have h =0 and A(§) =

Remark 4.3 It is an easy fact to see that if there exists a basic harmonic spinor
on the flow, that is Dyp = 0, the estimate

2
[ 3 (e = S5m0 > o
M

holds. However, the limiting case cannot be achieved since the mean curvature
is assumed to be positive.

Next, we deduce an analogue result of the main theorem in [23, Thm. 1]:

Corollary 4.4 Let N be a compact spin Riemannian (n+ 2)-dimensional man-
ifold with non-negative scalar curvature, whose boundary hypersurface M has
positive mean curvature H and is endowed with a Riemannian flow. Assume
that there exist a spinor field ¢ such that Dyp = ”"’1H0<,07 where Hy s a posi-

tive basic function with Hy+ n+1[ 12|Q| < H. Then the vector field ¢ is parallel
on M and A(§) = 0. Moreover, the spinors ¢ and & - ¢ are respectively the
restrictions of parallel spinors on N if n is even and if n is odd, the spinor
@+ & - is the restriction of a parallel spinor on N.

In the following subsection, we will apply Corollary 4.4 for particular solutions
of the basic Dirac equation, namely the basic Killing spinors [14] in order to
prove Theorem 1.1.

4.1 Basic Killing spinors as solutions of the basic Dirac
equation

It is a standard fact that on a spin manifold, Killing spinors are particular
solutions of the Dirac equation. Those spinors appeared in the limiting case of
an eigenvalue estimate of the Dirac operator (see e.g. [10] and references therein)
and they are completely classified in [2]. In the following, we will consider a
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Riemannian flow defined on the boundary of a spin manifold and will assume
that it carries a basic Killing spinor, that is, spinor ¢ satisfying Vxp = aX g ¢
for all X € I'(Q) and V¢y = 0 for a real number a (assumed to be +3). We will
prove Theorem 1.1 by considering again the two cases: n is even and n is odd.

Proof of Theorem 1.1 for n even. Note first that the existence of a basic

Killing spinor ¢ of Killing constant —3 gives rise to a solution of the basic
Dirac equation with Ho = %77, since the flow is minimal. Hence, under the

assumption on the mean curvature, we deduce from Corollary 4.4 that there
exists a maximal number of parallel spinors on N (which restrict to ¢ and £ - )
and that VM¢ = 0 and A(¢) = 0. Moreover, we find from Equations (5) and
(8) that A(X) = X for all X orthogonal to . Thus, the manifold N is flat
and by the de Rham theorem the universal cover M of M is isometric to the
Riemannian product R x Z, where Z is a simply connected Riemannian manifold
carrying a maximal number of Killing spinors. Therefore with the use of Bér’s
classification [2], this implies in particular that M ~ R x S™. Moreover, the
fundamental group of M is embedded in the product Isom, (R) x Isom, (S™)
where Isom, denotes the group of isometries which preserves the orientation of
the corresponding manifold. Since n is even, we can deduce that 1 (M) = Z and
acts on R x S" via (k, (t,z)) — (t+ ka, A*z) for some (a, A) € R* x SOp41.
This action lifts to the spin level and induces two spin structures on M which
both admit a maximal number of linearly independent —%— and %—basic Killing
spinors, see e.g. [1, Thm. 3.2].

In order to check that N is isometric to 7\R X B, where B is the closed unit
ball, we need the following lemma:

Lemma 4.5 Under the same conditions as in Theorem 1.1, the vector field £
can be extended to a unique parallel vector field f on N. In particular, f 18
orthogonal to the unit normal v along the boundary M.

Assume this lemma for a moment and consider a connected integral subman-
ifold N; of the bundle (Rf) , where the orthogonal is taken in N. From the
parallelism of the vector field 5, it is straightforward to see that N; is the
quotient of a totally geodesic hypersurface N7 of the universal cover N (which
is complete) of N. In particular, the manifold N1 is complete since it is a

level hypersurface of the function f defined on N by dVNf = f (recall here
that dN& = 0). From the fact that the universal cover is a local isometry, we
deduce that Nj is complete. On the other hand, the boundary of Ny is also
a totally geodesic hypersurface in N = 7\R X S" with normal vector field &,
carrying a maximal number of Killing spinors (hence it is compact but may
be unconnected). Moreover, the second fundamental form of ON; is equal to
—V%lu = —Vﬁu = X, which means that 0N is totally umbilical in N;. Thus
from the rigidity result in [21, Thm. 1.1], we deduce that Nj is compact which
from [15, Cor. 4] or [23, Thm. 1] implies that ONV7 is connected and is isometric
to the round sphere. Therefore Ny — and thus 1\71 — 1s isometric to the unit
ball B (see [15, Cor. 5] or [23, Thm. 5]). Finally, by the de Rham theorem,
the manifold N is isometric to R x B and therefore N is the quotient of the
Riemannian product R x B by its fundamental group. Since m(N) embeds
into 7 (M) (any isometry of B fixing pointwise S™ is the identity map), N is
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isometric to 7\R x B, O

Now, let us prove Lemma 4.5 that we used to prove Theorem 1.1 for n
even.

Proof of Lemma 4.5. Given any p-form w on M the following bound-
ary problem
ANG =0 on N,
(32)
Jo=w, JF(OV0)=0 on M

admits a solution & (which is also a p-form) on N (see Lemma 3.5.6 in [27]).
Here J*& denotes the restriction of & to the boundary. Using Stokes formula,
on can easily check that Vd¥@& = 0 (see e.g. the proof of [24, Theorem §]).
Therefore, the form QAS = dN satisfies the boundary problem

quAS:(?Né:O on N,

J*észw on M.

Given the 1-form w = & on M, let f be a solution of the problem (32). In the
sequel, we will show that the vector field é is parallel on the manifold N. To
do this, we will use the Reilly formula established in [25, Theorem 3]: For any
p-form o on N with p > 1, we have

Nal2 416N al? = Nal? Pla), a voo, M (T o a, o
[ ia¥apis¥al = [ [9¥aP )02 [ eV (7 [ Tlaa)

where WPl is the curvature term of N in the Bochner-Weitzenbock formula
(which in our case vanishes since N is flat) and

T (o, a) = (AP (J*a), J*a) + (n + 1) H|vao> — (AP~ U (vLa), vaa),

with (AMB) (X1, ..., X) = 32, B(X1, ..., A(X,),. .., Xi) where A is the sec-
ond fundamental form (here 8 is a k-form on N). By convention, we take
Al = .

The form 45 = dN f is closed and co-closed on N and its restriction to the
boundary vanishes from the fact that d¢ = 0 (the vector field ¢ is parallel on
M). Therefore, the Reilly formula applied to ¢ = dV¢ gives that

= N 4|2 VJAZ— [1] I/_|A I/_lA.
0 /N'V 3 +<n+1>/MH| 9 /M<A (v8),v3)

Since the second fundamental form is equal to zero in the direction of ¢ and to
the identity in the orthogonal direction to &, we find for Al that

(AMB)(X) = B(X) for X L ¢ and (AMB)(¢) = 0.

Hence, we get that

n

(A (v3d),v8) = S (v8)(en),

=1
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where {e;}i=1,... n is an orthonormal frame of I'(Q)). Thus, after replacing the
mean curvature H by -, the Reilly formula reduces to

0= [P+ -1 [ i+ [ i

Therefore the form I/_ldA) vanishes on M and ngS is parallel on N, which means
that it has a constant norm. But using the identity |@|2 = |.J*$|2 + |vo¢|? which
holds at any point on the boundary, one can deduce that c;AS = 0 (recall here
that the restriction of ¢ to the boundary vanishes). Thus we get that dV £=0.
On the other hand, with the help of the Stokes formula and the fact that é is
a solution of the problem (32), one can easily prove that 6V £ = 0. We apply
again the Reilly formula for the 1-form f to get that

0:/ |vNé|2+n/ v P2,
N M

which gives that é is parallel on N and is orthogonal to v along the boundary.
Here we used that 6*¢ =0 and AM(¢) = 0.

Finally, we would like to notice that the vector field é is unique. Indeed, we
prove that any extension of the vector field £ of the boundary problem (32) is
a parallel vector field on the whole manifold. Hence for any other extension &,
the vector field £ — &; has a constant norm (both are parallel) and restricts to
zero on the boundary. O

Proof of Theorem 1.1 for n odd. The existence of a maximal number of
basic Killing spinors of constant —% gives 2[3] parallel spinors on N, by Theorem
3.1. However, given a basic Killing spinor ¢ of constant % which belongs to
¥.Q ~ YT M implies by the identity (6) that & -ps ¢ is a solution of the basic
Dirac equation belonging to ¥Q ~ ¥~ M. Therefore, Theorem 3.1 assures again
the existence of 2[2] parallel spinors on N which with the first family provides a
maximal number of parallel spinors. This forces NV to be flat. The proof carries
over as in the even case with two differences: first, the only compact, connected
manifold carrying a maximal number of Killing spinors for both constants —%
and % is the round sphere [3, Thm. 4]; second, one cannot deduce that I' =
m1 (M) is isomorphic to Z. O

Remarks 4.6

1. We notice that the Killing constant —% in Theorem 1.1 can be re-

placed by any constant —a. In this case, the term 27 in the inequality
Tt %_H[g]% |2] < H should be replaced by ZL-S On the other hand,

the condition taken on the mean curvature cannot be dropped. In fact,
consider in dimension 4 the example of the unit closed ball where the
boundary S? is endowed with the unit Killing vector field which defines
the Hopf fibration over the sphere S? of radius % The normal bundle of
the flow (which is isometric to the tangent bundle of S?) carries a Kihler
structure and has a 2-dimensional space of basic Killing spinors of con-

stants 1. However, we have 2% 4 %H[g]%\m =i+i)=2>H=1
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2. In case n is odd, the subgroup I' by which R x S§™ is modded out is not
necessarily isomorphic to Z. Consider for instance I' := Z x I's, where
I'y € SO, 41 is a finite subgroup consisting of rotations in orthogonal 2-
planes in R"*!. Then I acts freely and properly discontinuously on R x S™
with compact quotient.

An immediate consequence of Theorem 1.1 is when the boundary of a spin
manifold is isometric to the Riemannian product S' x S (which is a trivial
fibration over the round sphere). In this case, if the spin structure on N induces
the trivial one on the boundary S' x S”, the flow carries obviously a maximal
number of basic Killing spinors and Theorem 1.1 applies. In fact, we can say
more:

Corollary 4.7 Let (N"*2 g) be a compact spin Riemannian manifold with
non-negative scalar curvature. We assume that the boundary is isometric to
S x S™ with mean curvature H > nL_H If the induced spin structure on M is

the trivial one on S' x S”, then N is isometric to the product of St with the unit
ball.

Proof. As a consequence of Theorem 1.1, M must be isometric to the quotient
of R xS™ by some discrete fixed-point-free cocompact subgroup I' C R x SO, 1.
But since M is by assumption isometric to S' x S”, the I'-action must be trivial
on the S”-factor, so that N is isometric to S! x B. O

4.2 Integrability condition of the normal bundle

In the following, we will state another rigidity results which mainly uses a previ-
ous work of B.-Y. Chen [7]. In his paper, Chen proved that given any Riemannian
submersion M™*t! — BY with totally geodesic fibres where M is isometrically
immersed onto a Riemannian manifold N, the O’Neill tensor of the submersion
can be bounded from above by the mean curvature of the immersion and the
sectional curvature of V. Indeed, he showed that

(n+1)*

K% <

H? 4+ b(n+ 1 — b) max K (p),

where max K (p) denotes the maximum value of the sectional curvature of N
restricted to plane sections in 7, M. Using this estimate, we can state the fol-
lowing:

Theorem 4.8 Let (N, g) be an (n + 2)-Riemannian spin manifold of nonneg-
ative scalar curvature with connected boundary M of mean curvature satisfying

H > % for n < 16 such that the sectional curvature vanishes on
(n+1)(2v2—-[5]2)

the boundary M. Assume that M is endowed with a Riemannian flow given by a
unit vector field §. If there exists a solution ¢ of Dyp = 5, the normal bundle
Q is integrable.
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Proof. Suppose that the normal bundle is not integrable, that is A is non-zero.
By Chen’s estimate we get

H<

n-+1 V2
2

Inl = V2|0 < (n+1)H —n),

Nl

5]

which gives a contradiction from Corollary 4.4. O
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