SHARP SOLVABILITY CONDITIONS FOR A FOURTH ORDER
EQUATION WITH PERTUBATION

FREDERIC ROBERT' AND KUNNATH SANDEEP?

ABSTRACT. Let B be the unit ball of R®, n > 5, and p : R — R a smooth
function. We consider the following critical problem

8
A2y = |u|"—2u+p(u) inB

uZ0
u:g—;i: on 0B.

We give sufficient conditions for the existence of solutions to this problem.
These conditions are close to be sharp, as we prove by considering the prob-
lem on arbitrary small balls.

2002 AMS subject classification: 35B33, 35B40, 35J35

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let n > 5. We denote by B(0,r) C R™ the n—dimensional ball of radius r > 0
and centered at 0. Let p € C*°(R) be a smooth function. For r > 0, we are
interested in finding solutions u € C*(B(0,r)) to the following problem:

A%y = |u|2n_2u +p(u) in B(0,r)

u#0 o (Er)
u:%zo on 0B(0,r).
where A = =" 68—:? is the Laplacian with the minus sign convention, % denotes

the normal derivative with respect to the unit outward vector 7, and 24 = nz—”

= s
critical from the viewpoint of Sobolev embeddings. More precisely, for 2 C R™ an
open subset, we denote by HQQ,O(Q) the standard Sobolev space of second order,
that is the completion of C2°(£2), the set of smooth compactly supported functions

in 2, with respect to the norm

g o0 = ) | (w2 da.

It follows from the Sobolev embedding theorem that H3 () is continuously em-

bedded in L(Q) for 1 < ¢ < 2, and that this embedding is compact if and only
if 1 < ¢ < 2% This lack of compactness is one of the main difficulties attached
to problem (FE,). Moreover, see [Osw], it can be shown that (F,) has no positive
solution if p = 0.
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2 FOURTH ORDER EQUATION

This type of problem was first studied by Brézis and Nirenberg. In [BrNi], Brézis
and Nirenberg studied the existence of solutions to the elliptic problem

Au=unz + p(u) in By
u>0 in By (E/)
u=0 on 0B;.

Using test-functions arguments and the moutain-pass lemma of Ambrosetti and Ra-
binowitz [AmRa], they prove that (E’) possesses a solution if p(0) = p’(0) = 0 and

0+Oo p(s)s~ -2 ds > 0. Later on, in view of a nonexistence result of Adimurthi and
Yadava in the absence of the above condition, Brézis raised the following question:
is the preceding condition a necessary and sufficient condition for the existence
of positive solutions for (E’) when p is compactly supported? A first step in an-
swering this question was carried out by Adimurthi and Yadava [AdYa]. When
n > 7, they prove that there is a specific class of functions p for which (E’) has
a solution if and only if f0+°o p(s)s~ 72 ds > 0. Adimurthi, Mancini and Sandeep
[AMS] came back to this problem for a fairly general class of functions p. They
introduced a new set of conditions for the solvability of (E’) in higher dimensions.
In particular, using blow-up analysis they showed that there exist functions p such
that f0+°o p(s)s~ 7% ds = 0, and problem (E’) does not have solutions on arbitrary
small balls. We refer to [AMS] for more details.

Let us now return to the study of (E,). There has been considerable interest
in higher order operators since the pioneering work of Chang, Gursky and Yang
concerning the Paneitz operator on Riemannian manifolds. We refer for instance
to [Chal] for a general survey on such operators. We refer also to [EFJ], [PuSe],
[VAV] in the Euclidean context, and [DHL], [HeRo] in the Riemannian context.

In this paper we address questions similar to the ones addressed in [AMS], but
concerning the bi-harmonic operator. To be more precise we define

+oo +o00 .
o= [ pes s, Blp)= [ ple)sTE s,
0 0

2

+oo _2n—4 r _2 Foo _2n—4
Ig(p):/ 7T n—a / tr—a / p(s)s™ »=7 ds | dt| dr (1)
0 0 ¢

(n _ 4)4 +oo 1
T+ 2) /O plt) dt

when these quantities make sense. We say that u € C*(B(0,r)) is a solution of
small energy for (E,) if it is a solution of (E,) satisfying

1 1 2
f/ (Au)? dx — Ti/ |u|211 dz — / plu)de < —,
2 /B, AN B(0,r) nkg

where p(r) = forp(t) dt for r € R, and Ky > 0 is the best constant in the second
order Sobolev inequality. Namely

2
1 inf Jgn (Au) dx2 ’
Ko (Joon [u]?* dar)



FOURTH ORDER EQUATION 3

where the infimum is taken over the nonzero compactly supported functions in R™.
We assume in what follows that

p(0) =p'(0) =0, p’ is bounded i
3b > -2 such that |p(s)| < C|s|~" for all s # 0 (Hp)

Our main result is the following:

Theorem 1.1. Assume that n > 13 and that (H,) holds. If Ii(p) > 0, or if
Ii(p) =0 and Ix(p) < 0, or if 1(p) = Ix(p) = 0 and I3(p) > 0, then (E,) has a
radially symmetrical solution of small energy for all v > 0. Conversely, if (E,.) has
a radially symmetrical solution of small energy for all r > 0, then I(p) > 0 with
the additional properties that if Iy (p) = 0, then Iz(p) <0, and if I (p) = I2(p) =0,
then I3(p) > 0.

When we deal with an arbitrary subset of R™, the existence part still holds,
but the solutions are not necessarily radially symmetrical. The paper is divided as
follows. Section 2 is devoted to test-functions estimates. We prove the existence
part of theorem 1.1 in section 3. Sections 4, 5 are devoted to the blow-up analysis
attached to our problem, and to the proof the second part of theorem 1.1. In section
6, we prove a spectral result we need in section 5. Extensions of theorem 1.1 to the
case of a smooth open subset of R" and to smaller dimensions are discussed at the
end of sections 3 and 5.

Acknowledgements: The first author thanks the TIFR in Bangalore and its
members for their hospitality during his stay in Februray 2002. The second author
acknowledges the partial support received from the Kanwal Rekhi scholarship of
TIFR endowment fund during the course of this work.

2. TEST-FUNCTIONS ESTIMATES
We consider a function p € C*°(R) satisfying the following conditions:
p(0) = p'(0) =0, p' is bounded @)
3b > —2 such that |p(s)| < C|s|~" for all s # 0

We also define g(r) = [ p(t)dt, r > 0. We denote by B the unit ball of R", and
for a > 0, we consider the following functional

1 1 : : u
., _ 2 Au)? L 2 2 / ~ (U
Jo (1) 5 /B( u)” dx 2rj/B|u| dx — « Bp(@) dx,
where u € H3 ,(B). We define the function U € Hj z(R™) by

n—4

where z € R", and a, = /n(n —4)(n2 — 4). It is easily checked that U verifies
AU =U¥-L, Moreover, U is an extremal for the second order Sobolev inequality

1 L (Au)® d
= inf IR(—M» (4)
Ko ueH3 (&0} ([ |u[2* do) 2



4 FOURTH ORDER EQUATION

The value of Ky > 0 and the extremals for (4) are explicitely known. They have
been computed by Lieb [Lie], Lions [Lio], and Edmunds-Fortunato-Janelli [EFJ].
For any ¢ > 0, we define

n—4
n—4 x ae R
U. =gz U (7) = - ) 5
0=50(2) = () ®)
where x € R", and a,, is as above. Then
A2, = U2, (6)

From now on, if R > 0 and if h : B(0, R) — R is a radially symmetrical function,
we write h(r) = h(|z|), where x € B(0, R) and |z| = r. For a,e > 0, we consider
the unique radially symmetrical function v. , € C*(B) solution of the problem:

A%y, = a2 1p (L) in B )
Ve,o +Ue = w 0 on JB.

This function is explicitely known. We have that

C

Ua,a(r) =-U(1) - ﬁ(l - 7“2) (8)

] 1 t s u U
—a? _1/ tn [/ s"1 [/ ut™" {/ P (E) ot dv} du] ds] dt
r 0 0 0 @
where
1 s u
Con= g ==t [Lnt ] [t [ (T2} o=t ) as
on 0 0 0 &

In the sequel, ac o = O(be o) means that there exists C' > 0 independant of € > 0
and « € (0,1] such that |ac o < Clbe o] We write ac o = 0(be o) if for any n > 0,
there exists 9 > 0 such that |ac | < 7|beof for all € € (0,¢0) and all o € (0, 1].
With (2), it follows from (7) that

|ve,all 2By = o(1). 9)

Here and in what follows, H}, () denotes the Sobolev space of functions u € LP(£2)
such that Viu € LP(Q) for i = 1...k, where Q is an open subset of R"™.

This section is devoted to finding estimate on
1 ,Q
Jo(Uen) = = /(Auaa x——/ |u5a| x—azu/ p(u6 ) dz,
2 B «
where e o = Uz + Ve, + We o, and W, € HQ’O(B) is assumed to be such that

n—4
IWealliz o) = 0 () + 0 (| Aveall2) (10)
Here and in the sequel, || - ||, denotes the LP—norm for all p > 1.

Step 1: We first claim that

[ UF alde =0 (%) L [ U do =0t + [Aveal) (1)
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We prove the claim. We let v, vZ,, € H3,(B) N C*(B) be radially symmetrical
functions such that

A%t = =¥ -1pt (%) B A2v- a?-1p- () B
v;fa—av”“—() on B v;a_a””_o on OB

where pt(s) = max{p(s),0} and p~(s) = max{—p(s),0} for all s € R. As stated
in Boggio [Bog] (see also Grunau-Sweers [GrSw]), the Green’s function on the ball
for the bi-harmonic operator with Dirichlet boundary condition is positive. It then
follows that U+ and v, are nonnegative. We define

19U, 10U,
5o+ 55 (Wl (12)

Te(x) = (U:(1) —

for all z € B. Clearly,

oT.  oU.
B on °
Similarly, 7. > 0 and U, — T; € H2270(B). Now, integrating by parts, we get that

/Ufﬁflv;adx = /AQUsviadx:/AUsAv;adx
B B

= /A(Us—Ts) dm—f—/ AT Avf, dx
B

A’T.=0in B, and T. =U., n 0B.

/ AU, — TE)AUJQ do = / (Ue — TE)A%;a dx
B B

- azﬁ_1/ Up™ (U8> dm—&—O(en?aQn_l/ ( )
B « 6]
) <

With (2), it comes that for all v € (0, 1), there exists C,, > 0 such that p™ (s
for all s > 0, and we get that

#_ n—4
/UE2 1U;ad$:0(€ ).
B

Similarly,
/ UEZLIU;@ dzx = 0(571774).
B

Now, using that ve o = vF, — — T, and that v}, v_,,T. > 0, we get that

€,

/ Uf“*1|v€,a| dr = o(e"7).
B
This proves the first equation in (11). Now, with Holder’s and Young’s inequalities,

we get
2§—2 ﬁl
4 28 -1 # 28 —1
(/ Ug 1|U57a| dx) (/ \v57a|2 dx)
B B

/Uszﬁ*zv?adx
B ;
= 0(5n74+”1}€,a”gn)

Now, writing v o = —T; + (ve,o +T:) and noting that v, o+ 71 € H2270(B), it comes
with Sobolev’s inequality that

n—4
loeallze = O (I1Avealls +277) (13)

IN

and then,



6 FOURTH ORDER EQUATION

/ UEQLZU;Q dz = o (||Ave a3 +€"7%)
B
This proves (11) and our claim.

Step 2: We now estimate

1 1 #
Ao = i/B(AuE,a)de—?/BWE,aP dx.

Since e o = Us + Ve,o + We o, We get

/(Aug’&)2 dm:/(AUg)2 d:r—i—/(Avg,a)zdx—i—Q/ AU Av, o dx
B B B B
+/(AW€7Q)2dx+2/ A(Us + ve o) AW, o dz

B B

Thanks to Green’s formula,

/U\fn*lvswa dx:/ AU, o dx
B B

_ / AU Av. o dz + / (AUEC%E"’ —UmaAUe) o
B OB on on

_ / AU.Av, o dz — / (AUaaUE —UgaAUE> do
B oB

on on
with (7). Now with (5), we get that

/ AU Av, o dz = / U o g de + cue™* + o(e" ) (14)
B B

with ¢, = 4(n — 4)wn_1ai(n_4).

The following inequality will be useful throughout the paper. For all p > 1, for
all # € (0, min(1,p — 1)], there exists Cp 9 > 0 such that

|z +ylP — |2P — plzP2zy| < Cpo (JyP + 2P~ 0)y*17), (15)

for all z,y € R.
It now follows from inequality (15) that

# # #_
‘|u870¢|2 - U£2 - ZﬁUEQ 1(715,04 + Wa,a)

<C (|v5>0¢ + VV6,0t|2m + ng“—zlvg’a + W51a|2)

Integrating over B and using (9), (13),(11) and (10), it follows that

/|u57a|2ﬁd$:/Ugudx+2ﬁ/U52n_1W5,adx+2ﬁ/Uegu_lvaadx
B B B B

#_
o ([[oeall) + O (IWeal) +0 ( [ v dx)
B

:/ U dm+2ﬁ/ Ufu_lws’adx—kﬂ/ U2 0, o da
B B B

+o (") + o (| Ave.all3)
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This equality combined with equalities (14) and (10) leads to
1

1 1
Agazf/(AUE)de——/ U dx+f/(Av5a)2dx—/ U2 W, o da
’ 2Jp 2 Jp 2 /B ’ B ’

+/ A(Us + Ve 0) AW, o dz + cne™ T+ 0(5"_4) +o0 (HAvE,aH%)
B

Some straightforward computations give that

/ Ufu dox = / U? dz + O(e™).
B n

Now, noting that

4—n 2
/ (AUL)2 do = / (AU.)2 dg — en—4 / (a5 0. d,
B n niB

it comes with (5) that when n > 5,

/B (AUL)? dz = / (A0 — ey o)

But since
1
/ (AU)Qda::/ U? dz = =
we get that
2 Cp, n—4a 1 2 of 1
Ao = —5 + Z¢ + - | (Aveo)?dx— | UZ 7" W, qdx
’ TZK04 2 2 /B ’ B ’

+ / A(Us + e 0) AW, o d + 0 (|| Ave o[2) + 0(e" )
B

Step 3: We now estimate
o / 0 (ue—a) dx.
B «
Since p’ is bounded with (2), there exists C' > 0 such that

p(z +y) — p(x) — yp(z)| < Clyl,

for all x,y € R. Hence,

(16)

(19)
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Now, using the fact that p’ is bounded, (10) and (13), it comes that

a2u*1/ o (UE * vg,a) We o dx — 04211*1/ p <U€> We o dx
B « B «
=0 <a2u2/ [Ve,a|We o daz)

B

i n—
= 0 (0% veallor [Weallas) = 0 (1 Av-.al3) +o(e" ). (20)

But
/ A(U. + ve o) AW, o dx = / A* (U, + ve o)W o dz
B

_ / (Usn_l n azﬁ—lp (%)) W, o dz. (21)
B

Now, putting together (16), (19), (20), (21), it comes that

2 Cn e 1 U+ ve 0
Jo(te,q) = =+ € 4+*HA”U6 04”3*04211 P = = dx
El 2 2 £
nk; B Q

+0 ([[Ave o [3) + o(e™H). (22)
With (2), inequality (17) can be refined as follows: for any s € (0,1)

|6(z +y) = px) —yp(@)| < C(|ll* +[y[*)yl*,
for all z,y € R, where C' depends only on s and p. We then get that

ﬁ Ue +U5,o¢ - ,5 % 0 % (1157,04) < C@”g,a + U?;s .
o o o o as a? o?ts

Taking s > 0 small enough, we get with (13), (9) and Hélder and Sobolev inequal-

ities that
a2u/ p (UE +U€’a> dr = azﬁ/ p (UE) dx
B & B @
U,
—|—o¢2ﬁ_1 / p (;) Ve,adx + o0 (||Av87a||§) + 0(5"_4). (23)
B

Through some integrations by parts and using (7) and (12), we get that

o

O0vVe o

2f 1 U. _ 2 )

o /Bp(a>(vs’a+T€)dx = /B(Avg’a) de +n e (1)/BA1)5@ dx
- / (Bvea?do— nions (2221)) (20
- 5 £, n—1 an

It now follows from (2) that for all v € (0,1), there exists C, > 0 such that
lp(s)| < Cy|s|'T for all s € R. We then get with (5) and (12) that

a1 /B p (%) T. dz = o(c"™). (25)

Putting inequalities (22), (23), (24), (25) all together and using (5), it comes that
2 1 U, Z—4n+2
Ja(tieg) = — — = || Ave o2 — o / 5 () dp+ L2 E 2 i
nKd 2 B «a 4
+0 (|Ave o 3) +0(e™™) (26)
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Oé2u/ ﬁ(lje) dl‘v
B «

Step 4: We now estimate

that is the third term in the RHS of (26). With (5) and some change of variable,

we get that

- U, n _n_
azu/ p (E> dr = wp_1ane2ar1g(a,e),
B «

where
an L 4

i 4—n
an Ve
g(a,e) :/ ﬁ((a"i48—|—r2) ’ )7‘"1 dr.
0

For n > 5, some standard computations lead to (see for instance [AMS])

n n—4
dg a1 _[1 a’e 2
%(065) - _20‘,25"-2#2 P (O[ <1 ¥ a%52

an—4

2—n

N—

,4 “anve 2—n 4—n
_n 5 0"34/ (aﬁs+r2> ©p ((ozn2—4€+r2 : >r"1 dr.
0

Similarly,
n—4
&g n+2 u _npa_[1 ale ?
—_— = n—4 2 J— [ L —
0e? (o) 4an ane P\ a 1+ a2e?
n—4
n—4)ani 2a2e? -1 1 a’e 2
+ 3 n
4atet (1 +a2€2)%p a \ 1+ a2e?
n—4
(n—4)aﬁ 1 a’e 2
s ae T \a \Tra
(n—2)(n — 4)a77 2t p((mgng)?)
n—2)(n—4)an- PRV
+ 1 / e =3 dr,
0 (an745+r2) ’
and

@(a ) = 7(n+2)(n+4) aﬁﬁ <1 (a%g) n24>

Oe3 8an e a \1+a2e?
4 n—4
(n—4)(n+10) an—2 1 aZe 2 9
T 8af = Pla\T+a2e (1+0()
n—4
(n—4)° no1a sono, 1 ane o 2
e (3 (i) ) 0o

4—n

n—2

2 2 2
arn—ie+r

_1 2 2 2
o, () )
(=4 (-2 o / e 75
0

8

(28)

(29)
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With (2), we get that

%(aﬁ)zo(a—%g%)—i—O(a%) (30)

for all & € (0,1], & > 0. Then, using the integral Taylor identity, (27), (28), (29),
and (30), we get that for n > 13,

a2n/ p (UE) dx = (31)
B [0}
n n —4
ated ants ( [ ety de =" am [ gt e
n ]Rn

(Do) ot | pqxﬁ—w—ndﬁo(amga))
8 R

+0 (aﬁsn_‘l)

+

Step 5: This step is devoted to the estimation of fB(AvE,a)Q dx. It comes from
(8) that

] 1 T t U
—na? _1/ Pl [/ ti=n {/ p <6> u ! du} dt] ds
0 s 0 a
When n > 7, and since Av, ,, is radially symmetrical, we have that
U, 2
/B(AUE@)2 de = nwn_1 < ans (1))

1 T t 2
ot Lo [ ([ (%) ) o]
0 0 0 o

2(nt4) 1 T t U.
— MWy =D [/ r”_l/ tt—n </ s"lp (> ds) dtdr]
0 0 0 o
ou., \’
= _ 1
NWp—_1 ( o ( )>
2n 1 +o00 t
o o[ ([ (%) o)
0 0 0 «a
“+o00 t
7/ ti—n </ s"lp <UE> ds> dt] dr
T 0 @
n 1 +o0 t
2 [ ([ ([ (%) o)
0 0 0 «a
+oo t U 2
—/ = (/ sty (5) ds) dt) dr]
T 0 «

2
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Then, still for n > 7, we get that

2
[ @ de = s (G2 0)
2 (matd 1 +oo t 2
b [ [ (o)) o
0 «
2(n+4 +°° t
—NWp 1« =) {/ ne 1/ </ s"lp (%) ds) dtdr]

= Ai(a,e) + Az(a,e) — Az(a, €) (32)

We estimate each of the terms seperately. First, with (5), we have by direct calcu-
lation that

2

Ai(a,e) = wcns’%4 + 0(5”74) (33)

We now deal with As(c, ), that is the third term in the RHS. A change of variable
gives

ontd 204D 40 (34)

As(a,e) = nwp_q1as a1 €"

X [/OM ol </T+OO ti—n (/Ot s"p <(6+ i)%") ds) dt) drr

Now, when n > 9, there exists v € (0,1] such that v € ( 4 ) With (2), it

-4’ n—4
then comes that there exists C' > 0 such that |p(s)| < C|s|*** for any s # 0. Some
computations then lead to

()
0 o

for all t > 0, a,e € (0,1). Plugging this expression in (34), we get that

C
o (Lt + 1is1)

As(a,e) =0 (ew(%—”)) — o(e" ) (35)
We now deal with As(«,€). A change of variable gives
As(a,8) = wpmra @ flase) (36)

where
2

f(a,a)_/oa"lﬁrnl U:wtl” </Ots”1p<1 (e +5%) R >ds) dt} dr.

With Lebesgue’s theorem, and when n > 9, we get that for any a > 0,
2

p 400 +o0 t
lim f(a,e) = a~ _1)/ rt {/ tn </ s (st ds) dt] dr
e—0 0 r 0

(37)
Similarly to what was done in Step 4, we compute %(a, ¢) and we find:
%(a,e) =0 (a’ze%m) + O(a*%i)
when n > 11. We then get that
a,e) = f(a,0) + o e +0 (a2 B 38
f fla,0)+ O
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as soon as n > 13. Now, (32), (33), (35), (36), (37) and (38) give

HAUs,ang =
§ el +oo +oo t 2
Wp_10? *1a2+4sT/ ot (/ ti—n </ s"lp (54*") ds) dt) dr
0 T 0
n(n - 4) n—4 n—4 A6 p—4a nt6 nt6
+TC"8 +o(e" ) +0(am-1""%)+ O (ow—% 2 ) (39)

for n > 13. Combining (1), (26), (31), (39), and using the expressions of I(p),
I5(p), I3(p), we get that

2 (n=4)(n—2)%w, gan" Y

Jo(Ue o) = = gn—t (40)
nky'
n a1 I 4
— Wy _1E2 Q7= [ 17(;)) — 2;/0) saﬁ + m(xﬂez +o0 (anll%ﬁ)]

+o(e™™*) + O(aﬁsn_‘l) +0 (a 1236%6) )

as soon as n > 13. Some similar arguments lead to the following estimates in
smaller dimensions:
2 (n—4)(n— 2)2wn_1ai(n74)

T
nk;

En—4

Ja (Ua,a) =

n

n I
—an Wy _1€2 QA [1(/)) + 0(1)] +o(e"™ ) + O(aﬁgn*‘l), (41)
n
for n > 9. If we assume that n > 11, we obtain that

2 (n—4)(n— 2)2wn,1an(n 4

Ja(us,a) = + 5n—4
K 2
_a nWn— 1€2a" |: 5an n—4 +O(ang4€>:|
Fo(e"4) + O(amaem™4). (42)

3. PROOF OF THE THEOREM - EXISTENCE STATEMENT

We obtain solutions of problem (E,) thanks to the Mountain-pass lemma of
Ambrosetti and Rabinowitz. We use the following statement of the lemma:

Theorem 3.1 ([AmRal). Let F € C1(V,R) where (V,|.||) is a Banach space. We
assume that:

(1) F(0) =0
(i) 3N, R > 0 such that F(v) > A for allv € V such that ||v]| = R
(iii) Jvg € V' such that limsup,_, , ., F(tvg) < 0.
We let tg > 0 large be such that ||tovel] > R and F(tovg) < 0, and
B = infyersup F(y(t)), where T' = {y : [0,1] = V s.t. v(0) = 0, v(1) = tovo}.
Then there exists a sequence (uy) in V' such that
Flup) =B , F'(u,) — 0 strongly in V.

Moreover, we have that A < 3 < sup,q F'(tvo).
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In order to prove the existence of radial solution, we consider the space
V =H;3,B)N{veH;,B)/voo=u, foralloecO,(R)}

where O, (R) denotes the group of the isometries of the Euclidean n—dimensional
space R™. We also consider the functional F' = J; (where J; was defined in section
2) defined on V. Clearly (i) of the theorem is satisfied. With (2), we get that point
(ii) is satisfied. Point (iii) is clearly satisfied for all vg € V' —{0}. Let vo € V —{0}.
Then, it follows from theorem 3.1 that there exists a sequence (u,) € H3 o(B) such
that

Ji(up) = B, Ji(up) — 0 strongly in V', (43)
when p — +o0o0. Here 0 < 8 < sup;sg J1(tvg).

Step 1: We claim that there exists u € V such that u, — u weakly in H3 ;(B)
when p — +o00. With the additionnal property that

2
u # 0 if sup Jy(tvg) < =
t>0 nkg'

We prove the claim. It follows from standard arguments that (u,) is bounded in
H3(B). Then there exists u € H3 ((B) such that u, — u weakly in H3 (B).
Clearly u € V. We now assume that

2
sup Jl(tUO) < -
t>0 nky

We prove that u # 0 by contradiction. We assume that u, — 0 weakly in H3 ,(B).
We can assume that u, — 0 in L9(B) for all ¢ € (1,2%). Then with (2), it comes
that

Ji(up) = %/B(Aup)z - %/B |up|2u dz +o(1) = B+ o(1)
(1 (up), ) = /B (Auy)? /B fup 2 daz + 0(1) = 0(1)

These inequalities combined with the optimal Sobolev inequality (4) then lead to
2
n _\ ot n
— < Ko=p.
(25) < Kogh
Since 5 > 0, we get 5 > 2% . A contradiction. Then u # 0. The claim is proved.
nK,

With (43), we get that for all p € C*(B) radially symmetrical, we have that

/ AuAcpda?:/ (|u|2u72u+p(u)) pdx
B B

It then follows by standard arguments (see for instance [Hebl]) that this equality
occurs for all ¢ € C2°(B). And then

A2y = |u|2n*2u + p(u)

in the distribution sense. It then follows from arguments due to Van der Vorst
[VdV] and Agmon-Douglis-Nirenberg [ADN] that for any v € (0, 1),

ue C(B),



14 FOURTH ORDER EQUATION

and that

APy = |u|2n_2u+p(u), in B, and u = % =0 on OB.
n

Now, proving the first part of theorem 1.1 on the unit ball reduces to find some
suitable functions vg € V' — {0} such that

2
sup Jp (tvg) < —. (44)
>0 nKg

Situations for which this inequality holds can be found in [EsRo]. We consider the
test-functions introduced in section 2. We now let € > 0 and consider U, +v,, where
Ve = vs,;1 and U; + v. € V by construction. By standard variational arguments,
there exists t. € (0,400) such that

§1>11[:)> J1(t(Ue +ve)) = J1(te(Ue + ve)).

Step 2: We claim that
te=140(="7") +o(|Ave]). (45)

We prove the claim. It follows from the estimates of section 2 that

/(A@Q+%»2Mﬁi/(Adex+o&%#)+omA%h)
B n
/ |U€—|—v€|2u de = U dx+0(5"774> + o (]| Avel|2) -

B R

Then J1 (t:(Us+ve)) > J1(Uc+ve) = ;% +o0(1). It then easily follows that ¢, /4 0

0
and t. 4 +o0o. Up to a subsequence, t. — to € (0,+00). Then,
_d
Cdt

—t. [ (A0 do = [ ol do o (25F) +o(av]a)
B B

0= S (HU: +v2))ye,

then, t. —t¥~1 =o (6"7_4> +0(]|Ave||2). Tt then follows that ¢ty = 1, and that (45)
holds. This proves the claim.

Step 3: we now prove the first assertion of theorem 1.1. We write
Ug,1 = tE(UE + UE) = Ug + Ve + (tg - 1)(U5 + ’UE).

Then (10) is satisfied with W, 1 = (t. — 1)(Us + v.). Taking a = 1, it follows from
(40) that inequality (44) is satisfied with vg = Uz + v., € > 0 small, provided the
hypothesis of the existence statement of the theorem. It follows from Step 1 that
there exists a solution to the problem (Fj). The first assertion of the theorem easily
follows throughout a rescaling argument.

Remark: with (41) and (42), this result can be extended to the case of an open
subset of R™, and to smaller dimensions. Of course, we cannot recover that the
solutions are radially symmetrical in the general case. However, the following result
holds:
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Proposition 3.1. Let Q be a smooth subset of R™. We assume that (H,) holds,
and that one of the following conditions occurs:

(i) n>9 and I(p) > 0,

(i) n > 11, I1(p) = 0 and I2(p) <0,

(iii) n > 13, I1 (p) = Ia(p) = 0 and I3(p) > 0,

then there exists u € C*(B) a nonzero function such that

Ay = |u|2u72u + p(u) in Q, and u = g—u =0 on 0f.
n

4. BLOW-UP ANALYSIS I

This section and the following are devoted to the proof of the second part of
theorem 1.1. We assume that for all > 0, there exists i, € C*(B(0,@)) a smooth
positive radially symmetrical function such that

|2u_2aa + p(tla) in B(0,a)

Uo £ 0
U = 86“7;” =0 on 0B(0, a).

and
1

2
7/ (Aidig)? do — — 1|2 dz — / i) do < ——.
2 B(0,a) 2 B(0,a) B(0,a) nky

Here and in the sequel, p € C*°(R) and p verifies (2). Up to rescaling, there exists
Uy € C*(B) radially symmetrical such that

A2uy = |ua|? 2uq + o~ 1p (=) inB

Ugq Z 0

Uy = 86“; = on 0B, (Ia)
Jo(ua) < —24

4
nKg

1 1 ! ¢ [ (Ua
Ja(u) = §/B(Aua)2d$—@/3|ual2 dx — o® /BP<E> da.

Step 1: We claim that uq — 0 weakly in H3 ;(B). We prove the claim. It follows
from (I,) that

9 2f—1 N N
Jo(ue) = ﬁ/B\uaFndx—kaz /Bp(%)uad:c—oﬂﬁ/Bﬁ(%) dx

2
= 7/ w2 dz + of||uaas) + o(1) <
B

where

; (46)

n nKg

then [lual[2s = O(1), and with (o), [luallgz () = O(1). Up to a subsequence,
we can assume that it goes weakly to u € H2270(B). Passing through the limit in

1,), we have that A%y = |u 2”’2u in the weak sense. Considering that u, — u in
g
L (B), we get that

1
/ \u|2n dx < limiglf/ \ua\Qu de < —.
B oa—r B K04
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We used that u € H3 o(B) C H3o(R"). We are now left with proving that u = 0.
We argue by contradiction, and assume that u # 0. Then, multiplying by u €
H3 ,(B) and integrating, we get with the Sobolev inequality (4) that

< —.
_KO

Ko — (f]R" |u] % dx)f“ (fB Jul?* dx)zl11

In particular equality holds, and u € H3y(R") is an extremal function for the
Euclidean Sobolev inequality. It follows from [EFJ], [Lie], [Lio] that u is smooth
and that there exist A € R, C' # 0 and £ € R" such that

C
02+ |z — 7))

A contradiction, since u is zero outside B. Then u = 0. The claim is proved.

L< Jpn (D) dr _ J5(Au)? dx :(/ |U|2’“d37>1_2n 1
B

u(zx) =

We go on with the study of the sequence u,. Using that |p(r)| < C|r| for some
positive constant C' and all » € R and the system (I, ), we get that

/(Aua)de:/ \ua\Qu dx—I—aQn_l/ p(u—a) Uq dx
B B B «
:/ ol dz+o(a2”2/u§dx).

B B

Now, the standard Sobolev inequality asserts that

=
(/ |2 dm) gKO/(Aua)de:KO/ il dz + o (ualZ) |
B B B

and then [, lua|? dz > —L + o(1). Then with (46), we get that
K

™
4
0

1
/ ua|? dz = —5 + o(1). (47)
B Ky

242
/ |ua|2n dz < <stépua> / u? da
B B

and that u, — 0 in L?(B), we get that supgu, — +o0o. Following [Rob] and
[FHR], we now let z, € B and 1, > 0 such that

n—4
2

Now, noting that

ua(xa) = la

= Sup Ug — +00.
B
For x € R™, we now define

n—4 1
U () = ta? Ua(To + par) if 2 € B, =B (—xa, ) ,
Ha Mo

and @, () = 0 elsewhere. Clearly, @, € Hj o(R") satisfies the following system:

] noa \20-1 -~
A2ﬂa = |'aa|2 72174& + (,LLO(2 Oé) P ( uf4> n Ba
Qo ? (48)
Uy = 85_‘; =0 on 0B,

Step 2: We now claim that
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lim J8208) _ | (49)

a—0 Mo
We prove this claim by contradiction. Assume that

lim d(xq,0B)

a—0 My

/W(Aﬂ&)2 dx = /B

it comes that |Uallgz (&n) is bounded. Then, up to a subsequence, ta — U €
H3 o (R™). It then follows that

=R € [0,+00).

Since

(Aty)? dox = /B(AUQ)Q dx = 0O(1),

e

1
/ |€L\2n dx < liminf/ |ﬂoé|211 dx = liminf/ \ua\zu de = —.
n a—0 Ba a—0 B K04

Since u, is radially symmetrical, we can assume that x, = 2o — Rafllafz,, Where
xo € OB, 7y, is the unit outward vector at zo and R, — R, R, > 0. Clearly, for
all K > 0 and all R < R, there exists ag > 0 such that

Qe p = B(0,K)N{z € R"/(z,7ix,) < R} CC By
for all € (0,ap). We denote by Pg the open half-plane
Pr={zeR"/(z,is) < R}.
For all p € C2°(Pr), we define ¢, € C2°(B) such that

n—4
2

o(x) = pra” PalTa + pat),

for all x € R™. With (I,) and a change of variable, we have that

e of 1 _
/ AugApdr = / [|ﬂa|2“21—m + (a,ua24> p (%)] pdx. (50)
n n CKILLQZ

Letting « go to 0, it comes that
/ AuApdr = / \ﬂ|2ﬁ*2ﬂcp dz,

for all ¢ € D(Pgr). We now claim that i(z) = 0 almost everywhere on R™ — Pg.
Let © € R™ such that (z,7y,) > R. Then, for a small, z, + per ¢ B, and
to(x) = 0. Since @4 (x) — @(z) almost everywhere, we get that @(z) = 0 almost
everywhere on {x € R" / (z,7,,) > R}. This claim is proved. It then follows that
u € H3 ;(Pr), and that [, (Aw)® do = [, |2 dz. With some arguments similar
to the ones proceeded in the proof of Step 1, we get that & = 0. We define

Vo (2) = Ga(x + Raflzy), To + o € B. Clearly, there exists a diffeomorphism
Yo : B(O,R +2) — U,, where U, is an open subset of R™, such that for any
x=(x1,...,2,) € B0, R+ 2),

o + plapa(z) € B <z, < 0.
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We now set Uy, = v4 © . Clearly, there exists a second order operator L, on
B(0, R + 2) such that

n_4 281 ~
L2%, = |f;a|2ﬁ,2f,a + (auaz ) p ( va«24> in B(0, R+ 2) Nn{z, <0}
apa

ﬁa:%ﬁ,(: =0 on B(O,R—Fz)m{xn:O}

We can write L2 as follows:

L2 = ai%9, 1 + Py (V, V2, V),
where P, is a polynomial with continuous and uniformly bounded coefficients, and
agiy s also continuous and uniformly bounded with respect to a. Moreover, we
have that )

§|X|4 < afuXiX; Xe X < 21X |1,

for all X € R™. It then follows from Theorem 15.3 of Agmon-Douglis-Nirenberg
[ADN] that for all p > 1, there exists C,, > 0 such that

0allz? (B0, R+1)N {20 <0}) < Cp-

Here, we have used that |0,] < 1. It then follows that, up to a subsequence,
U converges to a continuous function in C°(B(0,R + 1)). But since i, — 0
weakly, it easily comes that 9, — 0 in C°(B(0,R + 1)). A contradiction, since
1 = 0q(—Rafly,). This proves (49) and our claim.

Thanks to (48) and (49), it then follows by standard regularity theory that

is bounded in C’l‘lo’f (R™), with 3 € (0,1). Then, there exists Uy € C*(R™) such that
o — Uy in CL(R™). (51)

U, verifies that AU, = |U0|2u_2U0, |Uo(x)] < Up(0) =1 for all x € R™. With some

arguments similar to the ones proceeded in Step 1, it comes that Uy is an extremal
for the Sobolev inequality (4). It follows from [Lin|, [HeRo] that

2\
tn(e) = UG = ()
for all x € R™, where U was defined in (3).
Step 3: We now claim that
Ta = 0la)- (52)

We prove this claim by contradiction. We borrow ideas from Faget [Fag]. We
assume that there exists 7 > 0 such that |Z—Z| > n up to a subsequence. Let

fip € R™ such that |fig] = 1. Up to a rotation, we can assume that x, = |24|7o.
We let N € N* and o an isometry of R™ such that o"(7y) # 7o for 1 <i < N and
o (iig) = ilg. We let § > 0 such that

1 ) .
0 < 3 inf |o" (7o) — o’ (7io)|. (53)
0<i<N

We now define B!, = B(c%(x,), ) for alli = 0, ..., N—1. We claim that B! NBJ, =
() for all i # j € [0, N — 1). We prove this claim by contradiction. We assume that
there exist k # 1 € [0, N — 1) such that B¥ N B!, # (). It then follows that

|0 (24) — 0 (20)| < 204t
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Using that z, = |z4|7lp, it comes that
it inf o' (70) = 07 (7io)| < [za| - [0" (o) = " (7i0)| < 20p1a,
0<ij<N
a contradiction with (53). This claim is proved. Now, using that u, is radially

symmetrical, we get that

N-1
/ |ua|2’j dz > /N . |ua|2" dr = Z/ |ua|2” dx
B Uizo Ba i=0 Y Ba

>N ug|? dz = N |ia|? da.
B(za,0pa) B(0,6)
Now, using (51) and (47), it comes that
1
N U de < —
B(0,5) K

for all N € N*. A contradiction with (3) and & > 0. It then follows that Z=l — 0,

and the claim is proved.

Step 4: We claim that
(54)

[ua = Upo a2y — 0
where U, is defined in (5). We prove the claim. We introduce a new rescaled
function
n—4 1
U () = pa® ug(pax) if x € B (0, ) ,
Ha

and @, (x) = 0 elsewhere. Clearly, @, satisfies the following system:

A2t = [iig|? 2y + (;&54 a)ﬂ_l p ( ﬂ@> in B (0, ;1)
i 2 0 o
g = e =0 on 9B (0, 7).
and 4, is radially symmetrical. It follows from (51), (52) that
io(0) = 1 and @, — U in Cf (R™).

Let R > 0. It then follows that

/ |uoz|2ti dr = /
B(0,Rpq) B(0,R)

Now, by dominated convergence,

1

lim UQ”dx:/ U¥ dr = —.
B(0,R) n K

R—+o00

fia|? do = / 0% da + o(1).
B(0,R)

With (47), it comes that
J, [uaf* dr = o(R) + o(1),
B_B(O»R#a)
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where limp_, 1o £(R) = 0. Similarly,
/ (Aug)? dz = £(R) + ol1),
B—B(0,Rpia)
where limp_, 1o £(R) = 0. Now we get that

/B(A(ua _ UL da

_ / (At — U, ))? da +/ (Al — U, ))? de
B(0,Rpa) B—B(0,Rua)

— / (Aiig — U))? dz+ O </ ((Aug)? + (AU, )?) da:)
B(0,R) B—B(0,Rpua)

— o(1) + £(R)

with the strong convergence of %, on compact subsets. Consequently,

/ (Ao — U, ) dz — 0.
B
Now, clearly, uo, — Uy, — 0 in HZ(B), the Sobolev space of first order. And then,

lua = Uno lz2(8) — 0.
The claim is proved.

Now, for a, e > 0, we consider the function v. , € C*(B) defined in (7). Follow-
ing [AMS], we now consider the minimization problem:

inf F. o(ua),

0<e<1
0<a<2

where
Fou(a) = / A (e — a (Us + ve.0))]? da. (55)
B
With (9) and (54), it comes that
lim inf F; ,(uq) =0. (56)

a—0 o<e<1
0<a<2

We choose ag > 0 such that

inf F;4(ua) < 1/ (AU)? dz and /(Aua)zdx> 1/ (AU)? dx
8% 3w ¥ 2 S

for all a € (0, o).

Step 5: We claim that this infimum is attained at €4, a,, and then that ¢, — 0
and a,, — 1 when @ — 0. We prove the claim. We fix o € (0,a9). We let
ap € (0,2], &, € (0,1] such that

inf F. o(ua) = FL, a,(ua) +o(1),

0<e<1
0<a<2

where o(1) — 0 when p — +o00. If a;, = 0 when p — 400, then

inf FE,a(uUé):/(Aua)2 dx.
B

0<e<1
0<a<2
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A contradiction with the choice of a. Then a, — an € (0,2] when p — +oo. If
gp — 0, then for all § € (0,1),

/ (Aua)2 dex = / [A (ua —ap (Uap + vgp,oé))]2 dzx + o(1)
B—B(0,5) B—B(0,5)

< inf F 4(ua) +o(1)

0<e<1

0<a<2

1
< §/ (AU)? dx + o(1)
Letting p — 400, we get that [ 5 5)(Aua)2 dr < %[5, (AU)? dz. Passing to
the limit § — 0, we get a contradiction with the choice of a. Then e, — ¢, € (0, 1]
when p — 400. So the infimum is attained at €., a,. Assume that a, — 0. Then

/B(Aua)2 dr = F._ ., (ua)+o(1)
= inf F, 4(ua) =0(1)

0<e<1
0<a<2

when o — 0. A contradiction. Then a, # 0. Assume that ¢, — g9 > 0. We have
that

/ [A (ta — o (Uey, 4 vep,0))]” dz = o(1)
B(0,Rpuq)

for all R > 0. Passing through the limit with (51), we get that fB(O R)(AU)2 dr=20

for all R > 0. A contradiction. Then e, — 0, and v, o — 0 in H3;(B) when
a — 0 (see (9)). Now, with (55) and (56),

a—0

/B(Aua)2dx = (lim aa> /W(AU)2d:v+o(1)

(hmaﬂo aa)z

_ eoda) o
Ky
. #
But with (I,) and (47), we get that [;(Auq)?dz = [4|ual* dz = Klo% + o(1).
Consequently, a, — 1 when a — 0. This proves our claim.
We now write
Uq = q (Usy, + Ve a) + Wa. (57)

Clearly wo — 0 in H3 o(B). For the sake of simplicity, we now write &€ = g4 — 0
and vy = Ve, o. Differentiating F; ,(u,) with respect to ¢ and a, we get that

/ Aw AU + va) dz = 0, (58)
B
0
/ Awa A— (U, 4+ v,) dz = 0. (59)
B Oe

Next section is devoted to obtaining asymptotic estimates on |[wallgz () — 0 and
1—aq — 0. ’
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5. BLOW-UP ANALYSIS II
We follow the techniques developed in [AMS].
Step 1: Some integrations by parts and (58) lead to

/ (Us +va) A%u, dxz/ A (U + vo) Aug dz
B B
:aa/ A (Ue +v0) A (Ue + v,) dx

B

= &a/ (Ue + va) (AQU8 + sza) dx
B

Using (1), (7) and (6) we get that
/ (CLUEQL1 — |ua|2n_2ua) (Ue + vq) dx
B

:oﬁ”*l/B {p (%) —aa,o(Uaﬂ (U. + vy da. (60)

Clearly, for all p > 1 there exist Cp, > 0 such that
|z +ylP~ (@ +y) =[x~ a| < Cp (JylP + 2P~ yl) (61)

for all z,y € R. Inequalities (11), (61), (13), the definition (57), and some Holder
inequalities lead to

/ (Iua\QLQua - aaUﬁ“*l) (U +vq) da
B
— ( 2f 1 ) 2t 1
=la., " —aa / UZ 7 (Us +vq) dz
B
+/ (|Ua|2ﬁ72Ua - (aaUs)ztl) (Ue + vy) dx
B
= (=0~ 1) [ UZ do+ 0 (fualla) + 0 (10 )
Rn,

+o (snT_él) +o(aq — 1) (62)

Now, since p’ is bounded, there exists C' > 0 such that |p(x) — p(y)| < C|z — y| for
all ,y € R. It then comes that

A R L
p(ij‘) —p(%N(UaJrva) dx
et o ()

< oaQ”—Q/ e — U] % U + val da + o(ae — 1)

f_
<OZ2 1

o 2/I DU: + avg + wo| X |Us 4 vo| dz + 0(aq — 1)

= 0(aa = 1) + o ([[vall2) + o ([lwall2:)
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This inequality combined with (13), (60) and (62) then gives that

ta =1 = O ([[walls:) + 0 (|Avall2) +0 (77" (63)

Step 2: We go on with the estimates of ||wal/gz (py and 1 — aq. First note that
for all p > 1, for all 6 € (0, min{1,p — 1}], there exists Cpy > 0 such that

[z +y[P~ (@ +y) — 2P e — plaP~ y| < Cpp (JylP + 2P0y 7)),

for any z,y € R. This inequality and Holder’s inequality give that

/ wa|ua|2u_2ua dx —/ We, (aaUg)Zu_l dr = (2% — 1)/ Ufu_gwfx dx
B B B
+0 ([[vallZ:) + o (lwall:) + (2 — 1)a2 / UZ 2014 dz.

B

With some more Hélder inequality, we get that

/ wa|ua| 2y dx —/ We, (aOéUs)ZL1 dx = (2% — 1)/ Ufﬁ*Qwi dx
B B B

2f—2
+0(||va||§u)+0(|Iwa||§u)+0(IIwalzuIIUEIIQﬁ \//B fuzvidfc) (64)

Some integrations by parts and (58) give that

/B(Awa)2 de = /Awa o — o (Us +v4)) dz

= /AwaAuadx:/waA2uadx
B B

and that
/ wa A% (Us + vy) dx = / AwaA (Ue + vo) dz = 0.
B B
And then

/(Awa)2 der = /waAQua dx—aQu_l/ waA? (U, +vg) dx
B B B

/ We, [uiu_l dx — (aaUE)zkl} dx
B

+a2"*1/3wa {p (M=)~ a2 (i)] de (65)

Similarly to what was done in Step 1, we get that

b ()]
B « «

= o(laa = 1llwallz ,(m)) + o(lwall3:) + o(llvall3:).

Plugging (64) and this latest equality in (65), and using (6) and (11), it comes that

/B (Dwa)? de = (2~ 1) /B UZ 202 da + of|aa — lwalliz () + owal2)

+o([[Aval3) + 0 (") -
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Now, with (63), it comes that

/B (Awa)? dv = (2—1) /B UZ =22 di + o ||wa|2:)
+o(|Aval2) + o ("Y). (66)

We now define w, € D3(R"™) such that w,(r) = ws(x) on B and w,(z) = 0
elsewhere. We define

! Oe

[TANCE R 1A 113

Noting that @, is radially symmetrical, we have that fRn Aw,A0;U,. dx = 0 for all
i = 1..n. It then follows that @, — C.U, — C. 86% is orthogonal to to the space
spanned by U, 0:U., 9;U;, i = 1...n. It then follows from proposition 6.1 of section

6 that
/ [A (i — CU. — CLO.UL)] da > Ag/ U2 =2 (@, — C.U. — CL0.U.)” da,
(67)

g AW AU da

c  Jpn A A% da

where A3 > 2¢ — 1 is independant of a. We develop the RHS term, and get
/ U2 (i, — C.U. — CL9.U.)? da = / U2 202 do + cg/ U2 dx

n n

+O7 / U¥=2(9.U.)" dx — 2C. / UZ Vi dx — 20 / UZ20.U g du

n n

+2cgcg/ U2 16.U. dx

n

Clearly, with (6) and (58),
AW, AU, dz [ Awa Avg dx

= =0 (Jlva o .
A TN lvallz o) lwal iz )

Cg — fR"

But as already noticed, v, — 0 in H3(B), so C. = o (Hwa||H§0(B)>. Then,

U2 242 4y + 0 <||wa||i1§,0(3))

n

/ U2'2 (i, — C.U. — CL9.U.)? do = /

+c? / U2 2 (9.U.)? dw — 2C" / U220, U, dz
R’n

n

With the equation verified by .U, (see (71)), its expression in (6), the expression
of v, in (7) and (59), we get that

2
2 2t 9 2 (fB AwaAdva dx) _ 2
ce /n Ve (0Ue) do (28 —1) fB(AaaU;)2 de ¢ (Hwal|H22,0(B)> '

Since ||Ug||o# is bounded, we get with Holder inequality that

c;/ U220, Uiy de = 0<||wa||H;O(B)0;\//R 2-2 () ].)? dm)

o (lwallz s ) -
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Consequently,

/ U2 2 (i, — C.U. — CLO.U)” do = / U202 du+o (lwalds ) - (69)

n

Similarly, we get that
. 2 -2
/n [A (i — C-U. — CLOLUN2 da = / (Ai)? do+ 0 (el ) - (69)
Plugging (68) and (69) into (67), we obtain that
_ 2 ig -
/n (Aw,)” dx > A3 / UZ 202 dr + o (||wa||§1310(3))

with A3 > 2f — 1. Now, plugging this inequality into (66), and using (63), we get
that

n

n—4
lwallmz  (5) = 0 ([[Avall2) + o (5 3 )
1= a0 = 0([|Ava]l2) +0(c7")

Step 3: We now prove the last part of theorem 1.1. It then follows from the
estimate (40) of section 2 that

2
Ja(ua) =
nky'
n o |1 I A1
—apwp 182 a1 [ 11(;) — 2;’0) camT + M&vﬁg? +o (an4—452)]
(n = 4)(n = 2?wan" "
2

n4+6 n+6

Ho(e"™*) + O(aﬁsn_‘l) +0 (amg 2 ) .

when n > 13. With (I,,), it comes that J,(us) < 2%. The last part of the
K

n

theorem then follows from the study of the three differe(;lt cases. This completes
the proof of theorem 1.1.

Remark: it follows from (41) and (42) that when n > 9, we get that I1(p) > 0.
If n > 11 and I 1(p) = 0, then Iz(p) < 0. If n > 13 and I1(p) = I2(p) = 0, then
Is(p) 2 0.

6. A FOURTH ORDER EIGENVALUE PROBLEM ON R"
This section is devoted to the proof of the following proposition:
Proposition 6.1. We consider the following eigenvalue problem:
A%y = )\U‘fﬁfzu on HS,O(R").

The first eigenvalue is X = 1, and its eigenspace is the one-dimensional space
spanned by U.. The second eigenvalue is 28 —1. Its eigenspace is (n+1)—dimensional
space spanned by 0-U., (8iU€)i:17”_7n. The third eigenvalue is Az > 28 — 1 and is
independant of € > 0. More, for all u € H%yO(R”), the following inequality holds

/ (Au)?dz > A3 Ufﬁ_zu2 dz,
n Rn
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as soon as
AuAU, dx = AuAO;U. dx = AuA9. U, dx =0,
R’V‘L R”L R’V‘L
foralli=1,... n.

n—4

We first consider the function Up(x) = (ﬁ)T We let A € R and ¢ €
H3 ;(R™) such that
A2p = \UZ 2. (70)

By standard elliptic theory, it comes that ¢ € C*°(R™). We denote by S™ the unit
sphere of R"*!, and we consider the stereographic projection on S”, that is

m: S"—{N} — R™
z1 T
x — (1—zn+1’“'7 1—$n+1>

where N = (0, ...,0, 1) is the north pole. We denote by h the round metric on S™.
The pull-back of h via 7 gives that

(71" h = prae,

where ¢ is the Euclidean metric on R” and ¢(z) = (ﬁ) . On (S, h), the
Paneitz-Branson operator is

P]? = A;ZL + cnAp + dy,

where Aj, = —div, (V) is the Laplace-Beltrami operator on S™ and
Cn:nQ—Qn—él 7 dn:n(n—4)(n2—4).
2 16

Branson [Bra] showed that this operator enjoys the following nice property: for all
u € C™(S™), we get that

1

(Plu)on™t = WAz(wu om™1).
Now, for ¢ € C°(R™), we define @ = ig: € C(S™). It follows from the preceding

conformal law that

/ﬂP{fﬂdvh:/ (Ap)? dz,

t_o 2
1 -2 Uy 2 ¥
— dv, = 20 2) 4
6éﬁ‘”h /;(w> w)
_ / UZ =232 da,

where dv;, denotes the volume element on the standard sphere (S™, k). Since ¢ €
H3 o(R™), we let @, € C2°(R™) such that ¢, — ¢ in H3 ((R™). We consider

and

up(z) = f/fo": € 0= (S™).
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It follows from the preceding equalities that u, converges to a function u € H3(S"),
and that u(z) = ig:gg for all z € S® — {N}. Here, H3(S") is the second order
Sobolev space obtained by completion of C*°(S™) for the norm

oIz ) :/S (Ahv)2d0h+/g |Vv\;21dvh+/S v” duy,.

‘We have that

Plu=—u,

16
on S® — {N} in the distribution sense. Now, following what was done in [HeRo],
we take a cut-off function 7s, s > 0 such that n, = 0 on Bp(N,s), ns = 1 in
S™ — Bi(N,2s), [|[VEnslee < Cs™F for k =0,1,2 and where C is independant of s.
We choose t € C>(S"), and we get that 1t — ¢ in H2(S™). We omit the details
that can be found in [HeRo|. As a consequence, we get that

Pru= =
Y 16 u
in D’(S™). It follows from standard elliptic theory that u € C°°(S™). It follows from
[DHL] and [HeRo] that there exists ¢ € R an element of the spectrum of Ay, such
that I—Aﬁ = 12 + cppt + d,,. More, the eigenspace associated to % is the eigenspace
of u, considered as an eigenvalue of Aj. Now for L an operator and i € N*, we
denote by \;(L) the i*" eigenvalue of L and F;(L) the corresponding eigenspace.
As stated in Berger-Gauduchon-Mazet [BGM], we have that
)\1 (Ah) = 0, dzm(El(Ah)) =1
Ao(Ap) =n, dim(Ey(Ap))=n+1
Now, coming back to our initial question, we obtain that
M (PP = d, dim(E,(Py)) =1
Ao(PP) =n? +ne, +dp = dn (28 — 1), dim(Ea(PP)) =n+ 1
As(Pf) > dn(2F — 1)
We now come back to the initial problem. We let X € R and ¢ € Hj 4(R™) such
that
A?p = )\UEQLQQD.
We define ¢(z) = p(anex), and then

A2G = 16d, U2 2.

Consequently, the three first eigenvalues of (70) A1, A2, A3 and their corresponding
eigenspaces F1, Fo, E3 verify

)\1 = ]., dzm(El) =1

Ay =2 —1, dim(Ey) =n +1

A3 = %{?’1) > 2t —1 is independant of e
Now, as easily checked,

A?0,U. = (28 = 1)UZ29,U. and A%0.U. = (2! —1)UZ20.U.,  (71)

forall i = 1,...,n, and 0.U.,d;U. (i = 1,...,n) are linearly independant. Then the
eigenspace of 2¢ — 1 is spanned by these vectors. The one dimensional eigenspace
of A1 is clearly spanned by U..
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