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Abstract
Let B be the unit ball of RN, N > 3, and a, f : R — R be two smooth
functions. For € > 0 small, the equation
N+42

Au+a(|z))u = N(N —2)f(|z))u™=2"in B, on 0B (1)

has a positive radially symmetrical solution u.. We describe the asymptotic
behaviour of (ue) as € — 0. We also recover existence results for the critical
equation.
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1 Introduction and statement of the results

Let B be the unit ball in RV, N > 3, and a, f : R — R two smooth functions. We
regard x +— a(|z|) and x — f(|]z|) as functions of the variable z € RY. As easily
seen, these functions are locally Lipschitz. In particular, they are locally in C%®
for all a €]0,1]. In order to fix ideas, we suppose that f > 0 and that f(0) = 1.
Then we consider the following problem:

Au+ a(|z|)u = N(N —2)f(Jz|)u? in B

(1)
u>0in B, u=0o0ndB

where A = =3 88—;2 is the Laplacian with the minus sign convention, and p =

% is critical from the view point of Sobolev embeddings. We let H{ (B) be the



standard Sobolev space, defined as the completion of D(B), the set of smooth
functions with compact support in B, with respect to the norm

|u|l = /\Vu|2dx .
\ /B

In the sequel, we suppose that the operator u — Au+a(|z]) is coercive on H}(B).
This is the case when a > —Aj, where A\; is the first eigenvalue of A for the
Dirichlet problem.

Situations where (I) does not have a solution are in Pohozaev [Poh]. In
particular, (I) does not possess a solution if @ = 0 and f = 1. However, as it is
subcritical from the view point of Sobolev embeddings, the problem

Aue + a(|z))ue = N(N = 2) f(|Jz|)ul~¢ in B

(Le)
ue >0in B, u. =0o0n dB

has a solution u, € C%(B) for all € €]0,p — 1[. This solution can be assumed to be
minimizing and radially symmetrical (MRS), where u, is said to be MRS if u, is
radially symmetrical and

I5 (IVuel? + a(lz)u?) de . [ (IV]? + a(|z|)v?) do

(fB ‘I| Ue e+1d )P*6+1 veD(B)r\{0} (fB |CC‘ |’U ;D e+1dl_)m

where D(B) g denotes the set of smooth radially symmetrical functions with com-
pact support in B. The arguments required for the proof of this result are by now
classical. We refer to Hebey [Hebl], proposition 1, for the proof of this result.

On the one hand, we are concerned in this article with the existence of con-
ditions on a and f for (I) to have a solution. On the other hand, we are concerned
with the asymptotic behaviour of u. as ¢ — 0 when (I) does not have a solu-
tion. The existence of solutions for (I) has been studied by various authors. In
particular, when f =1 and a = A, A € R, Brézis and Nirenberg [BrNi] got that
(I) has a solution if and only if A €]0, ;[ when N > 4, and A €]1X;, \;[ when
N = 3. Independently, asymptotic type studies were first developed by Atkinson
and Peletier [AtPe]. With arguments from ODE’s theory, and assuming that a =0
and f =1, they got that

lim cu(0) = (N -2 (&)

and that, for all z € B\{0},

lim e/ 2u,(z)

=0 T 2 /T(V)

VN oY) =—

‘JJ|N_2



Brézis and Peletier [BrPe| returned to this problem, but with arguments from
PDE’s theory, and they conjectured that a similar behaviour should occur in the
non radial case. This was proved to be true independently by Han [Han] and Rey
[Rey]. When a = 0 and f is non-constant, our problem was studied by Hebey
[Heb2],[Heb4]. Existence results for (I) and the asymptotic behaviour of the u’s
were given in these articles. A closely related problem is studied in Y.Y. Li [Li].

We generalize in the present work what was done in [Heb2]. In particular,
we do not assume anymore that a = 0. As one may easily check, the linear term
au, and more precisely its negative part a_u, leads to serious difficulties. These
difficulties where overcome in [Rob1] under the assumption that the L™/2-norm of
the negative part a_ of a is small. We prove here that this condition can in turn
be removed, the only condition to be required being that A + a is coercive.

In what follows, we set
ko & inf{l > 0/aP(0) # 0}

kp = inf{l > 1/71(0) # 0}

with the convention that k, = oo (respectively kf = oo) if a(V(0) = 0 for all I > 0
(respectively f)(0) = 0 for all I > 1). We denote by G the Green’s function of
the operator A + a, so that G is such that

AyG(z,y) + a(ly))G(z,y) = 6,

on B x B minus its diagonal, and G(z,y) =0 for y € 9B and x € B. (As already
mentioned, A + a is supposed to be coercive). If y & 9B, G(x,y) > 0, while
(z,y) — G(z,y) is symmetrical in (z,y). Moreover, G(z, 0) is radially symmetrical.
We let g(r) = G(z,0) where r = |z|. This function is defined on ]0,1]. If a = 0,

9tr) = (N*;)wzv—l (7’]\’12 - 1)

where wy_1 denotes the volume of the standard sphere of RY. For £ € N and

q > 0, we let
0 ’I“k
Ik)q :/ Wdr
0 (14r2)

when this integral makes sense, and we let wy, be the volume of the standard sphere
of R¥+1, We also let

(k+1)(k+2)Iyn-12 a(N) = Ion_3p+1

ar(N) = , — 2N 7oprl
+(N) (N = 2)?Ti N41,p+1 (N =3)w?_,

and

B(a) = /0 1 (a(r) + ;Ta’(r)) o(r2rNdr .



As easily checked, ® is defined as soon as k, > N —4. Our first result is concerned
with the existence of solutions to (I). This result generalizes previous results ob-
tained by Demengel and Hebey [DeHe] with another method.

Theorem 1 If we are in one of the following cases:
1. kg < N —4,

(CL) kf < ka +2, and f(kf)(()) >0
(b) kf =ka+2, and Oéka(N)a(ka)(()) < fkat2)(0)
(C) kf > ka + 2; and a(ka)(o) < 0

2. ka = N — 47

(a) ky < N —2, and f£1(0) >0
(b) kf > N —2, and alk)(0) < 0

3. kg >N —4,

(a) ky < N —2, and f*1(0) >0
(b) ky > N —2, and ¢'(1)? + 2®(a) < a(N)fN=2)(0)

then (I) possesses a MRS solution, obtained as the limit of a subsequence of u. in
C?(B).

As already mentioned, there are situations in which the u.’s do not converge,
but develop a concentration. The concentration is characterized by one of the
following properties: a subsequence of (u.) which converges almost everywhere
converges to 0, or ue — 0 in L9(B) as soon as ¢ < p + 1. Such a situation occurs
when ¢ = 0 and f = 1. This follows from Hopf’s maximum principle and the
Pohozaev identity applied to (1),

O [ et tyaestao— [ (atiah + ela(eD)) e = 5 [ [VaPas

Still according to this identity, the u.’s also develop a concentration when f is
decreasing and a + %m’ > 0. As a first step, the concentration is ruled by the
following classical result:

Theorem 2 If the u.’s develop a concentration, then
1. limgue =0 in C3.(B\{0}) and lim._ ||uc|| = +o0
2. lime_,oulti—¢ = 500 in the sense of distributions
(flJ)

. Ue _
3. hme_)o ”T

‘ oo
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where ||ue|| ., is the L= -norm of u..

Given k € N, we now set

PO 2V (ke 4+ 2)wn 1 Tk N1 e 2N N 1 e N—1p11
kN (N —2)3klwy ’ kN (N —2)(k—1)lwyx
and Nt s
W_ 2Py, NN =Y
NN —2Pey Y (N - 2ey

Generalizing the results of [AtPe|, [BrPe], and [Heb2], the asymptotic behaviour
of the u.’s is ruled by the following result:

Theorem 3 If the u.’s develop a concentration, then

213(1) e (Mue(z) = (N — 2)wy_1G(x,0)

in C%.(B\{0}), and:
1. If ko, < N —4 and

2Icf

(a) kf < ka + 2, then EUE(O) N-2 — _a](ng)7Nf(kf)(0)

2k
(b) k¢ = ko + 2, then eu(0) N — a,(ci)vNa(k“)(O) — a,(i’)Hny(k“H)(O)

(¢c) kg > kq+2, then euE(O)Q(E{SQ) — al(i)ﬁNa(ka)(O)

2. If ke =N —4 and

v @) plhg)
(a) ky < N —2, then euc(0)¥-2 — —oy NS (0)
ue(0)?

In u.(0)
3. If kg > N —4 and

Qkf

(a) ky < N —2, then eus(0)¥-2 — —a,g)7Nf(kf')(O)

(b) ky = N—2, then eu.(0)* — —a%127Nf(N72) (0)+a§3)g'(1)2+2a§3)¢>(a)
(c) ky > N —2, then eu (0)* — ozf,)g’(l)2 + 2a§3><1>(a)
M) L@ M@

where oy, v, ap N, Qs ', are ®(a) as above.

The following sections are devoted to the proofs of these three theorems.



2 Elements from concentration theory

We let (ue) be a sequence of MRS solutions to (I¢). In what follows, we suppose
that

[5 (IVucl? +au?)de NN — 9)wF
lim o ) - N2y (2)

e—0 (f fup"'l_éd:z:)ﬁ 4
B €

Note that the right hand side in this relation is the inverse of the square of the
best constant K (N, 2) for the Sobolev inequality corresponding to the embedding
of HY(RY) in LPTH(RY). We say that ¢ € B is a concentration point of the u.’s
if for all § > 0,

e—0

limsup/ f(z)utt—cde >0 .
BAB(z0,0)

We suppose here that any subsequence of (u.) which converges almost everywhere
converges to 0. Then, the u.’s develop a concentration. Multiplying (I.) by u. and
integrating by parts, we get that

N(N -2
lim (|Vu€|2 + auf) dx = w
e—=0 Jp 2
and
. p+l—ec _ WwN
l% i fub dx oN -

Since the operator A + a is coercive, the sequence (u.) is bounded in H'(B).

Given xp € B and § > 0, we let n € C°>°(R") be a cut-off function such that
0<n<1n=1in B(x,6/2), and n = 0 in RV\ B(x¢,§). Multiplying (I.) by
n?u.”, where k > 1, we easily obtain that

4k kil 2 2(k — 1
W/BW(TI%Z )| dx — WAU(AU)U§+1d$

2
—7/ |V7)\2u’:+1dm+/ anQUfde:N(N—Z)/ f(z)nPuktP=<de .
k+1J/p B B

The following result follows from this relation and our original assumption. It is
by now classical, and we refer to [Heb2] or [Heb3] for its proof.

Lemma 2.1 The following properties hold:
1. ue = 0in LIY(B) for all 1 < g < p+ 1, in particular for ¢ = 2

2. If xg € B is a concentration point, then for all § > 0,

Fos
f(IO)l—% (]imsup/ f(|z|)u1€)+ledx> > wIZN
e—0 JBNB(z,d)




3. (ue) possesses one and only one concentration point, the point xo =0
4- limeso [Juell oo gy = +00
5. limeoue = 0 in C?(B\{0})

6. lime_,oultl—c = SO0 in the sense of distributions

In particular, if x. € B is such that uc(z.) = ||u€\|Lw(B), then lim._,o z. = 0.
Now we let ue 2 = |[tel| oo (1), and, for z € Be, we set
N—2

Ve(z) = NeTue(xe + kex)

N-—-2
where k. = uifTe and B, = B (_]f,ki) Clearly, 0 <V, <1, V,(0) = 1 and

UB, = RY. Moreover, V is such that
A‘/e(l') + k’?a(l’e + k‘ex)‘/;(m) B N(N _ 2)f<x6 + kex)‘/e(w)pfe (3)

where z € B, and a(z) = a(|z|), f(z) = f(|z]). An easy claim, see [Robl] for
details, is that the V.’s converge C? to a function v on any compact subset, and

that
Av = N(N —2)v? in RV

0<v<1l, v(0)=1.
By Caffarelli, Gidas and Spruck [CGS], it follows that

N-—-2

1 2
v(CU) - (1 + |:C|2>

Then we have the following result. We refer to [Robl] for its proof.

Lemma 2.2 The two following properties hold:
1. lime_,o V. = v in LPt! (RN)
2. limeyopué =1

where e, Ve, v are as above, and V. is extended by 0 outside B..



3 An asymptotic estimate

As in section 2, we assume that the u.’s develop a concentration. Our main goal
here is to establish the following fondamental estimate:

Proposition 1 For all x in B,

N-—2

where A > 0 is a constant independent of x and e.

Such an estimate was obtained by Han [Han] and Hebey [Heb2] when a = 0,

and by [Robl] under the assumption that ||la_| |L ¥ is small enough. As already

mentioned, the linear part au, and more precisely the negative part a_u of au,
makes that we have to face a much more critical situation than in [Han] and [Heb2].
Several steps that we detail in this section are involved in the proof of this result.

3.1 A first estimate

As a first step in the proof of the proposition, we prove the following:

Lemma 3.1 Given (c.) a sequence of real numbers which has a limit as e — 0,

N72+c €
|z — x| 2 “ue(r) < A (5)

for all e > 0, and all x € B, where A > 0 is a constant which does not depend on
€ and x. Moreover, for all R > 0, there exists e(R) > 0 such that

—2

Vo € B, |x — x| > Rue = |v — x| "2 eu(z) < e(R)
where limp_, o €(R) = 0.

Proof: We use arguments that were developed by Druet [Dru]. For = € B,
we set

N-2
we(z) = |z — xe|T+CEeu6(x)
and let y be a point such that we(ye) = ||we||,. We assume by contradiction that
we(ye) — 00. Then y. — 0. We write
N_2
We(ye) = |ye —xe| 2 +C€6ue(y6)
N-2 . .
< ye — x| 2 Cue(we)
< |ye 7x€|N;2+C€EM57(N2_2+CEE)M6556



It follows that

He

Let k! = ue(y) ¥ 2+

B(—% 1) weset
k&)

Wl

. Since u(y.) — +oo, we get that k. — 0. For z €

Ue(z) = ue(ye)_lue(ye + kéx) .

As one easily checks,

Atie(w) + k. a(ye + k)i (@) = N(N = 2)f(ye + klz)u ()"

for all z € B (—%, ki,) For € small, 1 < uc(ye) < pe 2 , and then uc(y.)® — 1.

Now, take x € B(0,2). For e sufficiently small, B(0,2) C B (—%7 ki,), and

e —ye — kx| > Jwe — ye| — [kl

k! 1
|Ie 7ye| (1 2) > 7|=Te 7ye|

‘xe _ye|

v

since ﬁ — 0. Taking = € B(0,2),

we(ye + ki)
|Te = ye — ké$|¥+cee

we(Ye)
|z — ?J6|¥+C€6

Ue(Ye + kéx)

N-—2

< 2 5 “+cce

N-—2

= 277 Ty (y,) .

As a consequence, U (z) < 2% for e small and all z € B(0,2). Independently,

/ aPdr = ue(ye)%% / uP T dx
B(0,2) B(ye,2k!)

B(ye,2kl) N B(xe, Rue) =0

while

for all R > 0, as soon as € is small enough. From lemma 2.2, we easily get that

/ uPtdr — VPt
B(xe,Rpue)® B(0,R)°

It follows that for all R > 0,

limsup/ ﬁf“dm §/ vPHldy
B(0,2) B(0,R)*



and then

/ aPtdr — 0 .
B(0,2)

In other words, @i, — 0 in LPT!(B(0,2)), and (@) is bounded. Coming back to
the equation satisfied by #., and by standard elliptic theory, it follows that @, — 0
in C° (B(0,1)), a contradiction with the relation %.(0) = 1. This ends the proof of
the first part of the lemma.

To prove the second part of the lemma, we assume that there exists Ry, g > 0
such that

sup We > €0
|z—zc|>Rpse

for all R > Ry. Taking a smaller ball than B(0,2), one obtains the result following
the preceding proof, and the lemma is proved. O

Note that one of the consequences of lemma 3.1 is that V.(z) < A\aﬁ|_N:72

for all z € B\{0}.

3.2 An estimate for z.

We prove in this subsection the following result:
Lemma 3.2 |z.| = o(k.) .

Proof: Since u, is radially symmetrical, fB rulder =0foralli=1,...,N
and all £ € N. Noting that

) kN ) )
/ ziuldr = kEN% / (2! + k) VFdz
B He™ 2 B.

this leads to

ﬁ/ Vekdz—i—/ 2Vrkdz=0 .
ke JB. B

€

By lemma 3.1, V.(z) < A|x\_¥ for all € B.\{0}. Choosing k such that k >
2(}{{\/;1), and since v is radially symmetrical, we get with Lebesgue’s dominated

convergence theorem that

/ Vikdz - oFdz > 0

B. RN

/ VR - Zokdz =0 .
B. RN

It follows that x¢ = o(k.) for all i, a relation from which the lemma easily follows.
O

10



3.3 A second estimate
We let v, be defined by
N-—2
V() = pe 2 ue(kex) .

Clearly, v, is radially symmetrical. A priori, and contrary to V¢, v.(0) does not
equal 1. On the other hand, writing ve(x) = V(x — =), and according to lemma
3.2, we see that v.(0) — 1. In particular, this proves the third part of theorem 2:

Lemma 3.3 lim._,g ‘u& =1.

luelloe —

More generally, v. — v in C%(K) for all compact K in RY, where v, is
extended by 0 outside B (O7 ki) Moreover, v, satisfies in B (O, ki) the equation

Av, + k2a(kex)ve = N(N — 2) f(kex)vP™¢ .

As easily seen, V. has the same properties than v.. In particular, ve(z) < A\JL‘|_¥
for all x in B (O, ki) \{0}. We prove here the following result:

Lemma 3.4 For all v €]0, N — 2], there exists C'(v) > 0 such that:

N-—2
2" M ue(a) < CW), Vo € B (6)
in other words, Vv €]0, N — 2|, there exists C(v) > 0 such that:

Cv 1
ve(z) < |x|N(2)V, Ve € B (O, ke) \{0} .

In particular, fRN vP~¢dx is bounded if we take v < %.

Proof: We basically follow the proof of [DrRo]. It is clear that (6) is true on any
ball B(0, Ru.) when € goes to 0. We prove the lemma by comparing u, with another
function throughout with a maximum principle. Choose ¢y > 0 and 0 < 7 < 1 and
set a = “1%67;3 such that the operator u — Aw + au is coercive on B. We denote by

G the Green’s function for this operator with Dirichlet condition on the boundary.
We now let L. be the operator

Lou=Au+au— N(N —2)fuf~'"u .

Some computations lead to

LG(0,2)' ™" = G(0,z)" " <60 = N(N =2)ful7' = + (1 - ) ('VGG|> (0715)2)

11



for all € B\{0}. Standard properties of the Green’s function assert that there
exists Cq > 0, ¢ €]0,1[ such that

véé| (0,2) > —, Vz e B(0,0)\{0} .

Such a property, and the following ones, follows from the construction of the
Green’s function. A possible reference where such properties are proved in details
is Robert [Rob2]. We also refer to Aubin [Aub].

With lemma 3.1, we know that there exists e(R) > 0 such that

2l () < (R), Vla| > Ry,

with limp_, 1o €(R) = 0. Then, on B(0,d)\B(0, Ri), we have

LG(0.2)'" 2 G(0.2)' (0 — N(V = 2)f 2 +n(1 =) )

> (G(0,a)1n) MnCN 2= >

[

with R large enough. Now, on B\B(0,0),

LG(0,2)177 > G(0,2) 7 (eo = NIV = ) fllucl 025 00)
Since ue — 0 in CP (B —\{0}), we get
L.G(0,2)'™" >0 in B\B(0,6) .
We finally obtain that
LG(0,2)™" >0 in B\B(0, Rye) -

Now, there exists C2 > 0 and ¢’ €]0, 1] such that

G(0,z) > EiE=l Vo € B(0,4")
if we set )
_ G T Moy
Ce = Rm—aa—mHe ’
we get

LC.G(0,2)'~" > Leue  in B\B(0, Re)
C.G(0,z)1" > u, on 0(B\B(0, Ru.)) -

Since there exists C3 > 0 such that |z|"~2G(0,z) < Cs3, Yz € B\{0}, we obtain
the lemma with v = (N — 2)n if

C.G(0,2)™" > u, in B\B(0, Rp).

12



To obtain this inequality, we just have to prove the following maximum principle
for L. on Q. = B\B(0, Ru.): if ¢ € C?(2.) N C°(Q,) verifies L.y > 0 in Q. and
@ >0 on 99, then ¢ > 0 in Q.. We now prove that L. is coercive on €., which
will prove the maximum principle we need. Since A + a is coercive on B, we know
that there exists A > 0 such that

/B Vol dz + /B ag?dz > A|pl s, Vi € D(B) .

Now we take ¢ € D(Q,). We get

/(Lﬁgo)apdm > /|Vg0|2dx+/a<p2dx
Q B B

e

L N e
B\B(0,Ry.)
But
/ u€7176¢2 dx
B\B(0,Ry.)
p—1l—c¢
pFi—c p#jfe
< / W (/ plP 1= dx)
B\B(0,Rpc) B
: 1 Js0,r wPtt T de . N :
Since [puPtl1=¢dr =1, % — 1 and ve — v in CY _(RY), we obtain

that there exists eg(R) > 0 such that ¢y(R) — 0 when R goes to +o00 and

/ uP1 0% da < eo(R)||@l|7r1(m) -
B\B(0,R.)

Then
[ @erode= 0= ol®)llelr -

€

Choosing R large enough, we then obtain that the operator L. is coercive on f)..
Consequently, it verifies the maximum principle stated above, and the lemma is
proved. 0
3.4 Proof of proposition 1

We now prove proposition 1. As one may easily check, estimate (3) is equivalent
to the existence of a constant A such that for all ¢ > 0 and all z € B,

12|V U (z)ue(z) < A . (7)

13



(Here, we use the fact that x. = o(ke)). Let y. € B be a point where x —
||V ~2u.(z) achieves its maximum. In order to prove (7), we assume by contra-
diction that |x|N~2u,(z.)u(z) is unbounded. Up to a subsequence, we get that

|N—2

|Ye Ue(Te)ue(ye) — +oo . (8)

Without loss of generality, up to another subsequence, we can assume that y. — yo
in B. As a first remark, we claim that |yg| < 1. We prove this claim by contradic-
tion, and assume that |yo| = 1. We let

ue(x)
Ue (ye)

ze(x) =

The equation satisfied in B by z is
Az +a(x)ze = N(N = 2) f(@)uc(ye)P 22
and z. is radially symmetrical. Since ||V ~2u.(z) achieves its maximum at = = .,

we get that
N2

|ye

ze(x) < PR

and 2. is bounded on any compact subset of B\{0}. By point 5. of lemma 2.1,

ue(ye) — 0, since if |yp| = 1, then yo # 0. By standard elliptic theory, see for

instance [GT], it follows that (z) is actually C***-bounded in any compact subset
of B\{0}. In particular, since yo € 9B and z. = 0 on 9B,

‘Ze(yeﬂ = IZE(ye) — ze(y0)| < Alye — yOl

where A > 0 does not depend on e. A contradiction, since z.(y.) = 1. This proves
the above claim.

Now we set y. = keie. As another remark, we claim that || — +oo. If not,
then, up to another subsequence,

N_2
|yE\N72u6(asE)u€(ye) = k572|je|N72N6 2 UE(kefe)

N2
~ |§36|N_2M62 uﬁ(kei'e)

= &N Poe(ie)
which is bounded since v, uniformly converges on any compact subset of RY. This

proves the claim.

Now, let G be the Green’s function for the operator A + a, as defined in the
introduction. In addition to be radially symmetrical, one of its classical properties
is that for all compact subset K C B, there exists a constant A > 0 such that for
all z € K and all y € B,

ly =2l ?Glay) <A

14



Then, we write

ucly) = [ Gloed) (M) + a@u(@) s

From the equation satisfied by wu., the equivalence of k. and p., and the change of
variable & = k.x, it follows that

Ue(Ye) = N(N—2),u€NTiz /B(O ) f(kex)vP~ (1) G (Ye, kex)dx
"ERe

and then that

Ue(Te)ue(ye) < A G(Ye, kex)vl ™ (z)dz
B(0,2)

where A does not depend on ¢e. Let us now define

1 1
or={oen(0.0) /v~ bl = Jul}.

1 1
2 _ _ _ _
0?2 = {:c €B (07 k) / |ye = kex| < 2Iyel}

/ G(Ye, kex)v? ™ (z)dz = G(Ye, kex)vP ™ (x)dx
B(0,-) Q1

We write

+ | Gye, kex)vP ™ (x)dx .
02

According to the above mentioned property of the Green’s function, and since
lyo| < 1 so that the y.’s are in a compact subset of B,

A / A CONN
Ql ‘ye - kex|N_2
2N—2
7/1/ o' (z)dx .
|ye|N 2 B(0,7+
Together with the remark we made at the end of lemma 6, we get that

2 |y

IN

/ G(Ye, kex)vP ™ (x)dx
Ql

Similarly,
ve“(x)

————dx
Q2 |ye - kex|N_2

/ G(yeakex)vf_e(l')dx <A
Qz

15



and if Q¢ = {x / |z| < %|yc|}, then, with the change of variable y = kcx — y.,

—€ A ]' —€ y + yé
/ G(Ye, kex)vl ™ (x)dx < k—N/ 5 V¥ ( ? > dy
2 & o lyl e

Since |41

1 1 e (Y +Ye A / 1
- p—¢€ d < d
kY /Q yi-2" ( ke ) Y G N =20=EN fo JyN2

A 3lyel
BALEEZIreary /0 tdt

Alye|?

|z |V —2-) (=N

> 1|#.|, and by lemma 6,

Since ke < |ye| < 1, we get with lemma 2.2 that |y.|¢ — 1. It follows that |&.|] — 1,
and we can write that

|ye|? A

|Ii'€|(N727V)(p76)kéV — ‘iEIZ—pu‘yJN—Q

Choosing v such that v < %, we obtain that

/ G (Ye, kex)vl ™ (2)dx < TTN—2
02 |ye|

€

It follows that

¥ e uu) < Al [ Gl k)l “(@)ds
B(0,24)
< A|y€|N*2/ G(Ye, kex)vP™(x)dx
a1
+A|y€|N72/ G (Ye, kex)vP ™ (x)dx
Q2
< A+o0(1)

which contradicts (8). It follows that (7) is true, and then (3) is also true. The
proposition is proved. O

Now that proposition 1 is proved, we go on with the study of the asymptotic
behaviour of the wu.’s. This is the aim of the following section, where the first
assertion in theorem 3 is proved.

16



4 Convergence to the Green’s function

Here again, we assume that the u.’s develop a concentration. First, we recall a
result obtained by Brézis and Peletier [BrPe]:

Lemma 4.1 Let u be a C? solution of

Au=f inB
u=20 on OB

and let w be a neighbourhood of 0B. Then
e sy + Vel lgo.sary < A (117112 sy + 11110 )
for all g < %, all0 < B <1, and all W' CC w.

Note that it follows from this result that
| vuds =02
OB

By lemma 4.1 we indeed just need to get estimates for the L'-norm in B and the
L*°-norm in a neighbourhood of 9B, of the function g. given by

ge(x) = N(N = 2) f(z)uc(x)"" — a(x)uc(z) .

As easily seen, these estimates follow from proposition 1.

Now we prove the first assertion in theorem 3. This is the aim of the follow-
ing lemma where, as in the introduction, G denotes the Green’s function of the
operator A + a.

Lemma 4.2 limc_, ue(@e)ue(z) = (N — 2)wy_1G(z,0) in C3 . (B\{0}).

Proof: We use the same method as in the proof of proposition 1. See [Robl]
for details.

5 Convergence to a solution

In this section, we consider a sequence of functions (i) such that
At + atie = N(N = 2)A\ f(x)u "¢ in B
e >0 in B and 4., =0 ondB

N(N =2) [, f(z)i@ T " da =1

17



where

2 2
A — i [5 (IVv]* + av?) dx 2
veD(B)r\{0} (N(N _ 2) fo|,U|p+176dx)m

We set
[5 (IVv]? + av?) dz

1mn -
veD(B)r\O} (N(N = 2) [, f|U|p+1dx)#

The following results are by now classical. We therefore restrict ourselves to brief
comments on their proofs. For details, see for instance [Heb2].

Lemma 5.1 lim, oA = A .

Proof: Let u € D(B)\{0}. By Holder’s inequality,

e
(v )
B
2¢ %
< Vol(B)wtie=a (N(N ~ 2)/ f|up+1dx)
B

It follows that A < liminf._,o Ac. Conversely, let & > 0 be any positive real number,
and let v € D(B)g\{0} be such that

[5 (IVul* + au?) dx
(N(N-2) [ f|u\P+1dx)fil

<A+a .

Clearly, when ¢ — 0,

S5 (IVul® + av?) da . [ (IVul* + av?) dx
(NN =2) [ flufi=eda) = (N(N = 2) [, flulr+ide) 7

We then obtain that limsup,_,, Ae < A+ . Since a > 0 is arbitrary, the result
follows. O

We now state the following result.

Lemma 5.2 : Assume that a subsequence of (i) converges almost everywhere to
a function @ # 0. Then:

1. w is a MRS solution of the problem

%) Au+ a(x)u = N(N = 2)Af(z)u? in B
u>0 imB, andu=0 ondB

2. lim,o1u. =4 in C*(B).

18



Proof: Point 1 easily follows from classical arguments of variational theory,
like the ones developed, for example, in the study of the Yamabe problem. We first
prove that @ is a solution of (x), and then that @ is minimizing. Point 2 follows
from classical arguments of elliptic theory. O

At last, we state the following result.

Lemma 5.3 We always have A < %(N(N — 2)wN)%, and if this inequality is
strict, then, up to a subsequence, U, converges almost everywhere to a function
@ # 0. Together with lemma 5.2, the convergence is then C2, and % is a MRS
solution of problem (x).

Proof: Here again, the result follows from classical variational arguments.
We obtain the first assertion with the function z. given by

¢(l=])

ze(z) = o Nz
(¢ 1aP)

where ¢ is a cut-off function that equals 1 around 0. As € — 0, we get indeed that

[5 (IVze]* + a2?) dx . (N(N — 2)wN)%

(N(N = 2) [, flzc|r+ida) 7T 4

For the second assertion, the energy associated to the problem goes under the
critical energy. The fact that the u.’s do not develop a concentration under such
an assumption is by now classical. O

6 Proof of the theorems

For length reasons, some details are omited in this section. They can be found in
[Robl]. Theorem 2 immediately follows from what we said in section 2, and from
lemma 3.3. The first assertion of theorem 3 was proved in section 4. Only theorem
1 and points 1, 2 and 3 of theorem 3 remain to be proved. Everything here comes
from the estimate obtained in proposition 1, and from the Pohozaev identity [Poh].
When applied to the functions u., this identity gives

N(N —2)% i1 N(N - 2) / -

P A €d p+1 €d
2p+1—¢€) /Bf(lxDu6 vt p+1l—ce /B|x|f(|x\)ue v
I. 11,

1 / 2 1 2
= [ {allzl) +5lzla'(lz]) Jude = 5 | |[Vuc*do

B OB
111, v,

19



In what follows, we assume that the u.’s develop a concentration. With the nota-
tions of section 5, this gives that A = i (N(N — 2)wN)%. In particular, we recover
the results of sections 2, 3, and 4. We estimate in what follows the terms I, Il
III., and IV, of the Pohozaev identity.

The terms I. and IV, are the easiest to estimate. We straightforwardly obtain
that

— 23w
I = %(1+0(1))e

and it follows from lemma 4.2 that

1 ~ _
IVe = 5(N = 2)%iy 10" (1)1 4 0 (1)

where g is as in the introduction.

Concerning the term I, we write that

_ f(kf)(o)

kf—1 k
(ky — D1 o)

f'(r)
Then,

(k)
/|$‘f’(‘$|)u€+l_€dx = fi(o)/ |x|kfu€+1—edx
B (ky =1 Jp

+O </ |x|kf+1u€+1—edx)
B

f(kf)(O) ]{)f/ ki opil_
= L L (14 o0(1)) pt aMogT T de
S oyl [

7}

+0 Iu’:erl/ |m|kf+1vg+1—edm
BO, &

112

If £y < N, and together with proposition 1, I I} converges by the dominated
convergence theorem. Watching closely what occurs, we get that

(N=2)% fE©) / k k
IIE - ef f p+1d ef
2 (k-1 " L x+°(” )

if kg <N —2, while II. = o (u)N72) if kf > N — 2.
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We are finally concerned with the term I1I.. The study there is more intri-
cate, and we separate the cases k, < N —4, k, > N —4, and k, = N — 4. We first
write that

ak) (0)

a(r) = ol rhe 0 (Tk”’+1) ,
(ka)
1 _ a (0) ko—1 ka
a(r) = 7(]%71)!7“ —I—O(r )

If k, < N — 4, we obtain with the same kind of arguments than the ones used
above that

(ka) k
III, = a (0) 1+7a H’:a+2/ |x\k“v2dx+o(ufa+2)
ka! 2 RN

We get point 1 of theorem 3 with what has been said before using the Pohozaev
identity.

We now assume that k, > N — 4. Integrating separately on B\B(0, ) and
B(0,9) with 0 < § < 1 small, we obtain

v [ (e + et e)) o)
= (N -2)%w%_, /B (a(|x|) + ;x|a’(|x|)> G(z,0)%dz + o(1)

and then that
111, = (N = 2%, @) 2 + 0 (42 2)
Using the Pohozaev identity, we then obtain points 3(a) and 3(b) and 3(c¢) of

theorem 3.

At last, we assume that k, = N — 4. By proposition 1, we easily obtain that

(ka)
[ (atlsl) + Jlola'(el) ) u2ar = O (14 Fa) s [ Jalteotds
B 2 ka! 2 ]RN
+O(M§n,+2)

. (N —2)a™=9(0) N—Q/ N-4 2
- 2(N _ 4)‘ l’[’e N |ﬂ?| ’Uedx

+0 (pl¥=?)

and we are now left with getting an estimate for the term

III;:/ lz| N2 da
RN
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Let us consider ¢ €]0, 1] to be chosen later. By proposition 1,

11! :/ |z|N402da + 0 (1)
B(0,£)

Let (&) be a sequence of points such that |&c[ < . We set

Ve(Ze)
v(Ze)

If |Z.| is bounded, then R, — 1 since v. — v uniformly on every compact subset
of RN, Otherwise, || — +o00, and, up to a subsequence, two cases occur: Either
there exists dg > 0 such that kc|Zc| — do, or kc|Z| — 0. In the first case, we set
Ye = kce. Then |y.| < 6 and

R, =

Re~ ‘y5|N72uE(JCE)u€(yE) .
It follows from lemma 4.2 that
Re — (N — 2)0.)]\],15(‘;\]729(60) .

In the second case, where |Z.| — +00 and k¢|Z.| — 0, integrating on two domains
like in section 3, we obtain R, — 1. Summarizing: either k.|Z.| — 0, and then
R. — 1, or k.|Z.| = o, where dg > 0, and then R, — (N — 2)wN,156V*29(50). Let
a €]0,1] be given. We note that

lim (N —2)wy_16) 2g(d) =1

50*}04’
and we choose d > 0 such that for all dy €]0, J],
1—a< (N —-2wy_16) 2g9(0) <1+a .

Then,
l-a<R. <l+a .

Therefore, as easily checked,

1
——IIr! _
[Ink. ¢ N

and we thus proved that

(N = 2)wy_1aV9(0) y N—2
2(N—4)' ue |1nlu€|+0(p’e |1nk6|)

111, =

Taking the Pohozaev identity again, we obtain the required estimate.
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We are now left with the proof of theorem 1. According to the results of
section b, it suffices to show that, under the assumptions of this theorem, at least
one subsequence of (u.) converges almost everywhere to a nonzero function. If not,
the u.’s develop a concentration and we are back to one of the situations described
in theorem 3. Noting the assumptions of theorem 1 are those that make the limits
of the different points of theorem 3 negative, theorem 1 is proved. g

Acknowledgement: The author whishes to express his gratitude to Emmanuel
Hebey for his support during the preparation of the manuscript.
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