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Abstract

Let €2 be a smooth domain of R*. In this paper, we consider a family (uc)eso of
positive solutions in C*(Q) to the equation

=% =0 on 9

2 2 .
A%y = Muee®® e in Q
Ue = on

where A € R. Assuming that u. — 0 weakly in Hj ((Q) while supg ue — 00, we
describe the asymptotics of u. as € — 0.

1991 Mathematics Subject Classification. 35J35,35J60

Key words. Concentration phenomena, critical exponential growth

1 Introduction

Let Q be a smooth domain of R*. We denote by H22,0 (Q) the Beppo-Levi space de-
fined as the completion of CS° (), the set of smooth compactly supported functions

*The author thanks the D-Math and the FIM of ETH Ziirich for their support.
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in 2, with respect to the norm

iz o0 = [8ulle = 1 [ ()2,

where A = —>"9;; is the Laplacian (with the geometers’ sign convention) and
where || - ||, denotes the LP—norm. It follows from Sobolev’s embedding theorem
that H3,(Q) is embedded in the Lebesgue spaces LI(Q) for all ¢ > 1, and that
these embeddings are compact. On the other hand, as is well-known, H. 2210((2) is not
embedded in L>°(Q)). However, generalizing work of Trudinger [19] and Moser [14],
Adams [1] showed that there exists C' > 0 such that there holds

/ 327 gy < C (1)
Q

for all u € H3 () with [|Aulls < 1. Moreover, the constant 3272 is sharp in the
sense that for any o > 3272, there exists a sequence (uy)gen such that ||Aug|lo = 1

2
and [, e*"k dz — 0o as k — oo.
We let A € R. For any u € H3 (), we define

1 2,2
F(7,L)=§/Q(Au)2dav—64%/96327r “dax.

It follows from the Adams inequality (1) that F' is well-defined and smooth. How-
ever, I fails to satisfy the Palais-Smale condition: There exist sequences (ug)gen
such that dF(ug) — 0 strongly in the dual space of H3 ((€2), F(ux) = O(1) when
k — oo, but no subsequence of (uy) converges in Hj ;(2) when k — oco.

In order to understand this failure of compactness, we consider families of solu-
tions (uc)eso € C*(Q) of the equation

2 2 .
A%y, = due®?™ % in Q

ue >0 in Q (E.)
ue:%zo on 0N

where 9/0n denotes the outward normal derivative on the boundary of Q. As is
easily checked, any such wu. is a critical point of F. Then we seek to describe the
asymptotic behavior of (u.) as € — 0.

From standard elliptic theory, see for instance [4], it follows that whenever
maxgq 1, is bounded as € — 0, then a subsequence (u.) converges in C*(Q2) as
€ — 0. In the following therefore we may assume that maxg u. — oo as € — 0.

Our main result then is the following:

Theorem 1.1 Let A > 0. Let (uc)eso be a family of positive solutions of (Ee).
Choose . € Q) such that maxq ue = uc(ze). Assume that, as € — 0,

ue(we) = 00, Aucl3 = A, (2)



Fourth order pde with critical exponential growth 399

where A > 0. Then, with p. > 0 given by

_1:

pt = (e Fet e (3)

as € = 0 we have

() i= ) e+ ) = () > () = — 7o log (1 + ”&?|> (@

in Cff (R*), where n solves the equation

A?’np = AeSTN iy R4 (5)
with
A €N gy = 1, (6)
R4
and for any R >0
/ ufe?’%Q“g dzr — 54N . (7)
BRuc(we) Br(0)

Moreover, there exist C' > 0, I € N, I < A, and families of points z; . € §, scale
factors p; . > 0, such that the analogues of (4) - (7) hold when we blow up u. with
scale i around x; ¢, ¢ =1,..., 1. In particular, I =1 if A < 2. In addition,

|xi5_x'e‘
s Js

— 00 foralll1 <i#j<I, (8)
Hie
and the pointwise estimate
. llnf , |$ _ xi,€|2u€(x)616ﬂ2ue(z)2 <C (9)
i=1,...,

holds for all x € Q and all € > 0.

Remark that when  is a ball we must have A € (0,A1(Q2)); see Lemma 4.1 in
the Appendix.
Problem (E.) is the four-dimensional analogue of the critical n—dimensional
equation
A2y = 2!

)

1
into Lebesgue’s spaces. The asymptotics for this equation were described in Hebey-

Robert [11], Robert [15] and Robert-Sandeep [16]. We refer also to Struwe [17] and
Druet-Hebey-Robert [8].

Problem (E.) also is the fourth order extension of the two-dimensional elliptic
problem

where n > 5 and 2¢ = -2 is the limiting exponent for the embeddings of H3,(Q)

At = \aed @ in Q
ue >0 in Q
e =0 on 0
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where Q' is a smooth domain of R? and (i.)eso is a family of smooth functions on
Q. Such a problem was studied by Struwe [18], Atkinson-Peletier [5], Adimurthi-
Struwe [3] and Adimurthi-Druet [2].

The main difficulties when generalizing these results to equations of higher order
are due to the lack of the maximum principle and failure of Harnack’s inequality for
the biharmonic operator. Moreover, in contrast to Liouville’s equation on R?, the
conformally invariant limit equation that we encounter in (5) admits a whole family
of radially symmetric solutions having arbitrarily small energies. In consequence,
the blow-up behavior for this limit equation is more complicated than in the case of
two space dimensions, analyzed by Brezis-Merle [7], which makes it more difficult
to determine the concentration energy threshold for (E.).

We thank Adimurthi for having pointed out the problem and for valuable dis-
cussions in an early phase of our work.

2 Proof of theorem 1.1

We consider a family of solutions (u)eso € C*(Q) to the system (E.) for some
A > 0, satisfying (2). In particular, we have

/ (Aue)? dx = / )\113632”2“3 de — A (10)
Q Q

when ¢ — 0. Then (uc) is bounded in H3,(Q) when ¢ — 0 and there exists
ug € H3 () such that a subsequence

Ue — U (11)

weakly in H3 ((Q2) when e — 0. The macroscopic concentration behavior is captured
in the following result, reminiscent of Theorem 1.6 in [13].

Proposition 2.1 Let (uc)eso a family of solutions to the system (E.). We assume
that (2) holds with A € (0,2). Then A > 1. Moreover, there exists xg € £ such
that, as € — 0 suitably,

(Aue)? do — (A— ||Au0||§) Szy + (Aug)? dx
weakly in the sense of measures and
Ue — UQ n Cﬁ)c(ﬁ\{x()})

The proof is similar to the proof of Lemma 3.3 in [3] in the context of second
order equations on domains of R? and may be omitted.

For any € > 0, we choose z, €  such that u.(z.) = maxqu.. With p. > 0 as
defined in (3) we then let

Qe = {z; xc + pex € Q}.

The following lemma shows that the domains €, as € — 0 will exhaust all of R%.
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Lemma 2.1 Let (u¢)eso be a family of solutions of (E.) such that (2) holds. Then,
with x. and pe as above, there holds

d(z.,08)
e

— 400

when € — 0.

Proof. We let
Ue ('re + /.L€J,‘)
Ue(xe)

ue(x) = (12)

for all x € Q). and € > 0. Clearly, u. verifies the system

25 _ A o 3272w (ze)? (@2 -1 :
A, = TR EREL mue(z) (W —1)  ip Q,

e >0 in Q.
66:%1;; =0 on 09,

Moreover, 0 < @ < 4(0) = 1. Assume that for a subsequence ¢ — 0 we have

d(z.,00)
He

— Ry < 0.

Then, passing to a further subsequence, if necessary, we obtain convergence Q. — P,
where P is a half-plane. Standard elliptic theory, as given, for instance, in [4], shows
that, up to yet another subsequence, () converges in C* to a function u satisfying

A2 =0 in P
>0 in P
u=2% =0 ondP

on
and @(0) = 1. After a change of variable, with error o(1) — 0 as e — 0, we find that

/ |v2a42dm=/ V20 2 daJu2(z.) < AJu2(z) + o(1),
Q

€

Passing to the limit ¢ — 0, we then get that V24 = 0. In view of the boundary
condition we conclude that @ = 0 on all of P, in contradiction with @(0) =1. O

We now prove a first asymptotic estimate for wu,:

Lemma 2.2 Let (u¢)eso be a family of solutions of (E.) such that (2) holds, and
let x. and . be defined as above. Then for any x € R* we have that

U,E(Ie + ,Uex) - ue(me) —0

when € — 0. In fact, the convergence holds in C (R%).
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Note that it follows from Lemma 2.1 that the statement of Lemma 2.2 is mean-
ingful.
Proof. We let
We(x) = Ue(Te + pex) — ue(xe)

for all z € Q.. The function w, is a solution of the equation

A 2 2/-2
2 — 321 %uc(x al—1
Awer(x)uee mue(r e,
€ €

on ., where @, is defined in (12). Given R > 0, we get that
[Awe||L2(Br(0)) = AU L2(BR,., (2)) < C,

where C' is independent of R. By standard estimates for the Laplace operator, as
given, for instance, in Theorems 8.17 and 8.18 of [10], we then conclude that there
is w € C*(R*) such that

we — w in C3(RY),  Aw € L*(R?), w < w(0) = 0.

Moreover, A?w = 0 in the weak sense. From Lemma 4.3 in the Appendix it then
follows that w is affine. Since w < w(0) = 0, we find that w = 0, which proves the
claim. a

We now define the mazimum rescaling n. of u. by letting
Ne(2) = ue(we) (ue(e + pre) = ue(xe)) = ue(re)?(Ge(x) — 1) (13)

for all x € Q.. Then 7. satisfies the equation

A2, = A e84 (13 (5e-1) (14)
for all z € Q. with n.(z) < 7.(0) = 0. Set

Ve = A, a6:1+%(ﬂ5—1)
for all € > 0. From Lemma 2.2 it follows that

Vo— X and ac — 1

in CL _(R*) as e — 0. Note that in view of the boundary condition for u., letting

Ve(x) = ue(xe + pex) when z € Q,
ve(z) =0 when x € RH\Q,,

we obtain a function v, € H2270(R4). Finally, for any y € R* and any r > 0, we

define
) :f ve d, (15)
B (y)

where we denote as f, = #(A) J4 the mean value on a domain A C R%.

Extending Lemma 4.2 in [3], we can bound the oscillation of ¢*"” as follows.
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Proposition 2.2 Let (uc)eso be a family of solutions of (E.) such that (2) holds.
Then there exists a constant C' > 0 such that for any y1,y> € R* and ry,m9 > 0 we

have that )

|C£y1,r1) _ ng27rz)| <C+ 4logr—
T1T2

for all e > 0, where 2r = |y — ya| + r1 + 12, and with cﬁy’” as defined in (15).

Proof. We follow the proof of [3]. We first need some notations. Define the affine
functions

W@ = f (@) ds
By (y)

and let wéy’T)(m) = v(z) — ) _qlen) (x) for any x € R. From Holder’s inequality

we have
1/4
][ V| de < (f |Voe|* dm) .
B (y) Bi(y)

On the other hand, the definition of v, and Sobolev’s embedding H3 () — H{(£2)
together with (2) give the uniform bound

/ |Voe|* do = / |Vu|* de < / |Vu|*dr < C.
B,,w(y) BT’-ME($E+U’51/) Q

It then follows that for any y € R*, » > 0, and any ¢ > 0 we have
C

Vi) < =, (16)
r
where C' > 0 is independent of the choice of y,r and e.
We now prove the proposition. Let 41, y» € R* and r1,79 > 0. Alsolet y = %

and define 2r = |y; — y2| + r1 + r2. For simplicity, we write w, = wgy”), l. = zgyﬂ,

ce = ¢ moreover, for j = 1,2 we let wi = w7 1§ = 1979 and ¢f = W70,
By using (16), then for j = 1,2 from the pointwise identity ¢ —c. = we —w? +1c — 12

we obtain

\cﬁ —Ce| =

][ (we —w! +1.— 1) da ][ (we + 1) dx
By (y5) By (y5)

< f |’U)€| dx + ||l6||Loo(Br/_ (y;)) < log (f e‘wel dx) +C
Br; (v5) ! Br; (y5)

4
<log (T) ]/ el ldz | + C <log ][ elvldz | +4log r +C
rj Br(y) B (y) rj

where C' > 0 is independent of 7,y and e.
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For any 6 > 0 we can estimate

we| < o*w? IV2wellZ2 (5, )
We| >
2V2wellZz 5, () 26
to obtain the bound
52w2
i 2V2well? 5 r
lel — e < log e &) dr | + C(§) + 4log —.
By (y) Ty

Choosing 62 = k, where k > 0 is the constant in the John-Nirenberg inequality,
Lemma 4.2 in the Appendix, we find the estimate

e — | < C+4log —,
Ty

with a uniform constant C for 7 = 1,2 and for all € > 0, which implies the claim. O

In particular, Proposition 2.2 and Lemma 2.2 yield the uniform bound
eV —uc(xe)| < C +8log(|yl +1) (17)

for all y € R* and € > 0. The next result is the key step in showing subconvergence
of 7e.

Proposition 2.3 Let (uc)cso be a family of solutions of (E.) such that (2) holds
and let ne be defined as in (18). Then for any R > 0, there exists a constant
C(R) > 0 depending only on R such that

Ane(z) < C(R)

for all x € Br(0) and sufficiently small € > 0.

Proof. Since v, satisfies %7;: = 0 on 99, Hopf’s maximum principle implies that

Ane = ue(xe)Ave < 0 on 9. Green’s representation formula and the maximum
principle then yield the pointwise bound

+ 1 A%ne(y)
A < < d
( 776) (I) — 4 2 . ‘.’E y|2 Y,

for any x € (.. Hence with Fubini’s theorem for any R > 1 we obtain the estimate

A 2 2 dx
@)t @de< 2 [ wlegutuer ot ([ B ay,
/BZR(O) 4m? Jyepa £E€Ba g (0) |z — y|?

Observe that for any R > 1 and y € R* we have

d 4
/ xQ<Cmin{R2,R2}
©€Bar(0) 12 — Yl 1+ |yl
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with C' > 0 independent of R and y. Fix K > 0. With the preceding inequality we
then succeed to bound

/ @@ﬂmmscw%/ Mg (1) 1o () 2270 ) dy
Byr(0) |ly|<K

_ ay,ly,,4 3272w, (y)2
+CR4/ )\|U5(1'€) Ce |:uevs2(y)e dy
yI>K 1+ [yl
Yl 4 . 32720, (y)?2
+C-R4/ el pev (y)62 dy =T+ 11+ III, (18)
ly|>K 1+ |yl

where C' > 0 again is independent of R > 1 and € > 0. We estimate the terms on
the right of (18) separately.
The definition (3) of u. immediately yields the bound

I=C- RZ/ )\ue(me)ufve(y)e32”2”€(y)2 dy < O(K) - R? (19)
lyl<K
for all € > 0 with a constant C(K) > 0 depending only on K and .
Choosing K > 3, we may use (17) and (10), (11) to estimate

_ y,ly,,4 327r2v€(y)2
IIr=cC- R4/ Alue(@e) — ¢! Mevz(y)e dy
ly|> K 1+ |yl

<C- R4/ 1+ 10g(|y| + 1)ugv€(y)632w2vg(y)2 dy
B wizx 1+ [y

R41 +log(K +1)

= /‘ plve(y)e™™ W dy
1+ K2 yI>K
1+10gK 2 2 1+10gK
<CR4 632ﬂu5<C'R4 20
- 1+ K2 Que - 1+ K2’ (20)
for all € > 0.
Finally, using Jensen’s inequality, for any y € R* we can estimate
qu,lve(y)632ﬂ2vg(y)2 < (63,1)26327&'2(63’1)2 + v, (y)26327r2v€(y)2
< ][ Ve (x)26327r2v6(w)2 dz | +ve (y)2e32ﬂ'2v€(y)2'
Bi1(y)
Hence for any K > 3 from (10) we obtain that
A y,1,,4 . 32720, (y)?
IIT = C~R4/ G feB (y)eg dy
yI>K 1+ |yl
O . R4 / 4 f 2 2 2 2 2 2
< 5 UE(QT) 63 Tove () de | + Ue(y)26327r ve(y) dy
1+ K? Jpa Bi(y))
C- R
< (21)

1+ K2
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for all € > 0, where C' > 0 is independent of K. Inserting the estimates (19), (20)
and (21) into (18), we find the uniform bound

1+ log K
+ <157 p4 .2
/BQR(O)(Ane) (0)do < O8R4 C(K) - R (22)

for all ¢ > 0 and any K > 3.
Now let 779) € H2(B2r(0)) be defined as follows:

AQWEI) =A% = >\115664”2”‘(1+%(ﬂ‘_1)) in Bog(0),
7721) = Anél) =0 in 9B2r(0).

It follows from the definitions (13) and (12) of 7. and @, that A2pY is bounded
in L>®(Bsg(0)) when ¢ — 0. From [4] we obtain that with a uniform constant
C(R) > 0 there holds

17 2 (B 0y) < C(R) (23)

for all € > 0.
Finally, letting 77£2) =N — 7721), we have A(An£2)) = 0. Hence with (22) and
(23) it follows that

Ane(y) dy — ][ An(y) dy

Br(z)

A (x) = f A (y) dy = ][
Bpg(x)

Br(z)

IN

C(R) /B 1@y + 1 0 < O OR)
2R

for any x € Br(0) and any € > 0, where C'(R) > 0 is independent of ¢ > 0 and
x € Bgr(0). The proposition is a consequence of this last inequality combined with

(23) and 7. = nél) + 77&2). a

The first part of Theorem 1.1 now is a consequence of the following proposition.

Proposition 2.4 Let (u¢)eso be a family of solutions to (E.) such that (2) holds.

Let ne as in (13). Then,
A
log (1 + M|$2> ,

(2) > ——
e\ T -
" 1672 V6

in C}t (R*) as € — 0. Moreover, also (7) holds.
Proof. Recall that 7. satisfies

2
A2776 — ‘/6664# Ne Qe

for all z € Q)., where
Ve— X and a. — 1
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in C},(R*) as e — 0. With Proposition 2.3 and the fact that n. < n.(0) = 0, it

follows from standard estimates for the Laplace operator as in Th2eorems 8.17 and
8.18 in [10] that there exists n € C*(R*) such that A%y = \e%7™ 7 and, up to a
subsequence,

Ne = 1M

: 4
in Cj,,

(R1). Note that for any R > 0
/ ,a2€647r2n€(1+%(115—1)) da
Br(0)

2,2 2,2
= / uZe3?™ e dy < / u?e3?™ e dr < C (24)
BR;LE (xe) Q

when € — 0. Passing to the limit € — 0 and then R — 400, we get that
ST € LL(RY).

We claim that 7(z) = o(|z|?) when |z| — oo. Otherwise, it follows from Lin [12]
that there exists a > 0 such that An(z) > a for all z € R%. Letting e — 0 in (22),
we get that

0 RY-Vol(By(0)) < / (An)* (z) de < 0 L1B K

R*+ C(K)- R?
Br(0) 14+ K2 ()

for all R > 1 and K > 3. Dividing by R* and then first letting R — +o0o0 and
afterwards K — 400, we get that a < 0. A contradiction. This proves our claim.

But if n(x) = o(|z|?) when |z| — oo the result of Lin [12] shows that

nw) = — 1o log (1 " %xl)

for all x € R, which yields the first assertion. The relation (7) now follows from
(24). m|

3 Pointwise estimate

We now prove the pointwise estimate of Theorem 1.1. When k € N, we say that
(H}) holds if there exists C' > 0 and k families of points (2;)es0, ¢ = 1, ..., k such
that

el Pue(2)el0 @ < ¢ (Hy)
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for all x € © and all € > 0. We say that (E}) holds if there exist & families of points
(Tie)es0, @ = 1,..., k, such that for any i = 1, ..., k, and for any x € R?,

d i, €9 89 . . L, ) € . .
1ir%M:oo7 llr%lgfuzooforalllgz#jgk
€E—> ,U/i,e e—01#£75 Mi,e
. 1 VA
gg%ue(mi,s) (e(Tie + pi,ew) — ue(Tife)) = — Ton2 log <1 + \/6|33|2> (Ek)
lim lim Au§e32”2“§ dx =k,
R—00 €0 U,If=1BRMY€($i,e)

where p; . > 0 is given by

Pie = Ue ()7 €8 Hel@ie)”,
Taking z1 . = ., it follows from the two first parts of Theorem 1.1 that (E4) holds.
Inspired by [2] and [8], we now argue by induction via the following proposition.

Proposition 3.1 If (Hy) does not hold and (Eyx) holds, then (Exy1) holds.

Clearly, (Ej) can only hold for integers k < A, where A is as in (10). It then follows
from a straightforward induction that there exists I € N such that (Hr) and (E)
both hold. Proposition 3.1 therefore yields the remaining part of Theorem 1.1.

Thus, for some k£ € N we now assume that (Hy) fails to be satisfied while (Ej)
holds. Since (H}) does not hold, for any e > 0 there exists y. € Q such that

sup ( inf ‘J} _ xi,e|2> ue(aj)elﬁﬂ-zue(x)z (25>
zeQ \i=1,....k

) 2 2
= (1t ) e o

when € — 0. Similar to (3) we define v, > 0 by letting

v = Vg e’ (26)

€

for all € > 0 and set
Qe = {y; 9 +vey € Q}.

It easily follows from (25) that for any ¢ = 1, ..., k there holds

‘ye - (Ei,e| _

L 0
For x € Qe we also let
i) = e ) 29
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Lemma 3.1 Let (uc)e>o be a family of solutions of (E.) such that (2) holds. Let
k € N. We assume that (Hy) does not hold and that (Ey) holds. Let y., v, S and
Ge as in (25), (26) and (28). Then

d €9 Q A A~ _
lim M =400, Q. — R* and max G =1+o0 (ue(ys) 2)
=0 Ve Br(0)

for all R > 0 when ¢ — 0.
Proof. Let R >0 and 2 € BR(0)N.. It follows from the definition (25) of y. that,

as e — 0,

(‘ inf |ye — @i+ 1/63:|2> ue(Ye + yex)el6ﬂ'2ue(ye+l/ex)2

i=1,...,

. 2 2 . Ye — x-,
< (illr’lf’k e — mﬁ) ucly)e om0 = g BT o

By (27) and definition of ., for any & € Br(0) N Q. we have

: 2
- 1672w (ye)? (e () —1) infiz1,.k |[Ye — il .
Ue(x)e < - =: T.(R),
(@) infi—1, . k(Jye — Tie| — VeR)? «(B)

where lim._,o 7.(R) = 1. Since %.(0) = 1, we then get that

N T(R) — 1 -2
1< max 4, <1+C—~— =1+ o0 (u(y.
BRr(0)NQ. ue(ye)2 ( (y ) )

when € — 0. Therefore i, is bounded in L*°(Br(0)) when ¢ — 0. Following the
proof of Lemma 2.1, we then get that Q. — R* when ¢ — 0. Note that this is
d(y;i’jm) = oo. In particular, then for any R > 0

there holds Br(0) C Q. when € > 0 is sufficiently small. This ends the proof of the
Lemma. O

We define

equivalent to asserting that lim._,(

Ne(®) = ue(Ye) (Ue(Ye + vew) — uc(ye)) = ue(y6)2(ﬁe(x) - 1) (29)

for all € > 0 and all z € .. Similarly to what was done in Section 2, we prove the
convergence of 7. when € — 0.

Lemma 3.2 Let (ue)eso be a family of solutions of (E.) such that (2) holds, and
let k € N. We assume that (Hy) does not hold while (Ey) holds. Letting fje as in
(29), then we have

) = () 1=~ 5 log (1 - ”\?W) ,

(R*) when € — 0. In particular, (6) also holds for 7.

in C*

loc
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Proof. Similar to (14) we have
A%y, = Aiie®4 e (143 (@ -1)
for all x € QE and all e > 0. Let R > 0. It follows from Lemma 3.1 that

 (2) = of1
Ienggo)n(x) o(1)

when € — 0. Arguments similar to the ones developped in the proof of Proposition
2.3 give that for any R > 0, there exists C'(R) > 0 such that

Aije(x) < C(R)

for all € Bgr(0). It then follows from standard elliptic theory that there exists
i) € C*(R*) such that . — 7 in C}} (R*). As in Proposition 2.4, we then get that

A) = — 1k@Q+“5ﬂﬂ,

1672 V6

for all z € R*. This ends the proof of the Lemma. o

Proof of Proposition 3.1: We now prove that (Ej1) holds with 511 = ye.
We claim that for any ¢ =1, ..., k,

lim ‘ye - xi,e|

= +4o0. (30)
e—0 ,Ui,e

We argue by contradiction and assume that there exists ig € {1,...,k} such that
|Ye — ig.e| = O(fiy,c) when € — 0. Then for any € > 0, there exists z. € R* such
that ye = %4y,e + [ig,c%, and a subsequence z. — z € R* when € — 0. It follows
from the second assertion of (Ej) that there exists a positive constant C' > 0 such
that

e — @i, [Pue(ye)e!0 4 W) < Cp2 (s, )etO™ i)’ < O

contradicting the definition (25) of y.. This proves the claim.
The two first assertions of (Fxy1) follow from (27), (30), Lemmas 3.1 and 3.2.
We are left with proving the last assertion about the energy. By (27) and (30)
we have

Bru, (ye) N UfillBRm,e(mi,E) =0

for € > 0 small. Therefore

2.2
/ \u2e®™ e dg
k41
Uiil BR}M,( (zi,é)

= / )\uzeg’rQ“3 dx + / /\u3632“2“3 dz. (31)
@] BRp, E(mi,é) BRVs(yé)

k
i=1
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Similar to (23), moreover, we obtain

/ )\ufew’r%f dr = / )\ﬁfeM”Qﬁf'(l*%(ﬂfl)) dz
Bry. (ye) Br(0)

— XS (32)
Br(0)
as € — 0. Combining (31), (32) and Lemma 3.2 with the last assertion of (Ej), we
get that

. . 2,2
lim lim Mu2ed™ e dy =k + 1,
R—+o00 e—0 U?LIBR;H,E (i)

as desired. Thus, assertion (Ej1) holds, and the proof of Proposition 3.1 is com-
plete. O

4 Appendix

In this appendix, we prove some auxiliary results required in the preceding section.
We let A\1(B) > 0 be the first eigenvalue of A? on the ball, that is

[ (Au)? dx

M(B) =
1(B) weH: J(O\{0} [pu?dx

(33)

In case Q is a ball, we have the following

Lemma 4.1 Assume that Q is a ball of R* and that there exists € > 0 and ue a
solution to (E¢) with A € R. Then A € (0,A\1(2)), where A\1(Q) > 0 is defined in

(83).
Proof. Tt follows from standard variational techniques that there exists a minimizer

o € C*Q)\{0} for (33), and that

A2<p:)\1goinQ7<p:g—<p:00n8§2.
n

We borrow ideas from Van Der Vorst [20]. We let o1 € C*4(2) such that

0
A2%p) = |A%p|in Q, o = % =0 on 0N.

Since € is a ball, the Green’s function for A? with Dirichlet boundary condition is
positive (see for instance [6]). We get that

1 > |¢| and 1 > 0 in Q.
Since ¢ is a minimizer for (33), we get that

>\1(Q) < fSZ(Agpl)Q dx — fQ ¢1A2¢1 dx _ fﬂ /\1(9)501|<p|dx < )\I(Q)
T Jovlde Jowide Jowide B
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Then all these terms are equal, and || = ¢1 > 0 in Q. It then follows that ¢
does not change signe. Without loss of generality, we can assume that ¢ > 0 in €.
Multiplying (E.) by ¢ and integrating, we get that

/\I(Q)/ue@dﬂf = /u€A2<pdx: Aucpde = )\u6632ﬂ2u§<pd$
Q Q Q
> /\/uegodx
o

and then A < A1(Q). Multiplying (E.) by u. and integrating, we easily get that
A>0. O
Lemma 4.2 There exists k,C > 0 such that for any y € R* and r > 0

E—w®
][ e 1V2wl3 o <C
B (y)

for all w € H3(B,(y)) such that fBr(y) wdr = JCBT(y) Oywdxr =0 for all i = 1...4.

Proof. Since this inequality is invariant under affine transformation of the domain,
we only need to prove the result for B, the unit ball of R*. It follows from the
John-Nirenberg inequality that there exists C, K > 0 such that

’U)2

Kz
][ e "2 dx < C
B

for any w € H3(B). By a variant of Poincaré’s inequality as in [9] there exists
C4 > 0 such that

HU’H?{;(B) < CIHVQU’H%Z(B)v

for all w € H3(B) such that [y wdr = [; diwdz =0 for i = 1...4. Taking k = &,
we obtain the lemma for the unit ball B. As already noticed, this proves the lemma
in general. O

We now prove a rigidity result for bi-harmonic functions:

Lemma 4.3 Letn > 1 and u € H3 ;,.(R™) such that A*u = 0 in the distribution
sense. Assume that V*u € L*(R™). Then u is affine.

Proof. Tt follows from standard elliptic theory that u € C°°(R™). Let n € C°(R")
such that n = 1 on B1(0) and n = 0 on R"\B2(0). For any R > 0 and = € R",
we define ng(z) = n(R~'x). For any r > 0 and 2 € R", we define p,.(z) =
f—BT(O) udx + 27 'JLBT(O) d;udz. Integrating by parts, we get that

O:/n(Azu)~nR~(u—g02R)dx:/ Au-A(ng - (u— par))dz

n
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and then

/ nR(Au)2 dx = —2/ (Au)VnrV(u — pog) dz — / (u— pag)Au - Ang dz
C

< =
R Jr<ja|<2r

2
1
< Cl|Aul|p2rm\BR (0 —/ Oiu —f Oiudzx | dx
(E\En(©) zz: R? B2r(0) B2r(0)

1
—‘rCHAu”LQ)(Rn\BR(O) \/.R4 /B o (u _ <P2R)2 dz.
2R

C
|Aul - [V (u — p2r)| dx-i-ﬁ/ |u — par||Aul dx
R<|z|<2R

It now follows from the Poincaré inequality that there exists C' > 0 such that for
any R > 0,

2
1

-3 ’U—f vdr | dx<C |Vo|? da
B2 JByr(0) Bar(0) Bar(0)

for all v € HZ(Bag(0)) and

2
1 .

= v—][ vdr — ! ][ Ojvdx | dx <C (V20 |? dx
R* J,n(0) B2r(0) B2r(0) B2r(0)

for all v € H3(B2g(0)). With these inequalities, we then get that
/ nR(Au)2 dr < C”AUHLQ(R"\BR(O) ' ||V2u||Lz(Rn)

for any R > 0. Since V2u € L?(R"), letting R — 400, we get that Au = 0. Using
once again the two preceding Poincaré inequalities, we get with similar computations
that

/ (A(nr(u—¢2r)))? dz < C||V?ul| 2R\ Br(0)-

Integrating by parts, using the definition of g and that pop is affine, we get that
| @ pa)Pde = [V pu = ) P o

> / V2 (u — p2r)|? d:r:/ |V2u|? da.
Br(0) Br(0)

Combining these last two nequalities and letting R — +o0o, we then get that V2u =
0. Then u is affine. o

Finally, we prove a rigidity result on a half plane:
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Lemma 4.4 Let n > 1 and u € C*(P) such that u = % = 0 on OP, where P

is a half plane of R™. Assume that A?u = 0 in the distribution sense in P, that
V2u € L3(P) and that u > 0. Then u = 0.

Proof. Without loss of generality, we can assume that 0 € OP. Let n € C°(R"™)
such that n = 1 on B1(0) and n = 0 on R"\By(0). For any R > 0 and = € R", we
define np(z) = n(R~'x). Multiplying A%u by nru and integrating by parts, we get
that

Oz/Au~A(nRu)dx = /nR(Au)2 dx
id B
+2/ (Au)VnRVudx+/uAu~Aanx.
RP P

It now follows from the Poincaré inequality that there exists C' > 0 such that for
any R > 0,

1
= v’ dr < C |Vo|? dx
R2 Jp,n0)np Bar(0)P

for all v € HZ(Bar(0) NP) such that v = 0 on Bar(0) NP, and

1
—4/ vide < C V2|2 dx
R Bar(0)NP B2r(0)P

for all v € HZ(Bsr(0) NP) such that v = 92 = 0 on Bog(0) N IP. With these
inequalities, we then get that

/P nr(Aw) dz < O Aull 2 a0 - [Vl L2p)

for any R > 0. Since VZu € L*(P), letting R — +o0, we get that Au = 0. Since
u>0and u= % = 0 on 0P, Hopf’s maximum principle yields that u = 0. a
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