CONSTRUCTION AND ASYMPTOTICS FOR THE GREEN’S
FUNCTION WITH NEUMANN BOUNDARY CONDITION

INFORMAL NOTES

FREDERIC ROBERT

ABSTRACT. This notes are devoted to a construction and to pointwise proper-
ties of the Green’s functions of the Laplacian with Neumann boundary condi-
tion on a smooth bounded domain of R™. These informal notes are essentially
self-contained and require only standard elliptic theory.

Let © be a smooth bounded domain of R™ (the definition is in Section 1). We
consider the following problem:

(1) Au=f inQ

O,u=0 1in 9N
where u € C?(Q) and f € C°(Q). Here and in the sequel, A := —3".9;; and
for any = € 992, d,u(x) denotes the normal derivative of u at the boundary point
x, that is dyu(z) = du,(v(x)) where du, is the differential of v at = and v(x)

is the outward normal derivative of the oriented hypersurface 92 (see Section 1).
Note that the solution wu is defined up to the addition of a constant and that it is
necessary that | o fdr =0 (this is a simple integration by parts). Our objective
here is to construct and give properties of the Green kernel associated to (1). In
the sequel, for any function u € L(Q), we define @ := ﬁ fQ udy where |Q] is the
volume of €.

Definition 1. We say that a function G : @ x Q\ {(x,2)/z € Q} — R is a Green’s
function for (1) if for any x € Q, noting G, := G(z,-), we have that

(i) G, € L'(Q),

(i) Jo Gudy =0,

(iii) for all p € C*(Q) such that 0, = 0 on O, we have that

p(r)—p= /Q G.Apdy.

Condition (ii) here is required for convenience in order to get uniqueness, symmetry
and regularity for the Green’s function. Indeed, if G is a Green’s function and if
¢ : 2 — R is any function, the function (x,y) — G(z,y)+ c(z) satisfies (i) and (iii).
The first result concerns the existence of the Green’s function:

Theorem 1. Let Q2 be a smooth bounded domain of R™. Then there exists a unique
Green’s function G for (1). Moreover, G is symmetric and extends continuously to
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QAx Q\ {(z,2)/x € Q} and for any v € Q, we have that G, € C*>*(Q\ {z}) and
satisfies
{ AG, = —ﬁ in Q\ {z}
0,G, =0 on 0Q\ {x}.

In addition, for all x € Q and for all ¢ € C*(Q) we have that

plz)—p= / GzASOdy+/ G0, dy.
Q 09

A standard and useful estimate for Green’s function is the following uniform point-
wise upper bound:

Proposition 1. Let G be the Green’s function for (1). Then there exist C(Q) >0
and m(Q) > 0 depending only on Q such that

1
(2) wlw —ylP T = m(Q) < G(x,y) <CQ)|z —y[> " for allz,y € Q, = #y.
Concerning the derivatives, we get that
(3) IVyGa(y)| < Clo —y|'™" for all z,y € Q, x # y.

Estimate (2) was proved by Rey-Wei [4] with a different method. We also refer
to Faddeev [2] for very nice estimates in the two-dimensional case.

Notations: in the sequel, C(a,b,...) denotes a constant that depends only on €,
a, b... We will often keep the same notation for different constants in a formula,
and even in the same line. For U an open subset of R” k€ N, k> 1, and p > 1,
we define HY(U) as the completion of C°>°(U) for the norm Zle Vi,

1. PRELIMINARY: EXISTENCE AND ESTIMATES OF SOLUTIONS TO NEUMANN
PROBLEMS VIA EXTENSIONS

The main goal here is to prove the regularity and existence (Proposition 2 and
Theorem 2 below) for solutions to Neumann-type problems. These results are
classical (see Agmon-Douglis-Nirenberg [1]); we give here a self-contained proof
that uses only the interior estimates for solutions to elliptic equations. We first
define smooth domains:

Definition 2. Let  be an open subset of R™, n > 2. We say that 2 is smooth if
for all x € 092, there exists o, > 0, there exists U, an open neighborhood of x in
R™, there exists ¢ : Bs,(0) — U, such that

(1) ¢ is a C°° — diffeomorphism
(i1)  ¢(0) =z
(i) @(Bs,(0) N {z1 <0}) = ¢(Bs,(0)) NQ
(i) ¢(Bs, (0) N{z1 =0}) = ¢(Bs,(0)) N OQ
The outward normal vector is then defined as follows:
Definition 3. Let Q2 be a smooth domain of R™. For any x € 05}, there exists a
unique v(x) € R™ such that v(z) € (T,00)*, ||v(z)|| = 1 and (010(0),v(x)) > 0

for ¢ as in Definition 2. This definition is independant of the choice of such a ¢
and the map x — v(zx) is in C°(0, R™).
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It is useful to extend solutions to (1) to a neighborhood of ﬁ.ﬁ For this, a varia-
tional formulation of (1) is required: multiplying (1) by ¢ € C*°(2) and integrating
by parts leads us to the following definition:

Definition 4. We say that u € H{ () is a weak solution to (1) with f € L' () if
/(VU,V?/}) dr = / fdx for all p € C=(Q).
Q Q

In case u € C?(Q), as easily checked, u is a weak solution to (1) iff it is a classical
solution to (1).
We let £ be the standard Euclidean metric on R™ and we set

m: R" — R"

(z1,2") —  (=|za] 2)

We prove an extension lemma:
Lemma 1. Let xg € 02. There exist 0y, > 0, Uy, and a chart ¢ as in Definition
2 such that the metric § == (p o 7o p 1)*¢ is in COY(U,,) (that is Lipschitz
continuous), gio = &, the Christoffel symbols of the metric g are in L>(Uy,,) and

dpo is an orthogonal transformation. In addition, consider v € H} (QNU,,) and
feLY(QNU,,) such that

4) /Q(Vu, V) dz = /wa dz for all ) € C(QNUy,).
For allv:QNU,, — R, we define
Di=voporop !inU,,.
Then, we have that & € H} (Uy,), tyo = u, f € L'(Us,) and
Azt = f in the distribution sense,
where Ay == —divg(V).
Here, by "distribution sense”, we mean that

J

@0

(Vi, Vip) g dvg = / fp dug for all ¢ € C°(Uy,).
Uwo

Remark 1: the notation § = (po7op~1)*¢ is a slight abuse of notation. Indeed, the
map 7 is not a diffeomorphism, and it is not even C'. However, § is well-defined
and smooth outside 0f2, and one proves that it can be extended to a Lipschitz
continuous function.

Remark 2: It is natural to wonder whether it is possible to gain regularity for the

metric §. Indeed, the metric § we construct is C* iff 9 is flat in a neighborhood

of Zo-

Proof of Lemma 1: Given a chart ¢ at o defined on B; (0) as in Definition 2, we
z0o

define the map

{90: B;, (0) — R"
(z1,2") = xw($(0,27)) + $(0,2")
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The inverse function theorem yields the existence of d;, > 0 and U,, C R™ open
such that ¢ : Bs, (0) — Uy, is a smooth diffeomorphism satisfying (2). Moreover,
the pull-back metric satisfies the following properties:

(@O =1 (¢ =0Vi#1.

In particular, up to a linear transformation on the {z; = 0} hyperplane, we can
assume that dgg is an orthogonal transformation. It is easily checked that ((¢ o
7)*€)i; = (¢*&)ij om outside {a1 = 0} for all 4, j, and then we prologate (¢ o7)*¢ as
a Lipschitz continuous function in Uy, and so is § := (p o 7o ¢~ 1)*¢. In addition,
as easily checked, if ffj’s denote the Christoffel symbols for the metric g, we have
that f‘fj € L. Therefore, the coefficients of Aj are in L> and the principal part
is Lipschitz continuous.

We fix ¢ € C2°(U,,). For convenience, in the sequel, we define
m: RY} — R”
(x1,2") — (—z1,2").
Clearly, 7 is a smooth diffeomorphism. With changes of variable, we get that

| wavesdy= [ (uwrveporop ) ds

=0 QMU

and

/ fwdvg:/ fW+vpoportop™)du.
Usg QNU.,

It then follows from (4) that Az = f in U,, in the distribution sense. This ends
the proof of Lemma 1. O

We prove elliptic estimates close to the boundary. These results are classical (here
again, we refer to Agmon-Douglis-Nirenberg [1]): our objective here is to derive
these boundary estimates from interior estimates.

Proposition 2 (Regularity). Let xg € 02 and let 6 > 0 be a real number. Let
u € HY(QN Bs(xg)) and f € LP(QN Bs(x)), p,q > 1 be such that

(5) /Q(vu,w) dzx = /sz/}dz for all 1 € C2°(Q N Bs(xo))-

Then w € HY(QX N By (z0)) for all & € (0,6), and for all v € (1,p], there exists
C=0C(Q,p,q,7,6,0) >0 such that

(6) ”u”Hé’(Qr‘]Bé/(xo)) <C (||f\|Lp(mB§(xo)) + ”’UJ”L’“(QOB(;(QCO))) .

Moreover, if u € CY(Q N Bs(xg)), then d,u =0 in QN Bs(xg).

We assume that f € C%*(Q N Bs(xg)) for some a € (0,1). Then u € C%*(Q N
Bsi(x0)) for all §' € (0,6) and for all v > 1, there exists C = C(,r,«,9,8") > 0
such that

(7) ||u||C2=a(QﬁBJ/(zo)) <C (||f||C0""(QﬂB(S($0)) + HUHU‘(QHB(S(IO))) :

Proof. It follows from Lemma 1 that for € > 0 small enough, the function w, f :
QN By (zg) — R can be extended to @, f : Ba.(zg) — R such that Ha”Hf(BQe(zo)) <
[ull 5@ Bac(@o)) a0 (| Lo (Bocwo)) < NlullLr(@nBac(ao)). Moreover, they are so-
lutions to Azi = f weakly in Bac(x¢). Therefore, it follows from the interior
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estimates for elliptic pdes (see Theorem 9.11 of [3]) that u € HY (Bac(7o)) and that
there exists C(€2, €, zg, p,r) > 0 such that

@l (B, (20)) < C(82, € 20,p,7) (||f\|Lp(st(x0)) + ||a||LT(Bze(xo))) -

Using the control above of the norms of @, f by the norms of u, f and that U)o =
u, we get that (6) holds with &' = e. Applying this estimate for all points of
00N B;s(x0), using the interior estimates of Theorem 9.11 of [3] and a finite covering,
we get that (6) holds for all ¢’ € (0,6). This ends the proof of (6).

We now assume that u € C'(Q N Bs(xg)). Since u € HE(Q N Bj(zg)) for all
§’ € (0,9), integrating (5) by parts yields:

/(f — Au)pdx = o,up do
Q

o0

for all ¢ € C(Q N Bs(xp)). Taking all function ¢ with compact support in
QN Bs(xo) yields Au = f a.e. in QN Bs(xg). Therefore, [, d,udo = 0 for all
P € C(QN Bs(x)), and then d,u = 0 on 9Q N Bs(zo).

We now concentrate on the Holder case and we assume that there exists a € (0,1)
such that f € C%(Q2 N Bs(xg)). In particular, f € LP(Q N Bs/ (1)) for all p > 1,
and therefore u € HY(QN By (x0)) for all § € (0,6). It then follows from Sobolev’s
embedding theorem that u € C1?(QN Bs(z0)) for all § € (0,1) and all &' € (0,6): in
particular, ||u|‘cl,8(QQB5,(w0)) is controled by ||u||, and || f||co.«. Another important
fact is that we have that d,u = 0 on the boundary 9. We take ¢ > 0, @ and f as
above. Via the chart ¢ that straightens the boundary, we can assume that 2 = R”
and that 0,4 = 01% = 0 on the boundary JR”. We rewrite the equation Azu = f
as
—§" 0,1 = f — §VTE0kt =: f in Bac(wo).

Outside the boundary {z; = 0}, the function gijffj Okt is §—Holder continuous with
the C%%—norm controled by ||ul|, and ||f| co.«. Therefore, gijffjaka is —Holder
continuous iff it is continous on {x; = 0}. As easily checked, since we work in the
specific chart ¢, we have that for all 2’ € {0} x R~ !:

§ITEOpu(0T, 2") — GTE0,u(0™,27) = 2H(0,2")010(0,2") = 0

where H denotes the mean curvature and v(0", 2’) := limy, 0. 4, >0 v(x1,2"). There-
fore, —§"d;;u = f € C%*, where § has Lipschitz regularity: it then follows from
standard elliptic theory (see Theorems 9.19 and 6.2 of [3]) that u is in C*%, and
its norm is controled as in (7) on Be(xp). As for (6), a covering argument yields
the control on By (x¢). O

From these estimates, we obtain the existence and the regularity for solutions to
the Neumann problem (here again, this is in Agmon-Douglis-Nirenberg [1]):

Theorem 2. Let Q be a smooth bounded domain of R™ and let f € LP(Q), p > 1
be such that [, f dx = 0. Then there exists u € H5(Q) which is a weak solution to

Au=f inQ
d,u=0 in 0N
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The function u is unique up to the addition of a constant. Moreover, there exists
C(p) > 0 such that

lu = allgg ) < C@Ifp-
If f € C%(Q), a € (0,1), then u € C**(Q) is a strong solution and there exists
C(a) > 0 such that
[ =gz @) < C(Oé)llcho,a @

Proof. Assume that f € L*(Q). For any u € H7(f2), we define

/|Vu|2das—/fudx

and F := {u € H}(Q)/ [,udx = 0}. It follows from Poincaré’s inequality that
there exists C' > 0 such that ||u|2 < C||Vul|z for all u € F. Therefore, there exists
C(]|fll2) > 0 such that

) 2 51Vl = Iflllll > [9lz (519l = CIfl ) = ~CCUIf])

for all u € F. Therefore, m := inf{J(u)/ u € F} exists.

Step 1: We claim that m is achieved. Indeed, we let (u;); € F be a minimizing
sequence, that is lim;_, o J(u;) = m. The inequalities above yield [[u;| g2 = O(1)
when i — 400, and therefore, there exists u € HZ(Q) such that u; — u weakly in
H? and strongly in L? when i — 400 (up to a subsequence). We then get that

it o(1) = J(us) = () + 5[V (us — w3 +0(1) > m+ L[V (us ~ w3 +o(1)

when i — 400, and therefore, u; — u strongly in H? and m = J(u) is achieved.
This proves the claim.

Step 2: We claim that u is a weak solution to (1). Indeed, given ¢ € HZ(£2), we
have that ) — 1) € F, and the Euler equation for J at u writes Jo(Vu, Vi) dx =
Jo f(¥ —¥)dz. Since [, fdz =0, we get that u is a weak solution to (1). This
proves the claim.

Step 3: We choose f € LP(Q)), p > 1. We claim that there exists C(p) > 0 such
that

(8) lu—allzz < COIfp
for all w € HE(Q) which is a weak solution to (1).
We prove the claim by contradiction and we assume that there exists sequences
(ui)i € Hy(Q) and (fi); € LP(Q) such that || fill, = o(||lu; — @i gz) when i — 4o0.
With no loss of generality, we can assume that @; = 0 and |u;[|gz = 1 for all i.
Therefore there exists u € HL(Q) such that u; — u weakly in HY and strongly
in LP when i — +oo. In particular, [,udz = 0 and, passing to the limit in the
definition of the weak solution, we get that [,(Vu, Vi) dz = 0 for all ¢ € HE (1),
and then, taking ¢ = wu, it follows from Poincaré’s inequality that v = 0. Using
standard interior estimates and the boundary estimate (6), it follows from a covering
argument that

1= luill gz < Cp) (Ifillp + lluillp)
for all ¢. Since f; — 0 and u; — v = 0 in L? when ¢ — +00, we get a contradiction.
This proves the claim.
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Step 4: We are now in position to prove Theorem 2. We fix f € LP(Q2) and we
let (f;); € C2°(Q) be such that lim; ., fi = f in LP(2). Substracting f;, we can
assume that f; € C*°(Q) and [, fidz = 0. Since f; € L*(Q) for all i, it follows
from Steps 1 and 2 that there exists u; € HZ({2) such that @; = 0 and u; is a
weak solution to (1) with f;. Since f; € LP, it follows from Proposition 2 that
u; € HY(Q). We fix 4, j: we have that u; —u; is a weak solution to (1) with f; — f;.
It then follows from inequality (8) that

lui = ujllmy < COIfi = fillp

for all 4,j. Since f; — f in LP, we get that (u;) is a Cauchy sequence in HY and
therefore, it converges in HY to a limit u € HY. Passing to the limit, we get that u
is a solution to (1). This proves the claim.

The uniqueness is a direct consequence of (8). The proof of the C%* regularity
goes similarly and we leave it to the reader. This ends the proof of Theorem 2. [J

2. CONSTRUCTION OF THE GREEN’S FUNCTION AND PROOF OF THE UPPER
BOUND (2)

This section is devoted to the proof of Theorem 1.

1. Construction of GG,. We define ¢, := % We fix z € 2 and we take

o n—2)wn_1
u, € C%(Q) that will be chosen later, and we define
Hy = cp| - —2]*™™ + uy.
In particular, H, € L?(Q2) for all p € (1, -25). We let u € C*(Q) be a function.
Standard computations (see [3] or [5]) yield

(9) / H,Audy = u(x) + / ulAug dy + / (=0yuH,; +ud, H,) do
Q Q Ele)

We let n € C*°(R) be such that n(t) = 0if ¢t < 1/3 and n(t) = 1if t > 2/3. We
define

for all y € Q. Clearly, v, € C>(Q) and vm( ) = cplz —y|?>7" for all y € Q close
to 0. It follows from Theorem 2 that there exists u/, € C%2(Q) for all a € (0,1)

unique such that
Aul, = Avy — Av,  in Q

Oyul, =0 in 99
ul, =
We define u, := u!, — v, € C>*(Q) and ¢, := Av, € R so that
Augy = —cy in Q
Oyuy = *av(cn| . 71"27”) in 90

Therefore, 9, H,, = 0 on 99 and (9) rewrites
/ H, Audy = u(x) —cm/ udy — o,uH, do
Q Q 0
for all u € C%(Q). Taking u = 1 yields ¢, = ﬁ, and then, we have that

/ H,Audy =u(z) —u — o,uH, do
Q 20



8 FREDERIC ROBERT
for all u € C%(Q). Finally, we define G, := H, — H, and we have that:

G Audy = u(x) — u — O uG, do
Q a0

for all u € C%(Q). Therefore G is a Green’s function for (1). In addition,

G, € C**(Q\ {z}) N LP(Q) for all « € (0,1) and p € (1, 712) .
n—

Taking u € C°(Q2\ {z}) above, and the definition of G, we get that

{ AGw:—ﬁ in Q\ {z}

(10) 0,G, =0 in 0.

2.2. Uniform L?—bound.

Lemma 2. Fiz x € Q and assume that there exist H € L*(Q) such that
/ HAudy = u(x) —a
Q

for all u € C?(Y) such that O,u =0 on 0. Then H € LP(2) for all p € (1, n%)
and there exists C(p) > 0 independant of x such that

(11) |H — Hl|, < C(p)
for all xz € Q.
Proof. For p as above, we define q := % > 5. We fix v € C>°(2) and we let

u € C?(Q) be such that
Au=1—1 inQ
O,u=0 in 00
% =0

It follows from the properties of H that
[ =mway= [ Hw=5)dy = o).

It follows from Sobolev’s embedding that Hj () is continously embedded in L>():
therefore, using the control of the Hf —norm of Theorem 2 yields

/Q(H —H)y dy’ < Jlulle < C@)lullmg < C (D)l = Dllg < C"(D)]1Wlg

for all v € C2°(Q). It then follows from duality that H — H € LP(2) and that (11)
holds. 0

2.3. Uniqueness. We prove the following uniqueness result:

Lemma 3. Fiz v € Q and assume that there exist G1,Go € L'(2) such that
Gi;Audy = u(x) — u
Q

for alli € {1,2} and for all u € C*(Q) such that d,u = 0 on Q. Then there exists
¢ € R such that Gy — G2 = ¢ a.e on §Q.
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Proof. We define g := G; — G3. We have that

/gAudy =0
Q

for all u € C?(Q) such that 8,u = 0 on 9Q. We fix ¢ € C®(Q). It follows from
Theorem 2 that there exists u € C%(Q) such that Au = — 1) in Q, d,u = 0 on IN
and % = 0 . Therefore, we get that

/Q(g—g)wdy=/Qg(w—l/?)dy=/ggAudy=0~

for all ¢ € C°(02). Moreover, it follows from Lemma 2 that g € LP(Q) for some
p > 1, and then we get that ¢ — g = 0 a.e, and then G; = G5 + g. O

As an immediate corollary, we get that the function G constructed above is the
unique Green’s function for (1).

2.4. Pointwise control. We let G be the Green’s function for (1). The objective
here is to prove that there exists C(Q) > 0 such that

(12) Ga(y)] < C(Q)|z —y[*"

for all x,y € Q, = # y.

Proof. The proof of (12) goes through six steps.

Step 1: We fix K C Q a compact set. We claim that there exists C(K) > 0 such
that

G (y)| < C(K)|z —y>"
forallz € K and all y € Q, y # x.

We prove the claim. We use the notations u,,u),v, above. As easily checked,
vy € C%(Q) and ||vg]|c2 < Cd(z,09)™" < Cd(K,00)™" < C(K). Therefore, it
follows from Theorem 2 that ||u/ || < C(K), and then |H,(y)| < C(K)|z —y|>™"
for all y € Q, y # x. Since G, = H, — H, holds, the claim follows.

Step 2: We fix 6 > 0. We claim that there exists C'(J) > 0 such that

(13) 1G2lle2o\ 8, 5)) < C(0)
for all z,y € Q such that |z —y| > 4.
We prove the claim. It follows from (10) and (6) of Proposition 2 that for any
p > 1, there exists C'(0,p) > 0 such that |G, o2 0\B,(5)) < C(6) + C(0)[|GallLr (-
Step 2 is then a consequence of (11).
We are now interested in the neighborhood of 992. We fix xy € 02 and we choose
a chart ¢ as in Lemma 1. For simplicity, we assume that ¢ : Bs(0) — R" and that
¢(0) = 2o and we define V' := ¢(Bs(0)). We fix z € V N Q and we let G, be the
extension G, := G, o p o7 o~ !: we have that

GV \{z,2*} = R with 2* := pon Lo '(z) € Q"
Moreover, since G, is C?%® outside 2 and 7 is Lipschitz continuous, we have that
Gy € H{ ,.(V\ {z,2*}) for all ¢ > 1; in addition, it follows from (11) that G, €
LP(V) for all p € (1, ﬁ) and that there exists C(p) > 0 independant of x such

that ~
”Gac”p < C(p).
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Step 3: We claim that

(14) NGy =0y + 0y — — in D'(V).

1
1€
We prove the claim. We let ¢ € C°(V) be a smooth function. Separating V' N Q
and V' N Q° and using a change of variable, we get that

/ G A0 dvg = GoA (Y +pogpor top™) dy.
\4

vNnQ
Noting that 9, (¢ + 1 opom~top™!) =0 on 09 (we have used that v(¢(0,2')) =
dp(0,2y(€1)) and using the definition of the Green’s function G, we get that

/V émqup dvg = P(x) +YP(po mto @71(I)) (1/) +Yopo 1o @71) dy

19 Jvna
1
= W)+ ) - /V W dvg.

This proves (14) and ends the claim.

Step 4: We fix z € V. We claim that there exists ', : V' \ {2z} — R such that the
following properties hold:

AT, =6, in D'(V),
(15) T.(y)| <Clz—yl>™" forallyeV\{z},

I eC'(V\{z})

We prove the claim. We define r(y) := /g (z)(y — 2)"(y — z)7 for all y € V.
As easily checked, ™" € C®(V \ {z}): we define f := Azr?>~™ on V \ {z}. It
follows from the properties of g that f € Lo (V' \ {z}). Moreover, straightforward

loc

computations yield the existence of C' > 0 such that
(16) [f(y)| < Clz—y|' " forally € V' \ {z}.
Computing Azr?~™ in the distribution sense yields
Agr®™" = f+ K., in D'(V),
where K, 1= (n—2) f@Bl(Q)(V(y)a y)g(z)r(y)z—n dvg(y > 0. Moreover, lim, ., K, =
K, > 0.

‘We define h such that
Agh = f in V
h=0 on 9V

It follows from (16) and elliptic theory that h is well defined and that h € HY (V)N
HY o(V) for all p € (1, #) and h € Cllo’f(V \ {#}). Moreover, there exists C > 0
such that

(17) 1hll g < Cp) for all p e <1, nfl) |

We claim that for any « € (n — 3,n — 2), there exists C(«) > 0 such that
[h(y)l < Cla)ly — 2|7
for all y € V'\ {z}.
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We prove the claim. We let € > 0 be a small parameter and we define
he(y) == €*h(z + ey) and [fc(y) == 7 f(z + ey)
for all y € B2(0) \ By/2(0). We then have that

(18) Ag. he = fe in By(0) \ By/2(0),

where g. = g(e-). Since a > n — 3, we have with (16) that

(19) [fely)| < Cerm Iyl <2n71C

for all y € By(0) \ By2(0). We fix p:= -2 € (1, %1) and g := 2. A change of
variable, Sobolev’s embedding theorem and (17) yield

(20) hell La(Br(0)\ B, 2 (0)) < Cllbllg < Cllblgr < C

for all € > 0 small. It then follows from (18), (19), (20) and Theorem 8.17 of [3]
that there exists C' > 0 such that

|he(y)| < C for all y € R™ such that |y| = 1.

Therefore, coming back to h, we get that |h(y)| < Cly — 2|7 for all |y — z| = e.
Since € can be chosen arbitrary small and h is bounded outside y, the claim is
proved.

We now set I', := I% (7‘2_” — h) It follows from the above estimates that T’
satisfies (15). This ends Step 4.

We define i, := C;‘z —TI', — T'y«. It follows from Steps 2 and 3 above that

1
Moreover, we have that u, € HI(V \ {z,2*}) for all ¢ > 1 and that
n
(22) lelly < C(p) for all p € <1, H) |

Step 5: We claim that for all V! CC V, there exists C'(V’) > 0 such that
(23) |t || oo vy < C(V7),
where C(V') is independent of x.

We prove the claim. Since x € Q NV, we have that § = £ in a neighborhood of z,
and then ¢ is hypoelliptic around z: therefore, it follows from (21) that p, is C*
around z. Similarly, around z* € V N ﬁc, G = (po7op 1)*¢ is also hypoelliptic,
and therefore, u, is C* around z*. It then follows that u, € H{(V) for ¢ > 1 and
(21) rewrites

1
/ (Vitg, V)5 dvg = ——/ P dvg for all p € C(V).
v €2 Jv

Therefore, it follows from Theorem 8.17 of [3] that p, € L7 (V) and that there
exists C(V,V’,p) > 0 such that

el vy < CV, V") (14 [l Lo ry)

for all p > 1. Taking p € (1

proved.

L) and using (22), we get (23) and the claim is

' n—2
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Step 6: We are now in position to conclude. It follows from the definition of u,
from (23) and from (15) that there exists C(V’) > 0 such that

Ga(y)| < C+Cla =y + 2" —y[>"

for all 2,y € V' such that « # y. As easily checked, one has that |z* —y| > c|x — y|
for all z,y € V' N Q, and therefore

(24) |Ga(y)| < Clo —y*™"

for all z,y € V' N Q such that x # y. Recall that V' is a small neighborhood of
xo € 0Q. Combining (24) with Step 1, we get that there exists §(2) > 0 such that
(24) holds for all z,y € Q distinct such that |z — y| < §(Q2). For points z,y such
that |z — y| > (), this is Step 2. This ends the proof of the pointwise estimate
(12). O

2.5. Extension to the boundary and regularity with respect to the two
variables. We are now in position to extend the Green’s function to the boundary.

Proposition 3. The Green’s function extends continuously to Q x Q\ {(z,z)/x €
Q} —R.

Proof. As above, we denote G the Green’s function for (1). We fix z € 9Q and
y € Q\ {z} and we define

Galy) = lim G(zy) for ally € Q\ {z},

where (z;); € 0 is any sequence such that lim; 1 z; = x.

We claim that this definition makes sense. It follows from (13) that for all 6 > 0,
we have that
1G22\ Bs () < C(9)

for all i. Let (i’) be a subsequence of ¢: it then follows from Ascoli’s theorem that
there exists G’ € C1(Q2\ {x}) and a subsequence i” of i’ such that

. 11+Hl GJC; = G/ in Clloc(ﬁ\ {‘T})
Moreover, It follows from (12) that |G'(y)| < C|z — y|>~" for all y # x. We choose
u € C?(Q) such that d,u = 0 on 99Q. We then have that [, Go, Audy = u(z;) — @
for all 7. Letting ¢« — +o00 yields

/ G'Audy = u(x) — u,
Q

and then it follows from Lemma 3 that G’ does not depend of the choice of the
sequence (z;) converging to x. We then let G, := G’ and the definition above
makes sense.

We claim that G € C°(Q x Q\ {(x,2)/z € Q}). We only sketch the proof since
it is similar to the proof of the extension to the boundary. We fix z € Q and
we let (z;); be such that lim; , ;. x; = x. Arguing as above, we get that any
subsequence of (G,) admits another subsequence that converges to some function
G” in CL_(Q\{z}). We choose u € C%(Q) such that 9, u vanishes on 92 and we get
that [, Gz, Audy = u(x;) — @ for all i. With the pointwise bound (12), we pass to
the limit and get that [, G” Audy = u(x) — @: it then follows from Lemma 3 that
G” = Gy, and then (G,,;) converges uniformly to G, outside x. The continuity of
G outside the diagonal follows immediately. [
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Remark: It is essential to assume that G satisfies point (ii) of the definition of
the Green’s function: indeed, for any ¢ : Q — R, the function (z,y) — G(z,y) +
c(z) satisfies (i) and (iii), but it is not continous outside the diagonal if ¢ is not
continuous.

2.6. Symmetry.

Proposition 4. Let G be the Green’s function for (1). Then G(z,y) = G(y, x) for
allz,y € A xQ, x #£y.

Proof. Let f € C°(Q) be a smooth compactly supported function. We define
F(z) := / G(y,2)(f — f)(y) dy for all x € Q.
Q

It follows from (12) and Proposition 3 above that F' € C°(Q) is well defined. We
fix g € C(Q) and we let ¢, € C?(Q) be such that

Ap=f—f inQ AYp=g—g in

O,p=0 in 02 and O =0 in 00

p=0 =0

It follows from Fubini’s theorem (which is valid here since G € L'(Q2 x Q) due to
(12) and Proposition 3) that

/Q(F—F)gdx _ F(g—g)dx:/FAwdx

Q

= [0 ([ cwasva) ay= [ @owdy
- /S)goAqﬁdy:/Qw(g—?)dy:/ngdy,

and therefore [,(F — F — ¢)gdz = 0 for all g € C(Q). Since F,p € C°(Q),
we then get that F(z) = p(z) + F for all z € Q. We now fix 2 € Q. Using the
definition of the Green’s function and the definition of F', we then get that

| cwa-nwa= [ canu-nwarg [ ([ 6wai) s-nwa

and then, setting
1
Ho(y) = Gl.2) ~ Glay) — g [ Glu)ds
€2 Jo
for all y € Q\ {z}, we get that
0= [ HAs - Py~ [ (- H)f dy
Q Q
for all f € C°(Q). Therefore, H, = H,, which rewrites
1
Glon) = Gla) = rr | (G(02) = Glan2) =+ o),

for all # # y, where h(z) := & [, G(z,2) dz — \lel Jaxo G(s,t)dsdt for all z € Q.
( =

1
Q1
Exchanging x,y yields h( ) + for all z # y, and then h = 0 since h is

)
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continuous. Therefore, we get that

1 _ _
(25) Gy,z) — G(z,y) = 9] /Q(G(y, z) —G(x,2))dz = Gy — G,
for all  # y. The normalization (ii) in the definition of the Green’s function then
yields Proposition 4. (]

Remark: If one does not impose the normalization (ii), we have already remarked
that we just get G’ : (z,y) — G(x,y)+c(x) where G is the unique Green’s function
and c is a function. We then get that G'(x,y) — G'(y, z) = ¢(x) — ¢(y) for all x # y,
which is not vanishing when ¢ is nonconstant.

These different lemmae and estimates prove Theorem 1.

3. ASYMPTOTIC ANALYSIS

This section is devoted to the proof of general asymptotic estimates for the
Green’s function. As a byproduct, we will get the control (3) of the derivatives of
Proposition 1. The following proposition is the main result of this section:

Proposition 5. Let G be the Green’s function for (1). Let (zo)a € Q and let
(ra)a € (0,400) be such that limy—, 10074 = 0.
Assume that
. d(xy,00)
lim —— = +o0.
a——00 To
Then for all x,y € R™, x # y, we have that

lim 172G (20 + T, To + oY) = calz —y[2 "
a——+00

Moreover, for fized x € R™, this convergence holds uniformly in C%_(R™\ {z}).

Assume that
. d(x4,090)
lim ———=
a—+o0 Ta
Then limy— 4 oo To, = xg € 0. We choose a chart ¢ at o as in Lemma 1 and we
let (xo1,20) = ¢ (xa). Then for all z,y € R" N {z; <0},  # y, we have that

i G (0,20 raz), @(0,20)+ray) = en (J2 = yP "+ |1 @) — g2 ),

=p>0.

where = (z1,2'") = (—x1,2'). Moreover, for fized x € R™, this convergence holds
uniformly in C% (R \ {x}).

Proof of Proposition 5:
Step 1: We first assume that
(26) lim dza, OY) = +o0.
a—+00 Ta

We define

Golz,y) == 1""2C (20 + Ta, Ta + Tay)
for all & € N and all z,y € Q := ro N (Q — z4), z #y. We fix x € R™. It follows
from Theorem 1 that Gy, € C%(Q X Qa0 \ {(z,7)/ 2 € Q4 }) and that

"o i 00\ {2}

(27) A(Go)e = “ia)
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for @ € N large enough. Moreover, it follows from (12) that there exists C' > 0 such
that

(28) (Ga)a(y)| < Cly — x>~

foralla € Nand all y € Q,\ {z}. It then follows from (26), (27), (28) and standard
elliptic theory that, up to a subsequence, there exists G, € C?(R™\ {x}) such that

(29) lim (Ga)a = Gy in CL (R™\ {z}).
with
(30) G2 (y)| < Cly —a*"

forally € R™\{x}. We consider f € C2°(R") and we define f,(y) := f(r; 1 (y—24)):
it follows from (26) that f, € C°(Q2) for @ € N large enough. Applying Green’s
representation formula yields

folTa +70z) — fo = / G(xo + 102, 2)Afo(2)dz.
With a change of variable, this equalit;z rewrites
f@)= [ Gule.p)drw)dy+ T
for o € N large enough. With (28), (29) and the definition of f,, we get that

f@)= | G.Afdy,

R‘VL
and then i
A(Gy — cn| - —2[*™) = 0 in D'(R").
The hypoellipticity of the Laplacian, (30) and Liouville’s theorem yield
Go(y) = cnly — z|*™" for all y # .
This ends Step 1.

Step 2:
d(x 4, 00
i P 092)

a——+oo To

We take ¢ as in the statement of the Proposition and we define

Ga(,y) = ri G(p((0,24) + raz), 0((0,2},) + Tay)
forall z,y € R™, x # y with a € N large enough. We fix x € R™ and we symmetrize

=p>0.

G as usual:

Ga (1’, y) = Goz(xa ﬁ(y))
for all y € R™ close enough to 0 and where, as above, 7 : R® — R™. As in the first
case, we get that there exists C' > 0 such that
Galz, )| <C(ly—al* " +ly—7 "))
for all y # x, 7~ (2) and there exists G, € C2(R™ \ {z, 7~ (z)}) such that
lim (Ga)e = Gy in C2,(R™\ {z, 7~ (z)}).

a—+00

Moreover, letting L = dypg be the differential of ¢ at 0, arguing again as in the first
case, we have that
AL*EGI =0, + 5.,1.—1(30) n D/(Rﬁ)
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Therefore, with a change of variable, we get that
Ag(GpoL™) = 61(s) + 0pon—1(s) in D'(R™),
and then
Ae (Gm oL —¢n (|- —L(@)* " +|-—Lo fl(x)ﬁfn)) =0in D'(R"),

Arguing as above, we get that G, o L™! = ¢, (|- =L(x)> ™+ |- —Lox ' (z)>™™),
and then
Go=cn (|-~ + |~ (@)7")
since L is an orthogonal transformation. This ends Step 2.
Proposition 5 is a direct consequence of Steps 1 and 2. (Il

We now prove Proposition 1:

Corollary 1. Let G be the Green’s function for (1). Then there C;M > 0 such

that ) o
M < G(r,y) <
Clr— o2 o0 Sy
and
V,G(z,y)| € ———
| Yy ( )l ‘z_y|n71
forallz,y € Q, x #y.

Proof of the corollary: We claim that there exists m € R such that

(31) G(z,y) > —mforall x,y € Q, = #y.

We argue by contradiction and we assume that there exists (a)a; (Ya)a € 2 such
that

(32) lim G(zq,Ya) = —00.

a——+00

Assume that limy— 1 o0 [yo — To| = 0. We then define 7, := |y, — x| and we apply

Proposition 5:
d(z4,00)

T

—z
Yo — Ta|" 2G (20, Ya) = TZ*QG <xa,xa + rayaa> =c, +0(1)

|ya _ma‘

If limg— 4 oo = +00, we have that

when o — +o00. This contradicts (32).

If d(xq,08) = O(ry) when o — 400, we get also a contradiction.

This proves that lim,— 1 o0 |To—Ya| # 0. Therefore, with (2), we get that G(x4, Yo) =
O(1) when oo — +o0: this contradicts (32). Therefore, there exists m such that
(31) holds.

We define M := m + 1. With (2), there exists also C > 0 such that |G(z,y)| <
Clr — y|*>™ for all x # y. We claim that there exists ¢ > 0 such that

(33) G(z,y) + M > clz —y|*™

for all © # y. Here again, we argue by contradiction and we assume that there
exists (Za)as (Ya)a € Q such that

(34) lim |24 — Yal" 2(G(za,ya) + M) = 0.

a——+o0
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Since G + M > 1, it follows from (34) that limy— oo [Za — Ya| = 0. Therefore, as
above, we get that the limit of the left-hand-side in (34) is positive: a contradiction.
This proves that (33) holds. In particular, this proves the first part of the corollary.

Concerning the estimate of the gradient, we argue by contradiction and we use
again Proposition 5. We just sketch the proof. Assume by contradiction that there
exists (Za)as (Ya)a € © such that

lim  |yo — xa|"_1\VyG($a,ya)| = +00.

a—+00
It follows from (13) that lima— 400 [Ja — Ta| = 0. We set 74, := |yq — To|. Assume
that ro = o(d(z,08)) when o — +o0. It then follows from Proposition 5 that
1

lim |ya - -ra|n_1|vyG($a7ya)| = w )

a——+00 n—1

which contradicts the hypothesis. The proof goes the same way when d(z,,0Q) =
O(rs) when oo — +o00. This ends the proof of the gradient estimate. O
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