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Abstract

Let © be a smooth bounded domain in R™ (n > 3) such that 0 € 9Q. We
consider issues of non-existence, existence, and multiplicity of variational solutions
in H7 ;(Q) for the borderline Dirichlet problem,

w 2*(5)72u .
—Au— 75 —h(@)u = ke EE in €, (E)
u = 0 on 00\ {0},
where 0 < s < 2, 2*(s) := 2(::25), v € Rand h € C°(Q2). We use sharp blow-up

analysis on —possibly high energy— solutions of corresponding subcritical problems
to establish, for example, that if v < "72 — 1 and the principal curvatures of OS2
at 0 are non-positive but not all of them vanishing, then Equation (E) has an
infinite number of high energy (possibly sign-changing) solutions in HIQ’O(Q). This
complements results of the first and third authors, who showed in [21] that if
v < %2 — i and the mean curvature of 9 at 0 is negative, then (E) has a positive
least energy solution.

On the other hand, the sharp blow-up analysis also allows us to show that if the
mean curvature at 0 is nonzero and the mass, when defined, is also nonzero, then
there is a surprising stability of regimes where there are no variational positive
solutions under C'-perturbations of the potential h. In particular, and in sharp
contrast with the non-singular case (i.e., when v = s = 0), we prove non-existence
of such solutions for (E) in any dimension, whenever (2 is star-shaped and h is close
to 0, which include situations not covered by the classical Pohozaev obstruction.
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6 ABSTRACT

1. Introduction

This manuscript is the continuation of a long-time project initiated by the first
and the third author in [19] about nonlinear critical equations involving the Hardy
potential when the singularity is located on the boundary of the domain under
study. Let Q be such a smooth bounded domain in R™, n > 3, with 0 € 9. We
fix s € (0,2) and define the critical Sobolev exponent 2*(s) := % For v e R

and ho € C1(Q), we consider in the sequel issues of non-existence, existence, and
multiplicity of variational solutions in H 1270(9) for the borderline Dirichlet problem,

" 2*(3)’2u .
—Au— 5 - ho(z)u = v BB in 0, (1)
u = 0 on 90\ {0}.

By solutions, we mean here functions u € H7 ;(2), i.e., the completion of C2°(£2) for
the Ly-norm of the gradient || Vul|s. This problem has by now a long history starting
with the fact that when v = s = 0 and h¢ is a constant, it is the counterpart of the

Yamabe problem [1,26,32] in Euclidian space, as initiated by Brezis-Nirenberg [5],
with important contributions in the critical dimension n = 3, by Druet [8], and for
multiplicity results for n > 7, by Devillanova-Solimini [7], among many others.

The case dealing with least energy solutions for s > 0 but v = 0, when the sin-
gularity 0 is on the boundary of the domain was initiated by Ghoussoub-Kang [18]
and developed by Ghoussoub-Robert [19]. The case involving the Hardy potential,
i.e., when v > 0, was introduced by Lin-Wadade [27] with a follow-up contribution
by Ghoussoub-Robert [21]. This paper addresses remaining issues about the mul-
tiplicity of solutions, but also about obstructions to the existence of solutions and
their stability under small perturbations.

The existence of solutions is related to the coercivity of the operator—A —
# —ho(x). It is clear that the operator —A — ﬁ is coercive on H7 (€2) whenever
v < vu (), where vz (£2) is the Hardy constant associated to the domain §2, that
is

. Vul? dx
v (Q) := inf f9|u72|7 (2)
ueH? o (D\{0} [, o do
which has been extensively studied (see for example [17] and [21]). We recall that
if 0 € 2, then
" n—2)?

(@) = (@) = C22 0
When 0 € 092, the situation is extremely different. For non-smooth domains mod-
eled on cones, we refer to Egnell [13], and the more recent works of Cheikh-Ali

[23,24]. If Q is smooth, then, around 0, the domain is modeled on the half-space
R™ := {x € R™; 21 < 0}. We then get that (see [21])

n — 2)? " n?

2 (@) < () = (1
Note that when hg = 0, (1) is the Euler-Lagrange equation for the following

Hardy-Sobolev variational problem: For v < vy () and 0 < s < 2, there exists
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fy,s(€2) > 0 such that

) Jo | VuPde =y [, o da
iy o () = inf e ue HE )\ {0} p. ()

|u‘2"(s) 2% (s)
(fg EE dx)
Note that when s = 2 and v = 0, this is the Hardy inequality mentioned above,
while if s = 0 and v = 0, it is the Sobolev inequality. If & = R" s € [0,2]
2
and v € (—oo, ("_42) ), (5) contains — after a suitable change of variables — the
Caffarelli-Kohn-Nirenberg inequalities [6]. The latter state that there is a constant
C := C(a,b,n) > 0 such that,

2
</]R |x|bqu|q> < C’/]R |z| 2| Vu|*dz for all u € C°(R™), (6)

where
2n
n—2+4+20b-a) @

The first difficulty in these problems is due to the fact that 2*(s) is critical from
the viewpoint of the Sobolev embeddings, in such a way that if Q is bounded,
then HY () is embedded in the weighted space LP(Q,[x|~*) for 1 < p < 2*(s),
and the embedding is compact if and only if p < 2*(s). This lack of compactness
defeats the classical minimization strategy to get extremals for (5). In fact, when
s = 0 and v = 0, this is the setting of the critical case in the classical Sobolev
inequalities, which started this whole line of inquiry, due to its connection with

the Yamabe problem on compact Riemannian manifolds [1], [32], [26]. Another
2*(s)—1
in

-2
—oo<a<nT, 0<b—a<1, and ¢=

u

complicating feature of the problem is that the term # is as critical as BR
the sense that they have the same homogeneity as the Laplacian. These difficulties
are summarized by the invariance of the problem under conformal transformation.

Indeed, for a function u : 2 — R and r > 0, let
Uy :xHrnT&u(r-x) (8)

and note that Equation (1) is then ”essentially” invariant under the transformation
u — U, in the sense that

|2*(s)72u

—Au, — 'y‘q;—‘g —r?ho(ra)u, = ”7\T in r~1Q, 9)
u = 0 on 77190\ {0}.

This ”invariance” is behind the lack of compactness in the embeddings associated
to the variational formulation of (1), which prohibits the use of general abstract
topological or variational methods. However, as one notices, the invariance is not
complete, since the potential h has changed, and the domain itself was transformed.
As we shall see, both the geometry of the domain and -to a lesser extent- the
potential h break the invariance enough that one will be able to recover compactness
for (1).

Another important aspect of this problem is the singularity at 0 and its location
within the domain since the Hardy potential does not belong to the Kato class.
Elliptic problems with singular potential arise in quantum mechanics, astrophysics,
as well as in Riemannian geometry, in particular in the study of the scalar curvature
problem on the standard sphere. Indeed, if the latter is equipped with its standard
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metric whose scalar curvature is singular at the north and south poles, then by
considering its stereographic projection of R™, the problem of finding a conformal
metric with prescribed scalar curvature K (z) leads to finding solutions of the form
—Au -y = K(z)u? ©=1 on R™. The latter is a simplified version of the
nonlinear Wheeler-DeWitt equation, which appears in quantum cosmology (see
[2,3,28,34] and the references cited therein).

This paper deals specifically with the case where 0 belongs to the boundary
of a smooth domain 2. We shall see that the boundary at 0 plays an important
role, and our starting point is the existence Theorem 1 below for least energy
solutions. It was first established by Ghoussoub-Robert [19] when v = 0, then

by Lin-Wadade [27] when 0 < v < % under the assumption that the mean

i [21),
but more importantly, it was shown there that in the remaining range ("24_ L %2),
the curvature condition does not suffice anymore and a more global condition is
needed: the boundary mass m, () of a domain associated to v and h, that we

now recall.

curvature at 0 is negative. The result was extended to the range v <

1.1. The models and the definition of the mass. Letting formally r — 0
in (9), we get that u should behave like solutions to

B B U . ‘U|2*(s)72U . n
AU 7\w|2 - [z]* m R77 (10)
U =0 on OR™.

To the best of our knowledge, no explicit positive solution of (10) is known. This
was the reason why a specific blowup analysis was carried out in [19], which relied
on the symmetry properties and a precise description of the asymptotic behavior of
such solutions —also established in [19]. On the other hand, the asymptotic behavior

of such nonlinear problems is governed by the solutions to the linear problem

_ PV ¥ - ; n
AU TeE = 0 in R™, (11)
U = 0 ondR".

One can then easily see that a function of the form u(x) = z;|z|~# is a solution to
(11) if and only if 8 € {B8-(7), 5+(7)}, where

n2 2

n n
Be(v) =5 £\ —7 fory<—- (12)

THEOREM-DEFINITION 1 ([21]). Let Q be a smooth bounded domain of R™
(n > 3) such that 0 € 90. Suppose v < %2 and let h € CY(Q) be such that the
operator —A — ~|x|=2 — h is coercive. Assuming that
n? -1
4 )
then there exists H € C%(Q\ {0}) such that

v >

—AH — ﬁ?—[—!—h(z)ﬂzo in Q
H>0 inQ
H=0 ondQ\{0}.
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Then, there exist constants c1,co € R with ¢; > 0 such that

~d(x,00) d(x,00) d(x,00)
A =atme toegmm Yo\ Lo

as © — 0. In the spirit of Schoen-Yau [33], we define the boundary mass as
C2
Q) :=—=
m’y,h( ) 1 9

which is independent of the choice of H.

The problem of existence of least energy solutions can now be summarized in
the following theorem, whose proof can also be deduced from the refined blow-up
techniques developed in this paper.

THEOREM 1 (G.-R.[19], Lin-Wadade [27], G.-R. [21]). Let 2 be a smooth
bounded domain in R™ (n > 3) such that the singularity 0 belongs to the boundary
99Q. Suppose that 0 < s < 2 and fix hg € C1(Q) such that —A — ~v|x|~2 — hg is
coercive. Assume one of the following two conditions:

n?—1

o v < and the mean curvature of 0§) at 0 is negative.

o "iT_l <7< % and the boundary mass m., p, () is positive.
Then, there is a positive solution to (1) that is a minimizer for the associated
variational problem,

Jo IVul?dz — v [, % da — [ ho(z)u® dz

2

2% (s) 2% (s)

(fQ Iul‘rls d:c) ®

Our focus in this project, is to investigate the extent to which the above lo-

cal curvature condition at 0 and the global (mass) condition on the domain are

necessary for the existence of positive solutions. Most importantly, we give re-

sults pertaining to the persistence of the lack of positive solutions for (1) under

Cl-perturbations of the potential 4. We will also show that, under suitable cur-

vature conditions, this equation has an infinite number of non-necessarily positive

solutions.

Both existence and non-existence results will follow from a sharp blow-up anal-

ysis of solutions to perturbations of Equation (1). More precisely, we consider

pe € [0,2*(s) — 2) such that lim._,op. =0, (14)
and a family (h)eso € C1(Q) such that

su€ Hy (@) \ {0} o (13)

lim he = ho in C*(Q) and — A — T ho is coercive in €. (15)
e—0 ||

We then perform a blow-up analysis, as € go to zero, on a sequence of functions
(te)eso in HF o(Q) such that u, is a solution to the Dirichlet boundary value prob-

lems:
‘u€|2*(5)727peu€

—Aue — ’y‘z—lz —heue = B - in Q, (E.)
ue = 0 on Of).

The novelty and delicacy of our analysis stem from the fact that the sequence
(ue)e>0 might blow up along excited states, as opposed to a unique ground state in
[19]. Moreover, the sequence (u,)c>o is not assumed to have a fixed sign.
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1.2. Non-existence: stability of the Pohozaev obstruction. Starting
with issues of non-existence of solutions, we shall prove the following surprising
stability of regimes where variational positive solutions do not exist.

THEOREM 2. Let Q be a smooth bounded domain in R™ (n > 3) such that the
singularity 0 belongs to the boundary 0Q. Assume that 0 < s < 2 and v < n?/4.
Fiz hyg € CY(Q) such that —A —~|z| =2 — hg is coercive, and assume that one of the
following conditions hold:

o v < # and the mean curvature at 0 is non-zero;

2 .
o y>1 4*1 and the boundary mass m~ p, (1) is non-zero.

If there is no positive variational solution to (1) with h = hg, then for all A > 0,
there exists € := €(A, ho) > 0 such that for any h € CY(Q) with ||h — hollcr () < €,
there is no positive solution to (1) such that |[Vull2 < A.

The above result is surprising for the following reason: Assuming €) is star-
shaped with respect to 0, then the classical Pohozaev obstruction (see Section 11)
yields that (1) has no positive variational solution whenever

ho(z) + 2 (Vho(z),z) <0 for all z € €. (16)
We then get the following corollaries.

COROLLARY 1. Let  be a smooth bounded domain in R™ (n > 3) such that

0 € 00. Assume Q is starshaped with respect to 0, 0 < s < 2 and v < vy (£2).
If v < ”2;1, we shall also assume that the mean curvature at 0 is non-vanishing.
If ho is a potential satisfying (16), then for all A > 0, there exists (A, hg) > 0
such that for all h € C*(Q) satisfying ||h — hollcr(a) < €(A, ho), there is no positive

solution to (1) such that [|[Vul|2 < A.

COROLLARY 2. Let Q be a smooth bounded domain in R™ (n > 3), such that
0€00 Wefird<s<2andy < vg(Q), the Hardy constant defined in (2).
Assume that

Q is starshaped with respect to 0.

When v < "24_1, we assume that the mean curvature at 0 is positive. Then for all

A > 0, there exists e(A) > 0 such that for all X € [0,€e(A)), there is no positive
solution to

—Au—ygE - Au= “?;Tifl in Q,
u>0 in §) (17)
u=0 on 0N\ {0}

with ||Vullz < A.

It is worth comparing these results to what happens in the nonsingular case.
Indeed, in contrast to the singular case, a celebrated result of Brezis-Nirenberg [5]
shows that, for v = s = 0, a variational solution to (17) always exists whenever
n > 4and 0 < A < A(Q), with the geometry of the domain playing no role
whatsoever. On the other hand, Druet-Laurain [12] showed that the geometry
plays a role in dimension n = 3, still for v = s = 0, by proving that when ) is
star-shaped, then there is no solution to (17) for all small values of A > 0 (with no
apriori bound on ||Vu||2). Another point of view is that for n = 3, the nonexistence
of solutions persists under small perturbations, but it does not for n > 4: the
Pohozaev obstruction is stable only for n = 3 in the nonsingular case.
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This is in stark contrast with the situation here, i.e. when 0 € 9 and s > 0.
In this case, for both the existence and non-existence results, the geometry plays
a role in all dimensions: it is either the local geometry at 0 (i.e., depending on
whether the mean curvature at 0 is vanishing or not) in high dimensions, or the
global geometry of the domain (i.e., depending on whether the mass is positive or
the domain is star-shaped) in low dimensions. Corollaries 1 and 2 show that the
Pohozaev obstruction is stable in all dimensions in the singular case.

Let us discuss some extensions related to this absence or not of low/large dimension
phenomenon.

e Our stability result still holds under an additional smooth perturbation

of the domain ©, as was done by Druet-Hebey-Laurain [10] when n = 3,
vy=s5=0.
e In the forthcoming paper [16], we tackle the case of the interior singularity

0 € Q, where the results are much more in the spirit of Brezis-Nirenberg
and Druet-Laurain concerning the dichotomy between low and high di-
mensions.

e On of the main features of the stability result of Druet-Laurain [12] is
the absence of any apriori control on ||[Vullz. In the interor case 0 € ,
we expect to get rid also of the apriori bound in the singular case s > 0.
In the boundary case 0 € 91, bypassing the apriori bound by A is more
delicate and will require extra care. These issues are projects in progress.

The proof of Theorem 2 (and Corollaries 1 and 2) relies on the blow-up analysis.
Namely, arguing by contradiction, we assume the existence of solutions (u). to (17)
with p. = 0 and (h¢). — ho in C* with a control on the Dirichlet energy. Due to the
”invariance” under the conformal transformation (8), the u.’s might concentrate on
some peaks at 0. The formation of these peaks is described via blow-up analysis
in Proposition 3. Then Proposition 6 applies which yields vanishing of the mean
curvature or the mass, depending on the dimension, contradicting the hypothesis
of Theorem 2. Concerning Corollaries 1 and 2, the hypothesis imply that the mass
is negative when defined.

1.3. Multiplicity of sign-changing solutions. As to the question of mul-
tiplicity, we shall prove the following result, which uses that in the subcritical case,
i.e., when p, > 0, there is an infinite number of higher energy solutions for such e.
Again, the core of the proof is a sharp blow-up analysis of such solutions as p. — 0.

THEOREM 3 (The general case). Let Q be a smooth bounded domain in R™,
n > 3, such that 0 € 9 and assume that 0 < s < 2. Let hg € CY(Q) and
(he)eso € C(Q) be such that (15) holds, and let (pc)eso be such that (14) holds.
Consider a sequence of functions (ue)eso that is uniformly bounded in Hf 5(€) such
that for each € > 0, u. satisfies Equation (E¢). Then,

n

(1) If v < 72 — 1 and the principal curvatures of 02 at 0 are mon-positive
but not all of them vanish, then the sequence (ue)eso is pre-compact in
H2,(9).

(2) In particular, Equation (1) has an infinite number of (possibly sign-changing)
solutions in H? ().

The above result was established by Ghoussoub-Robert [20] in the case when
v = 0. The main challenge here is to prove the compactness of the subcritical
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solutions at high energy levels, as the nonlinearities approach the critical exponent.
The multiplicity result then follows from standard min-max methods. The proof
relies heavily on pointwise blow-up analysis techniques in the spirit of Druet-Hebey-
Robert [11] and Druet [9], though our situation adds considerable difficulties to
carrying out the program.

1.4. Compactness Theorems and blow-up analysis. As mentioned above,
the central tool is an analysis of the formation of peaks on families (u.), of solutions
to equations like (1) when blow-up occurs. This long analysis yields Propositions
5 and 6 that describe the blow-up rate. When blowup does not occur, there is
compactness. The following theorems are immediate consequences of these propo-
sitions.

We note that the restrictions on both v and on the curvature at 0 are more
stringent than for the existence of a ground state solution in Theorem 1. The
stronger assumptions turned out to be due to the potentially sign-changing ap-
proximate solutions -actually solutions of subcritical problems- and not because
they are not necessarily minimizing. Indeed, the following theorem does not as-
sume any smallness of the energy bound as long as the approximate solutions are
positive. It therefore yields another proof for Theorem 1, which does not rely on
the existence of minimizing sequence below the energy level of a single bubble.

THEOREM 4 (The non-changing sign case). Assume in addition to the hypoth-
esis of Theorem 3, that the solutions (u¢)eso satisfy for all € > 0,

ue >0 on . (18)

Then, the sequence (u.)eso is pre-compact in HfO(Q), provided one of the following
conditions is satisfied:

o y<npl

7
"24_1 <y < %2 and the boundary mass m., p, () is positive.

and the mean curvature of O at 0 is negative.

Our method also shows that if the —possibly sign-changing— sequence is weakly

null, then the compactness result in Theorem 3 will still hold for v up to %2 — %:

THEOREM 5 (The case of a weak null limit). Assume in addition to the hypoth-
esis of Theorem 3, that the solutions (ue)eso satisfy,

lim ||ucll2 = 0. (19)
e—0

If v < "24_1 and the principal curvatures of 02 at 0 are non-positive but not all of
them vanishing, then the sequence (u¢)eso converges strongly to 0 in le,o(Q)-

1.5. Structure of the manuscript. This paper is organized as follows. Sec-
tion 2 consists in preliminary material in order to introduce the sequence of func-
tions that will be thoroughly analyzed in Sections 3 to 8 in the case where they
"blow-up”. Section 9 contains the proof of the multiplicity result and Section 10
will have the applications to non-existence regimes and their stability under pertur-
bations. We then have five relevant appendices. The first (Appendix A, Section 11)
introduces the Pohozaev identity in our setting. The second (Appendix B, Section
12) contains a technical lemma on the continuity of the first eigenvalue A; (A + V)
with respect to variations of the potential V. Appendix C (Section 13) recalls regu-
larity results established in [21] about the regularity and behavior at 0 of solutions
of equations involving the Hardy-Schrédinger operator on bounded domains having
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0 on their boundary. In Appendix D (Section 14), we construct the Green functions
associated to the operators —A — # — h on such domains, and exhibit some of

their properties needed throughout the memoir. The last Appendix E (Section 15)
does the same but for the Hardy-Schrodinger operator —A — # on R™.

2. Setting up the blow-up

Throughout this paper, Q will always be a smooth bounded domain of R™,
n > 3, such that 0 € 9Q. We will always assume that v < "72 and s € (0,2). We
set 2*(s) = % When v < (), then the following Hardy-Sobolev inequality
holds on 2: there exists C' > 0 such that

2*(8) 2/2*(5
C (/ [ul dx)
o |zl

For each € > 0, we consider p, € [0,2*(s) — 2) such that

) 2
S/ \Vu\Qdac—v/ U—de for all u € HE ,(Q). (20)
Q a |zl ’

ll_%ps = 0. (21)

Let hg € CY(Q) and consider a family (h¢)eso € C1(Q) such that (15) holds.
Consider a sequence of functions (uc)eso in Hf o(Q) such that for all € > 0 the
function u. is a solution to the Dirichlet boundary value problem:

u Ue 2*(5)—2—peue .
—Aue — Vzfz — heue = Hﬁ mn H%,O(Q)’ (E.)
ue = 0 on 0f2.

By the regularity result Theorem 6 in Appendix B, we have u. € C?(Q\ {0}) and

B_(m)
there exists K. € R such that lim,_,q W = K.. In addition, we assume
that the sequence (ue)eso is bounded in Hf ((2) and we let A > 0 be such that

|u€|2*(s)_pe
/ﬁdx <A for all € > 0. (22)
x S
Q
It then follows from the weak compactness of the unit ball of H{ () that there

exists ug € H7 ¢(Q) such that as e — 0

Ue — Ug weakly in Hio(Q). (23)
Note that ug is a solution to the Dirichlet boundary value problem:
—Auy — Y —hou = Wﬁ# in €,
u = 0 on 90\ {0}.

: 5 2] Dug ()
From the regularity Theorem 6 we have ug € C?(2\ {0}) and hn}) —_ =
T—>

d (z,00)
\x|5—(7)uo(x)

(2. 09) and hence |||x|ﬁ—(7)_1u0(ac)||Loo(Q)

Ky € R. It then follows that sup
Q
is finite.

We fix 7 € R such that

5_(7)_1<T<”T. (24)



14 CONTENTS

The following proposition shows that the sequence (u). is pre-compact in Hf 5(2)
if (|2 ue) s is uniformly bounded in L>°(2).

PRrROPOSITION 1. Let 2 be a smooth bounded domain of R™, n > 3, such that
0 € 90 and assume that 0 < s < 2, v < ”72. We let (u¢), (he) and (pe) be such that
(E.), (15) and (21) holds. Suppose that there exists C' > 0 such that |x|"|uc(z)| < C
for all z € Q and for all € > 0. Then up to a subsequence, ig% Ue = Ug N Hio(Q),

where ug is as in (23).

Proof of Proposition 1: The sequence (u.) is clearly uniformly bounded in L (€))
for any ' cC Q\ {0}. Then by standard elliptic estimates and from (23) it follows
that u. — ug in C2,(Q\ {0}). Now since |z|"|u.(z)| < C for all x € Q and for all
€ > 0, and since T < ”772, we have

. . |u ‘2 ()= . . |ue|2

lim lim 7d:v =0 and lim lim dz = 0. (25)
5—0e—0 ||® 5—0e—0 ||

QN Bs(0) QN B;(0)
Therefore
2% (s)— pe 2% (s) 2 2

lim/ [ue| = [uol ———dx and hm/ |u6‘ = [uo] d

=0 ||* ||® |z [?

Q

From (E.) and (23) we then obtain

2 w2
. 2 Ue _ 2 — 2_ .70 2
lgr(l)ﬂ (|Vu6| 7\:c|2 heu€> dx Q/ <|Vu0 Ay| |2 h0u0> dx

so then lim/|Vu€\2 = 1im/|Vu0|2.
e—0 e—0
Q Q

And hence lir% ue = ug in H? (). This proves Proposition 1. O
€—> ’

From now on, we assume that

tim || o ) = 0. (26)

We shall say that blow-up occurs whenever (26) holds.

3. Scaling Lemmas

In this section we state and prove two scaling lemmas which we shall use many
times in our analysis. We start by describing a parametrization around a point of
the boundary 99. Let p € 9Q. Then there exists U,V open in R™, there exists
I C R an open interval, there exists U’ C R™~! an open subset, and there exist a
smooth diffeomorphism 7 : U — V and Ty € C°°(U’), such that upto a rotation
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of coordinates if necessary

0cU=1IxU" andpeV.

T7(0) =p.

TUN{z1<0)=VNQ and T (UN{z1 =0}) =V NoQ.

DyT = Ign. Here D, T denotes the differential of 7 at the point x

and g~ is the identity map on R™.

e 7.(0) (e1) = v, where v, denotes the outer unit normal vector to  (27)
0 at the point p.

o {T7.(0)(e2), - ,T«(0)(en)} forms an orthonormal basis of
T,00.

o T(zx1,y)=p+ (x1+Toly),y) for all (z1,y) eI xU' =U

e T75(0) =0 and VT,(0) =0.

This boundary parametrization will be throughout useful during our analysis. An
important remark is that
(T (z1,y),00) = (1 + o(1))]z1] for all (z1,y) € [ x U’ =U close to 0. (28)

LEMMA 1. Let Q be a smooth bounded domain of R™, n > 3, such that 0 € 0}
and assume that 0 < s < 2, vy < "72. Let (ue), (he) and (pc) be such that (E.), (15),
(21) and (22) holds. Let (yc)e € Q2 and let

—-z52 =552 s/2 )25
ve 2 = |uc(ye)|, flei=ve T and ke = |ye|" 7 L2 fore>0
Suppose lirr(l)y€ = 0 and lir% ve = 0. Assume that for any R > 0 there exists
€E— €—>
C(R) > 0 such that for all e > 0
lue(z)] <C(R) [ye| e (ye )] for all © € Bpy, (ye) N Q. (29)

||
Then
lye] = O(¢e) as € — 0.

Proof of Lemma 1: We proceed by contradiction and assume that

e—0 £

Then it follows from the definition of k. that

= +o00. (30)

Ke

= 0. (31)

. . R .
lim k. = 0, lim —= = 400 and lim
e—0 e—=0 £¢ e—0 |ye|

Case 1: We assume that there exists p > 0 such for all € > 0 that
d(yéa aQ)

Ke

> 3p.
We define for all € > 0

n—2
V() 1= Ve  Ue(Ye + Ke) for z € By,(0)

Note that this is well defined for € > 0 small enough. It follows from (29) that there
exists C(p) > 0 such that all e > 0

[0(@)] < Clp) ———— Vo € B (0) (32)

Ye Ke
T T
‘ [Yel + [yel
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using (31) we then get as € — 0
[ve(2)| < Cp) (1 +0(1)) Vo€ Byy(0).

From equation (E.) we obtain that v, satisfies

*
A /‘05 0 9 h _ |UE|2 (S) 2 peve
—AVe — 2 2 Ueine e(ys+/{ex) Uef—s
Yel? | ye Fe o Ye | Ke g
lyel T Tyel lyel 7 lyel

weakly in B, (0) for all € > 0. With the help of (31) and standard elliptic theory
it then follows that there exists v € C*(Bs,(0)) such that

. . . 1
611_r>r(1)11E = in C*(B,(0)).
In particular,
(0)] = liy v2(0) = 1 (33)
and therefore v # 0.
On the other hand, a change of variables and the definition of k. yields

2% (s)—pe 2% (8)—pe . 2% (s)—pe
/ |ue| de — ue(ye) Ke / |ve| _dx

|x|S |y |S Ye e
B () ‘ B |Twad T Twa®
n—2 *
el () Ry
‘ EE Ye Ke s v
B(O) ’w %
s(232) 2% (s)—pe
> (zﬁ) J
€ € €
B0 |Twd T 1%

Using the equation (E.), (22), (30), (31) and passing to the limit € — 0 we get that

/ |v|2*(s) dr=20
B, (0)

and so then v = 0 in B,(0), a contradiction with (33). Thus (30) cannot hold in
that case.

Case 2: We assume that, up to a subsequence,

lim d(ye, %)
e—0 Ke

= 0. (34)

Note that lin% ye = 0. Consider the boundary map 7 : U — V as in (27), where
e—

U,V are both open neighbourhoods of 0. We let 4. = wu o T, which is defined
in UNR?. For any ¢,j = 1,...,n, we let g;; = (0;7,90;T), where (-,-) denotes
the Euclidean scalar product on R”, and we consider g as a metric on R". We
let Ay = divy(V) the Laplace-Beltrami operator with respect to the metric g. As
easily checked, using (E.) we get that for all e > 0
i v N A
—Aytie — ———5Ue — heoT(z) 1l = ———~—

T (@))? T ()]
weakly in U NR™. We let z. € 9f) be such that

|ze — ye| = d(ye, 00). (35)
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We let g, Z. € U such that
T(Qe) = Ye and T(ée) = Ze- (36)
It follows from the properties (27) of the boundary map 7 that
6lgr(l)yE = 6lgr(l)zE =0, ()1 <0and (2); =0 (37)

We rescale and define for all € > 0

n—2 U -2
Ue(Ze + Ke) for x € Ze

NRY.
Re

With 37), we get that 0. is defined on Br(0) N{z1 < 0} for all R > 0, for € is small
enough. Then for all € > 0 the functions o, satisfies the equation:

2 ~ 2% (8)—2—pe
~ K Y 2 . ~ |0e| Ve
YN —k2hooT S .

geVe e |? )T(ie-i-nea:) 7 = fiche o T (e + Ke)Be ‘T(z}-!—mr) ®
\

Yel [yel

weakly in Br(0) N {z1 < 0}. In this expression, g. = g(Z + k.x) and Ay _is the
Laplace-Beltrami operator with respect to the metric g.. With (34), (35) and (36),
we get for all e > 0

T (Ze + kex) = ye + Or(1)ke for all z € Br(0) N {z1 <0}
where, there exists Cr > 0 such that |Og(1)| < Cg for all z € Bg(0) N {z1 < 0}.
With (31), we then get that

m [T (Ze + Kker)]

li =1 in C°(Bgr(0) N {z; <0}).

e—0 |y€|
It follows from (29) that there exists C'(R) > 0 such that all e > 0
1

[Yel

Using (31) and the propoerties of the boundary map 7 we then get as e — 0
[0e(z)] < C(R) (1+0(1)) Vz € Br(0) N {z1 <0}.

With the help of (31) and standard elliptic theory it then follows that there exists
v € CY(Bg(0) N {x1 < 0}) such that

. ~ — ~ . 0 < .
213%1)6 0] in C*(Bgr/2(0) N {z1 <0})
Since ¥, vanishes on Br(0) N {z1 = 0} and (38) holds, it follows that
0 =0 on Bps(0) N {z; = 0}. (39)
Moreover, from (34), (35) and (36) we have that
Ve (H)‘ —1and lim 22— % — .

Re e—0 Ke

In particular, 9(0) = 1, contradiction with (39). Thus (30) cannot hold in Case 2
also.

In both cases, we have contradicted (30) . This proves that y. = O({,) when € — 0,
which proves the Lemma. [
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LEMMA 2. Let Q2 be a smooth bounded domain of R™, n > 3, such that 0 € 0f)
and assume that 0 < s < 2, v < %2. Let (ue), (he) and (pe) such that (E¢), (15),
(21) and (22) holds. Let (yc). €  and let

_n—2 1

_ _ pe
ve 2 =luc(y)| and lei=ve O

fore>0
Suppose ve — 0 and |ye| = O(Le) as e — 0.

Since 0 € 00, we let T : U — V as in (27) with yo = 0, where U,V are open
neighborhoods of 0. For ¢ > 0 we rescale and define

—2

We () == V:TUGOT(fex) for x € (71U NR™ \ {0}.
Assume that for any R > 6 > 0 there exists C(R,d) > 0 such that for all e > 0

|We ()] <C(R,9) for all x € BR(0) \ Bs(0) NR". (40)

Then there exists w € Hf o(R™) N CH(R™ \ {0}) such that
We = W weakly in Hf,O(Rﬁ) ase—0
we —w  in CL(R™\ {0}) ase—0

And w satisfies weakly the equation

Moreover if w % 0, then

w2 ) 2* (s)
/| ||$|S > fiy,s(R2)Z7E=2
R™

and there exists t € (0,1] such that hH(lJ vPe =t, where p, s(R™) is as in (5).
e—
Proof of Lemma 2: The proof proceeds in four steps.

Step 2.1: Let n € C2°(R™). One has that ni. € Hg,(R™) for e > 0 sufficiently
small. We claim that there exists w, € H 1270(]1%’1) such that upto a subsequence

NWe — Wy weakly in Hf o(R™) as e — 0,
NWe — Wy () a.e inR™ ase— 0.

We prove the claim. Let x € R™, then

Y (ne) (x) = @ (2) V() + w7 b n(2) Doy T [V (T(Eea))]
In this expression, D, T is the differential of the function T at x.
Now for any 6 > 0, there exists C'(6) > 0 such that for any a,b > 0
(a+b)2 < C0)a® + (1+6)b?
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With this inequality we then obtain

/ Vi) de < C(0) / Vnl2a? d
R™

R™

40T, / 0 | Doy T (Ve (T(Cex))]|? dax
R'ﬂ

Since DyT = Ig» we have as € — 0
/|V(ml}€)\2 dxgcw)/|vn|2w3 do
R™ R™
+(1+6) (L +0(b0)ve ® L / 1 [Vue (T (Lex))* (1+ o(1)) da
RTL

With Hoélder inequality and a change of variables this becomes

n—2
2 (le 2°(s) g
n (€€> /|'LL€| X
Q

+(1+06) (Zf)w/vueﬁ do (41)
Q

n—2

/ IV ()2 dz < C(6) ||V
J

Since Hu6||H12’O(Q) = O(1), so for € > 0 small enough

||7715e||H12,0(Rg) <Gy

Where C), is a constant depending on the function 7. The claim then follows from
the reflexivity of H{ (R™).

Step 2.2: Let n; € C°(R™), 0 <7y < 1 be a smooth cut-off function, such that

{1 for x e B1(0)
m=

0 for «eR"\By(0) (42)

For any R > 0 we let ng = n1(x/R). Then with a diagonal argument we can assume
that upto a subsequence for any R > 0 there exists wr € H 12’0(]1%’1) such that

NRWe — WR weakly in H{ ((R™) as e— 0
NRWe(x) — Wr(x) aex inR® ase—0

Since HVnRHi = HVmHi for all R > 0, letting € — 0 in (41) we obtain that

/ \Vwg|*de < C  forall R >0
R™

where C' is a constant independent of R. So there exists w € Hf ;(R™) such that

Wp — W weakly in DV2(R") as R — +o0
wr(z) = w(zx) aex inR"” as R — +oo
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Step 2.3: We claim that @ € C1(R™ \ {0}) and it satisfies weakly the equation

~ ~ ~12%(s)—2 ~ .
{Aw2w = W e in R™

|] |

0 on OR” \ {0}.

We prove the claim. For any i,j = 1,...,n, we let (Ge)ij = (T (bex),0;T (Lex)),
where (-, ) denotes the Euclidean scalar product on R™. We consider g. as a metric
on R". We let A, = divy(V) the Laplace-Beltrami operator with respect to the
metric g. From (E.) it follows that for any ¢ > 0 and R > 0, nrw, satisfies weakly
the equation

Y

_ B _ W 2% (s)—2—pe We
— Ag, (Npwe) — %ane — 02 he o T(Lex)npide = o) l’ T) |[° i 3

€

(43)

and note that ngpw. = 0 on Bgr(0) \ {0} N OR™. From (27), (40) and using the
standard elliptic estimates it follows that wr € C' (Bg(0) \ {0} NR™) and that up
to a subsequence

lim npwe = Wr in Cfy. (Bry2(0)\ {0} NRZ).

e—0

Letting ¢ — 0 in eqn (43) gives that wg satisfies weakly the equation

— A — —

Again we have that [wg(z)| < C(R,0) for all z € Br/2(0) \ B2s(0) and then again
from standard elliptic estimates it follows that 1 € C*(R™\{0}) and RliIE W =W
—+00

in C},(R™\ {0}), up to a subsequence. Letting R — 0o we obtain that w satisfies
weakly the equation

S &

At — # = M in R™
= on OR™ \ {0}.
This proves our claim.

Step 2.4: Coming back to equation (41) we have for R > 0

n

*

/ IV (i) 2 dz < C(6) / (o)) de
R™ {z€R™ :R<|z|<2R}

+(140) <Z>n2/|vue|2 da. (44)
Q

Since the sequence (uc). is bounded in H? ;(Q2), letting e — 0 and then R — 400
we obtain for some constant C'

n—2
/|V@|2 dx < C (hm (”)) :
e—0 ée

R™
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Now if w # 0 weakly satisfies the equation

A — Sy = B g

[ |]® -

w = 0 on OR™ \ {0}.

using the definition of p, s(R”) it then follows that
‘le*(s) 2% (s)
> s R”i 2¥(s)-2 |
|1,|5 Z M, ( )

R®

Hence lim (Ze) > 0 which implies that

e—0 €
t:= lim vP< > 0.
e—0

Since liH(l) ve = 0, therefore we have that 0 < ¢t < 1. This completes the lemma. [
e—

4. Construction and exhaustion of the blow-up scales

In this section we prove the following proposition in the spirit of Druet-Hebey-
Robert [11]:

PROPOSITION 2. Let €2 be a smooth bounded domain of R™, n > 3, such that

0 € 09 and assume that 0 < s < 2, v < "72. Let (ue), (he) and (pe) be such that
(E.), (15), (21) and (22) holds. Assume that blow-up occurs, that is

n—2
1. T oo = — - 1 .
lim 2] uel| oo (@) = +00 where B_(7) <T<—
Then there exists N € N* families of scales (ft;.¢)e>0 such that we have:
(A1) 1in(1) ue = ug in C3.(Q\ {0}) where ug is as in(23).
e—
(A2) 0 < p1,e <...< pUn,e, for all e > 0.
(A3) lim pn. =0 and lim 2 = 00 for all 1 <i < N — 1.
e—0 ’ e—0 Hise
(A4) For any 1 <i < N and for e >0 we rescale and define

iy o (2) = M:'?ue(fr(ki,ex)) for z € k}UNR™\ {0},

€
u; Z 0 such that u; weakly solves the equation

1— 55 85— - —
where ki e = p; .~ 7" . Then there exists u; € Hf o(R™)NC'(R™ \ {0}),

{ Ay - iy = OO g e
u = on OR™ \ {0}.
and
Uje — Us in CL.(R™ \ {0}) as e = 0,
Uje — Uy weakly in Hio(Rﬁ) as € — 0.

(A5) There exists C > 0 such that

\x|%|ue(x)|1_2*<i€i—2 <C foralle >0 and all x € Q.
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n—2 Pe
A6) lim lim sup 2“7 Jue(z) — up(z)]' " T2 = 0.
( ) R—400 €0 Q\BRkN,e(O) | ‘ ) |

o _n—2 -1 1—5585—
(A7) lim lim sup || e Ue(T) — pq 2 W (TT(I)N R
6—0e—0 B‘Skl,e 0)NQ ’ 1,e

(A8) For any d >0 and any 1 <i < N — 1, we have

—2 _n=2 _ T71 x
ue(x) — Hig1’e it ( ( ))

2
kit1,e

P
-5

=0.

lim lim sup |z
Rort00 €205k, ) >|z]>Rki,e

(A9) For anyi € {1,...,N}, there exists t; € (0,1] such that ime_o 1} = t;.

The proof of this proposition is inspired by [11] and proceeds in five steps.

Since s > 0, the subcriticality 2*(s) < 2*(s) of equations (E) along with (23) yields
that ue — ug in CZ (2 \ {0}). So the only blow-up point is the origin.

Step 4.1: The construction of the p;’s proceeds by induction. This step is the
initiation.

By the regularity Theorem 6 and the definition of 7 in (24) it follows that for any
€ > 0 there exists z1, € Q \ {0} such that

sup 2] [ue(@)] = [@1,e]"[ue(z1,c)]- (45)

We define yi1 . and k1, > 0 as follows

_n-—2 1—
et o= fue(zrd)] and k=g

= (46)

Since blow-up occurs, that is (26) holds and since u, — ug in C2,,(92\{0}), we have
that
lim 2y =0 € 09 and lim p49 . = 0.
e—0 e—0
It follows that u. satisfies the hypothesis (29) of Lemma 1 with y = @1 ¢, Ve = p1e.
Therefore
|z1,] = O (k1) ase— 0.

In fact, we claim that there exists ¢; > 0 such that

. |IE1 e|

| = = . 4

M, O 1)
We argue by contradiction and we assume that |z; .| = o(k1) as € — 0. Let

T1e = T_l(xlyﬁ) € R™. Since |z1,¢| = o(k1,c) as € — 0, so also |Z1.| = o(k1,e) as
e — 0.

We define for € > 0

n—2 U ™
Ue(x) = 1 ¢ ue(T([Z1el 7)) forze TR \ {0}
1l,e

Using (E.) we obtain that o, satisfies the equation

5 2=8=Pec |~ 12%(s)—2—p.
. Y ~ 2 ~ ~ |x1,e| 'Ue| Ve
AV — ———— 0.+ |z he o T(|Z1 ¢|x) 0 = e —
€ ‘T(Iil,elw) 2 Ye | 1,5‘ € (| 1,e| ) € ( kle > T(|71..|2) s

[Z1,e]

)

[Z1,e
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The definition (45) yields as € — 0, |z|™ |0c(z)| < 2 for all z € R™.
Standard elliptic theory then yields the existence of & € C?(R™ \ {0}) such that
9 — 0 in C3(R™ \ {0}) where
—Aﬁ—ﬁﬁ = 0 inR”
o = 0 ondR™\{0}.

In addition, we have that |3, (|Z1,(|7'@1,c)| = 1 and so & # 0. Also since |z|"|5(z)| <
2 in R™ \ {0}, we have the bound that

lz| " |o()| < 2| for all = (z1,%) in R?, (48)
which implies that

|21
‘x|ﬂf(7)

|1]

[o(2)] < 4|x|ﬁ+(7)

+4 for all = = (21,%) in R”.

Therefore x — V(z) := 4 \;,;||§+1|<7> + 4‘&';71'(7) — #(x) is a positive solution to —AV —

#f/ =0 in R™. Proposition 9 yields the existence of A, B € R such that

N 21 |1]
o(z) =4 |z]A- ()

=AgEe TP

for all z in R™.

But the pointwise control (48) then implies A = B = 0 by letting || — 0 and
— o0. This contradicts © # 0. This proves Claim (47).

We rescale and define for all € > 0
n—2 R
Uy,e(x) == ;117?116(7'(16176 x)) for z € kfiU NR™ \ {0}
It follows from (45) and (47) that @ . satisfies the hypothesis (40) of Lemma 2
with ye = %1, e = p1,e. Then using Lemma 2 we get that there exists 4; €
H?o(R™) N CY(R™ \ {0}) weakly satisfying the equation:

- v~ Iﬁl‘Q*(S)—Qﬂ. .
—Auy — EEpWlt = T R™
4 = 0 on OR™ \ {0}.
and
Ure — Ul in CL.(R™ \ {0}) as € — 0,
U1,e — Ug weakly in Hf o(R") as e— 0.

It follows from the definition that |g;, . (%)’ = 1. From (47) we therefore have
that @; # 0. And hence again from Lemma 2 we get that

~ 12F (S) *
|mllls > iy (R T,
X

B_()
Moreover, there exists ¢; € (0, 1] such that !g% phe = t1. Since =5y e COR™),

[z1]
—nx2 Tﬁl(ye)
,ul,ez ui <k1 . >

)

we get as € = 0

1- 2*(17;)—2

n=2 ~ 5 —B-
lye| 2 =0 (lg])F " = o(1),
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and
e _n-2 ~1 1= (5=
lim lim sup |:L'|TZ Ue(r) — py 2 U <T (x)) =0.
d—0e—0 Békl E(O) ’ kl,e
[l
Step 4.2: We claim that there exists C' > 0 such that
(x)|172‘*(2‘6>*2 <C foralle>0andall z e (49)
We argue by contradiction and let (ye)eso € 2 be such that
sup 2] % Jue (@) = |y T ue(ye) | T = 400 ase— 0. (50)
e

By the regularity Theorem 6, it follows that the sequence (yYe)eso is well-defined
and moreover lirr(l) ye = 0, since ue — ug in CZ_(Q2\ {0}). For € > 0 we let
€e—

I— s o9 2=
Ve = uc(ye)| 77, Lei=ve 292 and ke = |y 207 .
Then it follows from (50) that
hm ve =0, lim lue = 400 and lim =0. (51)
—0 e—0 £, e—~0 |y€|

Let R > 0 and let « € Bg(0) be such that y. + kex € Q. It follows from the
definition (50) of y. that for all € > 0

e+ mex] T ue(ye + mex)|' T < el T fue(ye) '
and then, for all € > 0

n—2

(|u6(y6 + Ke)| > B O _ 1 2
Jue(ye)| B |ZF\R

for all x € Bg(0) such that y. + K.z € Q. Using (51), we get that there exists
C(R) > 0 such that the hypothesis (29) of Lemma 1 is satisfied and therefore one
has |ye| = O(£.) when € — 0, contradiction to (51). This proves (49). O

Let 7 € N*. We consider the following assertions:
(B1) 0 < p1,e < ... < e

(B2) lim. o e,z =0 and lim._o % =+ocoforall1<i<ZT-1

(B3) For all 1 <i < Z, there exists @; € Hf o(R™) N C?*(R™ \ {0}) such that @;
weakly solves the equation

—Al; — i = \an?lzgiﬁi in R
i = 0 on 9R™ \ {0},
with

2% (s)
/|U| 7S(Rn)%(())2

|z[*
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and
Uj,e — Uj in CL.(R™ \ {0}) as € = 0,
Uje — U; weakly in Hf o(R") ase— 0,
1—fs—
where for € > 0, we have set ki = p; ° =2 and

n—2 N
i e(2) i= puy 7 ue(T (ki x)) for z € k;jU NR™\ {0}.
(B4) For all 1 < i <7Z, there exists t; € (0, 1] such that lim._,q u’i”; =t;.
We shall then say that (Hz) holds if there exists Z sequences (i e)e>0, ¢ = 1,...,7

such that items (B1), (B2) (B3) and (B4) holds. Note that it follows from Step 4.1
that (#;) holds. Next we show the following:

Step 4.3 Let I > 1. We assume that (Hz) holds. Then, either

lim lim  sup |x|n772|u€(z) - uo(:zz)|172*(z;3—2 =0,

R—+o00 e—0 Q\BRkZ . (0)
or Hz41 holds.

Proof of Step 4.3: Suppose lim  lim sup 2| "= ue(x)—ug(x 1= 5=
Q\Briz . (0)

R—+o00 e—0
0. Then, there exists a sequence of points (y.)eso € €2 such that

tim 2l — oo and tim P e () — w0 TET 0> 0. (52)
e—0 T,e e—0

Since ue — ug in C2_(Q\ {0}) it follows that lir% ye = 0. Then by the regularity
e—

loc

Theorem 6 and since S_(7y) < "7_2, we get
. n—2 1‘2*(2% _
15% [yel 2 |ue(ye)l a>0 (53)
for some positive constant a. In particular, lir% |ue(ye)] = +o0. Let
e—

D
1- 2*(;)72

__2_
pz41,e = [ue(ye)|” "2 and kg1 = Hzi1,e
As a consequence we have

lim pz41=0 and lim vl =a>0. (54)
e—0 ’ e—0 kl'+1,e

We rescale and define
n—2 N
Uzi1,e() = pziy Ue(T (krtr,e ) for z € kI_j_LeU NR™ \ {0}.
It follows from (49) that for all € > 0
‘T(k1+176 1‘) n%

~ 1— 55Re— —
” iz @) T <0 fora e kgl 0\ {0},
T+1,e

and so hypothesis (40) of Lemma 2 is satisfied. Using Lemma 2, we then get that
there exists tz41 € Hi o(R™)NC'(R™ \ {0}) that satisfies weakly the equation:
iz P 9O g

- Yo~
_A’LLI+1 — WUIJrl = |x‘s m Rﬁ
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while
lizy1,e = Uz41 weakly in Hf o(R™) and  dgzi1,e — Gz4q  in CL (R™ \ {0}),

as € — 0.
Ty e - -
We denote . := € R™. From (54) it follows that that lim |ge| := |go| >
kI+l,6 e—0
a/2 # 0. Therefore

|tiz+1(G0)| = elg% iz 11,e(e)| = 1.

Since @iz = 0 on IR™ \ {0} so g ¢ OR™ and hence @z Z 0. Hence again from
Lemma 2, we get

7 2%(s) *(s)
/% Z M%S(Rﬁ)z’f(s)*Q

and there exists tz1; € (0,1] such that 1111(1) Py 1 . = tzy1. Moreover, it follows
€e—> ’
from (52) and (54) that

lim Hz4le _ +o00 and lim pr41 . = 0.
e—0 /U‘I,E e—0 ’
Hence the families (t45,¢)es0, 1 <1 < Z + 1 satisfy Hzyq. ]

The next step is equivalent to step 4.3 at intermediate scales.

Step 4.4 Let I > 1. We assume that (#{z) holds. Then, for any 1 <i¢ <Z —1 and

for any § > 0, either
Cna T-1z)\ | T2
Ue(T) = Py i7e Uit (M)‘ =0
i+1,€e

n—2
lim lim sup || 2
R— —0 =
Fooe QNBsk; 1 (O\Brk, . (0)

or (Hz4+1) holds.
Proof of Step 4.4: We assume that there exist an i <Z — 1 and ¢ > 0 such that

DPe
. Cno2 T\ |' T2
lim lim sup |:1c|T2 Ue(T) = py 1 Uit ( A ( )) >0
R—+o00 e—0 QﬂBaki+1‘€(0)\§Rki,E (0) i+1,e
It then follows that there exists a sequence (y¢)eso € Q such that
lim 9] = +o00, |ye| < dkiy1e for all e > 0 (55)
e—0 kji,e ’
2 _n—2 T*l(yé) 1—2*(1‘7:)—2
% o) = 7 (T2 —a>0,  (50)
’ Kit1,e
for some positive constant a. Note that a < 400 since
l-=t5—=

n—2

|| 2

—n=2 T Y=
ue () — ,Ui+1?e Ui+l - (@)
kz—i—l,e

is uniformly bounded for all z € QN Bsy, ., . (0) \ Brs,. (0).

Let g € R™ be such that 7! (y.) = ki+1, g7 It follows that |§7| < & for all € > 0.
We rewrite (56) as

. g =2 . ~ - - _ __Pe
i (57 %7 figs1,e(5) = T ()] 76 =0 > 0,



4. CONSTRUCTION AND EXHAUSTION OF THE BLOW-UP SCALES 27

B_(7)
Then from point (B3) of Hz it follows that §* — 0 as € — 0. Since |w|‘z1| Uiyl €
C°(R™), we get as € — 0
1— *p‘57 Eiﬁ*(v)
n—2 | _n=2 Ye ¥ (s)—2 lye|l \ 2
A o2 i = O = 1
e e (7 o(1)
Then (56) becomes
lim [y 2 Juc(yo) [T = a > 0. (57)
In particular, liII(l) [te (ye)| = 4+o00. We let
€E—
2 1— 25—
Ve = |ue(ye)| 72 and £ := v > 77,
Then we have
limv, =0 and lim [vel =a>0. (58)
e—0 e—=0 /£,

We rescale and define
n—2 N
Ue(x) == ve 2 ue(T(le x)) for x € (71U NR™ \ {0}.
It follows from (49) that for all e > 0

2" fiae @) T <€ forz e (7'UNET\ {0},

so that hypothesis (40) of Lemma 2 is satisfied. We can then use it to get that
there exists @ € D*2(R™) N CY(R™ \ {0}) that satisfies weakly the equation:

=127 (s)—2~
—Ad— %a— [4] oF Y iR,

while

Ue — 4 weakly in H7 o(R") ase—0

i — @ in CL.(R™\ {0}) as € — 0.

T M ye) n o T
We denote g, := —7 € R™. From (57) it follows that that hH(l) |Te| == |%o| >
€ €E—

a/2 # 0. Therefore
[a(go)| = lim [ac(ge)| = 1.
e—0
Since % = 0 on IR™ \ {0} so g. ¢ OR™ and hence @ # 0. Hence again from Lemma

2 we get
|a[?" (%)

2% (s)
T 2 s (RL) 7O,
R™

and there exists ¢ € (0, 1] such that 1ir% vPe = t. Moreover, from (57), (55), and
e—

since lim k‘y—l =0, it follows that
0 ki+1,e
. v, . i+1
lim — = 400 and lim Hitle _ +00.
e=0 L ¢ e—=0 I,

Hence the families (p1,¢),..., (fie)s (Ve), (Bit1,e)sees (piz,e) satisfy (Hzy1). O
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The last step tells us that the process of constructing {Hz} stops after a finite
number of steps.

Step 4.5: Let Ny = max{Z : (Hz) holds }. Then Ny < +oo and the conclusion of
Proposition 2 holds with N = Nj.

Proof of Step 4.5: Indeed, assume that (Hz) holds. Since u; . = o(uit1,e) for all
1 <4< N —1, we get with a change of variable and the definition of ;. that for
any R>46>0

* T *

\Ue|2 (8)—pe / ‘Ue|2 (s)—pe

——dx > —d
EOEaEPS ER

. T(BRki,e (())\Eal%6 (O)r‘n]Rj)

T ~
|Ui,5
Z Z / Tdvfh,e'

Bri,; . (0\Bs,; . (0)NR™

—

ﬁ
Il
-

Here g; . is the metric such that (gei)gr = (04T (kicx), 0T (kicx)) for all g,r €
{1,...,n}. Then from (22) we have

z . |27 (s)—pe
Az) / =", (59)
=1

Bre, (0)\§Mi7€ (0)NR™

Passing to the limit ¢ — 0 and then § — 0, R — 400 we obtain using point (B3)
of Hz, that
2* (s

)
A>Tpy (RT3,

from which it follows that Ny < +o0. (Il

To complete the proof, we let families (11 ¢)es05-- (Ng,e)e>0 be such that H,
holds. We argue by contradiction and assume that the conclusion of Proposition
2 does not hold with N = Ny. Assertions (Al), (A2), (A3),(A4), (A5), (A7) and
(A9) hold. Assume that (A6) or (A8) does not hold. It then follows from Steps 4.3,
4.4 and 4.5 that Hyy1 holds. A contradiction with the choice of N = Ny. Hence
the proposition is proved. ([

5. Strong pointwise estimates

The objective of this section is to obtain pointwise controls on u. and Vu.. The
core is the proof of the following proposition in the spirit of Druet-Hebey-Robert

[11]:

PROPOSITION 3. Let Q be a smooth bounded domain of R™, n > 3, such that

0 € 09 and assume that 0 < s < 2, v < %2. Let (ue), (he) and (pe) be such that
(Ee), (15), (21) and (22) holds. Assume that blow-up occurs, that is

- T — _ n—=
!l_rf(lJ 2] || Lo () = +00 where B_(y) =1 <7 < 5
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Consider (11, ..., iN,e from Proposition 2. Then, there exists C > 0 such that for
all e >0

N H;:m;ztm) 2] H|$|B’(7)_1UOHL°°(Q)
OIS O L e O T WO
| (60)
for all x € Q.
The proof of this estimate, inspired by the methodology of [11], proceeds in seven
steps.

Step 5.1: We claim that for any o > 0 small and any R > 0, there exists C(a, R) >
0 such that for all € > 0 sufficiently small, we have for all € Q\ Brg, . (0),
BrN—B- _
Ane * I 1 R T Py .
|| B+ (1)« |z|A- (e

ue(2)] < C(a, R) (61)

Proof of Step 5.1: We fix v such that v <+’ < %2. Since the operator —A — # —
ho(x) is coercive, taking v’ close to v it follows that the operator —A — ‘Z? —hg is
also coercive in Q. From Theorem 7, there exists H € C?(Q\ {0}) such that
~AH — 25 H — ho(z)H =0 in Q
H>0 inQ (62)
H=0 onoQ\{0}.
And we have the following bound on H, that there exists C; > 0 such that

1 d(z,00) d(x,090)
G oy SH@ sGogmy fralleed (63)
We let )\Y/ > 0 be the first eigenvalue of the coercive operator —A — % — hg on
and we let p € C2(Q\ {0}) N H} 4(€2) be the unique eigenfunction such that

~Ap—Zpp—ho(z)p =Np Q)
¢ >0 inQ (64)
v =0 onoQ \{0}.
It follows from the regularity result, Theorem 6 that there exists Cs > 0 such that

1 d(z,090) d(x,00)
We define the operator
E A ( PY + h > |ue|2*(5)—2—;0€ (66)
. 2 7 F ll*

Step 5.1.1: We claim that given any v < v’ < "72 there exist 0o > 0 and Ry > 0
such that for any 0 < § < dg and R > Ry, we have for € > 0 sufficiently small

L H(x)>0and Lep(z) >0 for all 2 € B5(0) \ Briy..(0) N Q.
LH(z) >0 for all z € O\ Bgiy. (0), if ug = 0. (67)
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We prove the claim. As one checks for all € > 0 and x €

EeH(x) o Y =7 |u€|2*(s)_2_p6

- + (hO - he)
) [ PE
and
Lep(r) v =~y O
- b(ho — he) — Ml T T\
o@) e (o he) FE i

One has for ¢ > 0 sufficiently small [[hg — he|loo < 4(1#}3%‘2) and we choose
Q
0 < dg < 1 such that

(2*(s)-2)(2—B-(7) 1o2s)-2 Y =
g TET O g i < LT (69)

This choice is possible thanks to (15) and the regularity Theorem 6 respectively.
It follows from point (A6) of Proposition 2 that, there exists Ry > 0 such that for
any R > Ry, we have for all € > 0 sufficiently small

ne2 » Iy \ T _
2|7 Jue(z) — up(z)|' " TGI—2 < (M) for all z € Q\ Briy . (0)
With this choice of §g and Ry we get that for any 0 < § < §y and R > Ry, we have
for € > 0 small enough

[ e () [ )2 7P < 22T g 270y () — g ()P )72 Pe

|2*(S)*27pe

4 22*(5)717;75 m|275|u0(x)

é 9 Pe

/ /!
e At
4 - 4

for all z € B5(0) \ Briy..(0) N, if ug # 0, and

! _ —
2275 ue (@) |2 () 727Pe < 7 1 2 for all z € Q\ Briy, ,(0), if ug = 0.

Hence we obtain that for e > 0 small enough

£€H($) _ 'Y/ -~ N h B h B |u6‘2*(8)—2—Pe
H(z) EER |z]*
vy - Y -
> ho — he —
= T 1Ja]?
e A ke SO e B e
|| dlz|2 4fx)? 2|z|?

>0  forall z € Bs(0)\ Briy.(0) N Qif ug # 0
L H(z)

and @)

>0 for all z € @\ Bgiy. (0), if ug = 0.
Similarly we have

EG‘P(‘%) =
() >0 for all z € B5(0) \ Briy..(0) N Q.
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Step 5.1.2: Tt follows from point (A4) of Proposition 2 that there exists Cf(R) > 0
such that for all € > 0 small
Br(v)-B_(")

d(x, 00
lue ()] < O} (R) e (&, o)

|Qj|6+('Y')

for all 2 € QN OBRrpy..(0).

By estimate (63) on H, we then have for some constant C;(R) > 0

BL(H)-B_(")

lue()| < Cr(R)py . ° H(z) for all 2 € QN OBRrpy..(0). (69)

It follows from point (A1) of Proposition 2 and the regularity Theorem 6, that there
exists C%(0) > 0 such that for all € > 0 small

x, 0% .
lue(x)| < CH(8)|||z|P-)~ u0||Loo(Q)|(|ﬁ(7) for all z € QN dBs(0), if ug # 0.

(70)
And then by the estimate (65) on ¢ we have for some constant Cy(d) > 0

lue(z)] < 02(6)|||x|ﬁ_(v)71u0||Loo(Q) o(x) for all x € QN IBs(0), if ug £ 0.
(71)

We now let for all e > 0
BL(H)-B_(")

Ve(z) = Ci(R)uy, = H(z)+Ca(8)]|al’ O ugl| () () for z € Q.
Then (70) and (69) imply that for all e > 0 small
[ue(z)] < We(x) for all z € 0 (Bs(0) \ Brry.. (0)NQ), if ug 0 (72)
and
lue(x)] < ¥ (x) for all z € O(Q\ Briy..(0)), if ug = 0. (73)

Therefore when ug # 0 it follows from (67) and (72) that for all e > 0 sufficiently
small
LY, >0=Lou in B5(0) \ Briy..(0) N
U, > u on@(Bg( \BRkNE()ﬁQ)
LY.>0=—-Lu. in Bg(O)\ RkNF( )QQ
U, > —u, ona(Bg()\BRkN 0)NQ).
and from (67) and (73), in case ug = 0, we have for ¢ > 0 sufficiently small

LY. >0=Lcu, in Q2 \ERkN,e (0)

Ve > ue on 9(Q\ Brpy,.(0))
Eeq/s >0= _Eeus in O \ERkN,e(O)
\Ije 2 —Ue on a(Q \ERkN,e(O))'

Since ¥, > 0 and L.V, > 0, it follows from the comparison principle of Berestycki-
Nirenberg-Varadhan [4] that the operator L. satisfies the comparison principle on
B;(0) \ BRrey..(0) N Q. Therefore

lue(2)] < Ue(x) for all z € B5(0) \ Bpiy . (0) N,
and |uc(z)| < U (x) for all z € @\ Bpiy, (0) if ug = 0.
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Therefore when ug # 0 we have for for all € > 0 small
64 (+")=B_(") B (m)-1
lue(@)] < Cr(R)py o = H(x) + Co(0)|||2]” 7 uoll L) #()
for all 2 € B5(0) \ Briy.. (0) N, for R large and ¢ small.

Then, when ug # 0, using the estimates (63) and (65), we have or all € > 0 small
B+()-B_("
pe T d(z09)
‘$|B+('Y/)
Br(vH=B_(v)
e
|x‘5+(v’)

d(z,00)
|x|ﬂf(7/)

uc(z)| < CL(R) + Co(0)|”~ P g L~ (o)

x J;ﬁ—('Y)_l
LN

Uol| Lo (0)
= Gi(R ||~ () 2]

for all z € B5(0) \ Briy.,(0) NQ, for R large and § small.

Similarly if ug = 0, then all € > 0 small and R > 0 large

B1(H—B_(v)
/J/N7E : |J}|

ue@)] € O A=

for all z € Q\ Briy . (0).
Taking 7" close to v, along with points (A1) and (A4) of Proposition 2, it then
follows that estimate (61) holds on Q\ Bgs, 5 (0) for all R > 0. O

Step 5.2: Let 1 <7 < N —1. We claim that for any a > 0 small and any R, p > 0,
there exists C(«, R, p) > 0 such that all € > 0.

Byr(M—B_()
2
p’i,e
‘(I;|B+("/)_a

«
|z| ||
R o e o

2
Hit1,e

jue(z)| < Cle, R, p)

(74)
T |B- (o
for all z € By, .(0) \ER;%E (0) N Q.

Proof of Step 5.2: We let i € {1,...,N —1}. We emulate the proof of Step 5.1.

Fix " such that v < ' < %2. Consider the functions H and ¢ defined in Step 5.1
satisfying (62) and (62) respectively.

Step 5.2.1: We claim that given any v < v < %2 there exist pg > 0 and Ry > 0
such that for any 0 < p < pg and R > Ry, we have for € > 0 sufficiently small

LH(z)>0and Lp(r) >0 for all z € By, , .(0)\ Bri,.(0)NQ  (75)

where Le is as in (66).

We prove the claim. As one checks for all € > 0 and x €

LH(z) v =y |ue|2*(s)727p€
= +ho—he = ——7—,
H(x) || |z[°
Lep(x) 7~ O

ple)  — =?
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We choose 0 < pp < 1 such that

/ —
pesup |ho — he| < T =T forall € > 0 small and
Q
@ ()=2(5=B-N) 1 18- (y)-15 12" (s)=2 V=
Po ’ |||$|ﬂ ™ ui+1||L°°(BZ(0)ﬂ]R'Z) = 92+(s)+3 (76)

It follows from point (A8) of Proposition 2 that there exists Ry > 0 such that for
any R > Ry and any 0 < p < pg, we have for all € > 0 sufficiently small

Pe 1
o _n=2 T Ya) -5 N =~ \ T2
2|7 |ue(z) — Big1’e Uit1 ( < 527 ()12
(0) \ERJCLE (0) N Q.

kit1,e
With this choice of py and Ry we get that for any 0 < p < pg and R > Ry, we have
for € > 0 small enough

for all z € By, ., .

. . - —1 2% (s)—2—p.
\z|275\u6(x)|2 (s)—2—pe < 92" (s)—1-pc z|27s ue(z) _'ui+12€ i1 <T (I))
’ ki+1,e
2—s _ 2%(s)—2—pc
. T Y(x)
+22 (s)—1—pe ( |£L" > ﬂ’L (
Kit1,e i Kit1,e
plllel -
< 1 for all z € Bl)ki+1,e(0) \BRki,e(O)'
Hence as in Step 5.1 we have that for € > 0 small enough
0 and ———= >0 for all B, 0)\ Bgrr. (0)N Q.
H(.’E) > an (p(x) > orall v € sz+1,e( ) \ Rkt,e( )

Step 5.2.2: Let i € {1,..., N — 1}. Tt follows from point (A4) of Proposition 2 that
there exists C7(R) > 0 such that for all € > 0 small

Br(xH-B_(")
l’[’i,e : d(.l?, 89)

for all z € QN OBgy, ,(0),

And then by the estimate (63) on H we have for some constant Cy(R) > 0

Br()=B_(2")

lue(z)| < Cr(R)p; . * H(z) for all 2 € QN OBgy, . (0). (77)

Again from point (A4) of Proposition 2 it follows that there exists C%(p) > 0 such
that for all € > 0 small
d(zx, 00
lue(x)] < Ch(p) ﬂ+<w')—z(a,<w’) ) for all z € QN OBy, . (0),
|x|,37 )

iy e :
and then by the estimate (65) on ¢ we have for some constant Cy(d) > 0

e (2)] < Colp)—2E)__ forallzean OB,

BL(H—B_ (1)

0. (18

i+1,e<

2
Hit1,e
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We let for all € > 0

N Byr(v)=B_(v") (p(l‘)
\Ile(l‘) = Ol (R)u’z,e 2 H($) + Cg(p)m for z € Q.
Hit1,e :
Then (77) and (78) implies that for all € > 0 small
luc(z)| < V() for all z €  (Bpk,,,.(0) \ Brk, . (0)NQ). (79)

Therefore it follows from (75) and (79) that € > 0 sufficiently small
LV >0=Luc  in B, (0)\ Brk, (0)NQ

itl,e ki,
v, ~Z Ue on 0 (Bpki+1,e (0)7\ BR’%,E (0) N Q)
ée\lle >0=—-Leue in Bpki+1,e (0) \ BRki,e (0) na

Ve > —u on 9 (Byk,,,.(0)\ Brr, .(0)N Q).

Since ¥, > 0 and L. ¥, > 0, it follows from the comparison principle of Berestycki-
Nirenberg—VaLadhan [4] that the operator L. satisfies the comparison principle on
Bok,i1..(0)\ Brg, . (0) N Q. Therefore

lue(z)| < W () for all z € By, ,, . (0) \ Bgg,.(0) N Q.
So for all € > 0 small

5+('Y/);57(’Y/) SO(‘/L.)
lue(z)] < CL(R)p, H(x) + Co(p)—on=aom
Hit1e :

for all © € Byy,,,.(0) \ Bgs,.(0) N Q, for R large and p small. Then using the
estimates (63) and (65) we have or all € > 0 small
Byr(vH)—-B_(2") ( 5 )
Pie d(z, 00 d(z,00)
|2[B+ () + G0 5o
Hig1,e :

ue(z)] < C1(R)
|x‘ﬂ— )
Byr(vH)—B_(2")

Pie ° || ||
+Ca(0) ooy

Hit1e ?
for all z € By, . (0) \ Bgg,.(0) N Q, for R large and p small.

Taking 7 close to v, along with point (A4) of Proposition 2 it then follows that
estimate (74) holds on By, ., .(0) \ Bgs,.(0) N, for all Rp > 0. O

= A= 20"
2[5

Step 5.3: We claim that for any o > 0 small and any p > 0, there exists C'(a, p) > 0
such that all € > 0.

||
By ()=B_(v)
G _a|$|ﬁ’(7)+a

lue(z)] < C(a, p) for all z € Byg, . (0) N . (80)

Proof of Step 5.3: Fix ~' such that v < 7/ < %2. Consider the function ¢ defined
in Step 5.1 satistying (62).

Step 5.3.1: We claim that given any v < 7/ < %2 there exist pg > 0 such that for
any 0 < p < pg we have for € > 0 sufficiently small

Lep(x) >0 for all x € B, . (0) N, (81)
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where Le is as in (66).
Indeed, for all ¢ > 0 and = € Q

Lep(r) (7' =y, |uf @727

pla)  — 2? jz]?
We choose 0 < pg < 1 such that
/ J—
pesup |he| < 2 1 T for all € > 0 small and
Q

2% (s)—2 v =

(2*(5)-2)(2-B-(7)) (=1~
Po |H1‘|ﬁ ™) u1||L°<>(Bg(O)ﬂR’j) < 922*(s)+3

It follows from point (A7) of Proposition 2 that for any 0 < p < pg, we have for all

€ > 0 sufficiently small
1- 5= _ N — MO
— \ 22*(s)+2

n— _n—=2 -1
|x‘ 22 Ue(a?) _ /-1/175 2 17/1 (7-(:1;)>
With this choice of pg we get that for any 0 < p < py we have for € > 0 small

kl,e
for all 2 € By, . (0) N2

enough
ne2 -1 2% (s)—2—pe
‘$|2—s‘ué(x)ly(s)—Q—pE < 22*(3)_1_pe $|2_5 ue(x) _Ml—,eTal (Tk (33))
1l,e
2—s _ 2*(s)—2—pe
oy | (T )
L 92 (- 1-p. () p (
kl,e ! kl,e
/ j—
< 7 1 2 for all 2 € B, (0) NS
Hence as in Step 5.1 we have that for € > 0 small enough
Lep()
>0 for all x € By, .(0) N
<,0(Z) PR, ( )
O

Step 5.3.2: Tt follows from point (A4) of Proposition 2 that there exists C%(p) > 0
such that for all € > 0 small

d(x, 00
lue(z)| < Cy(p) Mw,)_fﬁfw) ) for all z € 0Bk, .(0) NQ

lu“l,e : |1,|IB_(7’)

and then by the estimate (65) on ¢ we have for some constant C5(8) > 0

x
lue(z)] < Cg(p)% for all 2 € 0B, . (0) N Q. (82)
Ml,e ?

We let for all € > 0
V() = Cg(p)& for z € Q.

Fr(H—B_()
Ml,e :
Then (82) implies that for all € > 0 small

lue(z)] < W0(x) for all z € O (B, . (0) N2\ {0}) . (83)
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Therefore it follows from (81) and (83) that € > 0 sufficiently small

EG\I’S > 0= Eeue in BPkl,e(O) nQ

W0 > 4 on 0 (B, (0) N2\ {0})
LU)>0=—Leu in By, (0)NQ
\I/g > . on J (BpkL( (0) na \ {0}) :

Since the operator L. satisfies the comparison principle on B, ,(0). Therefore
lue ()] < 0(z) for all z € By, . (0) N €.

And so for all € > 0 small

lue(x)] < C’g(p)% for all x € By, (0) N €.

B (H=B_(2))

2
.U’l,e

for p small. Using the estimate (65) we have or all € > 0 small

d(z,00)
[ue(@)] < C2(p) s
Ml,e : ‘x|67(’y’)
|z
< C(P) ooy :
:ul,e 2 "1’1|ﬁ_(7/)

for p small. It then follows from point (A4) of Proposition 2 that estimate (80)
holds on = € By, .(0) N Q for all p > 0. O

Step 5.4: Combining the previous three steps, it follows from (61), (74), (80) and
Proposition 2 that for any o > 0 small, there exists C(«) > 0 such that for all e > 0
we have for all z € (Q,

BB _

N 2

Hj e ‘.’E|
uc(z)] < Cla) )=
;M§i+(v) B-(7) 2a|x|ﬁ_('y)+a+|x|ﬁ+('y)—o¢
)5~ g || Lo ()
el |- (84)

Next we improve the above estimate and show that one can take o = 0 in (84).
We let G, be the Green’s function for the coercive operator —A — # — he on )

with Dirichlet boundary condition. Green’s representation formula, the pointwise
bounds on the Green’s function (207) and the regularity Theorem 6, yields for any

z €,
Ue(2) = (z,x Jue(x)l” 277 ue(a) dzx,

jz]°
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and therefore,

2" (s)—1-pe
|u€(z\§/GEzmmdm

|[*

() ")~ 1-pe
<c / (max{|z| |x|}) d(z, 09)d(z Q) Juc@[” 7R e

min{|z], |z[} |z — 2| jz]°

To estimate the above integral we break it into three parts.
Step 5.5: There exist C' > 0 such that for any sequence (z.) with z. € Q\ By, . (0),
we have

By (M=B_(7)

|ue(z) [ ()1 =P fne * [zl |- ug|| Lo ()
-~ < )
/GE(Z““) EE de<C DA PR 2]

(86)

Proof of Step 5.5: To estimate the right-hand-side of (85) in this case, we split

into four subdomains as: 2 = U Dl where

=1
° D{YE = By (0)NQ, Dé\; ={kye <|z| < %\z6|} neQ,
. Dé\fE = {3]z| < |z| < 20z} N Q, Di\,fe = {2|z| < |z|} N Q.

€

Note that one has 3|z¢| < | — z| in DY, and }|z| < |z — z| in DJ.
Using point (A5) of Proposition 2 and a change of variable, we get

B-(7) 2% (s)—1—pe
_c / (max{|z€ |a:|}) d(z, 0Q)d(ze, OQ) |ue ()| da

min{]z[, [} |z — 2| ks

< C d(z.,09) Mu_ﬂ de
= Ot | fapme T e
D,
d(z.,00Q) |t () [27 ()1 =Pe
SC T PN
e
d(ze, 08) 1
< e 7R
=¢ |z¢] B+ (V) / || B- (D= 1Hs+(24 ()= 1—po) 252 &
kN, e
By (M=B_(7) (.00
luN,e : d Res Q 1
=C 2P+ / RO w e
€ Bl(o) ‘m| 2 €2
BL(M=B_(7)
2
Ze

- |ZE‘B+(7)
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Now we estimate

max{|z|, [z} \ = d(z, 00)d(z., 09) [uc(z)[> )~ 1-P:
=¢ / < ) dx

min{]ze|, [z[} |z = 2" j]°

_ 2 (s)—1—pe
< C d(z.,09) |Zf‘ / [uc()] da.

|Ze‘n |ZE|B (7)—1+s

Using (61) we get for 0 < a < 2*8 2 <ﬁ+(’v);l37(7))

1
N d(ze, 0Q) e () ]2 ()1 =Pe
L <C 2P+ / 2]~ —1+s dx
< c d(ze, 09) (Mfa)(z*(s)que) || 8- () +1-s .
= o Hve 2| (91 (B ()—1—a)
2.
2*(s)—1—p.
d(ze, Q) [ e [P e ;
\ze|ﬁ+ v) ) OO0 B- 0T ()T v
d(zc,09) /3+<w) B_(7) / 1
<C TN, © _ dz
[zel P+ TN net (27 (5)=2—po) (=) —a (2t (9)-1-p0)
d(z.,00) R A
EALER2 2| @ G =P (B =DFsta(@ (—1-p)

2| <5z
By (MN—B_(7)

2 Ze 1
<C He |2] / da

|Z€|B+(’)’) |I|n+(2*(5)727p€)(B+(’Y);’87(’Y))7&(2*(5)*1*1)5)

1<
|2 |(2*(s)727p5)(w)”(2*(5)7171)6) || B- (N —1y HT(S)_l_pe
C € 011z () 2]
| z¢|B- () ¢
Br(N=B_ ()
N B 1, (12" (s)=1—pe
S P 1 i “0”L°° @ (88)
- |ZE‘5+('Y) ‘Ze|ﬁ Ze

For the next integral

- 2% (s)—1—pe
Vo / (sl |x|}> (s, 09)d (20, 99) Ju(2) N

min{]ze|, [z[} |z = ze[" j]°

e ) )1

EE dx.

< C d(ze,00) / " _xz g

Dy

€
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From (61) we get for 0 < a < 2*53 f (6+(v);57(v))

Br(MN-B_() N s .
y (S ) @ i o'~z — =
IB S C d(zégaQ)MN,e |J,‘|(ﬁ+(7)_1_0‘)(2*(5)—1—l76) dx
Dy,
Cd 89 |$‘1 €|x_26‘_n B_(y)—1 ||2 (5)—1—pe d
009 [ o IO ol G
DN
BeM=F- V2% (s)—1—p.
<C MJ(V‘ 2 Jere p')d(ze’aQ) -n g
B ‘Ze|(ﬂ+(7)71*a)(2*(3)*1*p5)+871 / |z — 2| T

N
D3s

]2~ 0= L[ Sy 7 d(ze, D) .
[ Tre) @ ()1 —p)ts1 |$—ze| @

By(v)—B_(v) “(s)_a_ B (M=B_() a2t () —1—
o tme P (i 09) () M(iz ) el @tor)
- |Z€|B+(7) EA
2% (s)—1—pe
Il ol gy ™09 oy (2O a1
|Ze|ﬁ (v Ze
B (M—B_(7) s
DO Vv I a1 i (59
- 2P+ [2e -1 el

Finally we estimate

Vo / max{|z], o1} \ ") d(@, 09)d(z, 00) Juc(a) > -1 re
4 = min{|z|, ||} |z — z|" EE

4,e

A CEAL) B BT S U
|Z€|5—(’Y) |.’1?|s
2|z | <z
d(ze, 99) e () |2 ()= 1P
SC Lo / et 9

2|ze| <|x|
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Then from (61) we get for 0 < a < :E ; (mh);ﬁ’(ﬂ'))

(= ) @ () -1-p0)

N IO d(ze,09) || (2" (8)=1=pc)
I =C 2P~ 2| @ =P B+ () -1+ dz
2|ze| <|z]
2*(s)—1—pe
o A, 09) (1B R T P e .
T 2B o B ()@ () —1—po)+a(@ (5)—1-p) ¥
|ze] ||
22| <[z
BN=B-() _ Y (2% (5)—1—p.
. m(vi : )@ ()-1-p )40, 0) ]G - 1-p0) ,
< ‘ZE|5—(’Y) o e ‘x|n+(2*(s)_p€)(w)
Ze|S |
_ 2*(s)—1—p.
o 4z, 00) / R e dz
Ze B-(7) n—|(2*(s)—2—p. BrM—B_(0) —a(2*(s)—1—p.)
|| e et 1l (2 (s)—2-po) (2£52=12) po)]
(B+(w);ﬂ_(w)_a)(?(s)_l_pg)
<C MN,e d(zean)
- |2~ 2| @ @) p (= ) —a(2t (9)=1-p0)
_ 1—pe
2=~ 755, P d(ze, 02)
|Z€|ﬂ (v)
By (M)—=B_(7) « By ()=B_(v) *
bne © d(z26,09) [y \@ (5)=2=pe) (5= ) —a(2* (5) 1)
<C
|z |ﬂ+(7) |z€|
2% (s)—1—pe
2=~ 7 55, P (2, 02)
|Z€|B ('Y)
By (=B ()
. (8)—1—pe
< | M 2] Ml uo ”Lw(m p| | (90)
B |z¢[A+ (M) |2¢ |- () e

Combining (87), (88), (89) and (90), we then obtain for some constant C' > 0

By ()=B_(7)

|u6($)‘2*(8)_1_p5 Bne * |2
1Ze )l < TiNe 7
/Ge(ze,w) BE de < C PRERG)
2% (s)—1—pe
[[E Gty [ .
|z€|ﬂ () Ze ’
which we write as
2*(s)—1—pe
/Ge(zevm)% da
|2
Q
By ()=B_(v)
< o | e : zel 2] ug|| oo ()

2P+ () B 2]
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for some C' > 0. This proves (86). O

Step 5.6: There exists C' > 0 such that for sequence of points (z.) in By, ,(0) N Q2
we have

2% (s)—1—pe
/G 2o ‘“ z)| dz < C 2] . (91)

s Byr(M=B_()
o Pl PACRCY

Proof of Step 5.6: Here again, to estimate the right-hand-side of (85) in this case,
we split Q into four subdomains as: Q = U D} .(R) where

=1

Di = {]z] < lz[} N,

Dj = {3l2| < 2| < 22} N Q,
Déyé = {2lz| < |z| < k1) NQ,
Di,e = {k1e < |z|} NQ.

Note that one has §|ze| < [ —z| in D, and |z| < |z — 2| in D} .. We then have

_ max{ ||, |} \ 7 d(z, 0Q)d(ze, 9Q) Juc()[* )1 P
I'=cC i
min{ =], 2]} Tz P

< Cd(z,09) 2 L O G S
= ClEONT T | Tapwn @

Using (80) we get for 0 < o < 2*253 2 <5+(v);ﬁ7(7)>

(2, 09) [ |ue(@)|* 1P

<
Il =C | ze| B+ () \J;|ﬁ—(v)+s—1 dx
1.
_ [f+('v)—ft(v)7a 2* (s)—1—p.
<C u17€< : )( (=1 d(ze,00) ||~ B (v)—s+1 o
- | z¢|B+(V) / |z|(2*(8)=1=pe) (B (7)—1+a)

B (v)=B_(v)
,<%,a)(2*(5),1,p6)

<C M1 e d(ze,00) / ||~ (9)=1-p) -
= |z | B+ () || (2 (8)=pe) (B— (1) —1)+s
|| <3 |zl
e e T
<C (Ml) Bt (M—B_()
o Hie ? ‘Ze|'87(v)

||
— By (MN—B_(7)
ﬂl,e : |Z€|B_( )
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Next we have

max{ |z, |21} \ =7 d(z, 09)d(z., Q) u, ()] =1
C/( )

d
ming]z], o]} o=zl ER ’
< Cd(z,00) [ Q00D @ T,
— €9 J |$ _ Zeln |x|$ .
2,e
From (80) we get for 0 < a < 2*8 2 (B+(7)567(7)>
Byr(M=B_(7) * —s+1 -n
. — (R ) 24 ()= 1-p0) 2|7 — 2]
I < Cne Az, 00 || (B~ () =THa)(2* ()~ 1=p) de
Dj .
- /3-%—(“’)*5—(“’),0( 2% (5)—1—p.
: ul,e(i’z )@ ()-1-p0) (2., 09) y
< 2P @ () 1-p)+s—1 / e~ e
* Br(M=B_()
|2 | @ () =27p0) (=) —a (@ (9)=1-p) d(z, 00)
<cC e BL(M—F_()
be Pre ° EAL)
|2
<cC /3+(w) B_(7) (93)
'ul»ﬁ |Ze|ﬁ ('Y)
For
e [ (el 2" d@, 02)d(, 00) ful) O
T min{|z|, ||} |z — 2| |[*
3,e
2*(s)—1—pe
<0 o afp - R
Ze|P- z|®
2)ze|<[z|<hi,c
d(ze, 00) e (a)|* ()~
<C 2P~ / ||+ (51 dz.
2‘26|§|$‘§k1,6
Then from (80) we get for 0 < a < 2 Eég ? (ﬁ+(7)gﬁ—('¥))
B+('v) B—) ) (2% (s)—1—p.
. <Cu1£ a) (2" (s) p)d(Ze,aQ)A
3 |ze|B- () ‘
A, = ! d
< 2]+ Fs—1+(B- () -1-p) @ () -DFa(@ (5)—1-p0) **

2|ze|<|z|<k1,e
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With a change of variable, we get that

A < de
¢ = T2 (32— (PED P oo
o i<ti<t. 2] [@*(s)—2—po) (FEF= ) —a(2# (s) - 1—p)
- M(W)@*(s)zma(z‘*(s)1p5)/ || (@ (&) =1=p) gy
= l,e B (M—B_(7)
n—(2*(s)—2)| ————=
sty 2"~ (=)
B =B 9% (5)_2_p.)—a(2* (5)—1—p.
- Cul(,ie =00 (2% (5)~2-p) —a(2* ()~ 1-p)
and then
d(z, 00) | 2]
1 € €
ISSC By (M—B_(7) <C By (M—B_(7) (94>
1 e 2 |Z€|’6*(’7) H1e 2 |Ze|ﬁ*(7)

For the last integral, we use point (A5) of Proposition 2 and a change of variable
to get

! max{|z|, |21} \ 7 d(z,09)d(zc, 09) Juc(w)|* &1
I, =C —_— - . dx
min{|z|, [z]} |z — 2] ]
1,¢
d(zc, 08) e (z)]?"(5)—1=Pe
SC L ® / P
|z|>k1,e
d(z, 00) 1
<o ==L d
<C @ / [P s 22 (2 )= 1pe) (95)
|z|>k1,e
d(ze, 00) d EA
< c Byr(M=B_(7) / n+ﬁ+(w)75‘_(v) — By (MN=B_(7) :
M e : |Ze|’8_(7)|a:\21 ] : e : |Ze|ﬁ_(7)
Combining (92), (93), (94) and (95), we then obtain (91). O

Step 5.7: Let 1 <i< N — 1. There exists C > 0 such that for sequence of points
(2¢) in By, .(0) \ B, .(0) N we have

o) M| |

Jue() > 1 e * 2|

/Gs(ze,fﬂ)w dz < C | 2|8+ () + S+M—B-1)
Hive”

|Z€ |/67 (€D)
(96)

Proof of Step 5.7: To estimate the right-hand-side of (85) in this case, we split

5 .
into five subdomains as: Q = (J D}, where
j=1
e Dj =By, (0)NQ,
o D = {kie < |z < |z} N QY

o Di :={3]z| < |z < 2|z[} N,
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° Die = {2|ZE| < ‘.’L’| < ki+1,6} n Q,

[ D:éyE = {ki+176 < |IE|} N Q.

Note that one has 3|zc| < | — z| in D} . and 3|z| < |z — z| in Dj .

First we have using point (A5) of Proposition 2 and a change of variable

-7 2% (s)—1—pc
C’/ (max{|ze| |x|}) d(z, 00)d(ze, OQ) |ue ()| i

min{|z|, [z[} |z =z |z[®
B (@) e
Di.
d(ze,092) [ Jue(a)* )1 r
SO E® / FECEEr——
d(z,09) 1
= e / PO @
Br; .
BL(N=B_(7) ( ) ﬁ+('v)—67(w)| |
,U’i,e 2 d Z€7aQ 1 :U‘i,e : Ze
<C |ZE‘5+(“/) / | |n_/3+(w);ﬁ_(w) dx < C |ZE|5+(“/)

B1(0)
(97)

Now we estimate

i C / <max{|ze|,|x|}>"-<” d(w, 09)d(z, 0Q) uc(@)[* 7177
2 = . n S
J \min{lz] [} o =] B

|Ze|5 () uc(z |2 (8)=1-pc
< C d(2e,09) PG / PEEOEES dx.

,E
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Using (74) we get for 0 < a < S:E:;j (m(”)gﬁf(”))

. (2¢,090) 2%(s)—1-pe
LL<C dlze, /\u 2)] dz

|Z€|B+(’Y) ‘x|ﬂ (V)+s

(Ze,aQ) (B+(w) B_(v) (2* (s)=1—pe) Z‘| B_(y)+1— s dx
|2 |ﬁ+(7) / || (2" () =1=pe) (B4 (v)~1~a)

By (MN=B_(v) .
—(—T————a)(2"(s)—1—p.
C /U'H-(l,g ’ ) 7 d(ze,00) |z~ B-(M+1=s g,
+ 2| Pr ) / (2] G 1P (B- ()~ 1+ a)
d(z,00) FrO)=p-O) / dx
<C T 18 () Me -
|ze[ P+ () 1y [ @2 (BT et ()10
(DB _ Y (2% (s)—1—p.
Ni+(1 . 2 )( (s)=1-p )d(zﬁ,aﬂ) ||~ (6)=1=p0) gy
+C .
|2 [B+ () / 22 () B-(—D+s
‘xlgélze‘
B+(w);/3_(w)
< o P d(ze,00) dx
- |2 B+ ) nt (2% (5)—2—po) (ZE2ZE=D ) a2 (s) - 1-p0)
1<) 12| :
()0 Br(M—B_(7) (2 (s)—1—
vo (= (2" (s)—2-po) (=) —a(2* () - 1-pe) d(ze,59)
Mitle By ()—=B_(v)
’ ui+1’6 2 |Z€|5—(’Y)
By (M—=B_(7)
Mi,e : |Z€‘ ‘Ze|
=¢ |ze| B+ () T o ' (98)
Pivie’ |2¢|P-()
And next

- 2 (5)~1-p.
L= C/ (max{|ze| |x|}> d(z, 09Q)d(z, 09) |uc(z)] .

min{|z|, 2|} |z — 2" |z[*
e
|fu,€(l’)‘2*(s)71*pe

I
|z = 2| jz]°
Dj .

< C d(ze,00)

dx.
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From (74) we get for 0 < a < 2(s)=2 (5+(v);57(7))

2*(s)—1
Br(M—B_(v) ) * Y1 1-s -n
; (=2 0) 2 (5)-1-p) |z]' 7% |x — 2| " dx
I3 < C d(ze, 00 2] (B (- T=a) (2 ()~ 1=po)
Dj
7(B+<w>;lt<w>7a) (2*(s)—1—p¢) ‘x|175‘x _ Ze|7n dzr

O d(ze, 0,

|x|(l37(v)—1+a)(2*(3)—1—pe)
3,
Br(M=B_() .
I —a) (2" (s)—1—p.
S JEO o0
<C — |z — z| ™"

= 2| B+ (M =1=a) (@ () —1—pe) +s—1

_(B+(’Y);B7(’Y) _a) (2*(5)_1_175)

i1, d(Ze, aQ) »
+C |Z€‘(/3—(’Y)—1+a)(2*(s)_1_p6)+8_1 |x - ze‘ dx

Dj..
By (MN=B_(7) _
b T d(e, 09) (2 () 2-po) (=) —a 2t (9)-1-p0)
<C i,€ € Hi e
= |2 [P+ ||
NN G T C) ) AN
+C ( |Z6| )(2 o p€)< 2 ) =t d(zeaag)
Lhit1,e |ze|#- ()
By (M=B_ (M o
N’i,e 2 Ze |ze‘
<C |2 [P+ ) BL(N—B_("

Hit1e” ||~ ()

The next integral becomes

-7 2*(s)—1—pe
I C/ (max{|ze| |m|}> d(z, 0Q)d(zc, OQ) |ue ()| i

min{]zl, ||} |z — 2ze|" ||
C 7(26’69) |x\5—(w)+1—n|“e(95)\2*(5)_1_p6 dx
|Ze|67(7) |x‘s
2|ze|<|z|<kit1,e
d(ze,00Q) |t () |2 (9)—1—Pe
=C |2¢]B- () / || A+ (M +s-1 dz.

2|ze|<|z|<kit1,e

Then from (74) we get for 0 < o < *E g (B+(7);ﬂ’(7))

5 d(z., 00) < (LD o) 2 (5)-1-p0)
4

= Ve (Hie Ae

NG T )

T e

(99)
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with

‘x|a(2*(s)flfp5) dr

|| (2" () =pe) (B+ (1) —1)+s
2|ze|<|z|<Kit1,e

|x‘a(2*(s)_1_ps) da’:

d
2 (0) =) (P )

IN

T

2|ze|<|z|<Fit1,e

dx
|| B+ (N +s+B- (1) (2% (s) = 1=pe) +ax(2* (5)=1=pe)

2|ze| x| <kiy1,e
dzx
R S

IN

2|ze| <|z|<kit1,e I|

Arguing as in the case i = 1, with a change of variable we get that

By (v)—=B_(v) Y —B_(~ .
, h T d(20,09) [ (2" (9)-2-po) (=) —a 27 (s) - 1-p0)
i < 1,€ € 1,6
s e <|)
* _9_ ﬁ+(’Y)—f37(’Y) —a * s)—1—
+c( 2 )(2 G
Hit1,e |Z€|5— (G))
BL(M=B_(7)
< ot 2] || 1
- By(M=B_(7) ( 00)
|z€|ﬁ+(7) P

Bitie” |z¢|B- (V)

Finally we get for the last integral from point (A5) of Proposition 2 and a change
of variable

max{ |z, |z|} \ P~ d(x, 0Q)d(z, OQ) [uc(x)[> (1P
C/ ( ) dz

min{]ze|, [z[} |z = 2" jz]°

0 2*(s)~1-p.

PAEESY || P (s
|z|>kiq1,e
d(ze, 002 1
< ¢ Wz 0 _ I
|2e]B- () || B+ () +s= 14252 (2 () = 1=po)
|z|>Kit1,e
<c d(ze, 00) 1
- By (M—B_(v) nt B (M—B_(v)
Piti,e” |Ze|6’(7)\z\21 ] :
|ze|
<cC BL(M-B_(M . (101)
Hit1e” |ze|B- ()

Then from (97), (98), (99), (100) and (101) we get the estimate (96). O
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Combining the estimates (85), (86), (91) and (96) we get that, there exists a con-
stant C' > 0 such that for any sequence of points (z.) in 2 we have

By (MN—B_(7)

al 2 B—(7)
i Ze T uol| 7,00
Jue(z)l < C | D 5 )wul(’E) = Il 3 O(H)L @ |
— /%',: V72| B-) 4 |2 |B+ D) |z |P- (v
This completes the proof of Proposition 3. 0

In our next result we obtain a pointwise control on the gradient.

PROPOSITION 4. Let 2 be a smooth bounded domain of R™, n > 3, such that
0 € 09 and assume that 0 < s < 2, v < "72. Let (ue), (he) and (pe) be such that
(E.), (15), (21) and (22) holds. Assume that blow-up occurs, that is

. , B 3 n
6113(1) 2] uel| Lo () = +00 where B_(y) =1 <7< —

Consider the (i1,c, ..., tn,e from Proposition 2. Then there exists C > 0 such that
for alle >0

N Fr(MN—B-(n) B_(v)—1
Mie ] o | L~ @
Vuc(z)| < C ’ +
[Vue(@)] ;Mf:(w)—&(w)'ﬂﬂ_(v)+\x|ﬂ+(v) |-

(102)
for all z € Q\ {0}.

Proof of Proposition 4: We let G, be the Green’s function of the coercive oper-
ator —A — # — he on Q with Dirichlet boundary condition. Differentiating the
Green’s representation formula, and then using the pointwise bounds on the gra-
dient Green’s function (209) and the regularity result Theorem 6 yields for any
z€0Q

Jue (@) 27277 uc(2)

Ed

ue(z) = / Ge(z, ) dz

Q

2% (s)—1—pe
Vuc(2)| < C V.G(z,x de
[Vue(2)]
J oF
2*(s)—1—pe
. e N

|[*

C’/|VZG€(Z,3U)\
Q

dx.

< / (maX{la x|}>“”> d(x, 00) [uc(w)|* )71

min{]z|, |2[} |z — 2" |z[*

Then using the pointwise estimates (60) the proof goes exactly as in Proposition 3.
O

6. Sharp blow-up rates and the proof of Compactness

The proof of compactness rely on the following two key propositions.



6. SHARP BLOW-UP RATES AND THE PROOF OF COMPACTNESS 49

PROPOSITION 5. Let 2 be a smooth bounded domain of R™, n > 3, such that
0 € 0Q and assume that 0 < s < 2, v < "72. Let (ue), (he) and (pe) be such that
(Ee), (15), (21) and (22) holds. Assume that blow-up occurs, that is

-2
l% 2| we|| oo () = +00 for some B_(y) —1<7< nT (103)

Consider the (11 ¢, ..., un,e and t1,...,tx from Proposition 2. Suppose that
either { B (7) = B-(7) > 2} or {B(7) = B-(3) > 1 anduo =0}, (104)

Then, we have following blow-up rates:

[ IIy(z,z)|Viy|? do
lim ¢ o (105)
im —— =cp; :
e—0 LN, tn N 1 |4]2* () d

—2 PYE
i=1 t?:zs)—? R™ lf?
; n

Here 11y denotes the second fundamental form of 02 at 0 € 9Q and
n—s 1
c =
TSN (n — 2)2 t24*725i2
N
PROPOSITION 6 ( The positive case). Let Q be a smooth bounded domain of R™,

n > 3, such that 0 € 9 and assume that 0 < s < 2, v < ”72. Let (u.), (he) and
(pe) be as in Proposition 5 and let H(0) denote the mean curvature of 9 at 0.
Assume that blow-up occurs as in (103). Consider the pie,...,pune and tq,....tx
from Proposition 2. Suppose in addition that

ue >0 for all e > 0. (106)

We define
Cn,s,tn f |$|2|V’L~LN|2 do
OR™

Cn,s,(tj),(ﬂ)i = N e (107)
(n=1) —= [ ‘u“lmls dx
i=1 42772 gn
Then, we have the following blow-up rates:
1) When By (v) — B-(7) = 2, then
o pe o o Be(1) = B-(7) >2
o e~ Ot @ HO) { or B (7) = B—(7) = 2 and ug =
. Pe LA
lim = Chs,t,), (@), - H(0) — K if B (v) — B-(v) =2 and uo > 0.
e—0 /,L]\/"6
for some K > 0.
2) When B+ (v) — B-(v) <2, then ug =0 and
. Pe .
lim e Chs, (o), - H(O0)  if B(v) — B-(y) > 1.
. Pe _ v : _
lim P Crsitay @y - HO) if B(v) = B-(v) =1 (108)

He, N
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lim s = e maa(@) i Bi() —B-() <1 (109)

IU’N,E

where

|]*

(TL _ 1) Z ”172 f |’l’li|2*v(s) dx

the constant K is as in (169), x > 0 is a constant and m~ () is the boundary
mass defined in Theorem 1.

Proof of Theorems 3, 5 and 4: We argue by contradiction and assume that the
family is not pre-compact. Then, up to a subsequence, it blows up. We then apply
Propositions 5 and 6 to get the blow-up rate (that is nonegative). However, the
hypothesis of Theorems 3, 5 and 4 yield exactly negative blow-up rates. This is a
contradiction, and therefore the family is pre-compact. This proves the Theorems.

O

We now establish Propositions 5 and 6. The proof is divided in 13 steps in Sections
7 to 8. These steps are numbered Steps P1, P2, etc.

7. Estimates on the localized Pohozaev identity

In the sequel, we let (u¢), (he) and (pe) be such that (E.), (15), (21) and (22) hold.
We assume that blow-up occurs. Note that

2

T<T -1 e B -B-()>2

and
2

“1 o B - (v > L.

<TL
v 1

In the sequel, we will permanently use the following consequence of (A9) of Propo-
sition 2: for all ¢« = 1,..., N, there exists ¢; > 1 such that

i Mrei < ki < Cifleie (110)

STEP P1 (Pohozaev identity). We let (uc), (he) and (pe) be such that (E.),
(15), (21) and (22) hold. We assume that blow-up occurs. We define

|vue|2 Y u? he() 2 1 |u6|2*(s)7p€
F.(z) := (x, - ——=
0= (M5 -G g

. -2
_ (x’@iue + n 5 u€> Oy e (111)
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We let T be a chart at 0 as in (27). We define r. := \/fin.e. Then

/ (he(w) + (v;;,@) u? de
7(RenB O\By ©)
Pe n—s Ju[*" )P
+ — dx
2%(s) (2*(3) —pe> / |z[*

T(Rszre (ONByg (0)>

_ / F.(«) do + / F.(x) do

T(R" N8B, (0)) T<Rg NoB,; (0))
2
N / (557”)% do (112)

7(orenB, O\By ©)

and, for 69 > 0 small enough,

/ (he(m) + 7(Vh2€7 x)) u? dx
7(RenBs, 0\By (©)
Pe n—s |ue|?" (5)—Pe
+ — dx
2*(s) (2*(8) —Pe) / |z[*

T(Rz NBso (0\By3 (0)>

_ / F.(x) do + / F.(x) do

T(R™N8Bs, (0)) T(Rﬁﬁ@Bk? (0)>
2

T(@Rﬁ NBs (0\By3 (0)>

Proof of Step P1: We apply the Pohozaev identity (196) with yo = 0 and
U=T (Rz N B,.(0) \Bkh(o)) c Q.

This yields

(Vhﬁ,x)> 9 Pe ( n—s ) |ue|2*(s)fpe
_ he )+ —= U, dor — dx
/( (z) 5 2(s) \2(s) =/ J jz[*

. €

= /FE(LE) do. (114)
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It follows from the properties of the boundary map that
U =0 (T (R2 N B..(0)\ By _(0)))
=T (R NOB, (0)UT (R’l NOBy (0)) uUT (aRz N B,.(0)\ By (0))

Since for all € > 0, ue = 0 on 912, identity (114) yields (112). Concerning (113), we
apply the Pohozaev identity (196) with yo = 0 and

V=T (RE N Bs, (0) \Bkis(m) c Q.
The argument is similar. This ends the proof of Step P1. O
We will estimate each of the terms in the above integral identities and calculate the

limit as e — 0.

7.1. Estimates of the L2°(®) and L2—terms in the localized Pohozaev
identity.

STEP P2. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We claim that, as € — 0

Ue 2% (s)—pe N 1 W 2%(s)

/ |||x| dx = Z = / | L|s dz + o(1). (115)
i=1 2 (=2 J
T(R"_‘ﬁBT-e (0)\3%6(0)) ¢ RZ

and
* N - *
|u5\2 (s)—pe 1 |ui|2 (s) )
——dz = — dz + o(1) if ug = 0.
/ o 2 | T ()i

T(Rz NBsg (0\Byg (o))
(116)

Proof of Step P2: For any R, p > 0 we decompose the above integral as

|uc|? ()P / |ue|?" (5)—Pe
e dx= - d
/ FE FE

T(Rz NB,(0\Bys (0)) T(R* By (0\Brky_ (0))
N .
|2 (5)=Pe
+Y / b s
Z:lT(JRz NBrw,; . (0\Byu, . (0))
N-1

|ue|?" (5) =P
£y / e o

i=1 T(R’l F‘prki+1,e (0)\§Rki,s (O))
2*(s)—pe
N / u6|78 dz.
|z

7(R2nB  O\By (©)

We will evaluate each of the above terms and calculate the limit lim lim lim.
R—+o00 p—0e—=0
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From the estimate (60), we get as ¢ — 0

2%(8)—pe
/ uel* 7P . dz
B 7]
T(R"NBy, (0\Brky . (0)

By (M—=B_(7)
%(2*(5)_1,5)

MN,e 1
=0C / L D E @ | [ -m D@ @pats |

T (R NB, (0\B iy, (0))

By(M=B_() (2" (s)—pe)

:LLN,E :
=¢ / oD@ s ac Tl do
R™NB, (O)\ERkNYS (0)
1
e / - DE ot Pac T@)l
R™NB:, (0)\Brky . (0)
1
<c / ; Jac T(ky.cx)| do
— . +(M=B_(M _ _ ’
R"NB_re_ (0)\Br(0) " e
kN, e
1
+ C / — Jac T (rex)| dx
T G O | (7o)

R”NB1(0)\B Rrky . (0)

Te

=B (v w (o) (B =B- 3
<C (R—?(s)(ﬂ*(%‘*”)—pe(mm—l)Mj @) (=) 4pe (- () 1>>.

Therefore

|ue |2 (5)—Pe
lim lim / ———— dx=0. (117)

R—+400 €0 |£17|S
T(R"NB, (0\Brky . (0))

It follows from Proposition 2 that for any 1 <i < N

2"(s)—pe 1 7127 (s)
lim lim lim / [ucl de = [ dz.

R—~+o00 p—0e—=0 B |:,C|5 t?*?s% |.’E|S
T(RZQBRM’E(O)\BP}CLG(O)) ¢ RZ

(118)

Let 1 < ¢ < N — 1. In Proposition 3, we had obtained the following pointwise
estimates: For any R, p > 0 and all € > 0 we have
By ()—B_(v)

()| < ¢ M i 2
€ — By (MN—B_(7)

2
Hit1,e

‘xlﬁ—('Y)

for all z € By, .(0) \ER;%)‘(O).
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Then we have as e — 0

/ |uc|?" ()P p
— 0 ax
|z]°

T(Rf NBok; i1 o (0)\§Rk7¢,g (0))

e O R e CHORT S
1,€ i+1,€
=C / || B+ D@ () —p)+s + || (B-(=D @ (5)—pe)+s de
T(R™ By, (O0\Brx,  (0))
(R @) SR )
i€ i+1,¢
=C / |z[(B+ =D () =pe)+s * |z|(B-(—D @ () —pe)Fs dr
R™NB,k; 1. (O\Brs, . (0)
1
¢ / n+2+(s) (E2ZE=0) p (B () - 1) o
BB iy, (O\Br(0) 7]
ki,e
1
e / n—2+(s) (=) p (8- ()-1) o
R™NB2,(0)\B gk, . (0) 2]

<c <R—2*(8)(W)—pe(6+(v)—1) +p2*(8)(W)+pe(ﬁ('v)—1)> .

And so

‘u |2 (3)_]76
lim lim lim / —dx=0. (119)

R—+00 p—0e—0
T(Rﬁmeki_',lye (O\Brr, (0))

Again, from the pointwise estimates of Proposition 3, we have as ¢ — 0

/ |u6|2*(8)—pe p
— dzx
|z|®

T(RﬁﬁBpkl,e ON\Bys (0)>

Byr(M=8B_(7)
— T (25 () —pe)

,ul,e
¢ / 2] B- (=D () =po)+s dr

T(Rz By,  (0\Byg (0))

M_ B+(7);37(7) (2*(s)—pe)
1,e
=¢ / |- ot Pac T@)l do

R NBpky . (0\Bys (0)

1
<C / — Jac T (ki ex)| dx
B | |nf2*(s)(ﬁ+(7)2ﬁ*('y)>7p5(57(7),1) I ( 1 )I
ENB,(0\B,; (0) ¥

* By (v)—=B_(7)
SC ,02 (S)(%)"!‘Pe(ﬂ—(’”_l).
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Therefore

|uc|?" (#) =P
lim lim / ————— dx=0. (120)

p—0e—0 |:z:|S

7 (228 ONB; (©)

Combining (117), (118), (119) and (120) we obtain (115).

We now prove (116) under the assumption that ug = 0. We decompose the integral

as
2" (s)—pe 2" (s)—pe
/ Jud” 7R dx = / Jud” 7 dx
|z[* _ |z[*
T(RﬁmB&O(O)\Bkij (0)) T(RZOBSD(O)\BT((O))
2%(s)—pe
SN
|

T<Rﬁ NBr. (0\Bys _ (0)>

with re :== /fin.. From the estimate (60) and ug = 0, we get as e — 0

By(v)—B_(7)
%(2*(5),1,5)

|Ue|2*(s)7p‘ / KN
———dz <C : d
/ - |z|® = B |z|(B+ (1) =1)(2* (s)—pe)+s r
T(R™NBs, (0\B (0)) R” NBs, (0)\ B (0)
Since (B4+(y) — 1)2*(s) + s > n, we then get that
|2 ()P ) E B =8 )
[ R ()

T (R NBs, (0\Br, (0))

as € — 0. Therefore, with (117), we get (116). This proves (116).
This ends the proof of Step P2. ([

STEP P3. We let (uc), (he) and (p.) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We claim that

/ <h6(x) + W) u? dx

7 (20, 0\By (©)

Ok ) if B+(v) — B-(7) > 2

O(p3y . In ﬁ) if By(v) —B-(v) =2 (121)
BL(M=B_(7

Olun. = ) ifBaly) —B-(v) <2
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And if ug =0

O3 if B+(y) — B-(y) >2
={ Ok Inm)  if Be(y) = B-(7) =2 (122)
O™ if Bu(y) — Bo(v) < 2

Proof of Step P3: From estimate (60) and after a change of variables, we get as
e — 0,

/ (he(z) + (W;x)) u? da

T(}Rz NBr (O\Byg (0))

<C / u? dx

T(RgmBre(O)\Bk?,e(O)>

M%(v)—&(v) 1
= / ll:cl“ﬁw do+ oo 4| (123)
7(RenB, O\By ©)
< C / i\r: Mg:(W)—B—(7)|x|2
< e Mi(em(w)fﬁ—(v))|x|2ﬁ7(v) + |z[28+ ()

REAB, (0\B g (0)

1
* |3;|2(/3(v)—1)> de.

Case 1: Assuming that B4 (v)—5-(y) < 2, we then have the following rough bound
from (123),

/ u? dx
7(RenB. O\By ©)

By (V)—B-(7)
C EN e + ! d
2B -1 T G- )

R™NB,_ (0)\B 0)

IN

LE

Br(M=B_("

<Cuy. * if B1(v) —B-(v) <2. (124)
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Case 2: Assuming B4 () — S_(y) > 2, then via a change of variable in (123), we
get

2 al 2 \x|2 dx
U dx S C My e/
/ ; ’ B (0\B,y () |z|28- () + |z |28+ ()
T(R’_H’WB,.G (0)\Bk?,e(0)> e Fie
+C |z[2728- ) d,

B (0\By (0)
Therefore, if 81 (v) — B-(v) > 2, then
N
/ u? dx < CZN?,E + Cprt228-00) < C/‘L?V,e' (125)

7(RenB, O\By ©) -

When 54 (7) — B-(7y) = 2, we get that

N
/ @i <oy |1+ [ o+ o
= B%(o)\ﬁl(o)
7(RenB, O\By ©)
+CT3+B+(W)*§—(7)
N-1 1

—l—CZuiJn —.

€ . 1,€
s i=1 )

< CpRIn

Since pn e — 0 and lime_,o pi.c /1 e is finite for all ¢ = 1,..., N — 1, we get that

1
/ u?dx =0 (,u?\, .In ) , (126)
’ ,U/N,e

T(R’jﬂBre (0)\B,€§Ye(0))

since B4 (y) — B_(7y) = 2. Inequality (123) put together with (124), (125) and (126)
yield (121).

When 4y = 0 we decompose the integral and proceed as in the proof of (116) to
obtain (122). This ends Step P3. O

7.2. Estimate of the curvature term in the Pohozaev identity when

Bi(y) = B-(y) > 1.

STEP P4. We let (uc), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs and that B4 (y) — f—(v) > 1. We claim that,

as e — 0
2
[

T(@R’j NBrc (\Byg _ (0))

1 ~ 2
— BN« 7/110(3:,95)‘%;| do+o(1) | . (127)
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Here, see Proposition 5, 11y denotes the second fundamental form. Moreover, when
ug = 0, we claim that as e — 0,

2
/ (z, 1/)% do

T(@Rﬁ NBsg (0\Byg (0))

e 1 iy |?
:’“‘% . /Ilo(x,x)‘vz]vl do +o(1) | . (128)

t2*(s)—2
N OR™

Proof of Step P4: We have for any R, p > 0,

|Vu,|?
/ (z,v) 5 do (129)

7 (2B, O\By (©)

2
= / (m,y)% do

T(0R™ NB (0\Brky. . (0))

N 2
+Z: / (x,u)‘vg€| do

=1

T(0R" NBrk,  (0\Byk, . (0))
N—-1

2
‘ / et ao
T (eRR 0B, O\ Bk, , (0)
Vu|?
+ / (,). Z‘ i Y

7(om By  0\By )

We consider the second fundamental form associated to 0Q, Ily(x,y) = (dvpz,y)
for 0 € 90 and all z,y € TN (v is the outward normal vector at the hypersurface
090). In the canonical basis of OR"™ = T2, the matrix of the bilinear form Iy is
—D2Ty, where D37y is the Hessian matrix of 7y at 0. Using the expression of T
(see (27)), we can write for all z € U N OR™
(1, =02To(x), ..., =0 To(x))

V1+ 2,01 To(x))?

With the expression of T, we then get that
_ To(z) — ZZ:z aP0pTo(x)
V1 a0 Tol@))?

v(T(x)) =

(voT(x), T(x))

And so for all x € U N OR™.

(T (x),v 0 T(x))] < Claf? (131)
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Since To(0) = 0 and V75(0) = 0 (see (27)), we then get as |x| — 0

o T(@), T() = 5 3 @20, To(0) + O (132)

p,q=2

and therefore for all € > 0 and all x € Bg(0) N OR™

1 n
(T(ky.cx),v oT(kycx)) = —51@%76 > a0 To(0) + b r ()R .

p,q=2
1
= ik?v,eflo(x, ) + O, r(2)k% o (133)

where lim sup |0c.r| =0 for any R > 0.
€20 Br(0)n{x:=0}
Step P4.1: Let 1 < i < N — 1. In Proposition 4 we have obtained the pointwise

estimates, that for any R,p > 0 and all ¢ > 0 we have for all x € By, .(0) \
BRki,e (0)7
By ()=B_(v)
lui,e : 1
|vue(x)| < C ‘.’L‘lBJr('Y) +C ﬁ+(w);lt('v)
Hivi,e

|x|ﬁf ()
For clearness, we write in this step
D.:=T (OR™ N By,,, .(0)\ Bgg,.(0)).

As € — 0 we have that

B+(v)—B-(7)
‘VU€|2 luze 1
e <
/(x’y) 5 do| < C (x V) |x‘2ﬁ+(v) +Mf_t(’y€) B- (’Y)|x|2ﬁ,(y) do
B+ (v)=B-(v)
2 Mze 1
< C/|36\ l |x|2ﬂ+('y) +Miﬁil(7€)/3(v)x|2ﬂ(w)1 do
do
< C pie / || (=D + (B4 (M) =F-(1)-1)
OR™ rTBpszrlF(O)\BR(O)
do
+ C piy1,e / |x|(n*1)*(ﬁ+(7)*5—(7)+1)
OR™NB,(0\B g, (0)

kit1,e

< C (M RB+(D=B-()=1) Epmw)—a-(wﬂ)
Sothen forall1<i< N —1

lim  lim ( )M do | =0. (134
Rl}}}oo pl—>InO el—I}%) MN € v e
T(OR™ NBy, ;. (O\Brx, . (0))

This ends Step P4.1.
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Step P4.2: Again from the estimates of Proposition 4, we have as € — 0

2
/ (z,v) |v;€| do

(aRg By, (O\Byg (0))

<C / |(z,v)| do

f;(w)*ﬁ— Q) ||26- ()

w
7(oRenB,,  O\By )
|z|? do
< C
< Mf+(w)767(v)|x|25,(7)
OR™ By, (0\Byg (0) ©°
< Ckype / |2/3d0(7)2 < C e pPrO—A-0HL
2R ()=
OR™NB,(0)\B,2 (0)
Then, using again (110), we get that
. . . —1 |VU€|2 —
R 2 | Hve / I

7(oRznB,, O\ )

This ends Step P4.2.

(135)

Step P4.3: With the pointwise estimates of Proposition 4, we obtain as € — 0

2
/ (.ol 4o
T(OR™ NB, (0\Brky. . (0))
B+(V)=B-(7)
2 .uN,e 1
< C / || [ |28+ () + |z|26-() do
T(OR" NB, (0)\Brk ., (0))
1
< C ke / a2
OR™NB_rc (0)\Br(0)
EN,e
1
B+(V)=B-(v)+1 T 028 () —2
+ C rlit / ||26-()—2 4o
OR™NB1(0)\B ri ., (0)
1
< Ckne / || (n=D+(B+(M=B-(1)-1) 90,

OR™NB y . (0)\Br/2(0)
EN—1,e
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and then
2
/ (z,v) |VZE| do
T(R™NB,, (0)\Briy, (0))
1
B4 (7)=B-(7)+1
+C / 2] (= D= (B (N —B- (1))

OR™NB1(0\B riy . (0)

27r¢

<Ckne (R—(m(’y)—ﬂf('v)—l) + Tf+(7)—ﬂf('v)—1) do.
So if By (v) = B-(7) >1

do | =0.

R—400 p—0€—0

lim i lim | g / (@, v)
T(0R™N B, (0)\Brky . (0))

This ends Step P4.3.

Step P4.4: Let 1 <i < N. When B4 (y) — f-(7) > 1, we have

|Vuc|?
2

. . . 71
R 0 183 | e / )
T(OR™ NBry, . (0\Bjk, . (0))

1 1 Vi|?
=-—— / IIO(z,x)ﬂ do,
2, 7o 2

7 OR™

do

where Ily(x,x) is the second fundamental form of the boundary 052 at 0.

61

do

(136)

(137)

Proof of Step P4.4: Consider @; obtained in Proposition 2. It follows that for some

constant C > 0,

c
| < 2P0 + [2]Pr (D

|V, (x) for all z € R™ \ {0}.

So when B4 () — B () > 1, the function |z|?|Va,| € L2(R"1).
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With a change of variable and the definition of %; . we then obtain

2
u;el / (z, V)% do

T(0R™ NBri, . (0\By, . (0))

kpo® Vi |2
= (Tl a),v o T(hy ) el g
" aR™ ABR(0)\B,(0)
ki |V, |? )
= _,Un_l / 7kNe Z OpqTo(0) 2Pzt —— 5 do + 0 r(z )kN,e
"\ or" NBR(0)\B,(0) =2
ke \" ! 1 — Vi |2
= - (,u”> / 5 Z 8pq76(0)xpqu do + 0 r(x)

OR"™ NBr(0)\B,(0)

Since |x|?|Vi;| € L?(R"™1), passing to the limits it follows from the expression of
the second fundamental form in (133), that

|Vu,|?
Rgrfw;%l% u“ / o) 2 v
T(OR™ NBry, . (0\Bjk, . (0))
L1 |V |?
e [ S oo
OR™ NBR(0)\B,(0) pa=
11 V|
:*T/Ifo(zvx)ﬂ do.
2tm 2
i OR™

This ends Step P4.4.

Plugging (136), (137), (134) and (135) in the integral (129), we get (127). This
proves the first identity of Step P4.

Step P4.5: We now assume that ug = 0 and 54 (y) — S—(y) > 1. We prove (128).

We write
2 2
/ (z,u)|vge‘ do = / (av,l/)‘vgEI do
T(aR’ﬁ NBs, (0)\By3 (0)> T (8R™NB5(0)\ B (0))
2
+ / (z,v) |V;€| do

T(aRz NBr (0)\Bys <0>)
(138)
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With the pointwise estimates of Proposition 4 with ug = 0, and using that 54 (v) —
B_(v) > 1, we obtain as € — 0

2
/ (z,v) |V;LE‘ do

(0R™ NBs, (0)\ B (0))

’u]BVJr(“/)*ﬂf(V)

2 y€

<C / ] [W] do
OR™NBs, (0)\ B, (0)
plor (N=F-( | B A ()

2

<

=" 2 = Clin,e = o(pn.c),

since B4 (y) — B-() > 1. Then, with (127), we get (128). This ends Step P4.5.
These five substeps prove Step P4. O

7.3. Estimates of the boundary terms.

STEP P5. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We fix a chart T as in (27) and, for any
€ > 0, we define

() := 1P~ "y (T (rex)) forxz € r 71U NR™ \ {0},
where r. == \/lin.. We claim that there exists © € C*(R™ \ {0}) such that

lim 3. (z) =9 in CL.(R™ \ {0})

e—0

where v is a solution of

{ —Av—#{) = 0 mR" (139)
v 0 on OR™ \{0}.

Proof of Step P5: For any i, = 1,...,n, we let (Ge)ij = (T*Eucl)(rez);; =

(0T (rex),0;T (rex)), where (-,-) denotes the Euclidean scalar product on R”. We

consider g. as a metric on R™. In the sequel, we let A, = divy(V) be the Laplace-

Beltrami operator with respect to a metric g. From (E.) it follows that for all € > 0,

the rescaled functions v, weakly satisfies the equation

[0|> )2 7P<g,
(W)W' (140)

Te

T (rezx)

Te

~ 2 ~ 2 ~ 04+pef—
— Ag, Ve — ‘21)6 — 12 he o T(rex) ¥ = rftPeh

with 6 := (2*(s) — 2) 22000 ~ 0 and 5, = 0 on IR™ \ {0}.



64 CONTENTS

Using the pointwise estimates (60) we obtain the bound, that as ¢ — 0 we have for
xeR?

By (M)=B_ (7

Pie ° T (rex)|
7>|7—(7~6x)|ﬁ7 ) 4 | T (rea)| B+

PP Ry | i1 P
€ ‘T(rexﬂﬁ—(')’)
By (M-8 (%)
Hi,e 2 ‘T(Tew)

. (
S C Z KN, e Te
=1

( fie >5+(’Y)—ﬁ—(’Y) T(r.)

N
[Pe(@)| < C DTNy
/’L'

i=1 Mie

[T (rex)]

B+ ()

I ‘m|f5-(v)—1

Te

B ()
+ ‘ T(rez)

T (rex)

Te

o[ Lo ()
B-(7)

Q

+

T (rex)

Te

Br(M—B_(7)
. 2
() j
. ,

By (1B
P ( b ) +0=8- l2|8- () & ||+ ()

|||$|ﬂ’(7)_1uo||Loo(Q)+m
|x|,37("/)

1 xﬁf('}/)*lu oo
<o ( Nzl ol )

|x|6+(7)*1 |x|ﬁ—(v)*1

IN

+

Then passing to limits in the equation (140), standard elliptic theory yields the
existence of & € C?(R™ \ {0}) such that ¥ — o in C?_(R™ \ {0}) and © satisfies
the equation:

—AD — ‘1’12@ =0 in R™
0] 0  ondR" \ {0}.
and we have the following bound on o
_ |21] 1] Lug || oo () B o
[o(x)] < C <m|l3+('y) + PG |1 for all z = (x1,) in R™.
This ends the proof of Step P5. O

STEP P6. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We claim that, as ¢ — 0,
BL(M=B_(7)
/ Fe(z) do= py,. * (Fo+o(1)) (141)
T (R NB,,(0))

with

~12 ~2 _
Fy = / (z,v) ('2”' _ '2V|ZQ> - (ﬂaim n . 2@) 8,0 do (142)

R™NOB;(0)
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and

F(x)do =o (u§+(7)_6’(7)) . (143)

,€
T(Rf mBBki( (0))

Proof of Step P6: We keep the notations of Step P5. With a change of variable
and the definition of ., and 0 := (2*(s) — Q)M > 0, we get

/ F.(x) do =

T (R N8B, (0))

8- Vg 0> v 02 i om=2_\ .
T§+(FY) A- / (va)ée ( 92 - §|x|?]e -\ Z 872”6"’ 2 Ve 8VU6 dO'_[;s

R™ NOB; (0)

€ 2 € 2*(8) — pe lefh

0+(B-(7)—1)pe |~ 12*(s)—pe
e ()=B-() (Tz he(T(rex)) o re B> ()P ) do;.
R™ N9 B1(0)

From the convergence result of Step P5, we then get (141).

For the next boundary term, from the estimates (60) and (102) we obtain

F.(z) do

/T<RT_L NOBy (o)>

C 1 |z
= L Fr=B-) / 2] <|x|2ﬁ_(w) + 2 [25-(7) dz

T(RﬁﬁaBk% (0))
N3
* By (MN=B_(v) By ()—=B_
o (S)( +w2 7)+p€< +(w2 (w))

N’l,e
+C / |z| |2|(B-(=D 2 (5)=pe)+s dr

T(RﬁmaBkie(O))
C 1 Ll
= ) / 1 (|x|2,8(7) T ) 9@
l.e R’jﬁaBk% (0)

_2*(8)(5+(’Y);57(’Y))+p6 (5+(’Y);ﬁ7(7))
+C |x|ul,e

R™M0B,3 (0)

dx

2| (B~ () =po)+s

2—s n—2
< O -0 (’uf;(v)ﬁ(v) N Mf:mB<v>>(n2)+pe(2)) '
And so
/ F.(z) do = o (vafj”)*ﬁf(”)) . (144)

T(Rz NOByz (o))

This ends Step P6. (]
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STEP P7. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We assume that ug = 0. We define

Ue

Ue '= 5 s (145)
p“N,e :
We claim that there exists i € C%(Q\ {0}) such that
_ _ A7 — [ 2 7 o— 1
lim @, = @ in C2,(Q\ {0}) with & 2 (5 +ho)a=0 im0
e=0 u=0 in OQ\ {0}
(146)

Proof of Step P7: Since ug = 0, it follows from (60) that there exists C' > 0 such
that

ltie ()] < Clz|' =P+ for all z € Q and € > 0. (147)

Moreover, equation (E.) rewrites

- v - BB (gx(y_9_p.)|T |2*(3)—2—pea )
o= (g ) = S

and 4. = 0 on 0. It then follows from standard elliptic theory that the claim
holds. This ends Step P7. O

STEP P8. We let (ue), (he) and (p.) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We assume that ug = 0. We clatm that

[ E@dr =@ ro) i, (148)
T(R™N8B;,(0))
and
[ R —o(u 0, (149)
T(RﬁmaBk% (0))
where
L |Vﬂ|2 Y u? in—- , N— 2 _
Fso 1= / (z,v) ( 5 e + ho 5 x'0;u + 5 U 0,4 do.

T(R™N3Bs, (0))
(150)

Proof of Step P8: The second term has already been estimated in (143). We are
left with the first term. With a change of variable, the definition of @, and the
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convergence (146), we get

/ F.(z) do (151)

T(R™NdBs, (0))

B —B-(7) Val* (v a?
- /‘I’N,E / (x’ V) < 2 |x|2 + he 2 da

T (R™ N9 Bs, (0))

Br(M=B_() ;o = 127 (s)—2—€
S (2 (5)-2-¢) || U
“Hne C /  mE do
T(R™NdBs, (0))
- -2
— / <$Zaiue + o 2 ue) 6,/716 do
T(R™NdBs, (0))

_ M?V;(W)*ﬁf(v) (Fso +0(1)). (152)

where F;, is as above. Arguing as in the proof of (144), we get that
/ F(x)do=o (u]ﬂ\,fé(v)fﬁ’(wv as € — 0. (153)
T(Rg NOB,s (0)>

This ends Step P8. O

STEP P9. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We assume that ue > 0 for all € > 0. Then
Fo >0 and

Fo>0 < wug>0.
where Fo is as in (142).

Proof of Step P9: We let ¥ be defined as in Step P5. It follows from Step P5 that
0 satisfies (139) and we have the following bound on @

B-(v)—1
~ x X Uo[|Lo= (0 ~N s m
[o(z)| < C <x:6+1|(7> L |x/3(7)|L ( )|x1|> for all z = (z1,%) in R”.

(154)
Given o € R, we define v, () := x1|z|~® for all x € R™. Since ¥ > 0, it follows
from Proposition 6.4 in Ghoussoub-Robert [21] that there exists A, B > 0 such
that

0= Avg, (v) + Bug_(y). (155)
Step P9.1: We claim that B = 0 when ug = 0.
This is a direct consequence of controling (155) with (154) when 4o = 0 and letting
|z| — oo.
Step P9.2: We claim that B > 0 when ug > 0.
We prove the claim. We fix x € R™. Green’s representation formula yields

2*(s)—1

o = [ r§<v>-1G€<T(rex>,y>Wdy.
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We fix w CC Q. Then there exists ¢(w) > 0 such that |y| > d(y, 0Q) > ¢(w) for all
y € w. Moreover, the control (207) of the Green’s function yields

2%(s)—1

Gele) > e / O o) — el
w

(v)
dy,
¢ Tf_(’Y)|x|B—(’Y) y

and then, passing to the limit ¢ — 0, we get that
2% (s)—1
. cry Uy ()
>
" > o [

2% (s)—1
for all z € R™. As one checks, this yields B > wa “olyil(y) dy > 0 when ug > 0.
This ends Step P9.2.
Step P9.3: We claim that A > 0.

The proof is similar to Step P9.2. We fix z € R” and w CC R™. Green’s represen-
tation formula and the pointwise control (207) yield

2% (s)—1

e > -G (T (re) ) W gy
T(in,ew) |yl
- n Ue T.”N,ey 291
> [ O GUT ) T (|uN Iy
B-() nz i, )2*(5)71
> 71;3—(“/)71 < re|zl ) Ke(z,y)pn? UielY dy
/w vyl e Ve
_ € B T—p_ Uj e 2(s)-t
> /r?ﬁ—(v) "|x|6*(7) r— M;,V’ y’ xww}‘{;j () ,(y|:)y|s dy

with

—n__- HKN,e L1Y1
K. (z,y) = |rex — 27 min { 1, ==
c(y) = Ire N, eY| { e |z — N;\:eyz}

Since 1 := \/liN,c, letting € — 0, we get with the convergence (A4) of Proposition
2 that

-n , ~ 2*(s)—1
n_3 (y)U
y’ xlyluﬁr,eﬁ ) 1’6(%8 d

!
IV

Ve()

/ r2B-(N=n 5| 8-() y

xl / i;(y)? )1

|x|5+("/) |y|S

HN e
r — 55e
T

€

dy
for all z € R™. Therefore, as one checks, A > fw %‘:H dy > 0. This ends Step
P9.3.

Step P9.4: We claim that

2

_wnmt (Y
Fo=" <4 'y) AB. (156)

We prove the claim. The definition (142) reads

— VoP v N (igs s 25 a6
Fo = / (z,v) ( 5 T z'0;0 + 50 0,0 do (157)

R™ NOB;(0)
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For simplicity, we define the bilinear form

Hs(u,v) = / [(x, V) ((Vu, Vo) — 'y|;w2> - (xiaiu +2 2u) v

R™ NOBs(0)

_ <xiaﬂ) L0 ; 2v> 8yu} do

As one checks,

1
Fo = 3Hi(Aus )+ Bus_ ), Avs, ) + Bos_ ()
A2
- 457?{1(Uﬁ+(7)7vﬁ+(7))_F‘413?{1<U6+(7)7Uﬁ7(W))
2
+7H1 (Uﬂ, (v)» 'Uﬂ7 (’7))

In full generality, we compute Hs(vq,vg) for all a,8 € R and all 6 > 0. As

one checks, for any ¢ = 1,...,n, we have that d;v, = (51-,1 — aﬁﬁ) |z] = for all
x € R™. Moreover, for z € 0Bs(0), we have that d,v, = %awa. Consequently,
straightforward computations yield

n n Va3

(mi@-va + ;2va> Ovg=—(B—-1) (5 - a) 7]

and
VaUp

(_’L‘,l/) ((Vva,vvg) - |SZ|2UO(’Uﬁ> = |x|1_04_/H + (Otﬁ — o= 5 - ’Y) |f£|

and then
o n VoV
Hotwno) = [ (el (Gl 8) —n-ag—a) ) do
R™ NOBs(0)

]

We have that

1 n—
/ 2|7 P do = ’/ |z|l=B dg = 1=l gn—a—p
R™ NAB;(0) 2 /s (0) 2
and
o 1
/ Yol 5 = f/ 22|z|m P do
R™ NAB;(0) |z 2 Bs(0)
= [ et = S geas
2n B5(0) 277/

Plugging all these identities together yields

Hs(va, v5) = w;i:a”*a*ﬁ (g(a +8)—af— 7) .

Since B4 (), B—(7) are solutions to X2 —nX + v = 0, we get that

Hs(v_(3), V8- () = Hs (0, (), Vg, (7)) = 0.
Since B4 (7) + B—(y) =n and B4 (7)B-(y) = 7, we get that

2
Wn—1 n
Hs(Vg_ (1), V8, (1) = ” (4 - V) :
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Plugging all these results together yields (156). This ends Step P9.4.
These substeps end the proof of Step P9. d

STEP P10. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (22)
hold. We assume that blow-up occurs. We assume that S+ (y) — S—(y) < 2 and
ue > 0 for all € > 0. Then ug = 0.

Proof of Step P10: We claim that, as e — 0,

‘VU€|2 B+(w);l3_(w)
(z,v) 5 do=o|py, when 84 (v)—8-(v) < 2

T(aRz NBrc (0\Byz (O))

(158)
Indeed, if B4 () — B_(7) > 1, the claim follows from (127) and 1 > ££0=A-0) 7y
now B4 (v) — B-(y) < 1, then (131) and the control (102) yield that

2
/ (z, V)M do
2
(aRﬁmBTE(O)\Bkie(O))

N ‘u{ﬁ(’Y)—ﬁ—(’Y) d
< C |.I"2 i€ da + i
AR™N B, (0) Zl | |28+ (1) |28~

1=

By(M=B_()

N
< CZuf’:(W)—Bf(’Y)T?flﬂ(m(v)fl) + Orﬁm(v)fﬁ—(v)ﬂ _ O(UN,E 3 )
=1

as € = 0. The limit case 81 (v) — B—(v) = 1 is similar. This proves the claim.

Plugging (115), (121), (141), (143) and (158) into the Pohozaev identity (112), we
get

N

pe [(n—s 1 / |22 (%) By(M—B_(7)
— dr+o(l) | = —(Fo+o)) py, °
2*(8) (2*(8)> ;t?*(5)22Rn |1.|s ( ) ( ( )) N,

(159)

as € — 0, where Fy is as in (157). Therefore Fy < 0. Since u, > 0, it then follows
from (156) of Step P9 that ug = 0. This proves Step P10. a

8. Proof of the sharp blow-up rates

We now prove the sharp blow-up rates claimed in Propositions 5 and 6. We

start with the case when S (v) — S_(7) # 1. As a preliminary estimate, we claim
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that
_ N 5127 (s)
De n—s 1 / ;]
— — dxr + o(1
2*(8) <2*(S) —pe) ; tz*(é){Q in |:L‘|5 ( )
Vau,|? By (M—=B_(7)
= / (z,v) | ; | do— (Fo+o(1)py, ° (160)

T(aRg By (O\Byg (o))

as € — 0, where Fy is as in (142); and, when ug = 0, we claim that

N .27 (s)
De n—s 1 / | ;]
e dx +o(1)
2*(s) (2*(5) pE> FZI t?*(s)z_g 2 |5
7

Vu|? -
_ / )L o (B, + 0(1)) i 00
T<8RmBao(0)\Bk§_€(0)>
N o(jins) + o0y (161)

N —
when B4 (v) —=B-(7) 22 when B (7) — B_(7) <2

where Fs, is as in (150).

We prove the claim. Collecting the first estimate of Step P2, (121), (141) and
(143) of the terms of the Pohozaev identity (112) gives (160). Similarly, the second
estimate of Step P2, (122), (148) and (149) of the terms of the Pohozaev identity
(113) gives (161).

8.1. Proof of the sharp blow-up rates when S (v) —_(v) # 1. We first
assume u. > 0 and 54 (y) — f-(y) < 1.

STEP P11. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (
hold. We assume that blow-up occurs. We assume that ue > 0 and B4 () —p—(y
1. Then (109) holds, that is

Wh— 2*(5)2 2 2
li Pe o 1" (% B ’y) A
S0 BB J2,]2% ()

HN,e (n=5)Y —=— [ EE

=142

Z*(5)=2 gn

moa(©) (162)

for some A > 0, where m., () is the boundary mass.

Proof of Step P11: Tt follows from Step P10 that uy = 0.
Step P11:1: We now claim that

N - *

pe [(n—s 1 |1 > () By (M) =B ()

— [ — — dr +o(1) | = ux" Ms. +o(1

i (50) |5 ] e el | T (M ot
=ty R™
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where

0

- /T(R" NBs, (0)) (ho(x) + 2

+ / do, (163)
T(9R™NBs, (0))

and Fy, is as in (150) and @ is as in (146).
Indeed, the Pohozaev identity (112), the convergence (145), (147), (146) and 54 (y)—

B_(v) <1 yield
/ (he(x) + W) u? dx (164)

T(Rszso(o)\Bk%e(O))

_ Vho, _
_ == (/ (ho(:c) n (2055)) 22 dgngo(l))
T(R™NBsy (0))

By(M=B_()
With ug = 0 and the control (102), we get that [Vue(z)| < Cpuy . > || =B+

for all € > 0 and x € Q. Therefore, with (145) and (146), we get that

2
/ (z,v) |V121/e| do

T(aRz NBs, (0)\Bki’,e (0)>

~12
_ M%’S(v)—ﬁf(v) (/ (x’V)W;" do‘—‘,—o(l)) (165)
T (OR™NBjs, (0))

as € = 0. Plugging (143), (164) and (165) into (113), we get (163). This proves the
claim and ends Step P11.1.

We fix § < §'. Taking U := T(R™ N By (0) \ Bs(0)), K =0 and u = @ in (196), and
using (146), we get that M; is independent of the choice of § > 0 small enough.
Step P11.2: We claim that u > 0.

We prove the claim. Since @ > 0 is a solution to (146), it is enough to prove that
u Z 0. We argue as in the proof of Step P9. We fix z € Q. Green’s identity
andu, > 0 yield

2" (s)—1-pe
_ - _a_ uc(y
(x) = py P OB [ (g M g
Q |
2% (s)—1-pe
- 8 uc(y
> pBr0=p (w))/a/A G, ) ! )|ys dy

n—s— —B_ Ue T Y 2" (s)=1-pe
> Cply P (7))/2AG6(17T(MN,Ey)) (T(pw, |y)|)

where A := T(R™ N By (0) \ By (0)), A:=R" N By(0) \ B1(0). With the
pointwise control (207), we get
U (x) >

|x|>B—(7) , < d(z,00) |y ) Ue i(y)Z*(s)flfpe
C’/ ( x—T . " : d
W) T o )P PR

dy,
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where . ; is as in Proposition 2. Letting € — 0 and using the convergence (A4) of
Proposition 2, we get that

Q
u(z) > Cd(x’a ) for all z € Q.

- |$|ﬁ+ ()
And then @ > 0 in . This proves the claim and Step P11.2.

We fix 9 > 0 and n € C°°(R"™) such that n(z) = 1 in B,,(0) and n(z) = 0 in
R™ \ B, (0). It then follows from [21,22] that, for 7o > 0 small enough, there
exists A > 0 and 3 € H}(Q) such that

u(z)=A (W +B(x)> for all x € Q

with

(z)d(z, 0Q) (x)d(x, 0%2)
ﬂ(m):mw,h(ﬂ)n |z[B=() Jr0<77 |z|A- () )

as € — 0. Here, m, () is the boundary mass.

Step P11.3: We claim that

5—0 4

We prove the claim. Since @ is a solution to (146), it follows from standard elliptic
theory that there exists C' > 0 such that a(z) + |z||Va(z)| < Clz|~#+() for all
x € Q. Therefore, since S () — f_(y) < 1, we get that

lim azd:ch/ a2d0+/ |z|?|Val|* do = 0.
6=0 JT(R” NBs(0)) T(R™ NOB;(0)) T (OR™ NB;(0))

Therefore,

2
lim M; = —‘*’7;;1 (” - ~y> A%y () (166)

A% ~ ~ _
Ms = —5Hs(Up. () + Up_ (), Vg () + Vs () +0(1)
as 6 — 0, where
_ , -2
Hs(u,v) = / [(m,u) ((VU,VU) - |;2uv> - (mlaiu—i— z 5 u) Oy
T(R™N8Bs, (0))

, )
— <x18iv + nQv) a,,u} do

and

n(z)d(z, 0N)

Vg, () () := PR and vg_(,)(x) = B(x) for all z € Q.
We then get that
2
Ms = _77{5(@&(“/)’ U8.(v) — A2H5(5ﬁ+('v)755—(7))
A? _

— 5 Ho(Ts_ (), Us_()) +0(1)
as § — 0. For any € R™ N Bs(0), with the chart 7 and the definition of 8, we get

. o ) )
Uﬂ+(7)(7-(m)) = “’Z}|ﬂ41-('7) + O(‘x|2 ﬂ+(’y)) = Uﬁ+(’y) —+ O(|1.|2 B+(’7))
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|21
||A- (1)

Moreover, elliptic theory yields

V(0g, () 0 T(x)) == Vg, (4) + O(Jz|*~F+),

and Ug_ () (T (2)) = m,n () +O(|z>=) = m-vs_(,y + O(|z|>~F- ).

and V(tg_(,) 0 T(x)) = myn(Q) - Vog_ () + Oz =) for all z € R™ N B;(0),
where vg is defined in the proof of Step P9. Since 81 (v) — f-(y) < 1 and B4 (v) +
B_(v) = n, we get with a change of variable that as § — 0,

Hs(Wp, (1), U, (v) = Ho(Us, (1) 0, () + O~ P70y

Hs(0p, (1), 08_(1) = Mayn() - Hs (v, (1), Vp_ () + O3~ P+ =F-00D))
Hs(0p_ (1), Up_()) = O("72-0).

Using the computations performed in the proof of Step P9, we then get (166). This
proves the claim and ends Step P11.3.

End of the proof of Step P11: Since M; is independent of § small, we then get that
Ms, = —<o=1 (”{ - fy) A%m., (). Putting this estimate in (163), we then get

n

(162). This end Step P11. O

Proof of Proposition 5 when B4(y) — 8-(v) > 2: Plugging (127) into (160) and
using that 84 (y) — B-(y) > 2, we obtain

[ IIy(z,z)|Viy|? do
i P n-s 1 o
im = -
Opne (=27 ¥o= X i [2* ()
tN [z[°

dzx

n—2
i=1 t?*(s)—2 R
i =

This yields (105) when Sy (y) — B—(y) > 2.

Proof of Proposition 5 when B1(y) — 6-(y) > 1 and uy = 0. Plugging (128) into
(161) and using that 84 (y) — B-(y) > 1, we obtain also (105).

Proof of Proposition 6 when B4 (y) —B—(v) > 1. Since u. > 0, we get that ay > 0.
Therefore, it follows from Ghoussoub-Robert [21] that @y (z1,2') = Un (1, |2'])
for all (z1,2") € (0,+00) x R"™1. Due to this symmetry, when 4 (v) — 8- () > 1,
we get that

n—1
/ Iy(x,2)|Viy|* do =) / Iy 7' |Viy|? do (167)
OR™ =17 oR"
n—1 2 Vu 2 d
. II i fa]R” |J3‘ | ’U,N| a
_ iz Tois / 22V |? do = -2 H(0)
n—1 n n—1

When B4 () —B-(y) > 2or {B+(y)—F-(y) = 2 and ug = 0}, Proposition 6 follows
from (105) and (167). When {84 (v)—B-(7) = 2 and uo > 0}, Proposition 6 follows
from (160), (156) of Step P9, (127) and (167). When 1 < B4+(y) — B-(v) < 2,
Proposition 6 follows from Step P10, (161), (128) and (167).
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Proof of Proposition 6 when 4 (v) — f—(y) < 1: This is a direct consequence of
Steps P10 and P11.

8.2. Proof of the sharp blow-up rates when §,(y) —3_(v) = 1. We start
with the following refined asymptotics when u, > 0, 4 (v) —8_(y) =1 and ug = 0.

STEP P12. We let (ue), (he) and (pe) be such that (E¢), (15), (21) and (22)
hold. We assume that blow-up occurs. We assume that u. > 0 and ug =0. We fiz
a family of parameters (A¢)eso € (0,+00) such that

hm Ae =0 and 1111(1) ENe _ . (168)
€E—> €
Then, for all x € R™, x # 0, we have that
) )\E+(’7)—1 ‘731|
}g% mue(T(Aex)) =K- Wv
:U‘N,e :
where T is as in (27),
_By(n-t | | 122 (s)— ( )
K=t 207 Q/ Jil Uy dy > 0 169
N 7 R ‘y|ﬂ7(7) |’y|S ( )

and L q > 0 is given by (210). Moreover, this limit holds in CZ,(R™ \ {0}).

Proof of Step P12: We define
)\er(’Y)*l
we(x) := mue(T()\éx))
MN,E :

for all z € R® N A-'U. As in the proof of (141), for any i,j = 1,...,n, we let
(Ge)ij = (0iT (rex), 05T (rex)), where (-,-) denotes the Euclidean scalar product on
R™. We consider g, as a metric on R”. We let A, = div,(V), the Laplace-Beltrami
operator with respect to the metric g. From (F.) it follows that for all € > 0, we
have that

w2 () —1-pc

7Ag€we — Wwe — )\? h/s 9] T()\eflj) SEW in RT_l N A;lU
5=
we > 0 in R® N AU
we =0 on (OR™ \ {0}) N AZLU.
With )
Br—p_(n \ 2 (8)=2-pc
— 'LLNve ’ 2—s
Se¢ ‘= W >\E .

Since pfy . — tn > 0 (see (A9) of Proposition 2) and

(B+(7) = 1)(27(s) =2) = (2= 8) = (2*(s) = 2)—

then using the hypothesis (168), we get that

Bat—8_(v \ 2 (8)=2—pe

IU‘N,e ? )\2 s<C<MNe

(B+(M—=1)(2*(s)—2—pc)—(2—3)
)\?+(7)*1 Ae )
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as € — 0. Since ug = 0, it follows from the pointwise control (60) that there exists
C > 0 such that 0 < we(x) < Clay| - 2|7+ for all z € R® N A7'U. Tt then
follows from standard elliptic theory that there exists w € C2(R™ \ {0}) such that

lim we = w in CE.(R™\ {0}) (170)
€E—>
with
—Aw — #w =0 in R”
0 <w(z) < Clay|-|z|P+)  inR™
w=0 on OR™ \ {0}.
It follows from Lemma 4.2 in Ghoussoub-Robert [21] (see also Pinchover-Tintarev

[29]) that there exists A > 0 such that w(z) = Alz| - |z|~#+®) for all z € R™.
We are left with proving that A = K defined in (169). We fix x € R™. Green’s
representation formula yields

/\E‘F('Y)_l ue(y)Q*(s)flfpe
we(r) = /QmGe(T()\em),y)Tdy
MN,e :

(171)

)
/7’(R’_‘ﬂ(BRkN,‘ (ON\Bsky (0)) AT (RZN(Brry, (0\Bsky . (0))

Step P12.1: We estimate the first term of the right-hand-side. Since Dy7T = Ign, a
change of variable yields

ot 2" (s)~1-p
Ae e (y
TR N(Briy,  (0)\Bsky . (0)) o vl

2%(s)—1-p.

Go(TOws), Tk o2)) )

Y / i (14 0(1))dz
R” N(Br(0)\B5(0)) 2|
with
B+(v)—1
>\ _n—=2 9% 1
1) . € n—s (2% (s)—1—pe)
st = ) PN BNy

2
luN,E

It follows from (210) that for any z € R™, we have that

Aelml‘ . kN,e|y1|
Az |pen kG Dz)8-0)

Ge(T(Ae), T(kn,ez)) = (Ly,0 +o(1))

and that the convergence is uniform with repect to z € R™ N (Br(0) \ Bs(0)).

Plugging this estimate in the above equality, using that ky. = u]l\,_’f‘/(r(s)_m,

uﬁ’\;‘ — ty > 0 and the convergence of 4y to @n (see Proposition 2), we get that

A e ()2 =170
/ mGe(T(AeI),y)()—S
T(R™N(Briy,  (0\Bsky . (0)) e lyl

= / i an(z)* O
R (Br(0)\Bs(0)) 14[#~) |2]*

dy

dz+o(1)
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as € — 0. Therefore,

B+(v)—1 2*(s)—1
. . e Ue(y
- lim lim N RO GE(T(AEx),y)i( ) " dy
—~+00,0—0 €0 TR2N(Briy . (0\Bsky . (0)) :“Nf |y|
_ |1]
Ko (172

where K is as in (169).

Step P12.2: With the control (207) on the Green’s function and the pointwise
control (60) on ue, we get that

B (y)—1 2% (s)~1-p
AG €
/ WGE (T (Ae), y)% dy
T (R 0Bty O\ B (0)) [, 7= 19l
N-1
<Y Ao+ B(R) + C.(6) (173)
=1
where
L Br(-B_(n 2(s)-1
A._CA?”‘/ lelw, y)P~Ore(z, ) e © Iyl
it #;m);a,m By (0) IT(Aez) — y[2|y|* Mf;(w)—ﬁf(v)wm_(y) + |y\5+(’7)
B By()—B_() 2% ()1
D / Lle,p)’ Drey) mye ©
) =5 Py D2 (s)-D+s WY
u]r\s;r( ) Brg (0\Briy . (0) IT(Aez) —y|["=2  |y|B+(N=DE* ()= 1)+
)\B+(’Y)—1+2—n+5—(’¥)—1 dy
C(0) :=C(2)== — / p
ENCTERCTIPN Biy (0 |y|(B-(N=1)(2* (s)=1)Fs+B-(v)-1

/’[’N,e

ax{A¢|z|, . Ae .
where ((x,y) := %m, and r.(z,y) = min {1, %}

Step P12.3. We first estimate C.(d). Since n > s+ 2*(s)(8-(y) — 1) (this is a
consequence of B_(vy) < n/2), straightforward computations yield

C.(5) < C(x)5 32 BrN=B-(1)

and therefore
lim lim C(6) = 0. (174)

§—0€e—0

Step P12.4. We estimate B.(R). We split the integral as

B.(R) = [ L Ly | Lwdy+ [ Ly
Rk n<|y|<2elzl Aelzl o ly1<2X 2] ly|>2xc|z|

2
where I.(y) is the integrand. Since

2*(s) —2

n—(s+(B+(v) - DR (s) =D+ B-(v) - 1) = - (B+(v) = B-(7)) <0,

dy
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straightforward computations yield

/ L L)y
REN <|y|<=5=
By ()—B_(v)

B+ (V) —14+B-(v)—1+2—n 3 (27 (s)-1)
< C(UI:))\6 PN
- Br(—A_(v) Rien. o< Jyl<2elzl [y B+ (=1 () =D+s+5- (7)1

2 2

dy
/U‘N,e

< C(z)R~TF2 G+ )-8-(),
For the next term, a change of variable yields

/ L(y) dy
Aelrl gyl <2, |2

N1 o bin 2" (9-1)
< € _ —-n JE

< C(=) B0 /Ae;qywewl T = G e @ Y
2% (s)—2

MN7€
LN 75— (B+(7)=B-(7))
< C(x) ( ’6> / |t — 2> " dz = o(1)
Ae %‘<|z|<2\ac|

as € — 0. Finally, since B1(y) + 8-(7) = n and n — s — (B4(y) — 1)2*(s) =
@(ﬂ#— (7) — B-(7)), we estimate the last term

/ L.(y) dy
[y|>2Xe| ]

*(s)—
< C(I)M;EZ 2(/8+(’Y)*5—(’Y)))\éﬂr(w)fﬁ,('y) /l
)

Br()—B_(v)
2

|y|57 (’Y)+17nis dy
[>2) || |y| B+ (N=DE*(5)-1)

202 (8, (1)~ B- (7))

<o) (4) —o1)

as € — 0. All these inequalities yield

lim lim Bc(R) = 0. (175)

R—400 €e—=0

Step P12.5. We fix i € {1,..., N — 1} and estimate A; .. As above, we split the
integral as

A =/ Jie(y) dy+/ Jie(y) dy+/ Jie(y) dy,
ly| < 2efzl 2elrl <yl <an |z ly|>2X|x]

2

where J; . is the integrand. Since p; < pn,, as one checks, the second and
the third integral of the right-hand-side are controled from above respectively by
ijw\ <lyl<2Ae] I.(y) dy and fly|>2>\e\w\ I.(y) dy that have been computed just above
and go to 0 as ¢ — 0. We are then left with the first term. With a change of
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variables, we have that

/ L
yl<=

/\ff+(’y)—1+ﬂf (v)+2—n—1

< C(x) I e))
:uN,e :
BL(M=B_ (M 27 (s)—1
y / pie vl dy
|yl <2<zl Mzﬁ:(v) B—(7) |y|,37(7) + |y| A+ |y|s+A- (-1
I4n—s—B_(7)— 252 (2"(s)-1)
<O :ui,e
— (:L‘) By (M—B_(v)
MN7€ :

1 |Z‘ 2% (s)—1 p
x 1< 35l Z[B--D+s \ Z[-00 + 2P+ () o

B (=B ()

. 2

< O(x) (“”
MN,E

since n > 5+ (2°(s)(B_ () — 1)) and n < (B_(7) — 1) + 5+ (2°(s) = 1)(B4 () — 1).
Since ;e = o(un,c) as € = 0, we get that

lim A;,. = 0. (176)
e—0

Step P12.6: Plugging (172), (174), (175) and (176) into (171) and (173) yields
lime_,0 we(x) = K2l for all z € R®. With (170), we then get that A = K.

|z ‘B+(’Y)
This proves Step P12.

Now we can prove Proposition 6 when S (v) — S_(7) = 1 in the case when
ue > 0.

STEP P13. We let (ue), (he) and (pe) be such that (E.), (15), (21) and (
hold. We assume that blow-up occurs. We assume that ue > 0 and By (v)— (’y
1. Then ug =0 and

Pe <n—s> i 1 /|ai2*<s> Lo+ o)
26 \26) )\ S o= el

22)
):

2w 1 ( 1 >
= nen— 4o eIn . 17
-1 " KN e o KN e 1o

The case 54 (7) — B-(v) = 1 of Proposition 6 is a consequence of Step P13.

Proof of Step P13: First remark that since 84 (y) + S—(y) = n, we then have that

n+1 n—1

Bi(n) = "0 and B (1) =
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It follows from Step P10 that ug = 0. We use (161) that writes

N ~ 12%(s) 2
De n—s 1 / o / [Vue|
|\ — E = dr+o(1) | = [ (z,v) do+0 (pn,e) -
2* (5) (2* (s) — pe) —1 t?*(5)2772 s |x|S 2

‘ Te

(178)
where T¢ := T (OR™ N By, (0) \ Bys (0)). It follows from (132) that
0 1,e

Vu|? 1 -
J@nSoE do = =3 [ 50 7010, TV, 0 D1+ O] o

T T. Pa=2

3 2
+0 / 2°|V (ue o T) |2 gyl 4o
aR"iﬁB50 (0)

_ ! / > aP a9y To(0)|V (ue o TP do

OR™ B3y (0\Bya (0) P972

+0 / 22|V (uec o T)|? do | . (179)

OR™ NBs, (0)

With the control (102) and 4 (v) — S—(7) = 1, we get that

Mﬂ+(7) B—(v)
23|V (uco T)|?doe < C / |lz]? e do
/B]R"ﬂBgo(O) Z OR™ N Bs, (0 |22|26+(0)
< Cufvfem - = C#N,e (180)

We need an intermediate result. We let (s¢)e, (te)e € [0, +00) such that 0 < s, < ¢,
and pe v = o(t.) as € — 0. We claim that

|2|?|V (ue 0o T)|?do < CZui,eln( 181)

max{se, Hi, e} )

Indeed, with the pointwise control (102), ug = 0 and 254 (y) =n + 1, we get that

/GR"O(BtE(O)\BsE(O))

|||V (ue o T)|? do
OR™ N(Bt, (0)\Bs, (0))
p2+(n—1-1 4.

te
B+(v)—B-(7)
<C Z i ¢ /S “2(B+(v) B-(M)p26_(v) 4 p264 ()

r2Be (N1 qpr

<C Z ’u”/ r26-(7) +r26+(7)

i=1,...,N

Distinguishing the cases s, < p; and sc > p; ., we get (181). This proves the
claim.
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— 1 0 10,
We define 6, := T Qe 1= [N and S, : Hne As one checks, we have
that
He, N = O(Be) Be = 0(ae) Qe = 0(1)
N =M ne Mane = 2\ M i Qe = OUN[IN,e
as € — 0. It then follows from (181) and the properties (182) that
1
[ PFwe NP =o (i)
HUN e
8R™ N(Bsy(0)\Ba, (0)) (183)

1
|z|?|V(uco T)|> =0 (NN,E In )
,UfN,E

8R™ NBg, (0)
Since pun,c = o(Be) and a. = o(1) as € — 0, it follows from Proposition P12 that

|22+ |V (e o T)[? ()

ulﬁvfe(v)*ﬁf ()

We fix 4,5 € {2,...,n}. It follows from (184) and B4 (v) — S—(v) =1 that

lim sup - K?

=0 (184)
€20 2R NB,, (0)\Bg, (0)

wixjaij%(oﬂv(ue o 7')|2 dx
OR™ NBq, (0)\Bg, (0)
= HN,e |x|23+(7)
aRanae (O)\Bﬁe (0)

K?dx

212903 To(0) [ |2|*P+ |V (ue o T)[? 2

+ / KN, |2[28+ () LN« - K7 ) de

OR" NBa, (0)\Bs, (0) ’

B 2279 To(0) o

= N 1 4

OR™ (Ba, (0)\Bg, (0)

+o / v o (185)
N, eT 193 (~)

8R™ (B, (0)\Bg, (0) |26+ ()

Independently, with a change of variable and 28, (y) = n + 1, we get that

22707 (0) e dr .y
W dr = 67,.776(0) / 7 /Svni2 g 0"7 do

€

OR” NBa,(0)\Bg, (0)

Wn—2 Qe

——1In

n—1 ﬂe

where wy,_o is the volume of the round (n — 2)—unit sphere. This equality, (185)
and the properties (182) yield

= 6i30;T0(0)

l‘ilfjaijaij%(oﬂv(ue o T)|2 dx

OR” NBa, (0)\Bga, (0)

K2w,_s 1 1
— 6,30, To(0) =2 o i —— B . 186
50O 2y o (v ). (s
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Therefore, plugging (180), (183) and (186) into (179) yields

[Vu|?
/ (z,v) 5 d

T(amg NBs, (0)\31@%,5 (0))

K?w,_ ? L 0iTo(0 1 1
LU R PN
4(’[1 — 1) KN e HN,e

K2w, 230 5 Iy i 1
= = : € € 1
A(n —1) N, N e
K?w,_oH 1 1
:MMMEIH —|—O<[1,N,€hl > .
4(n—1) N e N e
Plugging this latest estimate into (178) yields (177). This ends the proof of Step
P13. O

9. Proof of multiplicity

Proof of Theorem 3: We fix v < n?/4 and h € C1(Q) such that —A —v|z|~2 -
is coercive. For each 2 < p < 2*(s), we consider the C2-functional

1 g L[
1 u:f/<Vu2dx—fu2x2—hu2)dx—f
o) =5 [ (19l do = JuPla Ar
on Hf (), whose critical points are the weak solutions of
_ — [P
—Au — |x|2u hu = BE on ) (187)
u = on 0f).
For a fixed u € H%O(Q) u # 0, we have that
)\2 2 /\p p
I, () = /|v 2 da 7 %da:fﬁ/h dz — ul” g
|z Q a lzl*
—00, which

p
Then, since coercivity holds, we have that that limy_,o I, v(Au) =
means that for each finite dimensional subspace Ej C E := Hf (), there exists
Ry, > 0 such that
sup{lp(u);u € Eg, |lul| g2 > R} <0 (188)
when p — 2*(s)(s). Let (Ej)z2, be an increasing sequence of subspaces of H? ;(2)
such that dim Ej, = k and kalEk = E := H{ ((Q) and define the min-max values:
cp = inf sup I, ,(g(x)),
9€HL zcE),
where

H;, ={g € C(E,E); gis odd and g(v) = v for ||v|]| > Ry, for some Rj > 0}.

ProrosITION 7. With the above notation and assuming n > 3, we have:

(1) For each k €N, cpp >0 and lim ¢, = Cox ()1 = Ck-
p—2*(s)

(2) If 2 < p < 2*(s), there exists for each k, functions upyp € Hi () such
that I, (upx) =0, and Ip ~(up k) = cp - N
(8) For each 2 < p < 2*(s), we have ¢cpj > Dn,pkf;f1

such that lim D, , =0.
p—2*(s)

2
n

where Dy, > 0 is
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(4) klingo k= kll)n;oc?(s)7k = H4-o00.

Proof: (1) Coercivity yields the existence of ag > 0 such that
/Q (VuQ - %u — hu ) dx > ao/Q |Vul? dx for all u € H7 (). (189)

With (189), the Hardy and the Hardy-Sobolev inequality (20), there exists C > 0
and a > 0 such that
ag ago -2
Lo (w) = DNIVully = CIVulh = [Vul} (5 = CIvullf) = a >0
for all u € HY ((Q) such that provided ||Vul|; = p for some p > 0 small enough.
Then the sphere S, = {u € E;|[ul gz (o) = p} intersects every image g(Ej) by an
odd continuous function g. It follows that

cpi > inf{Ip, ,(u);u € S,} >a>0.

In view of (188), it follows that for each g € Hy, we have that
sup I, (9()) = sup Ip,(g())
z€FEy xeDy,

where Dy denotes the ball in Ej, of radius Ry. Consider now a sequence p; — 2*(s)
and note first that for each u € E, we have that I, ,(u) — Is«(s),(u). Since
g(Dy) is compact and the family of functionals (I, 4), is equicontinuous, it follows

that sup Ip,(g9(z)) — Sup I«(s),~(g(x)), from which follows that limsupc,, r <
zEE) IS

seug Iy (5),4(9(x)). Slnce thls holds for any g € Hy, it follows that
rzE€E)

limsup ¢, i < Cox (), = Ck-
€N
On the other hand, the function f(r) %7‘1’ — 2*1(5) 72" (%) attains its maximum on
[0,400) at » = 1 and therefore f(r) < 2%(3) for all r > 0. It follows

12*(5)"Y<u) = Ipﬁ(u) +/ L (;lu(l‘)lp - 2*1(8)|u(x)|2*(3)) dz

o lz|*

< I,w(u)—k/Q |xl|s (Zl, B 2*1(8)> o

from which follows that ¢, < lim Ii\lnf Cp;.k» and claim (1) is proved.

1€
If now p < 2*(s), we are in the subcritical case, that is we have compactness in the
Sobolev embedding Hf 4(2) — LP(S); |z *dx) and therefore I, , has the Palais-
Smale condition. It is then standard to find critical points u, i for I, , at each level

¢p.k (see for example the book [15]). Consider now the functional

1 u|P
b = [ WuPde - [ 20

and its critical values

sl

= inf sup I, .
= inf s Lo(o(e)

It has been shown in [20] that (1), (2) and (3) of Proposition 7 hold, with 0271@ and
0 ; hects : ‘m O — lim 0 —
c;, replacing ¢, , and c;, respectively. In particular, kl;ngo cp = klggo Con (), = 100
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On the other hand, with the coercivity (189), we have that

Iy, (u) > af =2 po(v) for every u € Hio(Q),

1

where v = ao ?u. It then follows that lim c¢; = hm 0 Co(s) = +00.
k—o00 ’

To complete the proof of Theorem 3, notice that since for each k, we have

l [ = 1' . =
p;g}() pivy(Upi k) pi;g}(s) Cpi .k = Ck>
it follows that the sequence (up,); is uniformly bounded in H7 (). More-
over, since I}, (up, x) = 0, it follows from the compactness result that by letting
pi — 2*(s), we get a solution wuy, of (187) in such a way that Io«(5)(s),y(ur) =

lim I, (upr) = lim ¢, = cx. Since the latter sequence goes to infinity, it
p—2*(s) p—2*(s)
follows that (187) has an infinite number of critical levels.

10. Proof of the non-existence result

Proof of Theorem 2: We argue by contradiction. We fix v < vy (Q) < "7 and
A > 0. We assume that there is a family (ue)eso € Hi () of solutions to

—Aue — 7|;L|2 heue = 2\;@ i in Q,
we > 0 in Q (190)
ue =0 on 002\ {0}

with ||[Vuc|l2 < A and lim,_,q ke = hg in C1(Q).

We claim that (u)eso is not pre-compact in Hf ((€2). Otherwise, up to extraction,
there would be ug € H7 (), uo > 0, such that ue — ug in Hf 4(Q) as € — 0.
Passing to the limit in the equation, we get that ug > 0 and

2% (s)—1

—Aug = ypafr — houo = UOMS in Q,
ug >0 in Q (191)
ug =0 on 00\ {0}.
The coercivity of —Aug — v|x|~2 — hg and the convergence of (h.). yield

u2*( ) 2/2*(s) uQ*(S)
C / - /\Vue|2dx7/ <2+h>ufdx§/ < dx,
o |zl |z o |zl

for small € > 0, and then, since u. > 0, there exists ¢y > 0 such that

*(s)
/ Ldm > ¢
o l|zff

for all € > 0. Passing to the limit yields ug # 0. Therefore, ug > 0 is a solution to
(190) with € = 0. This is not possible simply by the hypothesis.

The family (ue)e is not pre-compact and it therefore blows-up with bounded
energy. Let ug € H{ () be its weak limit, which is necessarily a solution to (191),
and hence must be the trivial solution ug = 0. Proposition 6 then yields that either

B+ () — B=() > 1 and therefore H(0) =0, (192)

or

B+(y) — B=(v) < 1 and therefore m~ 5, (2) = 0. (193)
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It now suffices to note that when v < (n? — 1)/4 then B4 (y) — 8-(y) > 1 and
the above contradicts our assumption that H(0) # 0. Similarly, if v > (n? — 1) /4,
then B4 () — B—(v) < 1 and the above contradicts our assumption that the mass
is non-zero. In either case, this means that no such a family of positive solutions
(te)eso exist. O

Proof of Corollary 1: First note that if hy satisfies
1
ho(z) + §(Vh0(33), x) <0 for all z € Q, (194)

then by differentiating for any = € €, the function ¢ — t2hg(tx) (which is well
defined for ¢ € [0, 1] since Q is starshaped), we get that hg < 0. Therefore —A —
y|x|=2 — hg is coercive.

Assume now there is a positive variational solution wug corresponding to hg, the
Pohozaev identity (196) then gives

2
/ (z,v) (9, o) do — / ho + 1(Vho, z) ) ug dz = 0.
20 2 Q 2

Hopf’s strong comparison principle yields d,ug < 0. Since €2 is starshaped with
respect to 0, we get that (x,v) > 0 on 9Q. Therefore, with (194), we get that
(z,v) =0 for all z € Q, which is a contradiction since € is smooth and bounded.
If now v < (n? — 1)/4, the result follows from Theorem 2 since we have assumed
that H(0) # 0.

If v > (n? — 1)/4, we use Theorem 7.1 in Ghoussoub-Robert [21] to find K €
C?(Q\ {0}) and A > 0 such that

—AIC—#IC—hOICzo in Q
K>0 in Q
K=0 on 092\ {0}.

and such that

K(x)=A (77(IM(:£,89) + B(a:)) for all z € Q,

|;I;‘B+(’Y)
where n € C®(R") and § € H{y(Q) are as in Step P11. We now apply the

Pohozaev identity (196) to K on the domain U := Q\ T (Bs(0)) for T as in (27):
using that K% € L'(Q) and (-, v)(9,K)% € L'(99) when B4 (y) — B-(7) < 1, we get

that
2
/ (z, V)M do — / (ho + 1(Vh0,x)> K*dx = Ms
20 2 Q 2

where M; is defined in (163). With (166), we then get

2 2
[ @@ [ (ho+;<wo,x>) K2 dir = (”—w) A1 ().
o9 Q n 4

Since Q is star-shaped and hg satisfies (194), it follows that m. 5, (2) < 0 and
Theorem 2 then applies to complete our corollary.
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11. Appendix A: The Pohozaev identity

PROPOSITION 8. Let U C R™ be a smooth bounded domain and let u € C?(U)
be a solution of

on U. (195)

Then, we have

0552ty () [
_ /F(az) do,

ou

where

F(z) = (=, )(IWP yu®  h(z) , K |u|2*<s>—p)

vt h@)
_(xz

2 20z 2 2:(s)—p |z|°
Proof: For any yo € R", the classical Pohozaev identity yields

_ 2u) oy u.
f/ <(xyo)i ;
U
— [ = 5E — (- o+ "5 2u) o] do

ou

— 2u> Au dx

where v is the outer normal to the boundary oU.

One has for 1 <j <n

u|?" (=)= ju|?" (5)=2=p
I\ —m— | = MIUIQ )77 4 (2*(s) — p)—————ud;u
|| "l ||
So
|u|2 (s)—2-p 1 ) |u|2*(s)—p
(x — yo, Vu) u = (Jc—yo)ja» —_
||® 2*(s) — ! ||®
+ S |u|2 (s)=p _ s (LC y())| |2*(s)7p
2%(s)—p |zl 2*(s) — p |zx[s*2

Then integration by parts yields

‘u|2*(s)—2—p 1 / ] ‘u|2*(s)—p
z—yo, Vu) ———udr = ———— [ (r —y0)'0j | ——— ) d=
[ = mv F—p ) W T

U
/IUI2 (S)”’ / (uf2 (=g
—p |z[® —p ”2
U
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_ 2%(s)—
2%(s)—p |z|® 25(s)—pJ |z[*+?
U U

1 u 2% (s)—p
+ /(m—yo,u)His do.
-p ||

2*(s)
Similarly,
u 1 ; u? u?  (x,v0)
— 0. V) — = (2 — VO, | — —-__ W 2
(w050 s = 5~ wPds () + s~ e
U n—2 u? (x,90) o
V) e dr = — 22 [ gy d
/(x Yo, V) FE T 5 /|a:|2 T / op u’dz
U U U
1 u?
+2/(‘Ty0al/)|x2 do
au
and

/(x — yo, Vu) h(z)u dz = — g/h(x)u2 da — %/(Vh,z — yo)u? dz

U U U
1
t3 /(x — o, V)h(z)u? do
oU

Combining the above, we obtain for any K and any yo € R"”,
‘u|2*(s)—2—p

. n—2 U
)it Pt} (cAu— e b KM ) 4
U/@” s 2] (< oK) 0

- /h(x)u2 dx — %/(Vh,x —yo)u? dx

U U

p n—s |u|?" (5)—p
- K—— dx
7 (7 —p>U/ o

(®,90) o S /(9373/0) 2% (s)—

— dr — K (s)=rq

v [ S g [ b
U U

_ B Vul> v w?  h(z) 5 K [ue)r
i [@; y)< 2 2P 2 " 2 -p kY
— / {((m — o) Osu + n ; 2u) 3yu} do. (196)
oU

We conclude by taking yo = 0 and using that u satisfies (195) on U.

12. Appendix B: A continuity property of the first eigenvalue of
Schrédinger operators

LEMMA 3. Let Q C R™, n > 3, be a smooth bounded domain. Let (V)i : Q@ — R
and Va : Q — R be measurable functions and let (x)r € Q be a sequence of points.
We assume that
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i) khT Vie(z) = Voo () for a.e. x € Q,
—+00
ii) There exists C > 0 such that |Vi(z)| < Clz — x| =2 for all k € N and z € Q.
ii1) klirf x, =0 € 00.
— 400

iv) For some g < n?/4, there exists § > 0 such that |Vi(x)| < yolz — 2% =2 for all
k€N and z € Bs(0) N Q.
v) The first eigenvalue Ay (—A + Vi) is achieved for all k € N.

Then,
lim AN (—A+ Vi) =M (—A+ V). (197)

k—+o00

Proof: We first claim that (A;(—A+V4))x is bounded. Indeed, fix ¢ € H7 ((22)\{0}

and use the Hardy inequality to write for all £ € N,

fg (VP + Vi) de _ Jo(IVel® + Clo — zi| *¢%) do
Jo @2 da - Jo @2 da

For the lower bound, we have for any ¢ € H{ (1),

/(|V<p|2+anp2)dx /|V<p|2dx—|—/ ngozdx—i—/ Vip? dx
Q Q B5(0) Q\B;(0)

A (—A+V) =M < +o0

> [19ePdrny [ Jo-ml
Q B5(0)
—4C672 o’ dx
O\ Bs(0)
> (17470/712)/ |ch|2dzf405*2/g02d:c. (198)
Q Q

Since 9 < n?/4, we then get that Ay (—A+V}) > —4C§~2 for large k, which proves
the lower bound.

Up to a subsequence, we can now assume that (A (—A + Vj))i converges as k —
-+o00. We now show that

Hminf A (—A + Vi) > A (—A + Vao). (199)

k—+oco

For k € N, we let ¢, € H? () be a minimizer of A\ (—A+V}) such that [, ¢f do =
1. In particular,

— Apg + Vipr = A1(—A + Vi) pr weakly in Hio(Q). (200)
Inequality (198) above yields the boundedness of () in Hf o(€2). Up to a sub-
sequence, we let ¢ € H7Y ((Q) such that, as k — 400, pr — ¢ weakly in Hf 5(1),

©r — ¢ strongly in L*(Q) (then [, ¢*dz = 1) and @x(z) = @(z) for a.e. z € Q.
Letting k& — 400 in (200), the hypothesis on (V}) allow us to conclude that

—Ap+Veop = klir+n A (=A + Vi)p weakly in H ().
— 100
Since [, ¢ dz =1 and we have extracted subsequences, we then get (199).

Finally, we prove the reverse inequality. For € > 0, let ¢ € H 12,0(9) be such that

Jo (Ve + Veep?) da
fQ 02 dx

<M(A+ V) +e
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We have
fQ |Vk - Voo|§02 dx

Jo@?dx '
The hypothesis of Lemma 3 allow us to conclude that [, |V — Voolp?dz — 0 as
k — +o00. Therefore limsupy,_, , o Ai(—A+ Vi) < A\ (—A+ V) + € for all € > 0.
Letting e — 0, we get the reverse inequality and the conclusion of Lemma 3. ([

/\1(—A+Vk) S /\1(—A+Voo) + e+

13. Appendix C: Regularity and the Hardy-Schrodinger operator on
R™

In this section, we collect some important results from the paper [21] used
in the proof of the compactness theorems. First we state the following regularity
result:

THEOREM 6 ([21], see also [14] ). Let £ be a smooth bounded domain of R™

(n > 3) such that 0 € 9Q. We fix v < ”72 and f: QxR — R is a Caratheodory
function such that
|,U|2*(s)—2

[, 0)| < Clol (1 S

Let u € H} 4(Q) be a weak solution of

)forallxeﬂandveR.

—Au— —————u= f(z,u) in (HIZ’O(Q))/ (201)

for some 8 > 0. Then there exists K € R such that
. u(x)
| =
50 d(z, O [z P ()
Moreover, if u > 0 and u # 0, we have that K > 0.

K. (202)

The following result characterizes the positive solution to the singular global
equation

PROPOSITION 9 ([21]). Let vy < %2 and let w € C*(R™\ {0}) be a nonnegative
function such that

—Au — #u = 0 nR"
u = 0 ondR™\ {0}
Then there exist C_,Cy > 0 such that

_ |21]
u(z) = C- 2]+

|21
|x|ﬂf("/)

+Cy for all z € R™.

Next, we recall the existence and behaviour of the singular solution to the homo-
geneous equation.

THEOREM 7 ([21]). Let Q be a smooth bounded domain of R™ (n > 3) such
that 0 € 9. Fiz v < %2 and h € CY(Q) be such that the operator A — ~v|x|~2 — h
is coercive. There exists then H € C?(Q\ {0}) such that

AN - M +h(x)H=0 inQ
H>0 inQ
H=0 onoQ\{0}.
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These solutions are unique up to a positive multiplicative constant, and there exists

¢ >0 such that H(x) ~4 .0 Cfiq«(ﬁ*fg))

14. Appendix D: Green’s function for the Hardy-Schrédinger operator
with boundary singularity on a bounded domain

DEFINITION 1. Let 2 be a smooth bounded domain of R™, n > 3, such that
0€ 90 We fixry <n?/4 and h € C*9(Q), 0 € (0,1) such that —A — (y|z|~2 + h)
is coercive. We say that G : Q x Q\ {(z,2)/z € Q} is a Green’s function for
~A =22 = b if
e For any p € Q, G, :=G(p,) € L' (Q).

o Forall f € CX(Q) and all p € Q, then

o(p) = /QGp(a:)f(x) dz.

where ¢ € HT ((Q) N C(Q) is the unique solution to

—Ap — <Z|2+h(x))<p:f in 25 ppa = 0.
This appendix is devoted to the proof of the following result.

THEOREM 8. Let € be a smooth bounded domain of R™ such that 0 € 9Q2. We
fixy < %2. We let h € C%9(Q) be such that —A — ~|z|=2 — h is coercive. Then
there exists a unique Green’s function G for —A — v|z|=2 — h. Moreover:

I. Properties of G. The Green’s function G is such that

(a) G, € C*9(Q\ {0,p}) and G, > 0 for all p € Q.
(b) For allp € Q and all n € C(R™ \ {p}), we have that nG, € H{ ().

(c) Forall f € L%(Q) NL2(Q\ Bs(0)), for all § > 0 and some ¢ > n/2, we have
for any p e Q

o) = [ Gyla)f (@) do. (203
where ¢ € H} ((Q) N C(Q) is the unique solution to
—Ap - (IJIQ + h(x)) =1 1inQ; poq =0, (204)

In particular,

_AG, - (% ¥ h(m)) Gp,=0 inQ\{p},

||

G, >0 in Q\ {p}, (205)
Gp,=0 in 0\ {0}.

II. Asymptotics. G satisfies the following properties:
(d) For all p € Q\ {0}, there exists co(p) > 0 such that

d(z, Q) 1
Gp(2) ~am0 CO(P)W and Gp(x) ~ap (n — 2)wp_1]x — p[n2

2 2
B-() =5 — [T =y and B1(3) == T+ - — .

(206)

where
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(€) There exists ¢ > 0 depending only on vy, the coercivity constant and an upper-
bound for ||h||co.e such that

¢ Hy(x) < Gp(x) < cHy(x) for x € Q — {0, p}, (207)
where
x{|pl, - d(z,0Q)d(p, 09
H,(z) := <m> |z —p|>™™ min{l,W} . (208)
And
max - 09
IVG,(x)| < c (m?n{{||§||, Lf;{) |z—p|'~" min {1, d|(xp,_ p|) } for z € Q—{0, p}.
(209)

(f) There exists Lo > 0 such that for any (h;); € C®%(Q) such that ligl h; =h
1—>+00

in C%, then for any sequences (x;);, (y;); € Q such that

yi = o(|x;|) and z; = o(1) as i — +oo,
then, as i — +oo we have that
d(z;, 092) d(y;, 00)
‘xi‘/ﬂ(v) |yi|67(7)

Ghi (1'% yi) = (L%Q + 0(1)) (210)
Notations: In order to simplify notations, we will often drop the dependence in
the domain Q and the dimension n > 3. If ' : A x B — R is a function, then for
any z € A, we define F, : B — R by F,(y) := F(z,y) for all y € B. Finally, we
will write Diag(A) := {(x,z)/z € A} for any set A.

We split the proof into several parts.

14.1. Proof of existence and uniqueness of the Green function. We
let ne(x) :=7j(e~t|z|) for all z € R™ and € > 0, where 77 € C*°(R) is nondecreasing
and such that 7(¢) = 0 for ¢t < 1 and 7(¢t) = 1 for ¢t > 1. It follows from Lemma 3
(see Appendix B) and the coercivity of —A — (y|z[~2 4 h) that there exists ey > 0
and ¢ > 0 such that such that for all ¢ € Hf ;(2) and € € (0, ),

/Q (|V802 - (m; + h(m)) @2) dx > C/sz de.

As a consequence, there exists ¢ > 0 such that for all ¢ € Hf ;(2) and € € (0, €),

/Q (IWIQ - (&72 + h(g”)) 902) dz > cllel3- (211)

Let G. > 0 be the Green’s function of —A — (yn|z|~2 + k) on Q with Dirichlet
boundary condition. The existence follows from the coercivity and the C%? reg-
ularity of the potential for any € > 0 (see Robert [30]). In particular, we have
that

{ ~AGd(w, )~ (B +h) Gelw, ) =0 in @\ {x} (212)

Ge(z,")=0 on 9
Step 14.1: Integral bounds for G.. We claim that forall § > 0and 1 < ¢ < -5
and &’ € (0,0), there exists C(d,q) > 0 and C(d,6") > 0 such that

Ge(z, )| paay < C(6, d ||Ge(z, )| 2o <C(5,¢ 213
IGe(@: Mzay < CG,0) and |Gelw, | 2y < CE) - (213)
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for all z € €, |z| > §. We prove the claim. We fix f € C2°(Q) and let . € C?%(Q)
be the solution to the boundary value problem

{ —Ape - (\wl? + iz )) =/ inQ (214)
Pe = 0 on 0N

Multiplying the equation by ., integrating by parts on 2, using (211) and Holder’s
inequality, we get that

n+2

/Q Vel? do < O fl] 2, el 2a,

where €' > 0 is independent of €, f and ¢.. The Sobolev inequality [¢f| 2u <
ClIVells for ¢ € H} ;() then yields
Il za, < CUSN 20,

where C > 0 is independent of e, f and .. Fix p > n/2 and § € (0,dp) and
01,02 > 0 such that §; + d2 < J, and = € Q such that |z| > §. It follows from
standard elliptic theory that

lpe(@)] < lellco(ss, (@)
< € (10l g+ I 200B s

ot £l (Bs, 15, (a;))>

where C' > 0 depends on p, §, §1, d2, v and ||h||oo. Therefore, Green’s representation
formula yields

[eterran) <o (11, g + Mliwe) @)
for all f € C(Q). It follows from (215) that
[ G as| <l

for all f € C°(2) where p > n/2. It then follows from duality arguments that
for any ¢ € (1,n/(n — 2)) and any § > 0, there exists C(d,q) > 0 such that
Ge(,-)||Laay < C(6,q) for all € < g and = € 2\ B5(0).

Let ¢’ € (0,9) and d1,d2 > 0 such that §; + d2 < ¢’. We get from (215) that
[ G rran] <cisl,

for all f € C*(2\ Bs/(x)). Here again, a duality argument yields (213), which
proves the claim in Step 14.1.

IN

77 (Q\ By (2)) (216)

Using the same method, we can get an improvement of the control, the cost being
the integrability exponent g. When ¢ € (1,n/(n — 1)), we get that p > n. Then,
[¢ellcr(Bs, (z)ne) is controled by the LP and L7+ norms. Moreover, |pe(x)] <
[pelloo(Bs, ()ne)d(z, 0€2). The argument above then yields

Ge(x, )Ly < C(9,q)d(x,00) for q € <1 7_11) (217)
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Step 14.2: Convergence of G.. Fix x € Q\ {0}. For 0 < € < ¢, since G¢(z, ),
Go(z,-) are C? outside =, (212) yields

Ve Y (e —ner)

_A(Ge(xv ) - Ge’ (LL', )) - <| A |2 + h) (GE(ZL', ) - Ge’ (.’E, )) = WGe/(xv )
in the strong sense. The coercivity (211) then yields G¢(z,-) > G (z,-) for 0 <
e < € if v > 0, and the reverse inequality if v < 0. It then follows from the integral
bound (213) and elliptic regularity that there exists G(z,-) € C%?(Q\ {0,2}) such
that

lim G(z,-) = G(,-) 20 in chY(Q - {0, z}). (218)

e—

In particular, G is symmetric and
— AG(z,") — (|7|2 + h) G(z,) =0in Q\ {z} and G(z,-) = 0 on OQ.  (219)
Moreover, passing to the limit € — 0 in (213), (217) and using elliptic regularity,

we get that for all 0 > 0, 1 < ¢ < -5 and ¢’ € (0,9), there exist C'(4,¢) > 0 and

C(6,8") > 0 such that for all z € Q, |x| > 4,
1G (@, )l[La(@) < C(6,¢) and [|G(z, )|

< 05,8 (220)

L2 (Q\By/ (2) —

and
1G (2, ) Lao) < C(5,q)d(x,08) for q € (1, n) ) (221)

n—1

In particular, for any z € Q\ {0}, G(x,-) € LF(Q) for all 1 < k < n/(n — 2) and
G(z,-) € L (=2(Q\ Bs(z)) for all § > 0. Moreover, for any f € L2 () N
L9(Q\ Bs(0)) for all § > 0 with g > n/2, let . € Hf 4(€2) be such that (214) holds.
It follows from elliptic theory that ¢ € C%7(Q\ {0}) for some 7 € (0,1) and that
for all §; > 0, there exists C'(d1) > 0 such that |\¢E||CO,T(§\B§1(O)) < C(01). We fix
x € Q\{0}. Passing to the limit e — 0 in the Green identity ¢(z) = [, Ge(x,-) f dy
yields

o(x) = / G(z,-)f dy for all z € '\ {0} (222)

Q

where ¢ € H? () N C°(Q\ {0}) is the only weak solution to

“Ap— (ﬁﬂ-h(x))@:f in Q

=0 on 0f)
Since G(z,-) > 0, (219) and the strong comparison principle yield G(z,-) > 0.
These points prove that G is a Green’s function for the operator and that (c) holds.

We now prove point (b). We fix n € C°(R" — {z}) such that n(y) = 1 when
y € Bs(0) for some 6 > 0. Then 1Gc(z,-) € C*?(Q) N HE (). It follows from
(212) and (218) that

~A0G) = (2 1) (Gl ) = Loy S n ©

where || fe[[co@) < C for some €' > 0 and all € > 0. Therefore, with the coercivity
(211) and the convergence (218), we get that

Gl < [ ey <C
Q\B;s(0)
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for all € > 0. Reflexivity yields convergence of (nGc(z,-)) in Hf(Q) N L*(Q)
as € — 0 up to extraction. The convergence in C? and uniqueness then yields
nG(z,-) € Hiz() and nGe(z,-) = nG(z, ) in Hf(Q) as e — 0. The case of a
general 7 is a direct consequence. This proves point (b).

For the uniqueness, we suppose G’ be another Green’s function. We fix z € Q and
we define H, := G, — G’.. Then H, € L'(Q) and for any f € C°(Q), we have
that fQ H,fdy = 0. Approximating a compactly supported function by smooth
fonctions with compact support, we get that this equality holds for all f € C%(Q).
Integration theory then yields H, = 0, and then G/, = G. This proves uniqueness.
This finishes the proof of (a).

This proves existence and uniqueness of the Green’s function in Theorem 8(I).
14.2. Proof of the upper bound. The behavior (206) is a consequence of

the classification of solutions to harmonic equations and Theorem 4.1 in Ghoussoub-
Robert [21].
In the proof, we will often use sub- and super-solutions to the linear problem. The

following existence result is contained in Proposition 4.3 of [21]:

PROPOSITION 10. Let Q be a smooth domain and h € C°(Q) be a continuous

fonction. We fix v < "72 and B € {B-(7),B+(7)}. Then, there exist r > 0, and

g, ug € C(Q\{0}) such that
ug,ug =0 on 9N B,.(0)
—Aug — Gz +h)ug >0  in QN B(0) (223)
—Aug — #—&—h ug <0 in QN B,.(0).
Moreover, for some T > 0, we have that, as © — 0, z € Q,

d(xz,090)

Taw) = ()1 +O(e) = =3

14+ 0(=|")). (224)

Step 14.3: Upper bound for G(z,y) when one variable is far from 0.

Step 14.3.1: It follows from (219), elliptic theory, (221) and (220) that for any
d > 0, there exists C'(d) > 0 such that

0 < G(z,y) < C(0)d(y,00)d(z,00) for x,y € Q s.t. |z|,|y| > 9, |z —y| > 0. (225)

Step 14.3.2: We claim that for any ¢ > 0, there exists C(d) > 0 such that
x,00)d(y, 0N)
|z —y|?

|z —y["2G(x,y) < C(§) min {17 d } for z,y € Q s.t. |z|, |y| > 4.

(226)
Indeed, with no loss of generality, we can assume that § € (0,dp). Let Q5 be a
smooth domain of R™ be such that Q\ Bss/4(0) C Q5 C Q\ Bs/2(0). We fix z € Q

such that |z| > 6. Let H, be the Green’s function for —A — (# + h(x)) in Qs

with Dirichlet boundary condition. Classical estimates (see [30]) yield the existence
of C(6) > 0 such that

d(z,0Q)d(y, 99)
|z —y?

|z —y|"?H,(y) < C(§) min {1, } for all z,y € Qs.
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It is easy to check that

-A(G, — H,) — (% + h) (G, — H;) =0 weakly in
Gy, —H,=0 on (09Qs) \ Bss/4(0)
Gx — Hx = Gx on (695) N B35/4(0).

Regularity theory then yields that G, — H, € C%9(Qs). It follows from (225) that
G.(y) < C1(9)d(y, 0Q)d(x, 082) on (0Qs) N Bss/4(0) for |x| > §. The comparison
principle then yields G, (y)— H,(y) < C1(0)d(y, 0Q)d(z, ) for y € Q5 and |z| > 4.
The above bound for H, and (225) then yields (226).

Step 14.3.3: We now claim that for any 0 < ¢’ < §, there exists C(4,0") > 0 such
that

ly|P- NGz, y) < C6,8)d(y, 0)d(z, Q) for z,y € D s.t. x| >8> > |yl
(227)

We let §; € (0,9’) that will be fixed later. We use (225) to deduce that G,(y) <
C(6,01)d(x,00)d(y,0N) for all z € Q\ Bs(0) and y € Bs, (0) N Q. Since 61 < |z,
we have that

“AG, — (ﬁm) G, =0 in QN Bs, (0)

0 <G, <C(6,0)d(y,00)d(x,0Q) on 9(QN Bs, (0))\ {0}.
We choose a supersolution %g_() as in (223) of Proposition 10. It follows from
(224) and (225) that for 6; > 0, there exists C'(d,61) > 0 such that G,(z) <
C(0,01)d(x,00)ug_(z) for all z € (2N By, (0)). It then follows from the compar-

ison principle that G, (y) < C(8,61)d(z, 0Q)us_(y) for all y € (2N Bs, (0)) \ {0}.
Combining this with (225) and (223), we obtain (227).

Note that by symmetry, we also get that for any 0 < §’ < §, there exists C'(4,9") > 0
such that

2P~ Gz, y) < O, 8" )d(x,0Q)d(y, Q) for z,y € Qs.t. |y| > > 8 > |z
(228)

Step 14.4: Upper bound for G(z,y) when both variables approach 0.

We claim first that for all ¢;, 2, c3 > 0, there exists C(cq, ¢a,¢3) > 0 such that
for z,y € Q such that ¢;|z] < |y| < ez|x| and |z — y| > c3|x|, we have

d(xz,00)d(y, )
|2 '

|z —y["*G(z,y) < Cer, 2, ¢3) (229)

When one of the variables stays far from 0, (229) is a consequence of (225). We
now consider a chart 7 at 0 as in (27). In particular, there is §o > 0,0 € V C R"
and T : Bas,(0) = V a smooth diffeomorphism such that 7(0) = 0 and

T (Bas, (0) NR™) = T(U)NQ and T (Bas, (0) NOR™) = T(U) N ON. (230)
Moreover, DT = Ig» and
IT(X)| = (1 +O(]X]))|X| for all X € Bss,/2(0). (231)
We fix X € R” such that 0 < |X| < 3dp/2. We define

H(z) := Gr(x)(T(1X|2)) for 2 € Bs,/x1(0) \ {0’ é} ’
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so that
=gt = | XPRT(XLE) | B =0 B0 {0, )
(\T(lw))(f‘w) | X]

where gx := (7*Eucl) x is the pulled-back metric of the Euclidean metric Eucl via
the chart 7 at the point X. Since H > 0, it follows from the Harnack inequality
on the boundary (see Proposition 6.3 in Ghoussoub-Robert [21]) that for all R > 0
large enough and r > 0 small enough, there exist §; > 0 and C > 0 independent of
| X| < 3d0/2 such that

/
A() < CH(,Z ) for all z,2" € (BRr(0) NR™) \ <BT(()) U B, (X>> ’
|21l Eq X|
which, via the chart 7, yields

c. Gy ,
T < Ol forall o/ € 90 Braya(0)\ (Barg 0) U Bzm(az)()z.g .

for all x € Q such that |z| < dg. We let W be a smooth domain of R™ such that for
some A > 0 small enough, we have
B)\(O) NQcCcWcC Bg)\(O) N Q and B)\(O) NOW = B)\(O) N of2. (233)

We choose a subsolution ug, (. as in (223) of Proposition 10. It follows from (224)
and (225) that for |x| < d2 small

, Ga(y)
> () f e for all B :
G.(z) > C(R)|z| (yesmél)%Rm(o) Ay, 0 Ug, () (2) for all z € WNOBR4)/3(0)

Since —AG, — (7] - |72 + h)G, = 0 outside 0, it follows from coercivity and the
comparison principle that

. Ga(y)
G.(z) > c|z|P+) f SRl A A for all z € W\ Bpjz(/3(0).
(2) 2 clal yeﬂﬂé%mm(o) d(y, 092) gm(v)(Z) orall 2 € WA Briayss(0)

We fix zg € W\ {0}. Then for d3 small enough, when |z| < Js, it follows from (228)
and the Harnack inequality (232) that there exists C' > 0 independent of = such
that

G.(y) < C|x\_ﬁ+(7)_3‘(7)d(x, 0N)d(y,00) for all y € BR|$|(O)\(BT‘I|(O) U BT|$|(x))

Taking r > 0 small enough and R > 0 large enough, we then get (229) for |z| < 3.
The general case for arbitrary « € Q\ {0} then follows from (226). This completes
the proof of (229).

Step 14.4.2: We claim that for all ¢1,co > 0, there exists C(¢q,c2) > 0 such that
2, 00)d(y, 09) }

|z =yl

|z —y["*G(z,y) < C(er, c2) min {1, al (234)

for all x,y € Q s.t. c1]z| < |y| < cz|z|. To prove (234), we distinguish three cases:
Case 1: We assume that
|$‘ < C1d(l‘,8Q) with C7 > 1. (235)

We define
H(z) = |z|"2Gy(z + |z|2) for z € By, (0) \ {0}.
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Note that this definition makes sense since for such z, x + |z|z € 2. We then have
that H € 02(31/(201)(0) \ {0}) and

% + |2*h(z + |z|2) | H = 6y weakly in By j2c,)(0).

x_
B ”’

—AH —

We now argue as in the proof of (226). From (229), we have that |H(z)| < C for all
z € OBy /(2¢,)(0) where C is independent of z € Q\ {0} satisfying (235). Let I'g be
the Green’s function of —A — (|z12 + |z|*h(x + |x|z)> at 0 on By/(2¢,)(0) with
Ta] 7%

Dirichlet boundary condition. Therefore, H — 'y € 02(31/(201)(0)) and, via the
comparison principle, it is bounded by its supremum on the boundary. Therefore
|2|""2H(z) < C for all Byj(2¢,)(0) \ {0} where C' is independent of 2 € Q\ {0}
satisfying (235). Scaling back and using (229), we get |z — y|"2G,(y) < C for
all z,y € Q\ {0} such that c1]z| < |y| < c2|z| and (235) holds. This proves
(234) if d(z,00)d(y,00) > |z — y|?. If d(z,09)d(y,00) < |z — y|?, we get that
d(z,00) < 2|x—y|, and then (235) yields |z| < 2C;|z—yl, and (234) is a consequence
of (229).

This ends the proof of (234) in Case 1.
Case 2: By symmetry, (234) also holds when |y| < Cyd(y, 09).

Case 3: We assume that d(z,0Q) < C;*|z| and d(y, Q) < C;'|y|. We consider a
chart at 0, that is 69 > 0,0 € V. C R™ and T : Bas,(0) — V a smooth diffeomor-
phism such that 7(0) = 0 and that (230) and (231) hold. We fix 2’ € R™~! such
that 0 < |2/| < 3do/2.

We assume that r < ¢g|a’|. We define

Hy(z) = Tn_QGT((O,:c’)Jrry) (T((07 xl) + TZ)) for Y,z € Béo/(QT) (0) NRZ \ {0}

We then have that H, € C*(Bg,(0) NR™ \ {0,y}) and

—Ag, Hy— M +r2h(T((0,2) +72)) | Hy = §, weakly in Br, (0)NR",

T

where g, := (T*Eucl)(o,4/)4r- is the pulled-back metric of the Euclidean metric
Eucl via the chart 7 at the point (0,2') + rz. We now argue as in the proof of
(226). From (178), we have that |Hy(z)| < C for all z € 0Bg,(0) N R™ where C
is independent of y € Bg,/2(0) and 7 € (0,00/4). Let T'y be the Green’s function

of —A s +72h(T((0,2") +rz))) at y on B ,2(0) N R" with

-
gr (M)
Dirichlet boundary condition. Therefore, H, — T', € CZ(BCO/Q(O) NR™) and, via
the comparison principle, it is bounded by its supremum on the boundary. It follows
from (178) and elliptic estimates for I'y, (see for instance [30]) that |H, —I'y|(z) <
Cly1| - |21] for z € 0(B,/2(0) NR™) and y € B, ,4(0) N R™. Applying elliptic
estimates, we then get that |H, —I'y|(2) < Cly1| - |z1| for z € B,y /2(0) "R™ and
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y € Be,/4(0) NR™, and since

|y1| ) |21|
ly — 2|

I,(2) < Clz — y[* " min {1, } for all y, z € B, /2(0) "R”

(see [30]), we get that

lya] - 21|
ly — 2|2
where C' is independent of 2’ € Bs,,2(0) \ {0}. This yields

|z —y|"?Hy(2) < Cmin {17 } for all y, z € Be,/2(0) NR”

n— - Yil -1z

Irz — ry|" 2 Gr(0,2)+ry) (T((0,2) + 72)) < Cmin{l, ||yl|—|z|12| (236)
for |2'| < 80/3, r < cola’| and |y|, |2| < ¢o/4.
We now prove (234) in the last case. We fix z € @\ {0} such that |z| < do/3.
We assume that d(z,dQ) < C; x|, d(y,00) < C; 'yl and |z — y| < eolz|. We
let (x1,2"), (y1,y’) € Bs,(0) be such that x = T (z1,2’) and y = T (y1,v’). Taking
the norm |(x1,2")| = |z1] + |2|, we define r := max{d(z, 9Q), |x — y|}. Using that
|X]/2 < |T(X)] < 2|X| for X € Bs,(0), up to taking ¢y > 0 small and Cy,¢q > 1
large enough, we get that

<=,
— 4

Therefore, (236) applies and we get (234) in Case 3.

‘-Tl Co
T

o
(?JI)H)’ < 9 and r < col2'].
T T 4

We are now in position to conclude. Inequality (234) is a consequence of Cases 1,
2, 3, (226) and (178). This ends the proof of (234).

Step 14.4.3: We now show that there exists C' > 0 such that
1
Y|P~ D)2+ NG (2, y) < Cd(x,0Q)d(y, Q) for x,y € Q such that |y| < §|x|
(237)
The proof goes essentially as in (227). For |z| < ¢ with 6 > 0 small, we have that

~AG, — (|7|2 - h) G, =0 in H(QN By, /5(0)) N C*(Q2N By /3(0) \ {0}).

It follows from (178) that G (y) < Clz|~"d(z, 0Q)d(y,0) in QN IB|,/3(0). We
choose a supersolution ug_(,) as in (223) of Proposition 10. It follows from (224)
and (178) that there exists C' > 0 such that

G(y) < Cla|P+Md(x,09)u5 (1) (y) for all y € QN IB),/3(0).
The comparison principle yields that this inequality holds on QN By;,3(0).
Step 14.4.4: By symmetry, we conclude that there exists C' > 0 such that

1
|2|P= Dy |P+ NGz, y) < Cd(xz,00)d(y, dN) for z,y € A s.t. |z] < §\y| (238)

Step 14.5: Finally, it follows from (237), (238) and (234) that there exists ¢ > 0
such that

i  (max{lyl, le]} ﬁ-”)% 2o o [ @ 09)d(y, 09)
Gle.y) < (min{|y|,|w}> =4l {1’ T —y? } (239)
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for all z,y € Q, x # y. This proves the upper bound in (207) of Theorem 8. The
lower-bound and the control of the gradient will be proved in Section 14.4.

14.3. Behavior at infinitesimal scale. We prove three convergence results
to get a comprehensive behavior of the Green’s function. Throughout this subsec-
tion, we assume £ is a smooth bounded domain of R™ such that 0 € 9Q). We fix
v < "72 and let h € C%9(Q) be such that —A — ~|z|~2 — h is coercive. We consider
G to be the Green’s function of —A —v|z| =2 — h with Dirichlet boundary condition
on 0f.

LEMMA 4. Let (x;); € Q and (r;); € (0,+00) be such that

lim r; =0 and lim M:Jroo
1——+00 1—>—+00 T
Then, for all X, Y € R™ such that X #Y, we have that
1
: n—2 . . . . _ o 2—n
zginoo TG X, + 1Y) (= 2o | X —Y]

Moreover, the convergence holds in CZ, ((R™)?\ Diag(R™)).

loc
To deal with the case when the points approach the boundary, we consider a
chart 7 as in (27). In particular, Dy7T = Ign.

LEMMA 5. Let (z;); € 9Q and (r;); € (0,400) and xo € 0 be such that

lim r, =0, lim x; =29 € 0N and lim i
i—+o00 i—+o0 i—+oo T;

We let T be a chart at zo as in (27). We define x}, € R"! such that z; = T(0,2}).
Then, for all XY € R™ such that X #Y, we have that

lim rf2G(T ((0,F) + i X), T ((0,F) +7:Y))

i——+00
1

— m (lX_Y|2—n _ |X _Y*‘Z—n)

= +4-00.

where (Y1,Y')* = (=Y1,Y") for (Y1,Y’) € R x R"~L. Moreover, the convergence
holds in CZ . ((R™)?\ Diag(R™)}).

loc

LEMMA 6. Let (r;); € (0,+00) be such that lim; o1, = 0. We let T be a
chart at 0 as in (27). Then, for all X, Y € R™ \ {0} such that X #Y, we have that

lim 7' 2G(T (r:X),T (rY)) = G(X,Y)

1—+o00

where G(X,Y) = Gx(Y) is the Green’s function for —A — ~v|z|=2 on R™ with
Dirichlet boundary condition. Moreover, the convergence holds in C2 ((R™ \ {0})%\
Diag(R™ \ {0})).

Proof of Lemma 4: We let (r;); € (0,400) and (x;); € Q as in the statement of the
lemma. For any X,Y € R", X # Y, we define

Gl(X, Y) = T?_QG(I'Z' + TZ‘X, x; + T'ZY)
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for all ¢ € N. Since r; = o(d(x;,00Q)) as i — +oo, for any R > 0, there exists ig € N
such that this definition makes sense for any X,Y € Br(0). Equation (205) yields

CAGH(X, ) — 7‘2 2z + ) | Go(X,) = 0in Br(0)\ {X}. (240)
i

The pointwise control (239) writes

max{|z; + riX|, |z; + Y|}
min{|z; + r; X|,|z; + Y|}
for all X,Y € Bg(0) such that X # Y. Since 0 € 012, we have that d(z;,0Q) < |z,
and therefore r; = o(|z;|) as i = +o00. Equation (240) and inequality (241) yield

where 6; — 0 uniformly in C2_((R™)?) and 0 < G4(X,Y) < ¢|X — Y|*™ for all
X,Y € Bgr(0) such that X # Y. It then follows from standard elliptic theory that,
up to a subsequence, there exists G (X,-) € C?(R" \ {X}) such that G;(X,-) —
Goo(X,) > 0in C? (R™\ {X}) and

loc

~AGw(X,)=0in R"\{X} and G (X,Y) < c|X-Y|* " for X,Y € R", X #Y.

B-()
0<Gi(X,Y)<e ( ) X -y " (241)

It then follows from the classification of positive harmonic functions that there
exists A > 0 such that Go(X,Y) = M\X —Y[? " forall X,Y € R", X #Y.

We fix ¢ € C(R"). We define ¢;(z) := @(r; ' (x —x;)) for x € Q (this makes sense
for i large enough). It follows from (204) that

i+ = [ Gt rixon) (<200 - ( Tz 4000 i)

ly[?
Via a change of variable, and passing to the limit, we get that

p(X) = s Goo(X,Y) (-Ap(Y)) dy.
Since Goo (X, Y) = A| X =Y |2, we get that A = 1/((n—2)w,—1). Since the limit is
unique, the convergence holds without extracting a subsequence. The convergence
in C2 ((R™)?\ Diag(R")) follows from the symmetry of G and elliptic theory. [

loc

Proof of Lemma 5: The proof goes as in the proof of lemma 4, except that we
have to take a chart due to the closeness of the boundary. We let (r;); € (0, 4+00),
(2;); € 02 and zp € IR as in the statement of the lemma. We let T be a chart at
xo as in (27) (in particular Dy7 = Ig») and we set a; € R™ such that z; = 7(0, 7).
In particular, lim;_, o 2} = 0. For any X,Y € R”, X # Y, we define

Gi(X7 Y) = 7“?726'(7—((07 x;) + riX) 7T((07 :L‘;) + TZY))

for all i € N. Here again, provided X,Y remain in a given compact set, the
definition of G; makes sense for large i. Equation (205) then rewrites

—A,,Gi(X,)—6;Gi(X,-) =0 in Br(0)NR™\ {X} ; Gi(X,-) = 0 on OR™ N Br(0)
(242)
where

) v 2 /
( ) T((O,m’l)—‘,-’r‘qy) 2 + T'L ( (( € ) +r ))

T4
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and g; = T*Eucl((0, «})+r;-) is the pull-back of the Euclidean metric. In particular,
since DoT = Ign, we get that g; — Eucl in C?_(R™). Since 7; = o(|z;]), we get
that 7, = o(|x}]) as i — 400, and, using again that DoT = Ign, we get that
0; — 0 uniformly in Br(0) NR™. The pointwise control (239) rewrite G;(X,Y) <
c|X —Y]27" for all X,Y € R", X # Y. With the same arguments as above, we
get that for any X € R”, there exists Goo (X, ) € C?(R™ \ {X}) such that

lim_Gi(X,) = Goo(X, ) in Che(R™\ {X})

i—+00
—AGoo(X,)=0 inR?\{X}
with ¢ Goo(X,") >0
Go(X,)=0 on OR™ \ {X}
and
p(X) = Goo(X, ) (—Ap) dY for all p € C°(R™).

R™
with 0 < Goo (X,Y) < | X — Y[ " for all X,Y € R”, X # Y. Define
1

[pn (X,Y) = ()

(|X _ Y‘an _ |X _ Y*|27n) .

As one checks (see for instance [30]), I'r» satisfies the same properties as Go,. We
set f = Goo(X,) — Irn (X,-). As one checks, f € C®°([R™ \ {X}), —Af =0
in the distribution sense in R™, |f| < C|X — -[*™™ in R” \ {X} and fag» = 0.
Hypoellipticity yields f € C°°(R™). Multiplying —Af by f and integrating by
parts, we get that f = 0, and then G (X, ) = I'rn (X, ). As above, this proves the

convergence without any extraction. The convergence in C?_((R™)? \ Diag(R™))

follows from the symmetry of G and elliptic theory. O
Proof of Lemma 6: Here again, the proof is similar to the two preceding proofs.
We let (r;); € (0,+00) such that lim; oo = 0. We let T be a chart at 0 as in
(27) (in particular DyT = Ign). For any X,Y € R™ \ {0}, we define

Gi(X,Y) :=r2G(T (i X), T (r;Y))
for all i € N. Equation (205) rewrites

Ay Gi(X,) = | — L +r20(T(r+) | Gi(X,) = 0 in Br(0) NR™ \ {0, X}.

9i T(r)
T4

with G;(X,-) = 0 on Bg(0) N OR™, where g; = T*Eucl(r;-) is the pull-back of
the Euclidean metric. In particular, since DyT = Ign, we get that g; — Eucl in
C?% _(R™). The pointwise control (239) writes

max{| X, [Y]}
min{[ X |, [Y]}

It then follows from elliptic theory that G;(X, ) = Goo(X, ) in CZ _(R™ \ {0, X }).
In particular, Go (X, ) vanishes on OR™ \ {0} and

max{| X[, [Y]}
min{| XY, [Y'[}

B—(7)
OSGZ-(X,Y)SC( ) X —Y]* " for X, Y €R™, X #Y.

B—(7)
) I X —Y[* " for X,)Y €R", X £Y.
(243)

osaoo<x,Y>sc<
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Moreover, passing to the limit in Green’s representation formula, we get that
o(X) = Goo(X,Y) (—A@ - |§;Y|2‘p) dY for all p € C°(R™).
R™
Since G(x, -) is locally in Hf ;(€2) (see (b) in Theorem 8), we get that (nG;(X,-)); is
uniformly bounded in Hf 5(R™ ) for all n € C2°(R™\{X}). Up to another extraction,
we get weak convergence in H7f o (R"), and then nGu(X,) € Hiy(R™) for all
n € CP(R™\ {X}). It then follows from Theorem 9 and (243) that G (X, ) = Gx
is the unique Green’s function of —A — 7|z|~2 on R™ with Dirichlet boundary
condition. Here again, the convergence in C? follows from elliptic theory. (]

14.4. A lower bound for the Green’s function. We let (2, v, h be as in
Theorem 8. We let G be the Green’s function for —A — (y|z|=2 + h) on Q with
Dirichlet boundary condition. We let (z;), (y;)ieny be such that x;,y; € Q and
x; # y; for all i € N. We also assume that there exists Zoo, Yoo € Q such that

lim x; = x5 and lim y; = Yoo
i——+00 1——+00

and that there exists ci, ¢y such that
lim G(i,y)
i—++400 H(:ci, yz)
where H(x,y) is defined in (208) and
B-(v) d 0
F(I,y) = <max{x|,|y|}) x—y|1”min{l, (‘T3a )}

min{|z|, [y|} |z —yl
for x,y € Q, x # y. Note that ¢; < 400 by (239). We claim that

0<cand 0<ey < 400 (244)
The lower bound in (207) and the upper bound in (209) both follow from (244).

This section is devoted to proving (244). We distinguish several cases:

= € [0,+00] and  lim VG, (i)l

=co €0,
1—+00 F(xl,yz) ©2 [ +OO]

Case 1: Too # Yoos Too, Yoo € 2. As one checks, we then have that

lim Gz, y:) = G(Toos Yoo) > 0.

1——+o00
Therefore, we get that ¢; € (0, +00). Concerning the gradient, lim;_, o |VGa4, (i) =
VG, (Yoo)| > 0 and this yields ca < +o00. This proves (244) in Case 1.

Case 2: 2o € Q and y,, € 00\ {0}. Since T, Yoo are distinct and far
from 0, we have that G(z;,y;) = d(y;, Q) (—0,Gz. (Yoo) +0(1)) as i — o0,
where 0,G5__ (Yoo) is the normal derivative of G, > 0 at the boundary point
Yoo Hopf’s Lemma then yields 9,G,_ (y~) < 0. As one checks, we have that
H(zi,y;) = (c+ o(1))d(y;, 0) as i — +oo. This then yields 0 < ¢; < +o0.
Concerning the gradient, we get that lim;, y o |VGy, (v:)] = [VGa., (Yoo)| = 0 and
lim;_, oo I'(;, y;) € (0, +00), which yields ca < 4+00. This proves (244) in Case 2.

Case 3: o € Q and y, = 0 € 99Q. It follows from Case 2 above that there exists
¢ > 0 such that G, (y) > cd(y, 0Q)|y| - for all y € A(QN B,,(0)). We take the
subsolution ug () defined in Proposition 10. With (224), there exists ¢’ > 0 such
that G, (y) > c1ug (,)(y) for all y € d(Q N B, (0)). Since G, is locally in H7
around 0, the comparison principle and (224) yields Gy, (y) > ¢ d(y, 0Q)|y|~#-(")
for all y € QN By, (0). This yields ¢; > 0.
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We deal with the gradient. We let 7 be a chart at 0 as in (27) and we define
Gi(y) =1l 7 Gy, (T(ry)) for y € R™ 1 By(0)

with r; — 0. Tt follows from (239) that G;(y) < Cly| - |y| - for all y €
R™NB;(0). It follows from (205) that —Ay, G;— (7] - [* + o(1)) G; = 0 in R" NBy(0)
where g; := T*Eucl(r;-) and o(1) — 0 in L{2.(R™). Elliptic regularity then yields
IVGi(y)| < C for y € R™ N B3/3(0). We now let r; := |§;| where y; := T (), so
that r; — 0. We then have that |VG;(yi/r:)| < C, which rewrites |VGy, (yi)] <
Clys| =%~ ). By estimating I'(z;,%;), we then get that ¢; < 4+00. This proves (244)
in Case 3.

Case 4: Too 7 Yoos Toos Yoo € 0N\ {0}. Since zoo, Yoo are distinet and far from 0,
we have that G(z;,y;) = d(yi, 00)d(z;,09) (0,,0,,Ga. (Yso) + 0(1)) as i = +o0,
where 0, is the normal derivative along the first coordinate, and 9, is the normal
derivative along the second coordinate. Since y — G, (y) is positive for z,y € Q,
x # y, and solves (205), Hopf’s maximum principle yields —0,, G(z,yo0) > 0 for
x € 2. Moreover, it follows from the symmetry of G that —9,, G(z, ys) > 0 solves
also (205). Another application of Hopf’s principle yields 0,,0,,G¢.. (¥oo) > 0.
Estimating independently H (z;,y;), we get that 0 < ¢; < +o0.

We deal with the gradient. We have that |V, Gy, (yi)| = |Vy(Ge, — Gs,)(ys)| where
#; € 082 is the projection of x; on 9. The C?—control then yields |V, G, (y;)| <
Cd(z;,00). Estimating independently I'(x;, y;), we get that ¢a < +oo. This proves
(244) in Case 4.

Case 5: Too # Yooy Too € ON\ {0} and yoo = 0. It follows from Cases 2 and
4 that Gy, (y) > Cd(z;,09Q)d(y;, 09) for all y € (B, |/2(0) N Q). Using a sub-
solution as in Case 3, we get that G, (y) > cd(x;,dQ)d(y,0N)|y|~#- ) for all
y € O(B|y1/2(0) N ). This yields 0 < c;.

For the gradient estimate, we choose a chart 7 around yo, = 0 as in (27), and we let
r; := |g;| = 0 where y; = T (g;)we define G;(y) := r?_(W)_lei (T (ryy))/d(x;, 0Q)
for y € R™ N By(0) where r; — 0 . The pointwise control (239) and equation
(205) yields the convergence of (G;) in CL _(R™ N By(0) \ {0}) as i — +oc. The

loc

boundedness of |VG,| yields ca < 4+o00. This proves (244) in Case 5.
Since G is symmetric, it follows from Cases 1 to 5 that (244) holds when %o # Yoo-

We now deal with the case o = Yoo, Wwhich rewrites lim; 4 |z; — y;| = 0. Via
a rescaling, we are essentially back to the case x,, # Yo via the convergence
Theorems 4, 5 and 6.

Case 6: |z; —y;| = o(d(x;,0Q)) as i — +oo. Weset r; := |x; —y;| = 0asi — +00
and we define
Q- ZT;
0}.

—%\ o)
It follows from Theorem 4 that G; — c¢,| - |>™™ in C? (R™\ {0}) as i — o0,
with ¢, := ((n — 2)w,—1)"!. We define Y; := ﬁi:iw and we then get that |y; —
z;|"2G (21, y:) = Gi(Y;) — ¢, as i — +oo. Estimating H(z;,y;) (and noting that
d(z;,09Q) < |z; — 0] = |z;|), we get that 0 < ¢; < +00.
The convergence of the gradient yields |VG;(Y;)| < C for all i. With the original
function G and points x;, y;, this yields co < +o00. This proves (244) in Case 6.

Gi(Y) == 2G(zi,x + 1Y) for Y €
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Case T7: d(z;,00) = O(|z; — vi|) and |z; — y;| = o(|x;]) as i — +oo. Then
lim; oo @i = Too € Q. We let T be a chart at zo as in (27), in particular
DoT =Ign. Welet x; = T (z;1,2%) and y; = T (yi.1,y;) where (z;1,2%), (vi1,y)) €
(—00,0) x R"~! are going to 0 as i — +oo. In particular d(x;, Q) = (1+0(1))|z;.1]|
and d(y;,00) = (14 o(1))|y;.1| as i — +oo. We define r; := |(yi,1,v;) — (@1, 2})|.
In particular r; = (14 o(1))|z; — y;| as @« — +oo. The hypothesis of Case 7 rewrite
x;1 = O(r;) and r; = o(|(xs,1,2;)]). Consequently, we have that y; 1 = O(r;) and
r; = o(|z}]) as i = +o00. We define

Gi(X,Y) = 2G(T ((0,27) + X)), T ((0,27) +7iY))
for X, Y € R™ such that X # Y. It follows from Theorem 5 that

lim Gi(X,Y)=¢, (X =Y = [ X —Y**") := ¥(X,Y)

11— 400
for all X, Y € R”, X # Y, and this convergence holds in CZQOC. We define X; :=
(r;lxiyl,()) and Y; := (r;lyi,l,ri_l(yg —x})): the definition of r; yields X; — X €
R” and Y; — Y., € R” as i — +o0o. Therefore, we get that

lzi — yi| "2 Gz, y:) = (14 0(1)Gi(Xi,Yi) = ¥(Xeo, Yoo)

as ¢ — +o00, and

Xoor| = tim Zol gy 9@000) (245)

1—+o0 r; 1— 400 T

Case 7.1: Xoo,1 # 0 and Yoo 1 # 0. We then get that limy, oo [~y " 2G (i, y;) =
U (X, Ys) > 0. Moreover, it follows from (245) that d(xz;, 9Q)d(y;, Q) = (¢ +
o(1))|z; —y:|? as i — +oo for some ¢ > 0. Since |z;| = (1+0(1))]y;| as i — +oo (this
follows from the assumption of Case 7), we get that lim; . o |7; — ;| 2H (24, ;) €
(0, +00). Then 0 < ¢1 < 400.
Case 7.2: Xoo1 # 0 and Y1 = 0. Then Y;; — 0 as ¢ — +oo, and then,
there exists (7’,), € (0, 1) such that Gz(Xu}/z) = Yi71(9y1 Gl(Xz, (Ti)/i,la }/z/)) Letting
i — 400 and using the convergence of G; in C!, we get that

i — 4" G y) = (14 0(1)Gi(X5,Y;) = Yindy, Gi(Xi, 73Y5)
= T 0y (X V) + o(1)

as ¢ — +00. As one checks, Oy, U(Xoo,Ys) < 0. Arguing as in Case 7.1, we get
that 0 < ¢; < 4o00.

Case 7.3: Xoo1 = Yoo1 = 0. As in Case 7.2, there exists (7;);, (0:); € (0,1) such
that GZ(X“E) = i,lXi,laylalei((giXi7l7X;)Xi7(TiYi717 i/)>' We conclude as
above, noting that 9y, 0x, V(Xeo, Yoo) > 0. Then 0 < ¢1 < +o00.

The gradient estimate is proved as in Cases 1 to 6. This proves (244) in Case 7.

Case 8: d(z;,00) = O(lz; — yil), |zl = O(|z; — ys]) and |yi| = O(|z; — wil)
as i — 4oo. In particular, xo = Yoo = 0. We take a chart at 0 as in Case 7,
and we define (z;1, %), (yi,1,y;) similarly. We define r; := |(yi1,v;) — (@i, 2})| =
(14 o(1))|z; — yi| as i — 4+o00. We define

Gi(X,)Y) :=r}2G(T (ri X), T (r;Y))
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for X,Y € R™. Tt follows from Theorem 6 that G; — G in C2_((R™ \ {0})%\
Diag(R™ \ {0})), where G is the Green’s function for —A — | -|~2 in R”. Then

2 =y G (i, ys) = (1 + 0(1)Gi(X4,Y;) = G(Xoo, Yoo) + 0(1)
as 1 — +00.

Case 8.1: We assume that Xoo1 # 0 and Yoo,1 # 0. Then we get 0 < ¢; < 400 as
in Case 7.1.

Case 8.2: We assume that Xoo € R” and Yoo € OR” \ {0} or X0, Yoo € OR™ \
{0}. Then we argue as in Cases 7.2 and 7.3 to get 0 < ¢; < +oo provided
{0v,0(Xo,Y) < 0if Xoo € R and Y, € OR"} and {0y,0x,6 (X0, Yeo) >
0if X, Y € OR™}. So we are just left with proving these two inequalities.

We assume that X, € R”. It follows from Theorem 9 below that G(Xo,-) > 0 is
a solution to (—A — 4]+ |72)G(Xw, ) = 0 in R™ — {X}, vanishing on OR" \ {0}.
Hopf’s maximum principle then yields —0y, G(X oo, Yoo) > 0 for Yo € OR™ \ {0}.
We fix Yo € OR™ \ {0}. For X € R", we then define H(X) := —0y,G(X,Yy) >0
by the above argument. Moreover, (—A —«|-|7?)H = 0 in R”, vanishing on OR™ \
{0,Ys}. Hopf’s maximum principle yields —0x, H(X ) = 0y;,0x,6(X oo, Yoo) > 0
for Xoo, Yoo € OR™ \ {0}
Case 8.3: we assume that Xoo =0 or Yoo = 0. Since | X — Yoo| = 1, without loss
of generality, we can assume that X, # 0. It follows from Cases 8.1 and 8.2 that
there exists C' > 0 such that
_1 d(z;,00) d(y,00) d(x;,0Q) d(y,0Q)
1 9 9 9 b
O A - = Gel) S O T

(246)

for all y € 9(B)s,|/2(0)NC2). We let ug () be the sub-solution given by Proposition
10. Arguing as in Case 3, it then follows from the comparison principle that (246)
holds for y € By,,|/2(0) N Q. Since |y;| = o(|z4|), we then get that (246) holds with
y :=y;. Estimating H(x;,y;), we then get that 0 < ¢; < +00.

The gradient estimate is proved as in Cases 1 to 6. This proves (244) in Case 8.
Since G is symmetric, it follows from Cases 7 and 8 that (244) holds when z+, = Yeo.

In conclusion, we get that (244) holds, which proves the initial claim. As noted
previously, both the lower bound in (207) and the upper bound in (209) follow from
these results.

We are now left with proving (210). We let (Z;);, (9:); € © be such that
7; = o(|Z;]) and &; = o(1) as i — +o0,

and (h;); € C%%(Q) such that 'L—l)linoo h; = h in C%?. Tt follows from (207) that, up

to extraction, there exists [ > 0 such that

d(z;,09) d(i;, 00)

|23 |P+ () |g;]B- ()

Gh, (T, 9i) = (I +0o(1)) (247)

From now on, to avoid unnecessary notations, the extraction is fixed. We define
o= || 5 8= |Gl o= s TN (@) € R™ and 6; = 'T (7)) € R™,
and 0, Too € R™ such that
:Tci = T(rﬂz) X gl = T(Sﬂ'z), 91 — 900 # 0 and Ti — Too # 0 as 7 — +oo. (248)
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STEP P14. We fir R > 0. We claim that
d(z;, 092) d(y, 0%2)
|Z;]B+ () |y|B-(1)

uniformly for y € QN T (Bgs, \ Br-15,)-

G, (Ti,y) = (I +0(1))

as i — 400 (249)

Proof of Step P14: For z € Bag \ Bag)-1, we define
7= 0071 3,18+ ()
d(z;,00)

As one checks, (249) is equivalent to prove that

Ghi (571‘, T(slz))

Gi(y) = (I +0(1)) |y||gl |(7) uniformly for y € Br(0) \ Br-1(0) (250)
Since s; = o(]Z;]) and (28) holds, it follows from the control (207) that there exists
C > 0 such that

1 |Zl| |Zl| n
G T SGil?) S € gt forall s €RY 0 Bar(0)\ By 0. (251)

As for (242), it follows from (205) that

2
—Ay,Gi— <|TZ:)I2 + 0(53)) G; =0 in Br(0)NR" ; G; = 0 on OR"NB(0)\{0}.
l (252)

It follows from (251), (252) and standard elliptic theory that there exists G €
C?(R™ \ {0}) such that, up to a subsequence,

lim G; =G in C}(R™ \ {0}) (253)
1—+00
with
—AG—#G:Oin@\{O}; G =0on dR™ \ {0};
1 lal |21 n
C -0 <G(z)<C- EEAS) for all z € R™ \ {0}.
It the follows from Proposition 6.4 in [21] that there exists A > 0 such that
o |Zl| n
G(z) =\ 2~ for all z € R”. (254)

We claim that A = . We prove the claim. It follows from (247) and the definition
(248) of 7; that

|7i 1l

Gi(Ti) = (l + 0(1)) |Ti|’87 ()

and 7; — Too # 0 as i — +00. (255)

Case 1: we assume that 7o, € R”™ \ {0}, that is 75,1 # 0. Passing to the limit in
(255), using the convergence (253) and the explicit form (254), we get that

[Tt |Too,1]
IToo|B- ) 7 |7ee |B-(

and therefore, since 70,1 # 0, we get that A = [.

Case 2: we assume that 7., € OR” \ {0}, that is 7,7 — 0 as ¢ — +oo. With
a Taylor expansion, we get that there exists a sequence (t;);en € (0,1) such that
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Gz(Tl) = 81Gi(ti7'i,1702)7'i,1 for all 7 € N. With the convergence (253) of G; to G in
C', we get that

A

|TOO|B7 ()

Gi(Ti) = (81G<Too) + 0(1)) cTi1 = ( + O(l)) . |Ti)1|.

Since 7;1 # 0 for all ¢ € N, it follows form (255) that A = 1.

Therefore, in both cases, we have proved that A = [. It follows from this uniqueness
that the convergence of G; holds with no extraction.

We now prove (250). We let (z;); € R™ \ {0} be such that z; — zo, € R™ \ {0}.
Then G;(z;) = G(%200) as ¢ = 4o00. Therefore, if 2,1 # 0, we get that G;(z;) =
(1 +0(1))G(#) as i — +0o. We now assume that zo; = 0, that is z;; — 0 as
i — 400. We use the C!—convergence of (G;) and argue as in Case 2 above to
get that lim; o0 [2:,1] 7 Gi(2i) = —01G(200) # 0. As one checks, this yields also
Gi(z) = (1+0(1))G(z) as i — 400. As noticed above, this proves (249) and ends
Step P14. (Il

STEP P15. We fixr R > 0. We claim that

d(&;,09) d(y, %)
|§;i|3+(7) |y|ﬁ7(7)

G, (Zi,y) = (I +0(1)) as i — +00 (256)

uniformly for y € QN T (Brs,(0)).

Proof of Step P15: For r > 0 small, we choose ig_() € C*(22N B,.(0)) a supersolu-
tion to —Adig_(4) — (v]x|"2+h;)ig_() > 0 as in (223) and (224). Note that, due to
the convergence of (h;) to h in C°, the choice of tg_(,) can be made independently
of i. We fix ¢ > 0. It follows from the convergence (249) of Step P14 and (224)
that there exists ig € N

d(i"n aQ) _

G, (Z5,y) < (I+ G)Wuﬂ(v) (y) for all y € 0 (2N T (Brs,(0))) for all ¢ > 4.

(257)
Note that Gy, (Zi,-), ug_() € H? (2N T(Bgs,(0))) (these are variational super- or
sub-solutions) and that the operator —A — (y|z| =2+ h;) is coercive. Since Gy, (%, -)
is a solution and @g_(,) is a supersolution to —Au — (y|z|~2 + h;)u = 0, it follows
from the comparison principle that (257) holds for y € QN7 (Bgs, (0)). With (224),
we get that there exists i1 € N such that

d(z;,00) d(y, o)

Gn,(Zi,y) < (14 2€) |23+ [yB-™

for all y € QN T (Bgs,(0)) for all 4 > 4.
(258)
Using a subsolution ug (,y as in (223) and (224) and arguing as above, we get that

d(&;,09) d(y, %)
|ji‘5+(“/) |y|B7(v)

Gh, (Zi,y) > (I — 2e) for all y € QN T (Bgs, (0)) for all i > is.

(259)
The inequalities (258) and (259) put together yield (256). This ends Step P15. O

We now vary the z—variable.



108 CONTENTS

STEP P16. We fix R, R’ > 0. We claim that

G, (Z;,y) = (L +0(1)) 2B+ () [P~

uniformly for y € QN T (Brs,(0)) and x € QN T(Bg, (0) \ Bigy-1r,(0)).

as i — 400 (260)

Proof of Step P16: We fix a sequence (y;); € € such that y; € T(Bgs,(0)) for all
i € N. For z € Bap' \ B(ar/)-1, we define

‘yi|ﬁ_(7)rf+(ﬂ—1
d(yi, 0%2)
As one checks, (260) is equivalent to prove that

Gi(z) = (I +o(1)) x:/filw) uniformly for x € Br/(0) \ B(r)-1(0) (261)

Gi(z) == Gn, (T (5i2), yi)-

Since |y;| = o(r;) as i — +oo and (28) holds, it follows from the control (207) that
there exists C' > 0 such that

L |z

~ | ‘ n
C . |z‘5+(’Y) < GZ(Z) <C- | fOl" all z € R” N Bygr \B(2R/) 1. (262)

|2
As for (242), it follows from (205) that

~ 2 ~
_AgiGi_ (W_’(y:l)P + O(T?)) G; =01in Bar/ (0)NR” ; G; =0 on OR" NByg/(0)\{0}.
(263)
It follows from (262), (263) and standard elliptic theory that there exists G €
C?(R™ \ {0}) such that, up to a subsequence,
lim G; =G in C? (R™\ {0}) (264)

i1—~+00
with
“AG- L G=0mR"\{0}; G =0ondR" \ {0};

|z[?

L |z

~ |Zl‘ n
C T <G(z)<C- EEG) for all z € R™ \ {0}.

It the follows from Proposition 6.4 in [21] that there exists x> 0 such that

Gz)=p- : |§ U for all 2 e R (265)

We claim that p = [. We prove the claim. It follows from (256) and the definition
(248) of 6; that

5 0.) — 1031 :

Gi(6;) = (I+0(1)) TR and 6; — 0 # 0 as i — +o0. (266)
Case 1: we assume that 0o, € R™ \ {0}, that is 65,1 # 0. Passing to the limit in
(266), using the convergence (264) and the explicit form (265), as in Case 1 of Step
P14, we get that 1|0 1] - 0] =) = plfoc1]| - [0oe] 2~ and therefore, since
Ooo1 # 0, we get that p = 1.
Case 2: we assume that 6, € OR™ \ {0}, that is 6,7 — 0 as i — +oo. With

a Taylor expansion, we get that there exists a sequence (t;);eny € (0,1) such that
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Gi(0;) = 01Gi(t:6:1,0
C', we get that

Ci05) = (91G(00) + 0(1)) - 011 = (|900|/;+<v> + 0(1)> 6.

Since ;1 # 0 for all ¢ € N, it follows form (266) that u =1l

Therefore, in both cases, we have proved that u = . It follows from this uniqueness

that the convergence of G; holds with no extraction. As for Step P14, we get (249).

This ends Step P16. (]
STEP P17. We fix R, R’ > 0. We claim that

d(x,00) d(y,00)

|z|B+() |y|B-(0)

uniformly for y € QN T (Brs,(0)) and x € Q\ T (Bg-1,,(0)).

)0;.1 for all i € N. With the convergence (264) of G; to G in

!
4

G, (2,y) = (L + o(1) + O(|a] 7+ =F-))

as i — +oo  (267)

Proof of Step P17: The differs from Step P15 since one works on domains exteriors
to the ball of radius r;. Here again, we choose (y;); such that y; € T(Bgs,(0)).
For r > 0 small, we choose @g, () € C*(QN B,(0)) a supersolution to —Adg, () —
(v]@|72 + hi)tg, (1) > 0 as in (223) and (224). Note that, due to the convergence of
(hi) to h in C?, the choice of ug_(,) can be made independently of i. We fix ¢ > 0.
It follows from the convergence (260) of Step P16 and (224) that there exists ig € N
d(yia 89) —

G, (2, i) < (I + G)WUM(v)

(z) for all x € QN AT (Bgr, (0)) for all i > ig.

(268)
We fix § > 0 such that 6 < r. We choose a supersolution ug_() as in (223) and
(224). Tt follows from the upper bound (207) that for some i; € N, there exists
C > 0 such that

Gp,(x,y;) < CWUB(W)(@ for all z € QN IBs(0) for all 4 >4y.  (269)
Therefore,
G, (z,y;) < wi(z) for all z € 8 (AN T(Bs(0) \ B(rr)-1,,(0))) (270)
where Al 960
ii= W (I +&)tg, () + Cup_(y))

and, since ug, (,), Ug_(y) are supersolution,

Since —A — (y|z| ™2 + h;) is coercive, the maximum principle holds and (270) holds
on QN T(Bs(0)\ Bgy-1,,(0)). With (224), we get that there exists i € N such

that
d(xz,00) d(y,00)

|m|/3+(7) |y|/37(v)
for all 2 € QNT (B5(0)\ B(ry-1r,(0)) for all i > ip. Using subsolutions and arguing
as above, we get that for some i3 € N

Gp,(z,y;) < (l + 2+ C|m|B+(7)_ﬂ*('y)) (271)

d(z,09) d(y,09)
|x|8+(7) |y|6—(7)

G, (,yi) > (z — 92— C|x|ﬁ+(7)’ﬂ*(7)> (272)
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for all € QN T(Bs(0) \ Bry-1,,(0)) for all i > i3. The inequalities (271) and
(272) put together yield (267). This ends Step P17. O

STEP P18. We let (X;)i, (Yi); € Q such that |Y;| = o(|X;|) and X; = o(1) as
1 — +o0o. We assume that there exists I > 0 such that

. P — /
Ghi(XzaYz) - (l +0(1)) |Xi|’6+(7) |Yé|f6*(7)

as 1 — +00.

Then ' =1.

Proof of Step P18: We define
o = min{|7;], [Y;[} and p; := max{|Z;], | X;[}.

We let (Zi)i7(ti)i €  such that C10; < |Zz| < C20; and C1pP; < |tz‘ < Co20; for all
i € N. Since |z;| = O(s;), 1 = O(|t;|) and t; — 0 as ¢ — 400, it follows from (267)
that

\zi|5—(7) |ti|ﬁ+(v)

In addition, since |z;| = O(|Y|;), |X;i| = O(|t;|) and ¢; — 0 as i — +o0, it follows
from (267) that

G (2iti) = (L4 o(1))

as 1 — +oo.

) N /
G, (zi,t;) = (I' + 0o(1)) |2: 18- |28+ ()

as 1 — +oo.

Therefore, we get that I’ = . This ends Step P18. O

STEP P19. We let (X;)i, (Y:): € Q such that |Y;] = o(|X;|) and X; = o(1) as
1 — 400. Then
4(X,, 09) d(Y;,00)

Cn (X i) = (L 4-0(1)) | X; |8+ |Y;|8-()

as v — +o0o.

Proof of Step P19: We argue by contradiction and we assume that there exists
€0 > 0 and a subsequences (¢(i)); such that |Uy) — | > € for all i € N where

Ghi(Xi,E)Mlﬂ’(V)lXilm(’*)
Since (Uy(;)) is bounded, up to another extraction, there exists I > 0 such that
Ugy@iy — 1" as i — 4-00. Therefore, |l —1"| > ¢y and I" # I. Since (247) holds for the

subfamily (¢()), it then follows from Step P18 that I” = I, contradicting 1" # .
This ends Step P19.

Ui =

We are now in position to prove (210), that is the convergence with no extraction
of subsequence. It follows from (247) and Step P18 applied to (h;); and to the null
function that there exists a subsequence (h(;)) and [, L, o > 0 such that for any
(4)i, (yi): € Q such that |y;| = o(Jz;|) and z; = o(1) as i — 400, then

|25 [P+ |y B-( 7

Gh«p(i) (ziyyi) = (I +0(1)) (273)

and

Go(wi,yi) = (Ly.a +o(1)) |2 [P+ [y [B-)
K3 7

(274)
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as i — +oo. We fix a sequence (x;); €  such that x; — 0 and d(z;,9Q) > |z;|/2
as i — +oo. In the distribution sense, we have that

—A(Ghyy (@i, ) =Go(@i, )Ry (Ghy gy (i, ) =Go(@i, ) = (0—hy(iy)Go(zi, ) in Q
in the distribution sense and Gy, (%i,") — Go(zi,-) = 0 on 9Q. It follows from
(207) that for any 1 < p < -2, we have that ||Go(z;,-)||, < C(p) for all i € N. It

n—27

then follows from elliptic theory that Gp,, (i, -) — Ga(xi,-) € W>P(Q) and that
1Ghyiiy (Ti,) = Gol@s, ) lw2r < Cllhggiylloo

For 1 < p <min{n/2;n/(n — 2)}, we define ¢ := ;5. Sobolev embeddings then
yield

1Gh, iy (Tis+) = Go(@is )lLa@) < Cllhyiy oo
We let (¢;)~0 such that ¢, — 0 as i — 4oo. We define «; := ¢;]z;| so that
a; = o(|z;]) as i — +o0o. We have that

/B G (5) = Gol ) dy < oI

It then follows from (273), (274) and the boundedness of (h;) in C that

d(w:,09) d(y, 09) |”
(I = Lyq+o(1) dy < C.
/Ba,i ) v |23 |P+ () Jy|B-(0)
We assume by contradiction that [ # L, o, so that
_ q 1/q
d(xi, 09) / dy. o0 ") <o
|xi|ﬁ+(7) Ba. (0) |y\ﬁ—(v)

If n < q(1—B-(7)), then the integral is infinite. This is a contradiction. Therefore
n > q(1 — B_(v)). Estimating the integral and using that |z;| < 2d(z;, 9Q), we get
that

|xi|1—5+(v)a?’5—(7)+3 <C.
With «; = ¢|z|i, 8-(7) + B+(y) = n and the definition of ¢, we get that

(1_%)637&(7”5 <c

Since |z;| — 0, with a suitable choice of ¢; — 0, we get a contradiction.

|| "

Therefore [ = L. o that is independent of the choice of the sequence (h;). This
proves (210) and ends the proof of Theorem 8.

15. Appendix E: Green’s function for the Hardy-Schrédinger operator
on R”
In this section, we prove the following;:

THEOREM 9. Fiz v < "TQ. For all p € R™ \ {0}, there exists G, € L'(R™) such
that

(i) nGp € H o(R2) for all n € CZ(R™ — {p}),
(ii) For all p € C°(R™), we have that
w(p) = - Gp(z) (—Agp - 3;y|2<p> dx, (275)

Moreover, if Gy, G, satisfy (i) and (ii) and are positive, then there erists C € R
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such that Gp(z) — G} (v) = Clr1] - lz| =P~ ) for all z € R™ \ {0, p}.
In particular, there exists one and only one function G, = G(p,-) > 0 such that (i)
and (ii) hold with G, = G, and
(iii) Gp(z) =0 (le‘;c*l‘(”)) as x| — +oo.

We then say that G is the Green’s function for —A—~|z| =2 on R™ with Dirichlet
boundary condition.

In addition, G satisfies the following properties:
(iv) For all p € R™\ {0}, there exists co(p), coo(p) > 0 such that

co(p)|z1] Coo (D) |1

gp(x) ~g 50 W and Qp(x) Ny s W (276)
and .
~ax . 277
gp($> —p (n _ Q)Wn_1|l‘ _ p|n72 ( )
(v) There exists ¢ > 0 independent of p such that
¢ Hy(z) < Gp(2) < cHyp(x) (278)

where

H,(z) = <Hm{|p|’|x|})ﬁ_m o — pl2" mm{L’“"'pl'} (279)

min{|pl, |z[} [z —pl?

Proof of Theorem 9: We shall again proceed with several steps.

Step 15.1: Construction of a positive kernel at a given point: For a fixed
po € R™\ {0}, we show that there exists G, € C*(R™ \ {0,po}) such that

—AG,, — #Gm =0 in R™ \ {0, po}
Cr >0, | (250)
Gp, € L"=2(Bs(0) NR™) with § := |po|/4

Gy, satisfies (i7) with p = po.
Indeed, let 7 € C*°(R) be a nondecreasing function such that 0 <7 <1, 7(t) =
for all ¢ < 1 and 7(t) = 1 for all £ > 2. For e > 0, set 7.(x) := 7j (‘z'> for all € R™.

We let Q7 be a smooth bounded domain of R™ such that R™ N By(0) C Q1 C
R™ N B3(0). We define Qg := R-Qy so that R™ N Br(0) C Qg C R™ N B3r(0). We
argue as in the proof of (211) to deduce that the operator —A — % is coercive on

Qg and that there exists ¢ > 0 independent of R, e > 0 such that

/ <|V<p|2 - ’W; gpz) dz > c/ |Vp|?dz  for all ¢ € C(QR).
Qr |z| Qr

Consider R,e > 0 such that R > 2|pg| and € < @7 and let Gg . be the Green’s
function of —A — % in Qg with Dirichlet boundary condition. We have that

G R, > 0 since the operator is coercive.

Fix Ry > 0 and ¢’ € (1, -%5), then by arguing as in the proof of (213), we get that
there exists C'= C(v,po, ¢, Ro) such that

|G r.e(po, ')”Lq’(BRO(O)ﬂR’l) <Cforall R> Rpand 0 < e < @, (281)
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and

<CforallR>Roand0<e<%, (282)

HGR7€(p07 ) HL% (350 (0)NR™) —

where 0 := |pg|/4. Arguing again as in Step 14.2 of the proof of Theorem 8, there
exists Gp, € C*(R™ \ {0,po}) such that

GR7€(p0a ) — GPO >0 in Clzoc(@\ {0,p0}) as R — +00, € = 0
—AG,, — ﬁGm =0 in R™ \ {0, po}
Gp, =0 on OR™ \ {0}
G,, € L72 (B5(0) NR™)
and Gy, € H7 o(R™) for all n € C(R™\{po}). Fix p € C(R™). For R > 0 large
enough, we have that ©(po) = [pn Gr.e(po,-)(—Ap — ne|x|"2¢) dz. The integral

(283)

bounds above yield z — Gp, (z)|z|~2 € L}, .(R™). Therefore, we get

loc
w(po) = / Gy, () <—A<p - Z|2<p> dx for all p € C°(R™). (284)
R"

As a consequence, G, > 0.
Step 15.2: Asymptotic behavior at 0 and py for solutions to (280). It
follows from Theorem 6.1 in Ghoussoub-Robert [21] that either G), behaves like
1]+ 2|7~ or |||z ~F+ ) at 0. Since G, € L7 (Bs(0)NR™) for some small
d>0and B_(y) < § < B4(7), we get that there exists ¢g > 0 such that
GPO ($> _
20 |z | - |z|=B-0) co- (285)

Since Gy, is positive and smooth in a neighborhood of py, it follows from (284) and
the classification of solutions to harmonic equations that

1

G ~ . 286
Po (‘T) T—Po (’I’Z _ 2)wn,1|x _ poln—2 ( )
Step 15.3: Asymptotic behavior at co for solutions to (280): We let
~ 1 T Po
G, (2) = ——G —— | for all z € R {07},
o) = a6 (1) M TP
be the Kelvin’s transform of G. We have that
~ ’y ~ . n pO S n
—AG), — WGPO =0in R™ \ {0, |po|2} ; G=0o0n 0R™ \ {po}.
Since G, > 0, it follows from Theorem 6.1 in [21] that there exists ¢; > 0 such
that 2] 2]
. 2 Z1 = T1
either Gpo (1‘) ~z—0 C1 |m|,37(,y) or Gpo (x) ~x—0 Clw~
Coming back to Gy, we get that
. |21 |1 |
either G, (T) ~|z/=00 clw or Gp, (T) ~|z|=o00 ch. (287)

Assuming we are in the second case, for any ¢ < ¢;, we define

_ €T . "
Gula) 1= G (o) — ety B\ (0.,




114 CONTENTS

which satisfy —AG,. — #GC =0in R™ \ {0,po}. It follows from (287) and (286)
that for ¢ < ¢, G > 0 around py and co. Using that nG. € Hf o(R™) for all
n € CX(R™\ {po}), it follows from the coercivity of —A — v|z|~2 that G, > 0 in
R™ \ {0,pp} for ¢ < ¢;. Letting ¢ — ¢; yields G., > 0, and then G., > 0. Since
Ge, () = o(Jz1| - |2|78-1)) as |x| — oo, another Kelvin transform and Theorem
6.1 in [21] yield |z~ z|P+(I G, (2) — o > 0 as || — oo for some ¢y > 0. Then
there exists c3 > 0 such that

, Ge(x) . Ge(z)
b T e 8> Oand oy — e (289
Since © + |z1] - |77~ € H} , (R™), we get that
o(p) = G, (z) (—Ago — |:Z|2g0> dx for all ¢ € C°(R™).
R™

Step 15.4: Uniqueness: Let G1,G2 > 0 be 2 functions such that (¢), (4¢) hold
for p := pg, and set H := G; — G4. It follows from Steps 2 and 3 that there exists
c € R such that H'(z) := H(x) — clzy| - |#| 7P~ ) satisfies

H'(z) =530 O (\x1| : |x|_’6*(7)) and H'(z) =(s| 00 O (|x1\ : |x|_'8+("’)) . (289)
We then have that nH' € Hf o(R™) for all n € C*(R™\ {po}) and

H'(x) (Agp - |;2g0> dr =0 forall ¢ € C°(R™).

R™

The ellipticity of the Laplacian then yields H' € C>(R™ \ {0}). The pointwise
bounds (289) yield that H' € Hio(Rﬁ). Multiplying —AH’ — #H’ =0 by H,
integrating by parts and the coercivity yield H' = 0, and therefore, (G — G2)(z) =
clz1| - |z| 7P~ for all z € R™. This proves uniqueness.

Step 15.5: Existence. It follows from Steps 2 and 3 that, up to substracting a
multiple of x — |21 - |#| 7%~ (), there exists a unique function G,, > 0 satisfying
(i), (ii) and the pointwise control (iii). Moreover, (285), (286) and (288) yield (276)
and (277). As a consequence, (278) holds with p = py.

For p € R™ \ {0}, consider p, : R” — R™ a linear isometry fixing R™ such that
pp(‘z—g‘) = |%|, and define

Gy(x) = <|Z;f|>n2 Gpo ((ppl ('TP))) for all z € R™\ {0, p}.

As one checks, G, > 0 satisfies (1), (ii), (iii), (276), (277) and (278).

The definition of G, is independent of the choice of p,. Indeed, for any linear
isometry p,, : R — R™ fixing po and R™, G, o p, ! satisfies (i), (ii), (iii), and
therefore G, o p;ol = Gp,- The argument goes similarly of any isometry fixing p.
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