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ABSTRACT. We solve variationally certain equations of stellar dynamics of the
—2

form — 3>, Oju(r) = %ﬁ@ in a domain Q of R", where A is a proper

linear subspace of R™. Existence problems are related to the question of at-

tainability of the best constant in the following inequality due to Maz’ya [20]:

2% (s)
uEH%O(Q)and/mdle
’ o |[|r(@)*

where 0 < s < 2, 2*(s) = % and where 7 is the orthogonal projection

0 < pg,p () = inf {/ |Vu|? d
Q

on a linear space P, where dimgP > 2 (see also Badiale-Tarantello [1]). We
investigate this question and how it depends on the relative position of the
subspace P, the orthogonal of P, with respect to the domain Q as well as on
the curvature of the boundary 9 at its points of intersection with P-+.

1. INTRODUCTION

Let Q be a smooth domain of R™, where n > 3, and denote by H7{ () the
completion of C$°(Q), the set of smooth functions compactly supported in €, for

the norm |[ul| g2 (o) = / [ IVu|? dz. In [20] (Corollary 2 in 2.1.6.), Maz’ya proved

that if P is a linear subspace of R™ such that 2 < dimgP < n, then there exists
C > 0 such that for all u € Hf ;(R™),

(/ ﬁ dm) ’ <C |Vu|? dr, (1)
n ()] Rn

where here 2* := %, s € (0,2) and 7 is the orthogonal projection on P with

respect to the Euclidean structure. Recently, an alternative proof of this inequality
was given by Badiale and Tarantello [1]. Define

Jo IVul? dz

2
[ul>* 2
(Jo p )
and note that (1) and (2) give that for all smooth domain © C R”, we have
US,P(Q) > N/s,'P(Rn) > 0. (3)

11s,p(Q2) 1= in we H () \ {0} (2)
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In this article, we adress the question of the value of the best constant ps»(£2)
as well as the issue of its attainability. As we will see, both questions are closely
related to the relative positions of P+ and €2, and to the geometry of the boundary
09 at the points of P+ N 9.

The case when s = 0 (i.e., the non-singular case) is the well known Sobolev inequal-
ity. In this situation the infimum pg p(Q2) = po,p(R™) is not attained unless Q is
essentially the whole of R™.

The case s € (0,2) and dimgP = n (that is P = R™) was tackled in [11], [12],
[13]. It was proved that when 0 € 99, the infimum in (2) is then attained as soon
as the mean curvature of 99 (oriented with outward pointing normal vectors) at
0 is negative. The proof of this result required refined asymptotics for blown-up
solutions of associated second order elliptic equations, the difficult case being when
these solutions develop a ”bubble” located precisely at the point 0. However, the
bubble inherits the symmetry properties of the problem, and this allowed us to
show in [12] that mean curvature conditions —as opposed to sectional curvature—
suffice to eliminate the possibility of a bubbling-off phenomenon.

In the present paper, we tackle the case of a larger affine subspace of singularities
(1 < dimgP < n — 1) and in particular when P+ contains at least a line. The
situation here closely depends on the relative positions of P+ and €, the most
interesting case being when the subspace P+ does not touch the domain Q but
does touch its boundary (i.e., when P+ N Q = () and P NIQ # ). A large part
of the analysis is similar to what we have done in [12, 13] for the case of a single
point of singularity on the boundary of ). However, a new set of difficulties arise in
this situation: for one, the centers of the appearing bubbles are not bound to any
particular location and may appear anywhere on 0€2. They do eventually converge
to a point in PN ON # 0, and an important new issue becomes the precise control
of the distance between the center of the bubble and this limiting point.

Another new problem related to this setting is the lack of symmetry of the
bubble. As described by the next proposition, we do show that it enjoys the best
symmetry possible in the P-direction. Here and in the sequel, A = — %" 0;; will
denote the Laplacian with minus sign convention and R” = {z € R" /x; < 0}.

Proposition 1.1. Let 7 be the projection on a linear subspace Q of R™ such that
2 < dimgQ and Q+ C OR™. Assume s € (0,2) and consider u € C*(R")NC*(R™)
such that

Au = ‘f(*T;‘ls in R”
u>0 in R™ (4)
u=0 on OR™.
and for some C' > 0,
u(z) < C(1+ |z[)*~™ for all z € R™. (5)

Then there exists v € C?(R* xRx Q@+ )NCHR_ xR x Q1) such that for all z € Q+,
and all t1 < 0 and y € R™ with (z1,y) € Q, we have that u(z1,y,z) = v(x, |y, 2).

But this is not sufficient since the behavior of the bubble in the P-direction and
the PL-direction often cannot be related. Overcoming these difficulties, we prove
the following theorem. In the sequel, T,.092 denotes the tangent space of 92 at the
point x.
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Theorem 1.1. Let Q) be a smooth bounded oriented domain of R™, n > 3, and let
P be a linear subspace of R™ such that 2 < dimgP. Assume s € (0,2).

(A) If PENQ # 0, then ps p(Q) = s p(R™) and the infimum in (2) is not achieved.
(B) If PN Q =0, then the infimum in (2) is achieved.

(C) If PANQ = 0 and PNIQ # O, then the infimum in (2) is achieved and the set
of minimizers is pre-compact in H%’O(Q), provided that at any point x € P+ N IQ
the principal curvatures of 9) at x are non-positive, but do not all vanish.
Moreover, at those points x € P+ N QN where P N T,00 and Pt are orthogonal
with respect to the second fundamental form of 0 at x, it suffices that the mean
curvature vector of 00N (x+ (P4 (T,00)%)) at x be null, while the mean curvature
of O at x is negative.

The second part in (C) makes connection with the case where P = R™ (i.e.,
P+ = {0} studied in [12]. Then the negativity of the mean curvature of 9Q at that
point is sufficient for ps »(€2) to be attained. One may ask what happens in the
case dimgP € {0,1}. In the case when P = {0}, inequality (1) is clearly irrelevant,
however the case dimgP = 1 presents some interest, and this is the object of the
following proposition:

Proposition 1.2. Let Q be a smooth bounded oriented domain of R™, n > 3, and
let P be a linear subspace of R™ such that dimgP = 1. Assume s € (0,2).

(A) If PENQ #0, then the infimum in (2) is not achieved.
(B) If PN Q =0, then the infimum usp(Q) in (2) is positive and is achieved.

(C) If PN Q =0 while P NN # O, then psp(Q) > 0 and the infimum is not
achieved.

Actually, when dealing with case (C) of Theorem 1.1 and Proposition 1.2, the
crucial point is to have negative principal curvatures at each point of P-N9Q. But
the fact that P+ only touches Q at its boundary means that the principal curvatures
in the PL —direction are all nonnegative at these points —at least for those where P+
and PNT,0 are orthogonal for the fundamental form of 9Q: therefore, for p15 »(£2)
to be achieved, one needs the negativity of the principal curvatures in some of the
orthogonal directions, which is obviously impossible if P+ is (n — 1)—dimensional
and therefore the best constant is never achieved in this case. This means that
the dimension restriction on the linear subspace in Theorem 1.1 is optimal. As a
consequence of the techniques developed for the proof of Theorem 1.1, we get the
following corollary.

Corollary 1.1. Let Q be a smooth bounded oriented domain of R™ and let m be
the orthogonal projection onto a linear subspace Q@ C R™ such that 2 < dimgQ.
We assume that Q+ N Q = () and Q- NIQ # 0. Assume s € (0,2) and consider
a € CYQ) such that the operator A + a is coercive on ). Then there exists a
solution u € Hi ,(2) N C*(Q) for

2% —1

Au+au = \Zr(T)\ in D'(Q)
u>0 mn
u=~0 on 0f)
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provided that at any point x € Q+ N IQ the principal curvatures of OQ at = are
non-positive, but do not all vanish.

Moreover, at those points x € 0 N oL where QF and Q N T, are orthogonal
with respect to the second fundamental form of 0 at x, it suffices to assume that
the mean curvature vector of QN (x + (Q+ + (T,00)1)) at x is null, while the
mean curvature of 02 at x is negative.

Related references for best constant problems in Sobolev inequalities are Druet
[5], Hebey-Vaugon [18, 19] and Egnell [10]. Concerning asymptotics for blown-up
sequences of solutions to elliptic equations, we also refer to Atkinson-Peletier [2],
Brézis-Peletier [3], Han [17], Druet [6], Druet-Hebey [7], Druet-Hebey-Robert [8]
and Schoen-Zhang [23].

The rest of the paper is devoted to the proof of these results. As mentioned
above, a significant part of the analysis was developed in [12, 13] for the case of a
unique singular point at the boundary, and to which we shall refer frequently. On
the other hand, we shall give all the details relating to the new difficulties arising in
this new setting of large set of singularities. The paper is organized as follows. In
section 2, we deal with points (A) and (B) of Theorem 1.1 and prove a symmetry
result. Sections 3 to 5 are devoted to the proof of point (C) of Theorem 1.1 which
is much more intricate, as it will require the full range of modern techniques for
blow-up analysis and strong pointwise estimates for minimizers of the subcritical
functional associated to (2). In section 6, we prove Proposition 1.2, while the
appendix in section 7 provides a required regularity result for the family of elliptic
pde’s with singularities that we are dealing with in this paper. As a last remark,
note that all the statements can be straightforwardly adapted to the case when P
is an affine subspace of R”, and not only a linear space.

2. PARTIAL SYMMETRY OF BUBBLES AND PART (A), (B) oF THEOREM 1.1

We let P be a linear subspace of R” with 2 < dimgP < n — 1. We shall denote
by 7 the orthogonal projection on P, and
Jo IVul? dz

Proof of Proposition 1.1. We first prove the partial symmetry property for the
positive solutions to the limit equation on R™. For that, we consider u € C?(R™ )N
C1(R™) that verifies the system (4) while verifying for some C' > 0 the bound
u(z) < W We follow the proof of [12] to which we refer for details. For

u € Hi () \ {0} (6)

s p(2) := inf

simplicity, up to a change of coordinates, we write any point © € R™ as x = (x1, y, 2),
where (z1,y) € Q = R¥ and 2z € Q1 = R"~*. Therefore 7(z) = (z1,y,0). We let
€1 be the first vector of the canonical basis of R™ and consider the open ball

1,
D := Bl/2 <—2€1) .

We define
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for all z € D\ {0}. We extend v by 0 at 0. This is then well-defined and v €
C?*(D) N CY(D \ {0}). Moreover, v(z) > 0 for all z € D and v(z) = 0 for all
x € 0D \ {0}. The function v verifies the equation

2 -1
Ay= ———— 8
wle + PET i
in D. Since v > 0 in D, it follows from Hopf’s Lemma that % < 0on oD\ {0}.
We prove the symmetry of w by proving a symmetry property of v, which is
defined on a ball. Our proof uses the moving plane method. We take largely

inspiration in [4] and [15]. We let ¢ € {2,...,k}. For any u > 0 and « € R™, we let
x, = (x1,...., 2 — T4, ..., xp) and D), = {x € D/ x, € D}.

It follows from Hopf’s Lemma that there exists ¢y > 0 such that for any pu €

(3 — €0, 3), we have that D,, # 0 and v(x) > v(z,) for all z € D,, such that z; < p.

We let > 0. We say that (P,) holds if D,, # 0 and v(z) > v(z,) for all x € D,
such that x; < p. We let

A := min {,u >0 ’ (P,) holds for all v € <[L, ;) } . (9)

We claim that A = 0. Indeed we proceed by contradiction and assume that
A > 0. We then get that Dy # 0 and that (Py) holds. We let w(z) := v(z) — v(zy)
for all x € Dy N {x, < A}. Since (P») holds, we have that w(x) > 0 for all
x € DyN{z; < A}. With the equation (8) of v and (Py), we get that

o) ! o)

[m(e + [ePe)l®  [r(en +leale)l

Aw =

> () ! ( 1 . 1 _ )
[m(z + [z[2en)ls  |w(za + [xal?e1)]
for all x € Dy N{z; < A}. Since 2 < i < k, we get that the RHS is positive (see
[12]), and then Aw(x) > 0 for all z € Dy N {x; < A}. It then follows from Hopf’s
Lemma and the strong comparison principle that
ow
v

The contradiction then follows from standard arguments, we refer to [12, 13] for
details. This yields A = 0.

w > 0in Dy N{x; <A} and <0on DyNn{z; =A}.

Here goes the final argument. Since A = 0, it follows from the definition (9)
of X\ that v(z) > v(zy,...,— %4, ..., x,) for all x € D such that z; < 0. With
the same technique, we get the reverse inequality, and then, we get that v(z) =
V(X1 ooy — T4y ooy ) for all @ = (2/,2,) € D. In other words, v is symmetric with
respect to the hyperplane {z; = 0}. The same analysis holds for any hyperplane
containing Span{éi, ex11, ...., €n }. Coming back to the initial function u, this proves
Proposition 1.1 and the symmetry property.

The object of the following proposition is to deal with case (A) of Theorem 1.1 that
is when P N Q # 0.

Proposition 2.1. Let Q be a smooth bounded domain of R™, n > 3. Let P C R" be
a linear subspace of R™, where 2 < dimgP <n — 1. Let s € (0,2) and assume that
PENQ £, then psp(Q) = s p(R™) and the infimum ps p(Q) is not achieved.
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Proof: Fix xp € Pt N Q, and let § > 0 such that Bs(zg) C Q. Let a > 0 and
u € C°(R™)\ {0} such that

Jrn |Vu|2 dz

(flR" \W(m)ls )22*

For € > 0, we let uc(z) := G_WEQu(”” o) for all x € Q. As is easily checked,
ue € C°(0) for € > 0 small and

Vue|? dz L Vul2de
Jo IVue| - Jzn [Vl < pp(R) 4 a

(fQ ||:6$|s )2 (fmn \HL)\S dxyj

Here, we have used that zo € P+, that is m(2¢) = 0. Coming back to the definition
(6) of ps,p(€2) letting o — 0 and using (3), we get that ps p(Q) = ps,p(R™).

Q,P(Rn) +ta

We claim that psp(2) is not achieved. Indeed, assuming it is achieved by a
function v € Hiy(2) \ {0}, we can assume without loss that u > 0. Since
s, () = ps, p(R”), we get that ps »(R") is also attained by w which then veri-

fies A

section 7 and the maximum principle that « > 0 on R™ \ P, a contradiction since
ue Hi (). O

u = \:(T)\ in D'(R™). Since u > 0, it follows from the regularity results of

The case where P+ N Q = () is dealt with in the following proposition.

Proposition 2.2. Let Q) be a smooth bounded domain of R™, n > 3, and let P be
a linecg" subspace of R™ such that 2 < dimgP < n — 1. Assume s € (0,2) and that
PLNQ =0, then the infimum usp () is attained.

Proof: Since P+ N Q = (), there exists ¢,C > 0 such that ¢ < |n(z)| < C for all

x € Q. In particular, since 2* < -=5, we have compactness of the embedding of
H3 () in L (Q, |7(z)|~*) and therefore the existence of minimizers. This ends
the proof of the Proposition. O

3. BLOW-UP ANALYSIS, PART I

Throughout this section, we let €2 be a smooth bounded domain of R", n > 3,
and P be a linear subspace of R™ such that 2 < dimgP <n —1. Let s € (0,2) and
assume that

PLNQ=0and P+ NoQ 0. (10)

Here and in the sequel, we let @ be the orthogonal projection on P. This is the
most intricate case to which the rest of the paper is essentially devoted.

Proposition 3.1. Let Q) be a smooth bounded domain of R™, n > 3, and let P be
a linear subspace of R™, such that 2 < dimgP < n —1. Let s € (0,2) and assume
that PN Q=0 and P NOQ # 0, then ps p(Q) < psp(R™).

Proof: Let zg € PN 0K Since P NQ = (), we have that

P+ C T,,09, (11)
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where T, 012 is the tangent space at o of the smooth manifold 9. It follows from
(11) that (T,,0Q)1t C P. We choose a direct orthonormal basis (€, ...,,) of R"
such that

—

€1 = Ty, is the normal outward vector at xy of 90
(€41, ..., €x) is an orthonormal basis of P (12)
(_’k-‘rl) ..., €,) is an orthonormal basis of P+.

Here and in what follows, & = dimgP, so that 2 < k < n — 1. In particular,
(€2, ..., €y) is an orthonormal basis of T,,09. For the rest of this section, we shall
be refering to this particular basis. In particular, we adopt the following notation:
we write any element € R™ as z = (x1,y, 2), with 1 € R, y € span(és, ..., €x) and
z € span(€xi1, ..., €n) = PL.

Since 02 is smooth, there exist U,V open subsets of R™, such that 0 € U and
xog € V, there exists ¢ € C*°(U,V) and ¢g € C*°(U’) (where U' = {(y,z)/3z1 €
R s.t. (x1,y,2) € U}) such that

(#7)  ¢:U —Visa C*® — diffeomorphism
(1) »(0) = xo

Ezz ) e(UNn{z1 <0})=9U)NQand o(UN{z; =0}) =U)NIN. (13)
(

S

iv)  o(0) =0 and Vo(0) =0
(p(ajhyaz) = (56'1 + 900(?/»2)73/»2) + o for all (9517?}72) eU

<’

v

~

where Do denotes the differential of ¢q at z. Let @ > 0 and u € C(R™) \ {0}
such that

fRL‘ |Vu|? dz

+ < ps,p(R”) + a.
’U.‘Z* oF
(IR" [m(z)|® )

Define uc(x) := e (@) for all z € 2 and all € > 0. As easily checked, for
e > 0 small enough, we have that u. € C°(£2). Standard computations yield that

2
|Vue|? do e [Vl d "
) < UL ST o) < 82 o of)
(fn TroF 42 ) (fRn @ )
where lim._,g 0(1) = 0. Letting ¢ — 0 and o — 0, we get the claimed result. O

In order to construct minimizers for ps p(£2), we consider a subcritical minimization
problem for which we have compactness. The proof of this result is standard and
we refer to [12] for details.

Proposition 3.2. Let Q) be a smooth bounded domain of R™, n > 3, and let P be
a linear subspace of R™ such that 2 < dimgP < n — 1. Let s € (0,2) and assume
that (10) holds, then for any e € (0,2* — 2), the infimum

€ . ‘VU|2dI
s p(Q) = 21nf fQ —,
u€H? ((Q)\{0} (f [u|2* — da )2*—6
Q |r(z)[®
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is achieved by a function ue € Hf o(Q). Moreover, u. € C>(Q\ PL) and can be
assumed to satisfy the system

Ay, = “ET(;;IT in D'(Q)
ue >0 imn Q

2% —e

2% —e
Jo i de = (g p(Q)) 7 2=
Moreover, we have that lime o pu§ p(Q) = ps,p(2), and there exists ug € Hi ()
such that, up to a subsequence, u. — ug weakly in H%’O(Q) when € = 0. Ifug Z0,
then lime_,oue = ug strongly in Hio(Q) and ug is a minimizer for usp(Q). In
particular, psp(2) is attained.

We now start the blow-up analysis for minimizing sequences. Actually, we con-
sider a more general case. Here and in the sequel, we let p. € [0,2* — 2) such
that

li =0.
lng pe =0

We assume that (10) holds. We consider a family (a¢)eso € C*(Q) such that there
exists A\, C' > 0 such that

lacllcr @) < € and /(|V¢|2 +acp?) dz > )\/ o dx (14)
Q Q

for all e — 0 and all p € C°(Q). For any € > 0, we consider u. € H{ () NC?*(Q\
P+1) a solution to the system

2% —1—pe
Aue + acue = UTTF(W in D/(Q) (15)
ue >0 in Q
We assume that u. is of minimal energy type, that is
|uc|? P _2r
Bl ™ gy = 5y p ()7 +0(1) (16)
o [m(@)[®
where lim._,9 0(1) = 0. We also assume that blow-up occurs, that is
ue — 0 (17)

weakly in H7 ((Q) when e — 0. Such a family arises naturally when ug = 0 in

Proposition 3.2. It follows from Proposition 7.1 of the Appendix that u. € C°(Q).
We let z. € Q and pe, ke > 0 such that

n—2

_n=2 1— R
max ue = Ue(xe) = pre 2 and ke :=pe 777 (18)
Our goal in this section is to prove the following:

Proposition 3.3. Under the above assumption, there exists xo € P-N0OKQ, a chart
 as in (13), there exists (Z¢)eso € OR™ such that lim._,g Ze = 0 and such that the
function
n—2
V() = pe 2 ue 0 p(Ze + ke)
defined for x € Y2 and € > 0 verifies that there exists v € HEo(R™) \ {0} such
that for any n € C°(R™), nue = nu in Hi o(R™) weakly in D'(R™) when e — 0.
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The function v verifies that

Ay = FOE in D' (R™)
and [gn Vol2dr = ps p(Q) 72 = u&p(R")%. In addition, v € C*(R™) and

lim ve = v in CL.(R™). (19)
Moreover,

i = 1.
Proof: The proof goes in five steps.
Step 3.1: We claim that
e = o(1) and w(z.) = O(k.) (20)

when € — 0.

Indeed assume that lim._,o e # 0, then up to a subsequence, there exists C' > 0
such that |uc(z)] < C for all x € Q and all € > 0. Mimicking the proof of the
Appendix, we get that there exists C' > 0 such that [juc[c1 ) < C. Since (17)
holds, it follows from Ascoli’s theorem that, up to a subsequence, lim,_,g v, = 0 in
C%(Q). A contradiction with (16). This proves that lim. o . = 0.

To prove the second part of the claim assume that

lim ‘WZGN = +o0. (21)
For any € > 0, set
e = Ir(w) Fue(w) 5 = (o) B (22)
It follows from the definition (22) of 8. and (21) that
. (B (BN
lgr(l) Be =0, lg% <k‘e = +o00 and lgr(l) <7T($e)|) =0 (23)

when € — 0.

Case 3.1.1: Assume first there exists p > 0 such that w > 2p for all € > 0.

For x € By,(0) and € > 0, define ‘
u(ze + Be)
ue(ze)

This is well defined since z. + Bz € Q for all x € By,(0). As easily checked, with
(15), we have that

ve(z) ==

2* —1—p.
Av, + k2a (z. + Ber)v. = e .
mao + (@)

weakly in B, (0). Since 0 < ve(x) < ve(0) =1 for all z € B,(0), it follows from
standard elliptic theory and (23) that there exists v € C*(Bg,(0)) such that ve — v
in C} (Bs,(0)) as € — 0. In particular,

v(0) = lim v,(0) = 1 (24)



10 NASSIF GHOUSSOUB AND FREDERIC ROBERT

With a change of variables and the definition (22) of §,, we get that

2% —p. 2* —p. gn 2% —p.
/ = L s do
QNByg, (o) IT\E T(Ze Bo(0) | ZE + ()

n—2 _p. =2 2% —pe
> (ie) Lbe Pear=s / Ve - dx.
€ B,(0) | Zl&e) 4 7|7T(5; )lw(z)

()l

Using (16), (23) and passing to the limit e — 0 (note that u_' > 1 for € > 0 small),
we get that pr(O) v?" dz = 0, and then v = 0. This contradicts (24) and therefore

(21) does not hold, which proves the claim in Case 3.1.1.

Case 3.1.2: Now assume that, up to a subsequence, lim,_,q 299 _ (). We then
get a contradiction by a rescaling of u, as in [12]. The proof uses the techniques of
Case 3.1.1 and is rather similar to [12] to which we refer for the details.

In both cases, we have obtained a contradiction and Step 3.1 is established. O
Step 3.2: Up to a subsequence, we claim that xy defined as

xo = lir% Te (25)
e—
belongs to P+ N s,

Indeed, it follows from (20) and (18) that m(x) = 0, that is 29 € P+. Since
zo € Q, it follows from (10) that zg € P+ N Q.

Since (10) holds, we have that (11) holds. We choose a basis as in (12) and we choose
a chart ¢ as in (13). In particular, here again, we let k = dimgP € {2,...,n — 1}.
Step 3.3: Setting

Te = P(T1,65 Yes %) (26)
where z1 . < 0, ye € span(€éa, ..., ;) and ze € span(€g1,...,6n) = P, we claim
that

d(ze,00) = (1 + 0(1))|z1,e] = O(ke), ye = O(ke) and ¢o(0, ze) = O(ke),  (27)

when € — 0. Here ¢ is as in (13).
Proof of the claim: our first remark is that

d(xe,00) = O(ke) (28)

when € — 0. Indeed, since P+ N Q = @, we have that z. — 7(z.) € Pt € R*\ Q.
Since z. € Q, there exists t. € (0,1) such that t.z. + (1 — ) - (zc — 7(xc)) € IN.
Consequently,

d(2e,00) < |we — (tewe + (1 —te) - (we — W(xe)))‘ = (I —te)|m(ze)| < |7r(x6)\ = O(k.)
when € — 0. This proves (28).

As in [12], we get that
(e, 02) = (1+ o(1))]x1 | (29)
when € — 0. We write that

7r(xe) = 7T(:ﬂl,e + QOO(ye, 25)7 Ye, Ze) = (xl,e + (PO(ye; Zs)a Ye, O)
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With (20) and (28), we then get that

©0(Ye, 2e) = O(ke) and y. = O(k) (30)
when € — 0. Noting that po(ye, zc) = ©0(0, z¢) + O(|ye|) when € — 0, we get that
©0(0, z.) = O(k.). These last equalities, (28), (29) and (30) prove (27). O
We let 0.2)

T1,e Ye ©0(0, 2¢
A= 2L g, .= e d pe = — PO 2 31
c I > 0, . € P and p . (31)

It follows from (27) and (29) that there exist Ao > 0, pg € R and 6y € P such that
Ao := lim A¢, g := lim 0, and pg := lim p.. (32)
e—0 e—0 e—0
We claim that p. > 0 for all € > 0. Indeed, since P+ NQ = (), there exists § > 0
such that for all z € span{€j41, ..., €, } N Bs(0)
¢0(0,2) < 0. (33)

The definition (31) of p. yields that p. > 0 for all € > 0. Note that it follows from
(33) that there exists C' > 0 such that

d(z,09) < Cln(x) (34)
for all z € Q.

Step 3.4: From now on, we let zZ. = (0,0, z.) for all € > 0 where z, is defined in
(26), and for any z € Uki N{z1 <0}, we set

Ue © P(Ze + ke)

ve(x) = RER) , (35)
where ¢ is defined in (13). It follows from (31) that
Ve(—=Ae, 0e,0) = 1. (36)

As easily checked, for any n € C°(R™), we have that nv. € Hf o(R™) for all € > 0.
Step 3.4.1: There exists v € H{ ((R™) such that for any n € C2°(R™),
NVe — NV

weakly in Hf o(R™) when € — 0. The proof is rather similar to what was done in
[12] to which we refer for details.

Step 3.4.2: We claim that lim._,o v = v in C}

loc

(R™), where v # 0.

Indeed, let R > 0 and for any i,j = 1, ...,n, welet (§e)ij = (0:0(Ze+kex), 0j0(Z+
kex)), where (-, ) denotes the Euclidean scalar product on R™. We consider g, as a
metric on R"”. We let

Ag. = =g (i = Ti(3e)0)
where §¥ := (g-!)i; are the coordinates of the inverse of the tensor j. and the
I'%.(gc)’s are the Christoffel symbols of the metric .. With a change of variable

J
and the definition (35), equation (15) rewrites as

2* —1—pe
Aj ve + k2ac 0 (. + ker)ve = — " in D'({x; <0 37
gt Ko oGt ke = [ P <0 @0
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for all € > 0. It follows from the definition (13) of ¢ and (33) that there exists
Cr > 0 such that |7(p(Ze + kex))| > Crke|n(z)| for all z € R™ N Br(0). With
(18) and (35), we get that 0 < v, < 1. With the method used in the Appendix,
we get that (vc)eso converges in Cf (R™). Since ve — v weakly in Hf j(R™) when
k — +o0o, we get that lime_,ove = v in C}_(R™). With (36) and (32), we get that
v(—=Xo,6p,0) =1, and in particular, v Z 0 and Ao > 0. O
Step 3.4.3: We claim that Av = % in D'(R™) and that

*

/ \VU|2 dx = MS,P(Q)% = HS,'P(RZ);T.
R™

Indeed, by passing to the weak limit € — 0 in (37), we get that

,UQ*—l
Av = in D'(R™).
@ — (o, 0,0 2 PR

Testing this equality with v € H7,(R™) and using the optimal Hardy-Sobolev
inequality (6), we get that

2* -2

= Jan |VV* da
R™
(/}R" |Vv2d:v> = - x

v2 2
(fer m=tomoor o)
Jon [V0? dzx

v2* *
(Jion iy )
Here, we have used that |7(z) — (po,0,0)| > |7 (z)| since po > 0 and z1 < 0 for all
x € R™. We then obtain that

/ Vo2 de > iy p (R )53, (39)
R"

Moreover, see for instance [12], we have that [p. |Vv[*dz < /,L3773(R71)2*27—2. We
then get that

*

/ Vol de = s p ()77 = iy p(RT) 77,
R™

and that
lim p. = po = 0 and lim pfc = 1. (40)
e—0 e—0
For this last assertion, we refer to [12]. O
Proposition 3.3 now follows from Steps 3.1 to 3.4. O

We shall also need the following two claims for the next section

Step 3.5: Under the hypothesis of Proposition 3.3, we have that

w2 —pe
lim lim - dz =0. (41)

Ro0 €30 Joy By, (p(20)) [T(@)]
We omit the proof which is quite similar to [12].
Step 3.6: We also claim that

ll_rf(l) Ue = 0 in Clloc(ﬁ\ {l‘o}) (42)
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Indeed, for § > 0, it follows from (41) that

w2 ()

S

dr = 0.

lim
€0 J O\ Bs (o) |7 ()

Using the techniques in the Appendix of [12, 13], we get that

ln fluell e @\ By () =0
for all p > 1, and the method developed in this paper’s Appendix, we get (42). O

4. BLOW-UP ANALYSIS, PART II
This section is devoted to the proof of the following strong pointwise estimate.

Proposition 4.1. Let Q be a smooth bounded domain of R™, n > 3 and let P be
a linear subspace of R™ such that 2 < dimgP < n — 1. Let s € (0,2) and assume
that (10) holds. For (pe)eso in [0,2* — 2) such that lime_,op. = 0 and (ae)eso as
in (14), we consider (uc)eso € H7 o(Q2) NC?*(Q\ P+) such that (15), (16) and (17)
hold. We let xqo, ¢, (fic)e>0 and (Z¢)eso as in Proposition 8.3. Then, there exists
C > 0 such that

pé d(z,00)

uc(z) < Cd(z,00)+ C — (43)
(12 + 1z — ¢(2e)]?)
and .
3
Vu(z)| < C +C L (44)
(12 + |z — p(Z)?)*
for all e > 0 and all x € Q).
Proof: We take inspiration from [8]. We proceed in five steps.
Step 4.1: We claim that there exists C' > 0 such that
(@) " ue(@)' "= < O (45)
for all € > 0 and all = € €.
Indeed if not, we let y. € Q such that
(o) |7 welye) 2= = sup (@) " ue(@)' "= o oo (46)
€N
as € = 0. We then let
_ _Pe
Ve 1= uc(ye) 77 and £, = ve T2 (47)
for all € > 0. It follows from (46) and (47) that
lim v. = 0 and lim Iyl = 400, (48)
e—0 e—0 €
and from (18) and (40) that
lim vP¢ = 1. (49)
e—0 €
We also let
s 2-2*4p,
Ve i = |m(ye)l* |uelye) 7, (50)
for all € > 0. It follows from (48) that
Ve (51)

lim =
=0 |m(ye)|
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Case 4.1.1: We assume first that, up to a subsequence, there exists p > 0 such that
d(ye, 09)

Ve
for all e > 0. For any = € B,(0) and any € > 0, we let

> 3p (52)

n-2
We(x) 1= Ve 2 Ue(Ye + V). (53)
Note that w, is well defined thanks to (52). With (46) and (50), we get that

n—2

2

7(Ye) Ve rw)| 7w <1,

+ m(x
(el 7 (ye)l

In particular, with (51), there exists Cp > 0 such that

0 < we(z) < Co (54)

for all © € B,,(0) and all e > 0. With (15), we get that

2* —1—p.
We

Aw, + '7520'6 (ye + ’Yex)we = (70) 5
T (Ye Ye
et T Tt T (%)

for all © € B,,(0) and all € > 0. Since (48) and (54) hold, it follows from standard
elliptic theory that there exists w € C'(Ba,(0)) such that w(0) = 1 and

lim we = w (55)
e—0
in C}.(B2,(0)). Mimicking what was done in Step 3.1, we get a contradiction.
Case 4.1.2: We assume that
d(ye, 00
lim W9 _ (56)
e—0 Ye

Asin Step 3.1, we get a contradiction. We refer to [12] for proof in a similar context.
In both cases, we have contradicted (46). This proves (45). O
Step 4.2: This step is a slight improvement of (45). We claim that

n—2 Pe
lim lim sup [m(x)] " ue(z) "2 = 0. (57)
R=4o0 20 2€0\ Bar. (9(20))

The proof is similar to Step 4.1 and uses the techniques developed in [12]. We refer
to Step 4.1 and [12] for the details.

Step 4.3: We claim that for any v € (0,1) and any R > 0, there exists C'(v, R) > 0
such that

§v(n-1) -
ue(z) < O R) ( pe d(e 00 7 +d<x,aﬂ>”> (58)
(12 + 7 — plz0)) 5

for all z € Q and all € > 0.

Indeed, let G be the Green’s function for A in €2 with Dirichlet boundary condition,
and set H.(x) = —07G(z, (%)) for all x € Q\ {®(2c)}, where here i denotes the
outward normal vector at 0. It follows from Theorem 9.2 of [13] that H, €
C*(Q\ {p(2)}), that

AH. =0 (59)
in ©Q and that there exist d;,C7 > 0 such that
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d(x,00) Cyd(z,00)
—— < H(z) L ———— 60
Gile — oIl = ) = oo e
and —using (34)— that
VH@| 1 I o

>
H(z) — Cid(z,0Q) — Ci|n(z)|
for all x € QN Bas, (0). Let Ay > 0 be the first eigenvalue of A on 2, and let
¥ € C?(Q) be "the first eigenfunction” in such a way that
Ay =XM1y inQ
>0 in Q
=0 on Jf).

It follows from standard elliptic theory, Hopf’s maximum principle and again (34)
that there exists Cs, d5 > 0 such that

1 V()] 1 1
@d(x,aﬂ) < (z) < Cod(x,00) and @) > Cld(w,00) > Col (@)

for all x € QN Bas, (¢(Z:)). We now consider the operator
’LLQ*_Q_I)E
e (no 20
|7 ()]*

Step 4.3.1: We claim that there exist dg > 0 and Ry > 0 such that for any v € (0, 1)
and any R > Ry, 6 € (0,40), we have that

(62)

L.HY >0, and Lp'™ >0 (63)
for all z € QN Bs(p(z.)) \ Bre. (p(Z)) and for all € > 0 sufficiently small.
Indeed, with (59), we get that

L™ VAL () ud)” 2

H™Y H? ()]
for all x € Q and all € > 0. We let o > 0. It follows from (57) that there exists
Ry > 0 such that for any R > Ry, we have that

(@) P~ fue ()P 7P < a

for all z € (Bs(¢(z.)) \ Brr.(¢(2:))) N Q and all € > 0 small enough. With (14),
(64) and (61), we get that for a > 0 and ¢ > 0 small enough, we have that

LHI™" (2) > v(l —v) — aCf — Cf|n(x)|ac(z)|

H™Y CF|m(x)]?

for all z € (Bs(¢(2)) \ Bre. (p(2e))) N Q and all € > 0 small enough. The proof of
the second inequality of (63) goes the same way.

Step 4.3.2: Tt follows from (19) in Proposition 3.3 that there exists Cy(R) > 0 such
that

() = ac(z) +v(l —v) (64)

>0

u(z) < CL(R)pe ? d(z,09)
for all x € QN OBgk (¢(Z)) and all € > 0. In particular, there exists C(R) > 0
such that

4 —v(n—-1)

ue(z) < C(R)pé H™" () (65)
for all x € QN OBgg, (¢(Z)) and all € > 0.
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It follows from (42) there exists C(d) > 0 such that
ue(z) < CL(8)d(z,00) (66)

for all z € QN OB;s(p(z)) and all € > 0. In particular, there exists C'(§) > 0 such
that u.(x) < C(8)Y(x)r =" for all z € QN IBs(p(Z.)) and all € > 0. We let

De.r,s = (Bs(¢(2)) \ Brr, ((2))) N Q.
It follows from (65) and (66) that

n

uc(@) < CR)pd " VHI (@) + C0) () (67)
for all e > 0 and all x € OD¢ g .
Step 4.3.3: We claim that L. is coercive and therefore verifies the comparison prin-

ciple on D¢ g 5.

Indeed, with (41), we get that for any a > 0, there exists Ro > 0 such that for
any R > Ry, we have that

2% —pe
/ uﬁi(f) dz < a.
N\ B, (p(z) |T()]

Since A + a, is uniformly coercive, we get that L. is coercive on Q \ Bgg. (¢(Z))
for R large enough. We refer to Lemma 3.4 of [21] for details on this assertion.

Step 4.8.4: Since
L(C(Rpé ™" VHI (@) + CO)p(@)' ™) > 0 = Leu,
in D, g and (67) holds, we get from Step 4.3.3 that

n

uc(w) < CRuE "V H (@) + C(S)b(x)

for all # € D, rs. With (60) and (62), we then get that (58) holds on D¢ ps =
(Bs(o(2:)) \ Bri.(0(2:))) N Q for R large and 6 small. It follows from this last
assertion, (19) in Proposition 3.3 and (42) that (58) holds on €. O

Step 4.4: We claim that there exists C' > 0 such that
pé d(z,09)

ue(x) < Cd(xz,00) + C =
) = e ) O e — o)

(68)
for all z € Q and all € > 0.

Indeed, it follows from (19) in Proposition 3.3 and (42) that for any d, R > 0,
inequality (68) holds for all z € (Q\ Bs(p(z.))) U (2N Bgy,, (¢(Z))) for all € > 0.
What is left is to prove (68) for any sequence (¥e)eso € €2 such that

lim y. = zg and lim lye = o(z)| = 4o0. (69)
e—0 e—0 ke
We show that (68) holds for = y.. With Green’s representation formula, we get
that
ue(y)Q*_l_pE

dy,
IT(y)|*

ue(yE):/QGE(yan)
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where G is the Green’s function for the uniformly coercive operator A + a.. For
€ (0,1), we use (58) and (34) to get that

d y’aQ (1—-v)(2*—1—pe)
ue(ye) < C/G(ye,y) ( )|7r Ok dy
—(n—1)v 2" —1-p.
67 6 aQ
+C/ y < 4, 21(11/)) dy
Iy 2 4y — p(z)2)2
< IE,1+IE72+I€73 (70)
where
Loy = / Ge(ye,y)|m(y)| = —mp)=s gy,
Q
2 (ne1)p N\ 21
[ Gelyey) [ " TVagy,00)
e A O e, w
Dez IT (12 +ly — o(zo)?)
and

—(n—1)v 2 -1
I, _7/ Ge(Ye, ) < :uf (y,aQ) ) dy
3= n(i—v)
pos 1T\ (2 4y — o(z)2) "2

for all € > 0, where
1 _ 1 _
Dz = { I =3l > 3l = ¢(z0l} and Dea = {lve =41 < 3loe = o101}
We first deal with I. ;. The Green’s function verifies

Ge(Ye,y) <Crr——"%
( ) |ye _y|n—1

for all y € @\ {y.} and all e > 0. We refer to [13] for the proof of this assertion.
Since s € (0,2) and ¢(Z.) € 9, we then get that

(1-v)(2*—1—pc)—s

I.1 < Cd(y., 09) / Iy < Cd(ye, 09) (71)

lye —y|"—!
for all e > 0.

For I, 5, we note that the Green’s function verifies

d(ye, 0Q)d(y, 00Q)
lye —y|"

for all y € @\ {yc} and all ¢ > 0. We again refer to [13] for the proof of this

assertion. We then get with (34) and a change of variables that

Ge(ye,y) <C

(72)

dy

- C/ ye,aﬂ (n—l)u)(z*_l—pe)d(:% 89)(1_,})(2*_1_176)“_5
D (2 + |z = p(z2) T )
d(ye, 89);;55—(”_1)”)(2*_1_”‘) ly — (7)1 2 =1=p)+1-s
[ye — @(Ze)|™ -/Q (U2 + |z — @(56”2)%(2*—1—195)

Fl (1=v)(2*=1—p)+1—s 5
ouudl [ O e 0l
(e — 0 (Z™ Jrn (1 4 |5)2)" 77 @ - 1op) lye — o(Z)I”

<C dy

(73)
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To deal with I. 3, we first note that for any y € D, 3, we have that

Sye— 0] < Iy — 0zl < Slye — (2] (74
With inequality (101) (with § = 1) on the Green’s function, we then get that
I3
d(ye, 8Q)u£%*(n*1)'/)(2**1fpe) dy

<c . * / .
e — pGIPOIE T |, Ty = g ()0 1w

We let

Ye — 90(26) (900(0726)7070)

|ye - 90(26” |y6 - 50(26)| '

With (31), (40) and (69), we get that there exists 6y € R™ such that |fy| = 1 and
lim._,o 8. = 69. With the change of variables y = y. + |y — ¢(Z)|z and using (69),
we get that

I3< (75)

d(y67aQ)ME%—("—l)V)(T—l—;De) d
‘ye 7(p(ze)|(n71)(171/)(2*717p€)+571 |z|<% |Z‘n71|7f(95 +Z)|57(1—u)(2*717p5)

0 =

d(ye, D)Lt mDME =190
= Yy — ()| DU=) @ —T=p)Fs—1

., <d(ya 0’ ) 76)
lye — (2"
when ¢ — 0. Plugging (71), (73) and (76) in (70) and using again (69), we get that
i d(ye, 09)
(12 + lye — o(2c)1?)

Ue(ye) < Cd(ye, 02) + C

n
2

when ¢ — 0. This ends the proof of (68).
Step 4.5: We claim that there exists C' > 0 such that

n

2

1hé
(12 + o — () %)

|Vue(z)| < C+C (77)

n
2

for all z € Q.

To prove the claim, as in Step 4.4, we just need to consider (y)eso € 2 as in (69).
We use Green’s representation formula to write

Ue (y)2*717p6

vue Ye :/VIGE Yer Y N dy
) = J, VrGeloe )
With (68), we get that
|vu5(ye)| S Je,l + Je,2 + Je,37 (78)
where 1
d(y,00Q)* 7P
Je,l = C/ |VzGe(957y)|Md%
Q ()|
%(2*—1—Pe)d 90 2* —1—p.
soi=0 | VGl )| —e— W,
lye —y1> % lye —o(2)| [m(y)]® (12 + |y — ¢(zc)]?) 2 ’
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and

Je,g = C/ |V1Ge(ye7y)‘

lye =yl <3 lye—(Ze)] IT(y)I* (12 + |y — p(2c)[?)
To estimate J¢ 1, use that the Green’s function satisfies

2T
%(2*_1_1)5) Y

VoG (ye,y)| <

—_— 79
|y6 _y|n71 ( )

for all y € 2\ {y.} and all € > 0. We refer to [13] for the proof of this inequality.
With (34), we then get that
dy
; <cC 80
o o=l )l T (+0)

For J. o, we use that (see [13])

Je,l S C

Cd(y,090)

|ye - y‘n
for all y € Q\ {ye} and all € > 0. Plugging this inequality in Je 2 and performing
computations similar to what was done in the proof of (73), we get that

VoG (ye,y)| <

2

Jheé
(12 + [z —p(2)?)2

To deal finally with J. 5, we again use estimate (79) on the Green’s function com-
bined with the same techniques as in the proof of (76), to obtain

Jeo < C

2 =

(81)

n

2

o
(12 + |z — p(z)?)*
Plugging (80), (81) and (82) in (78), we get (77) and Proposition 4.1. O

Jez <C (82)

5. POHOZAEV IDENTITY AND PROOF OF THEOREM 1.1
We first prove the following

Proposition 5.1. Let Q be a smooth bounded domain of R™, n > 3 and let P be a
linear vector subspace of R™ such that 2 < dimgP < n — 1. Assume that s € (0,2)
and that (10) holds. For (pe)eso € [0,2* — 2) and (ae)e>o as in (14), we consider
(ue)eso € Hfo(Q) N C*(Q\ P+) such that (15), (16) and (17) hold. Then there
exist 1o € OQNPL, 70 > 0 and a family (uc)eso € Ry such that lime_,¢ e = 0 and

P _ 2(n—s) n\— == 1 _ 2
tiy B = 2 (B2) 5 [ (30len) =0 ) (Fo e, (59

where 11, is the second fundamental form of 0Q at xy.

Sections 5.1 to 5.3 below are devoted to the proof of Proposition 5.1, while
Theorem 1.1 and Corollary 1.1 are proved in Step 5.4.

Step 5.1: We establish a Pohozaev-type identity for u.. In the sequel, we let
(Ze)e>0, ()0, (ke)eso and xg € PN OQ as in Proposition 4.1. We also consider
the chart ¢ defined in (13). We let

Ve =QnNo(B (%)) = ¢(RZ N B/ (Z)).
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In particular,
Ve = p(R™ N OB /(%)) Up(B jmz(Z) NOR™) = VI U V2.

In the sequel, we denote by v(x) the outward normal vector at « € 9V, of the
oriented hypersurface OV, (this is defined outside a null measure set). Let Zg € R™.
After integrations by parts (for instance, we refer to [12, 13]), we get that

—9 — 2" —pe 5 2% —pe
(n B 7*1 s )/ u? sdxfs/ (xO’W(i)Q) . u: s
2 2 =pc) Jy, ()] v. m(@)] 2% —pe
+/ <a5 + 7@ — o) aia€> u? dx

V. 2

-2
= / (_n uOyue + (x — To, V)
av. 2

(x —To,v) u2 7P a(x—Zo,v) 2)
- + uZ | do 84
> —p [n@l 2 ®

for all € > 0. Since u. = 0 on 01, taking Zo = ¢(Z.) in (84), we get that
-9 _ 2" —pe z 2" —pe
(n _ ,'Z s )/ U’E dm_s/ (@(26>7W£§)) . U’E de'
2 2=p) Jy In(@)] v. [Im(@)* 2% —pe
— 0o(zZ. )0
+/ (ae + —(x p(z)) alae) u? dz
Ve 2
|Vu|?

n—2 N
/Vel ( 5 uOyue + (x — @(Ze),v) )

2
V] — (z — i‘o)iaiuﬁal,ue

O > \\¢ 9. _ (x — 90(26)7 V) ug*ﬂD( aE(x — 80(55), V) 2
(:ZJ 90(26)) Oiue Oy Ue 2 e |7T(:17)‘5 + 5 Uy do
1

—3 /Vz(x—gp(ée),u)|Vue\2da. (85)

With (16), (41), (43), (44) and Proposition 3.3, we get that

((n —2) o op (R) 77 4 0(1)> Pe + S/V (ﬁiz(i)’r:g)) e g

4(n —s) 2% — pe
_ % /V (@ — 0(2.), 1) |Vue|? do + o(z2). (86)

Step 5.2: We deal with the RHS of (86). With a change of variable, we get that

/ (& — p(2), 1)V dor = (87)
@(Bm(ée)ﬂGRﬁ)
Ze + kex) — o(Ze _ ~
(1+0(1))ue/ <<p( k2> il ),Voap(ze—f—kex)) |V, 36\/|g6|dx
D, €

where the metric g, is such that (g.)i; = (0, 0;¢)(Ze + kex) for all i,5 = 2,...,n,
v, is as in Proposition 3.3 and

De = B (0) N {a1 = 0}

ke




BEST HARDY-SOBOLEV CONSTANT 21

Using the expression of ¢ (see (13)), we get (see [12, 13] for details) that

(‘P(Ze + kex) — 0(Ze)
ke

,vop(Z.+ kw))

1+ o(1 i . n
= kf() (‘PO(Ze + kex) — po(Ze) — ke Zx Osp(Ze + kex)>

i=2
1< i
= —5 2 dyp(E)r's’ + o (Dlaf? (38)
i,j=2
for ¢ > 0 and ¢ € D.. In this expression, lime_g0.(1) = 0 uniformly in D..

Plugging (88) into (87), using the estimate (44), Lebesgue’s convergence theorem
and (19), we get that

1 .
(x - ga(ée),u)|VuE\2dg = *5/ 8¢jg00(0)IZIj|VU‘2d:E.
OR™

(89)

=0 fie [O(Bm(fe)ﬂaR'ﬁ)

Step 5.3: We deal with the second term of the LHS of (86). With the pointwise
estimate (43) and a change of variables, we get that

[ Gty

v. Im@)*2 2 —pe

~1+o0(1) (70 p(Ze), ™o p(Ze + kex)) v Pe
i,

dx
Mg stz 2 — De

mop(Zetkex)
ke

’
€

when € — 0, where

Dé = BR\{C—‘TE(O) N {1'1 < O}

With the explicit expression of ¢ (see (13)) and noting x = (z1,y, ) as in (13), we
get that

[ Gty i
s+2 "o x
v, |m()] 2* — pe
@0(0,26)/ x1+7(p°(k5y’sz+kﬁz)) vf*—pe

= (1+0(1)) T
ke T ($1 + Wo(ksy’;ie“rkez)?y’ Z) 2% — pe

dx

€

when e — 0. With point (iii) of (13), the estimate (43) and Lebesgue’s convergence
theorem, we get that

[ e,
Ve

m(x)**+2 2% —pe

_ ?0(0725) 3711}2* o
o </R P <1>> (90)
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where lim._,¢ 0o(1) = 0. Plugging (89) and (90) into (86) and noting that (0, z.) <
0 (see (33)), we get that

(2 w155 ot ([ G228 oty 0020
= <-i/aw aijgoo(O)miijdex—ko(l)) < fle (91)

where lim,_,00(1) = 0. In particular, we get that g (0, z.)] = O(u?) when € — 0.
We let

v := — lim 7('00(02726) > 0.
e—0 e
With (91), we get that
: (n — 2)2 n—s Pe
1 ~ 7 R™)2=s —
= S)us,p( ") m

1 - s 21| - v
=—= Dijpo(0)2'2? |Vu|? do — 4o — ——— d.
4/8]1%71 ipo(0)z'a’ [Vu|” da 055 /Rﬁ |7 ()52 u

Taking 7y = €} in (84), using a change of variable and the arguments used to prove
(90), we get that

s 21|02 1 / 9

— ——dr = = |Vo|® de. (92)
2% Jgen |m(a)]5H2 2 Jorn

We consider the second fondamental form associated to 0€2, namely

IIP(:Cay) = (dllpl"y)

for all p € 9Q and all z,y € T, 0 (recall that v is the outward normal vector at
the hypersurface 9Q). In the basis (€1, ..., €,), the matrix of the bilinear form I,
is —DZypo, where D3¢y is the Hessian matrix of g at 0. With this remark, (91)
and (92), we get that

. Pe 2(n —s) ny—2=2 1 _ 2
ti 2 = 2 () /m (21@0@@) %) [Vol? da,

where 9 > 0. This ends the proof of Proposition 5.1.

Step 5.4: We are now in position to prove Theorem 1.1. Points (A) and (B) of
Theorem 1.1 are direct consequences of Propositions 2.1 and 2.2. To establish Part
(C) of Theorem 1.1, assume that (10) holds and let us suppose that there are no
extremals for (6). It follows from Proposition 3.2 that there exists (uc)eso0 € Hf o(€2)
such that (15) and (16) hold with p. = € and a. = 0. Since there are no extremals,
it follows from Proposition 3.2 that (17) holds. We apply Proposition 5.1 and we
get that

2(n — n—s 1
lim < = M,us p(RY) 2= / I, (z,2) — 7 | [Vv|* dz
-2 or" \ 2
where zg € P+ N 9O and 79 > 0. We then get that

/ I, (z,z)|Vo|? dz > 0 (93)
OR™
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Assume that we are in the first case of point (C) of Theorem 1.1. We then get that
I, (x,z) <0 for all z € OR™, but I, (x,x) # 0, contradicting (93).

To relate our main result to conditions on the mean curvature, we now assume that
P NT,00 and P+ are orthogonal with respect to the bilinear form I1,,, we get in
the coordinates (12) and the chart (13) that (I1,,);; = 0 when i € {2,...,k} and
j € {k+1,n}. In particular, we have with (93) that

k n

S Ly [ awPar |+ (S tn)y [
OR"™ o)

i,j=2 2 ii=k+1

2'2d | Vo2 dz | > 0.
R"
(94)

The matrix of the second fundamental form of 9Q N (P+ + (T,,,09)*%) at z¢ with

. o - > _ 1 .
respect to a given vector X is ((ILEO (X))ij)i,j2k+1 = — (0ij0(0) X )i,j2k+1' Since

Vo(0) = 0 and (0, 2) < 0 for z close to 0, we get that for any direction X, the
principal curvatures of 9QN (z¢ + (P + (T, 02)1)) at 2o have a sign. If the mean
curvature vector of 9Q N (zg + (P + (T4, 0Q)1)) at z¢ is assumed to be null, it
then follows that the second fundamental form of 9Q N (P+ + (T,,00)1) at x is
null, and we then get from (94) that
k

> (Hmo)ij/ o'’ |Vo|? dz > 0. (95)

i,j=2 oRZ
Here, v € H{((R") is positive, verifies Av = % weakly, and v(z) < C(1 +
|z|2)~™ for all z € R™ (this last statement is a consequence of (19) and (43)). It
follows from Proposition 1.1 that there exists ¢ such that v(z1,y, 2) = 0(z1, |y, 2).
With this symmetry property, with (95) we get that Zle(ffzo)ii > 0, and then
the mean curvature at zy of 99 is nonnegative. This contradicts assumption (2) of
case (C) of Theorem 1.1. This ends the proof of the Theorem.
Concerning Corollary 1.1, the subcritical problem yields families of positive solu-

tions to (15) and (16) with a. = a and p. = €. The proof of Corollary 1.1 then goes
as in the Proof of Theorem 1.1.

6. PROOF OF PROPOSITION 1.2

We let 2 and P be as in Proposition 1.2. In particular dimg P = 1. The proof of
case (B) of Proposition 1.2 goes exactly as the proof of Proposition 2.2. Concerning
case (C), we claim that us »(£2) = 0 when s € [1,2). Indeed, taking u € CS°(2) such
that u(zg) = 1, where 2y € P+ N, it is easily checked that fQ % dr = 400,
and then p, p(£2) = 0 is not achieved. When s € (0,1) in case (A), the proof of
non-achievement goes as the proof of Proposition 2.1.

We are left with case (C) of Proposition 1.2, that is PX N Q = @ and P+ NIQ # 0.
Up to a change of coordinates, we assume that P+ = {r1 = 0}, @ C R™ and
0 € PLNOQ and |m(z)| = |21]. In particular, it follows from the Sobolev inequality
and the Hardy inequality that

Jgn |Vul? dz ,
ps,p(R™) := inf = T | ue Hig(R™)\ {0} » > 0.

|u‘2* 2
(fR’i EE d:C)
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Since 2 C R”, we get that pusp(Q) > psp(R?”). With arguments similar to the
proof of Proposition 3.1, we also get the reverse inequality, and then psp(Q2) =
s p(R™). In particular, an extremal for s p(€2) is an extremal for ps »(R”) and
vice-versa. As in the proof of Proposition 2.1, the maximum principle yields a
contradiction.

7. APPENDIX: REGULARITY OF WEAK SOLUTIONS
In this appendix, we prove the following regularity result:

Proposition 7.1. Let  be a smooth bounded domain of R™, n > 3. Let P C R"
be a k—dimensional linear subspace of R™, where 2 < k <n — 1. We assume that

PLNQ =0 and P NoQ# 0.

We let s € (0,2) and a € C%*(Q), where a € (0,1). We let € € [0,2* — 2) and
consider u € Hf 4(Q) a weak solution of

|u‘2*727eu

|m(2)l°

Au+ au = in D'(2). (96)

Then u € C1(Q) N C%(Q\ PL).

Proof of Proposition 7.1: Note that since 2* < %7 it follows from standard elliptic
theory that v € C%%(Q\ P1). In particular, u € C%%(Q).

Step 7.1: We claim that

u € LP(Q) (97)
for all p > 1. Indeed, the proof is similar to the case P = R™ provided in [12, 13].
We omit the proof and refer to [12, 13] for the details.

In particular, we get that Ml:(% eLrP(Q)foralll <p< % In the case k = n,
we take p > &, and then u € L*(2). A bootstrap argument (see also [10]) then
yields that u € Cl(ﬁ). However, in the general case 2 < k < n — 1, such an
argument using standard elliptic theory does not hold, and we have to use the

Green’s function to prove the proposition.

Step 7.2: We let 6 € (0,min{2 — s,1}). We claim that there exists C' > 0 such
that

Ju(z)| < Cd(z, 09)° (98)
for a.e. x € Q.

Proof of the claim: We let (ng)ren € C°(€2) such that 0 < n, < 1 for all k and
ne(x) =1 for d(z, Q) > 2k~1. We let (ux)ren € Hi () such that

_ |u|2*727€u
Aug, = ng <|7r(;1c)|5 au | . (99)

Since u € C%(Q) and QNP+ = (), we get that u, € C?(Q) for all k € N. We let G
be the Green’s function for A with Dirichlet boundary condition. It follows from
Green’s representation formula that

U 2* —1—¢
wi(e) = /Q G vy () (W u) dy (100)
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for a.e. x € Q. It follows from Theorem 9.1 of [13] that there exists C' > 0 such
that
d(x, 082)?

(101)

for all z,y € Q, * # y. Plugging this inequality in (100) and using Hoélder’s
inequality, we get that

1 Ju(y)|* '
ug(z) < Cd(z, 00 9/ ( + |u d
| k( )‘ ( ) o |1’—y|n_2+0 ‘ﬂ'(y)|s | (y)| Y
* 1 dy P
< 0 [ 2" —1—¢ /
< Cde 00 (e )
dy 4
0
+Cd(z, 0Q)° || ul|¢ </Q W) (102)

where p,q,p’, ¢’ > 1 are such that % + .=+ =1 Since 6 € (0,1) and (97)
holds, we get that there exists C > 0 such that for p,p’ > 1 sufficiently close to 1,
we have that

dy v
0 0
[u(@)] < Cd(z, 09) (/Q — yp(nm)'ﬂ(y)'sp) + Cd(x,00)

for all z € Q. For simplicity, up to a change of coordinates, we write any y € R" as
y = (y,y"), where y/ = 7(y) € R¥ =P and y’ € R" % = PL. We let R > 0 such
that Q C B%(0) x B %(0) (the product of the ball of radius R in R¥ and the ball
of radius R in R"~%). We then get with a change of variable that

o |z — y[p(r=2+0) |7 (y)[sP
1 dy//
<C _ i
- /Bg(o) |y’ |ps /BR(())nk <x’ — y’|P(”—2+9) + |z — y//p(n—2+9)) Y
1 dz//
<C A
= I [y [pela’ — g P20 FRen /B 2r (0)n—k (1 + |z”lp(n2+6)> Y
e

dy’
<C
Bﬁ(o) |y/|ps|l./ _ y/|p(n72+9)+k7n

<C

for all (a/,2"") € Q. Here, we have taken p > 1 close to 1 and we have used that
s € (0,2). Plugging this inequality in (102), we get that there exists C' > 0 such
that

ur(z)| < Cd(z,09)° (103)
for all z € Q and all k£ € N. Multiplying (99) by uy, integrating over €2, using that
u € Hi ((Q), the inequality (1) and (103), we get that there exists C' > 0 such that
||uk||H1210(Q) < C for all k € N. It then follows that there exists @ € H{ ((€2) such
that u, — @ weakly in H{ () when k — +00 and limy_, o0 ug () = @(x) for a.e.

2% —2—¢
x € Q. The function @ verifies At = ‘UILTT)l —au in D'(2). Since A is coercive,

it then follows from (96) that @ = u. With (103), we then get (98). O
Step 7.3: We claim that there exists C' > 0 such that

lu(z)| < Cd(z, 09) (104)
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for a.e. x € Q.

Proof of the claim: Indeed, we let 6y € (0,1) such that there exists C' > 0 such
that |u(x)| < Cd(z,0Q)%. With (34), we get that there exists C' > 0 such that
lu(z)| < C|r(x)|% for all z € Q. We let § € (0,1). It follows from Green’s
representation formula and (101) that there exists C' > 0 such that

@l = | [ 6epnw (Wu) dy'

d(z,09)°
< Cdx,6(29+0/ : ; dy.
e A s

We proceed as in Step 7.3 and get that |u(x)| < Cd(z,09)? for some 6 > 6. The
claim follows by induction. O

Step 7.4: We claim that u € C(Q).
Proof of the claim: With inequality (104), and the method used in Step 7.2, we get

that
2" —2—¢
lim  ug(x /Gw Y) | “y) —au | dy
k=400 |7r( )|

*—2—¢
lim Vug(z / V.G(z,y) ‘ | uy) —au | dy
k—+o0 RGO

uniformly for z € €. Since up — w in H?((Q) when k — 400, we get that
u € CHQ). O

and
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