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Abstract
Given (M, g) a smooth compact Riemannian manifold of dimension n > 5,

we study fourth order equations involving Paneitz-Branson type operators and
the critical Sobolev exponent.

1 Introduction and statement of the results

In 1983, Paneitz [14] introduced a conformally fourth order operator defined on
4-dimensional Riemannian manifolds. Branson [3] generalized the definition to n-
dimensional Riemannian manifolds. We let (M, ¢g) be a smooth compact Riemannian
manifold of dimension n > 5, and denote by Ric, and S, the Ricci and scalar
curvature of g. For u € C*°(M), the Paneitz-Branson operator is given by

—4
Pru = Nu — divg [(anSyg + baRicg)* du] + nTQZu,

where Aju = —div,(Vu) is the Laplace-Beltrami operator,
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the symbol # stands for the musical isomorphism (index are raised with the metric),

and ) 5 6 6 )
n’> —4n° 4+ 16n — 1

Qr=——A,5 2_

9 2(n—1) 929

S =12 =27 0 (n—2p tls

IEsposito’s research is supported by M.U.R.S.T. under the national project Variational methods
and nonlinear differential equations.



The Paneitz-Branson operator is conformally invariant in the following sense: if
g = (Y g is a metric conformal to g, then for all u € C=(M),

g=
n ot o
Pyup) = =i P} (u).
Taking u = 1, we then find that

n—4 n+4
2

Plo=

In particular, the Paneitz-Branson operator possesses conformal properties that are
very similar to the ones satisfied by the conformal laplacian. We are then naturally
led to study extensions to this operator of some classical problems.

The geometric Paneitz-Branson operator falls into two types of operators, de-
pending on the manifold we consider. Given A € AC(’;O)(M ) a smooth symmetric
(2,0)-tensor field, and a € C*°(M), we refer to a Paneitz-Branson type operator
with general coefficients as an operator of the form

Pu = A?]u — divy [A*du] + au. (1)

Given «, a € R, we refer to a Paneitz-Branson type operator with constant coefficients
as an operator of the form

Pyu = Alu+ algu + au. (2)

With such a terminology, introduced by Hebey, it is easily seen that the Paneitz-
Branson type operator with constant coefficients given by (2) is the Paneitz-Branson
type operator with general coefficients (1) when A = ag, and «,a € R. Moreover,
whatever (M, g) is, the geometric Paneitz-Branson operator P,' is of the type (1),
and when (M, g) is Einstein, the geometric Paneitz-Branson operator P! is of the

g
type (2). We indeed do find that

n?—2n—4 (n —4)(n* —4)
- S A 2
2n(n —1) SgBgtt 16n(n —1)2 Sgt 3)

n,, __ 2
Plu=Aju+
when (M, g) is Einstein. In particular, when (M, g) = (S™, h) is the unit n-sphere,
Plu = Af]u + c,Agu + dyu (4)

where ¢, = % and d, = %. In what follows we refer to a Paneitz-

Branson type operator as an operator given either by (1), or (2).
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We let H3(M) be the standard Sobolev space consisting of functions in L?*(M)
whose derivatives up to the order 2 are in L2(M), and let 2% be the critical exponent
given by 2f = . The Sobolev embedding theorem asserts that Hz(M) is contin-
uously embedded in LY(M) for 1 < g < 2%, with the property that this embedding
is compact when ¢ < 2!, We now define K; > 0 to be the sharp constant in the
Euclidean Sobolev inequality [|ul|3, < K||Aul|3. We know from the work of [12], [13]
and [9], that

1 n(n®—4)(n- 4)%%

K, 16 ’

where for k € N*, w, denotes the volume of the unit k—sphere (S*, h). Moreover,
the extremals for the sharp Euclidean Sobolev inequality are precisely the functions

n—4

uw) = (1+)\2\2—x0|2>2 ®)

where A > 0 and zo € R".

Given (M, g) a smooth compact Riemannian manifold of dimension n > 5, f, h
two continuous functions on M, and g € (1,2f —1), the goal in this paper is to study
equations like

Pyu = Flul¥ 2w+ hlu|" 'y (6)

where P, is a Paneitz-Branson type operator, namely either with general coefficients
as in (1), or with constant coefficients as in (2). Solutions of (6) can be seen as
critical points of the functional

1
E(u):§/M(Pu wdvg — / fluf® dv, — Mh\u|q+1 dv,. (7)

Because of the failure (in general) of the maximum principle, getting positive solu-
tions to (6) is still an open problem when P, is with general coefficients. When P,
is with constant coefficients, there are particular cases (see below) where a maxi-
mum principle is available and the positivity of the solutions can be obtained. This
includes the geometric Paneitz-Branson operator P;' when (M, g) is Einstein of pos-
itive scalar curvature. Equation (6) when h = 0, with a special emphasis on the case
of the unit sphere, was studied by Djadli-Hebey-Ledoux [6]. An equivalent problem
when the fourth order Paneitz-Branson type operator is replaced by a second order
Laplacian type operator was studied by Brézis-Nirenberg [4] in the Euclidean case,
and then by Djadli [5] in the Riemannian context.
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We assume in what follows that P, is coercive in the sense that there exists ¢ > 0
such that for all u € H(M),

/ (Pyu)udv, > c/ u? dv,
M M

Necessary and sufficient conditions for P, to be coercive are in Hebey-Robert [10]
when P, is with constant coefficients. These necessary and sufficient conditions imply
sufficient conditions for P, to be coercive when P, is with general coefficients.

Our first result is the following. The main tool there is the Mountain-Pass Lemma
of Ambrosetti and Rabinowitz [1].

Theorem 1 Let (M, g) be a compact Riemannian n-manifold, n > 5, f, h be two
functions in C"(M), 0 <n <1, ¢ € (1,2 — 1), and P, be a Paneitz-Branson type
operator. We assume that P, is coercive, that f is positive and that there exists
vo € H3(M) such that

2
supE(tvg) < —= =g
t20 nKg (supy f) ©

where E is as in (7). Then the equation

Pyu = flul*%u+ hlul* " u

(8)

possesses a nontrivial solution uw € C*"(M). Moreover, the solution can be assumed
to be positive if P, has constant coefficents, h is nonnegative, o, a > 0, and a < a?/4,
where o and a are as in (2).

With such a theorem we are left with finding conditions on A, a, f, h such that
(8) is satisfied. For this purpose, we compute the left-hand-side of (8) for some
suitable function vy € HZ(M), essentially given by (5). We denote by Maz f the set
consisting of the points in M where f is maximum. Our first application of Theorem
1 is the following:

Theorem 2 Let (M, g) be a compact Riemannian n-manifold, n > 6, f,h be two

smooth functions on M, q € (-, Z—fj), and P, be a Paneitz-Branson type operator.
We assume that P, is coercive, that f is positive and that there exists xop € Max f

such that h(xzg) > 0. Then the equation
Py = Fluf 2w+ hlu|"

possesses a nontrivial solution u € C*"(M), 0 < n < 1. Moreover, the solution can
be assumed to be positive if P, has constant coefficents, h is nonnegative, a,a > 0,
and a < o?/4, where a and a are as in (2).
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For A as in (1), we let tr,(A) be the trace of A given in local coordinates by
try(A) = A;j9”. For x in M we also let F' be the function given by

F(x) = 8(n—1)try(A)(x) —4(n* — 2n — 4)S,(x)

A;f (2) (9)

The limit case of Theorem 1 where h(zg) = 0 is treated in the following theorem:

+(n+2)(n—4)(n—6)

Theorem 3 Let (M, g) be a compact Riemannian n-manifold, n > 6, f,h be two
smooth functions on M, q € (-, Z—fi), and P, be a Paneitz-Branson type operator.
We assume that P, is coercive, that f is positive, and that for some o € Mazf,

h(zo) =0 and F(zo) <0, where F is as in (9). Then the equation
Pu = f|u|2u_2u + h|u|"

possesses a nontrivial solution u € C*1(M), 0 < n < 1. The same conclusion holds if
n > 8 and for some xg € Maxf, h(xg) =0, F(z9) =0, and Ajh(zg) < 0. Moreover,
in both cases, the solution can be assumed to be positive if Py has constant coefficents,
h is nonnegative, ,a > 0, and a < o*/4, where o and a are as in (2).

For A asin (1), and x € M, we let G be the function given by

~8n(n—1)(n+2)(n—6) h
Vnn—4)n2—4) VFf

Theorems 2 and 3 deal with the case ¢ € (-, ;%f). When ¢ = ", we get that the
following theorem holds:

G(z) = F(x)

() (10)

Theorem 4 Let (M, g) be a compact Riemannian n-manifold, n > 6, f,h be two
smooth functions on M, ¢ = ", and P, be a Paneitz-Branson type operator. We
assume that P, is coercive, that f is positive, and that for some xo € Max f, G(xg) <
0, where G is as in (10). Then the equation

Pyu = flul*%u+ hlul* " u

possesses a nontrivial solution u € CH1(M), 0 < n < 1. Moreover, the solution can
be assumed to be positive if Py has constant coefficents, h is nonnegative, o,a > 0,
and a < o?/4, where o and a are as in (2).



With Theorems 2, 3, 4 we are left with the case where ¢ € (1, ;). This is the
subject of the following theorem:

Theorem 5 Let (M, g) be a compact Riemannian n-manifold, n > 8, f, h be two
smooth functions in M, q < -, and Py be a Paneitz-Branson type operator. We
assume that Py is coercive, that f is positive, and that for some xo € Max f, either

F(z9) <0, or F(zg) =0 and h(x¢) > 0, where F' is as in (9). Then the equation
Pyu = flu*2u+ hlul""u

possesses a nontrivial solution u € CH1(M), 0 < n < 1. Moreover, the solution can
be assumed to be positive if Py has constant coefficents, h is nonnegative, o,a > 0,
and a < &*/4, where a and a are as in (2).

Our last theorem deals with the geometric case and the geometric Paneitz-
Branson operator P;'. In such a case, h =0 and P, = P}'. Then,

A = a,S49 + b, Ric,

and it is easily seen that 8(n—1)tr,(A)—4(n*—2n—4)S, = 0. In particular, Theorems
2-5 do not apply to such a case since if 2o € Mazf, A,f(zo) > 0. Independently,
when (M, g) is Einstein, then P is with constant coefficients v and a where, thanks
to (3),
n? —2n — 4 (n —4)(n?* —4)
=————S5,and a= S2

“ 2n(n —1) ¢ anc 4 16n(n—1)2 9
In particular, a + S;/(n*(n — 1)*) = /4 so that a < o*/4. If in addition S, is
positive, P is coercive (see [10]) and, as above, we can get the positivity of the
solutions of the equation we consider. For x € M we let

n? —4n — A?
i) = M e ) + - 6100 - 97 )
V2 f, Ric,
+2(n—6)(n—8)%(a€) (11)

where (.,.), stands for the pointwise scalar product with respect to g, and Weyl,
stands for the Weyl curvature tensor of g. In local coordinates,

(V2f)ij = 05 f = Th0uf

where the I'¥,’s are the Christoffel symbols of the Levi-Civita connexion, and (V2 f, Ric,) =

R'9(V?f);; where an index is raised with the metric. Our last theorem is as follows:

6
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Theorem 6 (The geometric case) Let (M, g) be a compact Riemannian n-manifold,
n > 8, f be a smooth positive function on M, and P} be the geometric Paneitz-
Branson operator. We assume that P} is coercive, and that there exists ro € Max f
such that Ay f(xg) =0 and H(xg) > 0, where H is given by (11). Then the equation

Plu = Flul*2u

possesses a nontrivial solution w € C*(M), 0 < n < 1. When (M,g) is Einstein
with positive scalar curvature, this solution can be assumed to be smooth and positive.
Then there exists g conformal to g such that ”T_4Qg = f.

The paper is divided as follows. In section 2, we apply the Mountain-Pass Lemma
to the functional £ and study the associated Palais-Smale sequences. We deal with
the regularity of solutions to the type of fourth-order equations we consider in section
3. Section 4 to 6 are devoted to fairly general test-function computations. These
computations have their analogue in [2] when dealing with the conformal Laplacian.
We prove Theorems 2-6 in section 7.

2 Mountain-Pass lemma and Palais-Smale sequences

As already mentioned, the main tool in this section is the Mountain-Pass lemma of
Ambrosetti-Rabinowitz [1]. We use the following statement of the lemma:

Proposition 1 Let F € C'(V,R) where (V,|.|) is a Banach space. We assume that:
(i) F(0) =0,
(11) N, R > 0 such that F(u) > X for all uw € V' such that |u| = R,
(iii) Jvg € V' such that limsup,_, . F(tvy) < 0.
We let ty > 0 large be such that |tyve| > R and F(tovg) < 0, and 5 = inf e sup F(v(1)),
where I' = {y:[0,1] = V s.t. v(0) =0, v(1) = tovo}. Then there exists a sequence
(un) in' V' such that

F(u,) =B , F'(u,) — 0 strongly in V'
Moreover, we have that 3 < sup;sq F(tvo).

We say that a sequence (u,,) in H3(M) is a Palais-Smale (P-S) sequence for E if
there exists 8 € R such that F(u,) — 8 and E'(u,) — 0 strongly in H3(M)'. Let
B € R. We say that E satisfies the (P-S) condition at the level g if for any (u,) a
(P-S) sequence for £ in H3(M) such that E(u,) — 3, there exists a subsequence (u,,)
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of (u,) such that (u,) converges strongly in H2(M). As easily checked, this limit is
then a critical point for £. The lack of compactness for Palais-Smale sequence in the
case where h = 0 was described in Hebey-Robert [10]. We prove here the following
result:

Proposition 2 Let (M, g) be a compact Riemannian n-manifold, n > 5, f, h be two
functions in C"(M), 0 < n <1, q € (1,2 — 1), and P, be a Paneitz-Branson type
operator. We assume that P, is coercive, and that f is positive. For any

2

f<—=
nKy (max f) 1

n47

the functional E satisfies the (P-S) condition at the level 5.

Proof: From the coercivity of P,, there exists ¢ > 0 such that

C”“”?{%(M) g/M(Agu)zdvg—i—/MA#(du,du)dvg+/Mau2dvg (12)

We take any sequence {u,},eny C HZ(M) such that E(u,) — B for some 3 <

2K, %(max f)~"% and E'(u,) — 0. We prove that this sequence is relatively com-
pact in H3(M). A first claim is that (u,) is bounded in HZ(M). Standard compu-
tations lead to

O(1) +oJunl) = 2E(un) — (E'(un), un))

#
= o wavy+ T [ b,

2 f 2
lunligon < 2E(un>+§/Mflun\2 dUg-l-m/Mh\un\q“dvg
= 0(1) + o(|uxl)

As easily checked, for all € > 0, there exists K. > 0 such that £ < et* + K, for all
t > 0. As a consequence,

‘/ h|u|" dv,

where Vol,(M) is the volume of M with respect to g. Then |un|gz(ar) is bounded,
and this proves the claim. In particular, up to the extraction of a subsequence, we

With (12), it comes that

hso
< KullVol, () + el [ plufta,

miny, f

8



can assume that u,, — u weakly in H3(M). With the compactness of the embedding
H2(M) < LP(M) for all 1 < p < 2f we can also assume that u, — u for all
1 < p < 2% By standard variational arguments, we infer that u is a distributional
solution in HZ(M) of our equation. For all o € H3(M), we get that

L/AwAMmfi/AﬂMJ@MWﬁ/mwmg
M M

M
:/ f|u|2u_2u<pdvg+/ hlu|? tug do,
M M

Taking ¢ = u yields the following expression for E(u):
qg—1 [ / 2 / # / 2 }
Eu) = Agu)dv, + A7 (du, du)dv, + au“dv
( ) 2(q + 1) M( g ) g v ( ) g o g

1 1 o
— = dv, > 0

We compare the energy of u, and u. Taking into account the weak convergence of
U, to u, we obtain

E(u,) — E(u) = %Aﬁqm%—MVmg
55 [ 1 (10l = ) vy + o), (13)

By standard integration theory

1 (1l = =) dvy = [ flufdu, o). (14)

Testing E'(u,) on u, —u — 0 in H2(M) and using (14), we get

o) = (un—u, E'(w,))
= <un_u7E,(un)_E,(u>>
= [ gl =)o = [ flun = o, +ot1) (15)

From (13) and (15), we get
2 1 2¢
(Ag(un —u))” dvg — o y flun = ul” dug

/M (At — 1)) dvg + o(1)
(up) — E(u) + o(1) < E(uy,) +0o(1) = (16)

N| —
_—

3w
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with the coercivity of P,. As stated in [6], for all € > 0, there exists B. > 0 such
that for all w € H3(M),

2
2t = 2 2 2
u*dvy | < (A+e)Ko [ [(Agu)* + |Vul?] dvg + B | u’du,
M M M

Testing on u,, — u, we obtain that

off

T(140)% [/M (Ag(un—u))deg} o1,

211

/M flun — u|2ndvg < (mj\?xf)

At last, from (15), for € > 0 small enough
o(l) = / (A (up, — 1)) dv, — / f|un—u|2 dv,
M

e

off

ot
1-— maxf VK (1+ 6) {/ (A (un — ) du,
M
With (16), it comes that

[l =)o, < 5+ 001,

Using that 8 < ——2——, it comes that there exists C' > 0 such that

nK! (maxps f)" 4

o(1) > C’/M (A (up — u))* dv, + 0(1).

Hence u,, — u in H3(M). This ends the proof of the proposition. O

Up to the regularity of the solution, that we prove in the following section, it is
clear that the first part of Theorem 1 follows from Propositions 1 and 2. Concerning
the second part, when P, has constant coefficients, we can proceed as follows. We
apply the mountain pass lemma to the functional

1
Ei(u) = 2/M(Pu udv, — / fu? dvg /Mhu(fldvg,

10



where u; = max(0,u). Critical points of £, are weak solutions of
Af]u + aAju+au = (fuf_n_2 + hu‘fl> u

Similar arguments to the ones we used to prove the first part of Theorem 1 give that
E. has a critical point u. It is then easily seen, mimicking what we do in Proposition
3 below, that u € C*"(M), n € (0,1). We let

a+vVa? —4a
2 b

a—+vVa?—4a

b = -

Then, £;, 82 > 0 and

B =

(Ag+ 1) o (A, + Ba)u = Azu + aAgu+au > 0.

Applying the maximum principle twice, it comes that v > 0. Hence u is a C*-positive
solution of
A2u+ algu+au = fu* ' + hutt,

Standard regularity results then give that u is smooth, and the second part of The-
orem 1 is proved.

3 Regularity results

We are here concerned with the regularity of critical points for £. We claim that
the following regularity result holds:

Proposition 3 Let (M, g) be a compact Riemannian n-manifold, n > 5, f, h be two
functions in C"(M), 0 <n <1, ¢ € (1,2 — 1), and P, be a Paneitz-Branson type
operator. If u € H3(M) is a weak solution of

Pyu = flu®"%u+ hlu|*"u (17)

then uw € C*"(M) and u is a strong solution of the equation. Moreover, if f and h
are smooth, and w is positive, then u is also smooth.

Proof: Let u € H(M) be a weak solution of (17). From the work of [17] and
[6], u satisfies

(A, +1)%u = divy (A*du) + (1 — a)u + 28, + flu|*2u + hlu|? u
b+ qeu+ fe (18)

11



where b = div, (A#du) + (1 — a)u + 2A4u € L*(M), g € Lt (M) satisfies lg:]» <,
and f. € L>(M). We now follow [6]. For s > 1, we can define the operator

H.:ve (M) = (Ay+1)2(qw) € L*(M)

with
|Hovlrs = O(|(Ag + 1)_2(qev)||Hﬁg) = O(lgev] 725 )
= O(lgel zvlzs) < Celv]s.

It follows from the Sobolev theorem and classical regularity results that for any f €
LP(M) with p > 1, there exists a unique function u € HY(M) such that (A,+1)u = f
with |ufgr < C[f]rs. Hence, for € > 0 small enough,

| He

1
Ls—Ls S Ce < 5
We rewrite (18) in the form
(Id— Hu= (Ay+ 1)_2(b + fe)

where for s > 1, Id— H, : L* — L* is an invertible operator. We have b+ f. € L?(M)
and then (A, + 1)72(b+ f.) € H}(M). By the Sobolev theorem, we obtain that, if
n<8 uelP(M)forallp>1and, ifn>8 ue L%(M) Since for n > 8 there
2n(n—4)
holds (nt4)(n=8) > 2, we get that
(A, +1)*u € L*(M)
We now use a bootstrap argument. We construct a non-decreasing sequence s; €

R U {+o0} such that u € Hj*(M) for all k € N. We define s; by induction. We let
sp = 2. For all k > 0 such that u € H;*(M), the Sobolev theorem asserts that

divy (A*du) + (1 — a)u + 2A4u € Lo (M),

nsg
n—2sg

with the convention that = +o0 if 55 > 7, and

2?—1_2 —1 M
f|u| u + h’u|q U e L(n74‘5k)(n+4) (M)’
with the convention that - = +o00if s, > . Then (A,+1)%u € L+ (M), where

n—4sk
NSk (nsg)(n —4) S
n—2s;, (n—Adsp)(n+4)f ="

Sk+r1 = Min {

12



By standard elliptic arguments, u € H,*™(M). The sequence (s;) is then well-
defined. We assume now that (s;) is bounded. Then it goes to a limit L > 2 such

that I L "
n n n —
L = mi
mm{n—?L’ (n+4)(n—4L)}

if L < %. A contradiction. If L > 7, the same kind of arguments lead also to a
contradiction. Hence s — +o00, and v € Hj(M) for all s > 1. From the Sobolev
theorem, it comes that u € C*"(M) for all 0 < v < 1. Plugging this result in (18),
it comes that uw € C*7(M). This proves the first part of the proposition. Now if
a, f,h, a are smooth and u > 0, we note that fu?~! + hu? € C*(M) and standard
bootstrap arguments show that u € C°°(M). This ends the proof of the proposition.

t

For the sake of completeness, we mention that the same method leads to the
following bounds:

Proposition 4 Assume that o and a are smooth. Let u € H5(M) and ® € L*(M),
s > 1, such that Pyju = ® in the weak sense. Then v € H;(M) and there exists
C(s) > 0 depending only on (M, g), s and a,a such that

lulzzan < C(s) (1205 + lulzear) -

Moreover, if ® € Hj}(M) with k € N, then v € H} (M) and there exists C(s, k) > 0
depending only on (M, g), s, k, a and o such that

an < C(s) (19|

lulm;,, ) + ulzsan) -

We are now left with finding conditions for (8) to be true. This is the purpose of
the following sections.

4 First order estimates for Paneitz-Branson type
operators

We let § € (0, W), where i4(M) is the injectivity radius, and zq € M. We let

also n € C*(M) be such that n(z) = 1 for all x € B,y(x,0) and n(z) = 0 for all
r € M — By(zo,20). For ¢ > 0, we define the function u. € C*(M) by

() = n(z) .

(€% 4 dy(,70)?) 2
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Given P, a Paneitz-Branson type operator, q € (1,2* —1), and f, h smooth functions
on M, the aim of this section is to compute expansions of

/Pgueuedvg, /fufii dvg / hudtt dv,.
M M M

We compute the different terms separately. We start with the leading term | o (AguE)2 dv,.
The function u. is radially symmetrical. Computing in the exponential chart, it
comes that

Agu, =

—rnl;\/m@r (r”_l\/@&m)
= Acuc— 0, (ny/Igl) Dy,

where r = d,(x, x¢), and |g| is the determinant of the components of g in the chart.
We let

0. = 81fn29,95:]ln5] ifn=8,60.=11in=6,7
en—

We first assume that n > 7. Then,

/ (Aguﬁ)2 dv, = / (A§u€)2 dv,
2 / Agudyucd, (ln\/]g]) dv, + O(6.).

We write now, thanks to the Cartan expansion of the metric, that

1 o 1 o
Vigl(x) =1~ aRiﬂw - EVkRz'jIZl']xk + O(|z|"), (19)

where the R;;’s are the components of the Ricci tensor in the exponential chart.
With (19), it comes that

1 o
/M (Ague)? dv, = /B o) (Acu)? dx — ERU/ ' (Aeue)® da

B¢(0,0)

—2 / Actidyucd, (m \/E) dr + O(6.).
B¢(0,9)

It is easily seen that,

/B . (Acu.)® di = n(n —4)(n® — 4)w, L o)

2n5n—4

14



and that

Ry [ e )t o 7S |
1 € -
( 0

LIRS

" (n + 2s%)2 ds

Be(0,6) nen—6 (14 s2)n
In the same order of ideas, thanks to (19), we get that
/ A¢ue0,uc0, <ln \/ |g\> dx
Be(0,0)
_ (n = PwnaSy(ao) /é‘ (n 425%™ ds ).
3nen—6 o (14t
Then, when n > 7,
9 n(n —4)(n? — 4)w,
/M (Ague)” dvg = ongon—4
n(n® + 4n — 20)(n — 4)w, 1
- S — + O(6,).
6(n — 6)2n o(20) i + O6c)

Similarly, when n = 6, we find that

— ) (n? — 4w,
/ (Agu€)2 dvg = e 22(24 W
M 19

2(n — 4)%w,,—
—%sg(m Ine| + O(1).

We let A € AF (M) be a smooth symmetric (2,0)-tensor field, and we let a €
C*(M). Then, with similar computations to the ones we just developed, we get
that

/ au? dv, = O(0.)
M

when n > 6, and that

4(n—1)(n — 4)w, Tr, A(zo) :
# = g fn>
/MA (due, due) dv, >(n — 6) g +0(6.) ifn>T1,

(n —4)%w, 4

/ A# (du, du,) dv, = TryA(zo)|Inel 4+ O(1) ifn = 6.
M

15



Hence,

n(n —4)(n? — 4w,
/M Pyucue dvg = e d
(n — 4w, n(n? + 4n — 20) 1
——— (4(n—1)Tr,A —
+ (n—6)2" (n— 1)T'r,A(xo) 5 Sy(xo) g
+0(6.),

when n > 7, and

n(n —4)(n* — 4)w,
/M Pyucue dvg = Send
— 2w,
A 7y A(a) 28, (w0)) [0 + O()

when n = 6. We now compute [, fuZ dv,. Clearly

/Mfufm dv, = /Bg s @ f((ga:o)z)" dv, + O(1)

) )y,
‘/ @ japy oW

where f = f o exp,,g. Thanks to (19), it follows that for n > 5,

: To)wn,
/ fue dvg = 2”5”

Sz (xo)f<x0)+3ﬁgf(xo))gn—l_2+0( ! )

At last we compute an expansion of [, hud™! dv,. It easily comes that

+o0 n—1
g+1 o wn_lh(ﬂfo) s dS ;
/M e dvy = gatn=d=n Jo (1 4 s2)atD®3" o\ Ceneon

if g +1> -, that

/ huf*™ dv, = w,_1h(xo)|Ine| + o (| Ing|)
M

16



if ¢ +1= -, and that
/ hudtt dv, = O(1)
M

if ¢ +1 < -";. Moreover, when h(z) = 0, then we can write that

Aw,, _
/ hug—i—l d'Ug _ C‘;n 1Agh(x0)€2+n—(n—4)(q+1) +o (82+n—(n—4)(q+1))
M

n+1
WhereA:ijoo% and g + 1 > 22,
0 (1+82)T(¢I+1) n—4

5 Second order estimates for the geometric
Paneitz-Branson operator

Let xy € M. Up to changing conformally the metric, see [11], we may assume that
Ricy(xo) =0, Sy(zo) =0, VSy(xp) =0,
AySy(xg) = é\Weylg(xo)E, and (20)
dv, = dvg(1+ O(r™))

where N is arbitrarily large. We let 0 < § < # and n € C*(M) be a radially

symmetrical function such that n = 1 in By(xo,d) and n = 0 in M — B,(z, 29),

where B,(z,r) denotes the geodesic ball of center x € M and radius r > 0. We let
also u, € C°°(M) be the function given by

() = n(z) Ny

(€2 + dy(x,10)2) T

Our aim in this section is to estimate

/ P,ucue dvy, and / fuzIj dv,
M M
We compute the different terms separately. We start with
I, = / (Ayuc)? dv,
M
We have that
/ (Ayuc)? dv, = / (Agyuc)? dv, + O(1).

M Bg(z0,0)

17



Since u, is radially symmetrical on By(xg,d), we have that

A 1 8 n—1 | |8 ( 1 ) ";4
Ue = —————7T—F—=0r | T r\ o5 , | o ;
) SACEE

where \/|g| = y/det(g;;) and the g;;’s are the components of g in the exponential
chart at zg. We have /|g| = 1+ O(r"). Then, with N large enough,

(AQUE)Q = (AE;M> +O(1),
(e241r2) 2

where r = d,(z, ) < 0, and

2
1
[ @ura, = [ (ac ) o)
M Be(0,0) (e24r2) 2z

_ ! /Rn(Aguo)zdvg—i—O(l)

571—4

Considering that ug is an extremal function for the sharp Euclidean Sobolev inequal-
ity, we obtain that

/M(Ague)Q dvg = nin - ;lzgi; Ao +O(1).

We now compute
I, = / Q;‘uz dv,
M
We write that Qf (x) = Q7 (20) + O(dy(7,70)). Then,

dx
"uf dv, = Q"(z / —_—
/M g I g( o) Be(0,6) (€2 4 |z|?)n

|z|dx
wol [
( Beog) (€% + [z[?)"

 Qg(mo)wp—1 /g s"tds
B o (L+s2)n4

€ : "d
€ S S
+O <€n—8 /0 (]_ + 82)n—4>

18
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Here, we have used a polar change of coordinates and the change of variable r = es.

Since
1

" 2
Q; () = 5y ReSe(0) = Ty IWevly (o)l
it follows that
(n - 3)wn 2 1 1 .
I = 2n—23(n _ 6)(n _ 8) |W6ylg(x0>|gﬁ +o0 ﬁ ifn>9 ,
= %|W€Zﬂg($o)|§| Ine|+o(lne) if n =28, and

= 0(1)if5<n<T.

Going on with these estimates, we compute

]3:/ Sg|Vue|? dvg
M

We have that
/ SglVue |2 dvg :/ Sg|Vuel2 dvg + O(1),
M Bg(:tO’a)

Moreover, u, is radially symmetrical and

T2

2 2
V|, (r) = (n —4) D
where r = dy(x, z¢). Since S,(zo) = 0, we obtain that

, T'zirtdx

1
S |\Vu>dv, = =0;:8 / —4)
/M | Vu ’g Ug oY o(0) 35(0’5)(71 ) (2 + r2)n-2

|z|° da
10 / _aldr )
< Be(0,) (€2 + |z[?) 2

A polar change of coordinates and the change of variable r = s, gives that

2'air? dx i 8 pnt3 gy
2 | 2\n—2 a'a’ do 2 1 2\n-—2
Be(00) (€2 +77) sn—1 o (2+71?)
5i]~wn_1 1 /g Sn+3 ds
n 5n—8 0 (1 + SZ)n—Q )
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where do denotes the surface element of the standard unit sphere S*~!. Noting that
in geodesic coordinates, A,S,(xo) = —0;:5,(x0), (20) gives that

I3
wp(n+2)(n—1)(n—4) 1 1 ,
- _ l fn>
2n3(n —6)(n — 8) Wey (xo)gzs" stolas) 1=
(n —4)%w, 9 .
— _T|Weylg(x0)|g| Ine|4+o(|lne|) if n=8, and
—0(1)if5<n<7T.

At last, we compute

Iy = / Ricf(due, due) dv,
M
We have that
I, = / Ric (du, duc) dvg + O(1)
B (a:() 5)

= / Rijaiueajue dx + O(1)
(0.6)

— (n—4)? Y(z) "
= -9 /35(0,5) (52+7“2)"’2d +ow).

where ¢(z) = RY(x)z;x;. We write that

0(a) = Do) + 5 Do(e) + Do) + Ol

For parity reasons, it follows that

(n—4)? 2 2 /(S ot dr
I, = D d -
4 2 sn—1 ¢O(w ) 4 0 (52 + 7«2)7172
(n —4)? r 3 dr

4
N D4 4H / =
T ), Pelede |
1) n+4
r dr
O -
* (/ <ez+r2>n—2>

We have here, see [7], that

1 Wr,

3 [, Do(a?) do = —Z=Ac(0), and
1 W

2 D* Ndo = —=L  A20(0



Noting that we use a normal chart at = and that Ric,(z) = 0, we get that

Ag@D(O) =0 ) and

The Bianchi identity and Ric,(zo) = 0 lead to
Z 261]}%1](.1‘0) = Za”R]](ZL‘o) = —Agsg(l’o).
irj irj

Then, with (20) and the change of variable r = €s, it comes that

Lo = 4)’wWn1 /g s ds  [Weyly(xo)[]
6n(n+2) Jo (1+s2)n2 gn—8
Lo 57 /(2 st dsi ‘
en—8 0 (1 + 52)n 2
Consequently,
Bwp(n —1)(n —4) 5 1 1 ,
1 — Weyl — — | ifn>9
! 1(n—6)(n—g) " Yol lligm oG ) =9,
(n —4)%w,

= g Wevb(@o)linel+o(/nel) if n =8, and

= 0(1)if5<n<T.

In particluar, thanks to the previous estimates, we get that

/ Pucue dvg
M
n(n = 4)(n? - ),
B 2n€n—4
(n—4)(n* — 4n — Hw, [Weyly(zo)[7 1\ .
o — | ifn>9
20 +13(n — 6)(n — 8) n—8 t+o s itn=>9,
15
= 2:;8 - %|W€ylg($o)|§| Ing|+o(|lng|) if n=8, and
n(n —4)(n* — 4)w,

= S +0(1)if5<n<T. (21)

Similarly we now compute

I :/ fuzu dv,
M
21



Since dv, = dvg(1+ O(r")) with N large enough, we can write that

Joexp,
I :/ SOy, 4 0(1).
° Be(0) (€% + [z[?)"

With the same techniques as before, we easily find that, for n > 5,

+oo sntlgs

Y a7 B . SN O
0

1+ en 2n gn—2
+oo gnt3gg
W1 Jo s ALf (o) 1
+o0 .
8n(n + 2) gn—4

€n74

Since we are in a normal coordinate chart, and since Ric,(zo) = 0 and V.Sy(zg) = 0,
we obtain that A, f(zo) = A¢f(zo) and A2 f(x0) = A7 f(x0). As a consequence,

/fu2udv _ wn f (o) Wn Ay f(o)
M

ngn  ntl(p —2) gn—?

“n A3JC(S€(}>+0< L ) (22)

T o) —4) et T

when n > 5.

6 General estimates for Paneitz-Branson type op-
erators

We let 90 € M and N € N*. Then, see [11], there exists § = gpﬁg, p>0isa
smooth function on M, such that

Rng(iL’Q) =0 s VSg(%o) = 0,
1
AgS;(xo) = 6|W€ylg(l’o)|f,, and
dvg = dve(1+ O(r™))
We let § € (0, i"(QJ‘/j)), where i5(M) is the injectivity radius of g, and n € C=(M) be

such that n(z) = 1 for all # € Bj(zo, ) and n(z) = 0 for all x € M — B;(xo, 20). For
e > 0, we define the function @, € C*°(M) by

du(r) = n(x)e(x) .
(€2 + dg(w,20)?) T

22



We let also P, be a Paneitz-Branson type operator, and f be a smooth function on
M. For the sake of completeness, we quote in this section results concerning the
expansions of

1 :/ P,u 1, dv, and J:/ fﬂ?’j dvy.
M M

Such expansions are not required to prove our theorems. Nevertheless, they can be
useful in another context. Details on these expansions can be found in Esposito-
Robert [8]. Writing that

Py = Alu — divy [A*du] + au,
we set

A=A— anSq9 — by Ric, , and

n—4
2 @y

N

= q —

We define &
n®—4n —4
96(n — 1)(n — 3)
L 999 (V2 A + 29" 9" (V2 A)ig (0 = 4)(Ricy, A),

®=—

|W€ylg |§

8(7} —3) 4(n—2)(n—3)
B nSytry(A) 1 a_n—4 "
8(n—1)(n—2)(n—3)+n—4( 2 Qg)’

where (-, ), is the scalar product with respect to g. We let also

n—2
m(vﬂ ViS)g

We then find that the following holds. Concerning I, we find that

/ P, 1, dvg,
M ~

n(n —4)(n* — 4)w, n wp(n —1)(n —4)try(A)(xo)
2ngn—4 2n=2(n — 6)en 6
wp(n —1)(n —3)(n —4)P(x) 1 )
-6 —ses O (gn_s) =9, and
_ n(n —4)(n?* — 4)w, N wn(n —1)(n — try(A)(zo)
2negn—4 2n=2(n — 6)en6
+(n —4)wp_1P(z0)|Ine| + o (Ine) ifn =8.

29 .
O=Af+ _91A9f+2(V2f,chg)g+

n
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Similarly,

o o —4)(n® — 4w, | dwp(n —1)(n — 4)try(A) ()
/M Pytictic dvg - = ngn—4 + 2n(n — 6)en6

1
+o0 (—6) ifn=7, and
gn—

n(n—4)(n* - 4w, (n— 4)2wn_1t7“g(141)(a:0)
+
2ngn—4 n
+o(|Ing]) ifn =6.

|Ine|

When n = 5, we just find that

—4)(n2 — 4
/ Pyiicii. vy — " )("_4 Jon o).
M 2nen

Concerning J, we find that for n > 5,

/ fagﬁ dv _ an(xO) Wn Agf($0)
M

ngn  ntl(p —2) gn—?
W, O 1
+ ($0> +o0 .
273 (n — 2)(n — 4)en— gn—4

7 Proof of the theorems 2-6

We prove Theorems 2-6 using Theorem 1 and the expansions we got in sections 4
and 5. We let g € M and consider the paths 7.’s given by

Ue

t) = .
=) =

Thanks to Theorem 1, it suffices to prove Theorems 2-6 to show that there exists
€ > 0 such that

3

supE( (1)) < °

= (23)
t20 nKy (max,; f)

n—4
4
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where, in its general form,

B(r.(1) t /P d £ /f 2
v, = — Ul dv, — ———— ul dv
: 2uel? Jar ! I T EA I

pat1 "
—— / hut™ dv,
(q + 1)”ue||2ti M

#2 2 pa+l

= —A, B, — ——
qg+1

2 ot Ce

n-a
Thanks to the results of section 4, |ty ~ () > e~ =, and

1
A. — — , B.— f(xg) , C. =0
K,

Then, it is easily checked that

supE(v-(t)) = = - ; — C- +o(C.) (24)

>0 nopT q+1

where Ty = (Kof(xo))f%. We let

n(;g_l) f—i—oo s"~lds
0 (n=4)(g+1)
(1452 "

(q+ 1)(Ko f(w)) "5

Using the estimates we got in section 4, and (24), the following expansions hold. We
assume first that ¢ > 5. Then we get that

K =

W2

Ue 2
supF (t ) = o n—a
>0 e 26 nKy f(zo) *

—Kw, 1 h(zg)e™ T @170 4o (871774(%717(1))
when n > 6, and if h(zo) = 0, we get that
. 9
SupE (t Y ) = — = .1
20 el nKy f(xo) 5
+2”(n — Dwp_1(TryA —25,)(z0)
4

2n%(n? — 4)wnK0%f(xo)nT
+o (£°|In¢l)

e Ine]
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when n = 6, and when n > 7,

Ue 2
supk (t ) = = i
>0 [ pe nKg f(xg) T
F
(ZUO) _ — £2 +0(52>
dn(n? —4)(n —6)Ky f(xo) *

where F'is as in the introduction. Theorem 2 and the first part of Theorem 3 easily
follow from these expansions and Theorem 1, since, under the assumptions we made

in these theorems, (23) holds true. Moreover, still when ¢ > "2, we find with the
estimates of section 4 that if h(zg) = F(x¢) =0, and n > 8, then
. 2
supk (t 4 ) = — = a1
20\ [ucl nkg f(zo)" T
Kuw,_ -
4 Wnp—1 (Agh(xo)) €n+2_(q+1)T4

2((g+1)(n—4) = (n+2))
+o <€n+2*(q+1)"774) )

Thanks to Theorem 1, this implies the second part of Theorem 3. We assume now
that ¢ = . Then, when n = 6, we get that

supE (t e )
t>0 ||Ue||2u

9 2 (n — 4w, 1 (Tr, A — 28

B SO < L TR

nKy"" f(xe) T An(n? — 4w,
+o(e?Ing|)
and when n > 7, we get that
. 9
20\ Jue] 2 nKg f(ro)"T
G(o)

_|_

— — g2 + o(e?)
dn(n? —4)(n —6) Ky f(xg) T

where GG is as in the introduction. Theorem 4 easily follows from these expansions
and Theorem 1, since, under the assumptions we made in this theorem, (23) holds
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true. At last we assume that ¢ < —";. Then, when n > 8, we get that

Ue 2
supk (t ) e
>0 [ pe nKy f(zo) T

F(x) 2

n—4

4n(n? — 4)(n — 6) Ky f(x0)"T
—Kwn,lh(xo)g%(zu_l_q)
4o (5%(%*1*@) )

and Theorems 5 easily follows from this expansion and Theorem 1, since, under
the assumptions we made in this theorem, (23) holds true. We are now left with
the proof of Theorem 6. We use here the estimates we got in section 5. We let g
be a conformal metric to g which satisfies (20), and denote by @. the functions we
introduced in section 5 which we consider now with respect to g. Assuming that
A, f(zg) = 0, we also have that Ajf(zo) = 0. Then, thanks to the estimates of
section 5, we get that when n > 9,

fLa 2 H(l‘o) 4 4
FE = - 1-—
ot (1) anf<x0>#< Oy~ T >>

where FE is with respect to g, C'(n) = 32(n —2)(n — 6)(n — 8), and

- 4(n? — 4n — 4) AZf
F(ao) = S W ety + (0= 6)(n = 8) = ).
Writing that § = ¢ ™2 g, see [11], we do have that p(zq) = 1, Vi(xy) = 0, and

9 _ n—4 , Sy
Vip(xo) = 2 —2) (RZCg - mg> (o)

Then, since zg € Maz f and A, f(xg) = 0, we get that
Agf(xo) = AZf(:co) +2 (VQf, Rz’cg)g (x0)

Hence, thanks to the conformal invariance of the Weyl tensor, H () > 0 if and only
if H(xo) > 0, where H is as in the introduction. Similarly, when n = 8,

e ) 1 (1 2wr|Weyly(wo)|3 )

g 4 4
[ic]] o2 AK§ f (o) 225ws “lnel+ ol Inel)

supk (t

t>0
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Thanks to Theorem 1, and the conformal invariance of the geometric Paneitz-Branson
operator, Theorem 6 follows from the above estimates. Under the assumptions we
made in this theorem, we indeed do have that (23) with respect to § holds true.
Hence, our equation with respect to § has a solution u. Writing that § = ¥4,
the conformal invariance then gives that uy is a solution of our equation with respect
to g. This proves Theorem 6.

Acknowledgements: The authors are indebted to Olivier Druet, Emmanuel Hebey,
and Gianni Mancini for stimulating discussions and helpful comments on this work.
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