The Bochner formula for Riemannian flows
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Abstract

On a Riemannian manifold (M, g) endowed with a Riemannian flow, we study in this paper the
curvature term in the Bochner-Weitzenbock formula of the basic Laplacian. We prove that this
term splits into two parts; a first part that depends on the curvature operator of the manifold
M and a second part that can be expressed in terms of the O’Neill tensor of the flow. After
getting a lower bound for this curvature term depending on a bound of each of these two parts,
we establish an eigenvalue estimate for the basic Laplacian. We then discuss the limiting case
of this latter estimate and prove that, when equality occurs, the manifold M is isometric to a
local product.
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1 Introduction

Given a Riemannian manifold (M™, g) of dimension n, the Hodge Laplacian A = dd + dd (J being
the L2-adjoint of d) is related to the curvature operator on M through the Bochner-Weitzenbdck
formula. Namely, the formula is

A =V*V + B,

where B!, usually called the Bochner operator, is a symmetric endomorphism on the bundle of
p-forms AP(M) given by BlP) = doij=1€5 A (e;aRM(ej,e;)). Here RM is the curvature operator
associated to the Levi-Civita connection VM on M considered as RM(X,Y) = Vf\f(y] — [V, v
and {e;}i=1,... » denotes a local orthonormal frame of T'M. In all the paper, we shall identify vector
fields with their corresponding 1-forms through the usual musical isomorphism.

It is clear that the Bochner-Weitzenbock formula is a useful tool to estimate the eigenvalues of
the Laplacian on a compact manifold, since any lower bound of the Bochner operator provides a
lower bound for the eigenvalues. For example, when p = 1, A. Lichnerowicz [I3] proved that if B
(that is, the Ricci tensor of the manifold) is greater than some positive number k, the first positive
eigenvalue is greater than —"5k. This inequality was later characterized by M. Obata in [19] who
shows that equality occurs if and only if the manifold is isometric to a round sphere.

Another estimate of the Bochner operator was obtained by Gallot and Meyer in [7] when p =
1,--- ,n — 1. Indeed, they showed that if the curvature operator of M, considered as a symmetric
2-tensor, has a lower bound k then B! is always greater than p(n — p)k. This inequality has led to
the following rigidity result [7, Prop. 2.9]: when the lower bound k is positive, all the cohomology
groups HP(M) vanish which means that the manifold M is cohomologically isometric to a round
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sphere. Moreover, based on the same inequality, they proved the following estimates for the first
eigenvalues )‘/Lp and )\’1’71) of the Laplacian restricted respectively to closed and co-closed p-forms.
Namely,

1p 2 kp(n—p+1) and N, >k(p+1)(n—p). (1)

Besides the round sphere of curvature k, the authors provided examples of hypersurfaces in the
complex projective space where the equality in is attained [7, Prop. 8.1].

In [23], A. Savo used a new technique to bound the Bochner operator for submanifolds. In fact, on
a given Riemannian manifold M of dimension n and a submanifold 3, he expressed the curvature
operator of ¥ in terms of the one on M and of the second fundamental form of the immersion
through the Gauss formula. Indeed, he showed that the term B?!, acting on p-forms of 3, can be
split into two parts: the restriction part B@s that mainly depends on the ambient manifold M and
the exterior part Bg:(]t that is determined by the Weingarten tensor S [23, Thm. 1]. The proof is
based on the expression of the Bochner operator B! in terms of the curvature of the manifold ¥
through the Clifford Lie bracket used in [21, Lemma 4.7] (see also [23, Thm. 17]). In particular he

proved that, for a hypersurface 3, the following inequality

BY > p(n — p) (s + 5,(%)) (2)

holds, where 7, is a lower bound of the curvature operator of M and (,(X) is the lowest eigenvalue
of the operator T := (tr §)SIP! — SIPl o SIP, The operator S is some canonical extension of S to
differential p-forms on X. Then, he deduced from Inequality several rigidity results; among them
on the vanishing of de Rham cohomology groups of 3, on the existence of compact hypersurfaces
of the round sphere having nonnegative sectional curvature, etc. Also with the help of the Bochner-
Weitzenbock formula, he found a new sharp estimate for the eigenvalues of the Laplacian on 3.
Note that this last eigenvalue estimate has been later generalized to all codimensions in [4].

In this paper, we consider Riemannian foliations (see Section [2] for the definition) which are the
global geometric aspects of Riemannian submersions. As in Savo’s work, we aim to express the
Bochner operator in the transverse Bochner-Weitzenbock formula [I1] in terms of the geometric
data of the foliations. With the help of the O’Neill formulas [20] we prove that, for Riemannian
flows (Riemannian foliations of 1-dimensional leaves), the Bochner operator splits into a restriction
part and an exterior part (see Equation ) The former part depends on the geometry of the
ambient manifold while the latter involves the O'Neill tensor. We deduce in Corollary a lower
bound for this operator leading to vanishing results on the basic cohomology groups (see Corollary
. Also, we establish a sharp estimate for the first positive eigenvalue A, of the basic Laplacian
restricted to p-forms (1 < p < [Z] where ¢ is the codimension of the flow) on minimal flows (that
is, the leaves are minimal submanifolds). Namely, we show

Theorem 1.1 Let (M, g) be a compact Riemannian manifold endowed with a minimal Riemannian
flow of codimension q. Let p be any integer number such that 1 < p < m with m = [2]. Then the
first positive eigenvalue of the basic Laplacian acting on basic p-forms satisfies

Ap > p(g —p+ 1) (yar + Bip),

where ypr 18 a lower bound of the curvature operator on M restricted to the normal bundle and lev[ is
the lowest eigenvalue of the square of the O’Neill tensor. If equality is attained, then M is isometric
to the quotient of R x X by some fized-point-free cocompact discrete subgroup I' C R x SO411, where
> is a compact simply connected manifold of positive curvature.

The paper is organized as follows. In Section [2|, we review the definitions of foliations and the
basic Laplacian. We also state an eigenvalue estimate for the basic Laplacian that involves a lower
bound of the Bochner operator (see Proposition [2.1). In Section |3, we adapt the technique used



in |21, Lemma 4.7] for writing the Bochner operator in terms of Clifford Lie bracket to the set-up
of foliations. As a consequence, we state a rigidity result for the basic cohomology groups (see
Proposition . In Section 4} we made some technical computations on Riemannian flows to prove
the main results in Section [bl Several examples are also provided. The last section is devoted to
some general results on flows that we use in our study.

2 Preliminaries

In this section, we recall the basic facts on Riemannian foliations and some well-known results that
can be found in [26].

Let (M™, g, F) be a Riemannian manifold of dimension n endowed with a Riemannian foliation F
of codimension g. We assume, throughout this paper, the metric g to be a bundle-like. That means,
F is given by an integrable subbundle L of T'M and the metric g satisfies the holonomy-invariance
condition L£xg|g = 0 on the normal vector bundle @ = T'M/L, for all X € I'(L). Here £ denotes
the Lie derivative. In this case, the tangent bundle of M decomposes orthogonally into L and @
and the bundle @ is identified with L. We equip the bundle @ with the transverse Levi-Civita
connection V [20] p. 48] which is the unique metric and free torsion connection with respect to the
induced metric on Q. The curvature of this connection vanishes along the leaves and therefore data
on () are defined along orthogonal directions.

A basic form w is a differential form on M that does uniquely depend on the transverse variables,
in other words, w satisfying X .w = 0 and X .dw = 0, for all X € I'(L). Roughly speaking, basic
forms can be seen as differential forms on the base manifold of the local submersions that define the
foliation. The set of basic forms, denoted by Q(M, F), is preserved by the exterior derivative d and
is used to define the basic Laplacian Ay = dpdy + dpdp. Here, dp is the restriction of d to Q(M, F)
and 0y is its L%-adjoint. Locally, the exterior differential and its adjoint are given by the formulas
dy =31 1AV, and 0y = — > 1, €;1V, + kp, where {e;}i=1,... 4 is a local orthonormal frame of
I'(@Q) and k; denotes the basic component of the mean curvature field x of the foliation [14]. The
basic Laplacian yields the basic Hodge theory that can be used to compute the basic cohomology
groups

ker {d : QP(M,F) — QP (M, F)}

Hy(F) = image {d : @~'(M,F) — Q@ (M, F)}’

for 0 <p <gq.

In the study of the basic Poincaré duality which fails to hold for the basic cohomology groups, the
authors in [1 1] introduce a new cohomology group Hy(F) that uses the twisted exterior derwatwe
db =dp — /ib/\ [14]. They prove that the twisted derivative db and its L?-adjoint (51, =0p — */ﬂbJ
share the same formulas with the basic Hodge star operator * as on ordinary manifolds. Also, the
corresponding twisted Laplacian Ab = dpdp + 5bdb commutes with * and, therefore, the Poincaré
duality holds for those twisted cohomology groups. They state a Bochner-Weitzenbdck formula for
ﬁb which allows to get several rigidity results on the twisted cohomology groups as well as on the
usual basic cohomology [IT, Thm. 6.16]. Namely, on basic p-forms, the formula is [I1, Prop. 6.7]

~ 1

Ay = V*V + Bl + ol (3)
where V*V = —>% V. . + V, and BPF = ijl e; A (e;aR(ej,e;)) with R(X,)Y) =
Vix,y] — [Vx, Vy] is the transversal curvature operator and {e;}i=1.. 4 is a local orthonormal

frame of (). Here the basic component of the mean curvature k; is assumed to be a harmonic
1—fOI‘IIl, i.e. dbﬁb = 51)’% = 0.

As in [23], Prop. 3|, we can state the following result



Proposition 2.1 Let (M, g,F) be a compact Riemannian manifold endowed with a Riemannian
foliation F of codimension q and a bundle-like metric g. Let p be an integer number such that
I<p<q

1) If B >0 for some integer p and ky is a basic-harmonic one form, then any basic harmonic
p-form is transversally parallel. If the strict inequality BP) > 0 holds, then Hf(}") = 0.

2) If the foliation is minimal and BP > p(q — p)A for some A > 0, then the first positive
eigenvalue A1, of the basic Laplacian satisfies

Ap = plg—p+1)A, (4)

: q
where p is chosen such that 1 < p < 3.

Proof. The proof of the point 1) is a direct consequence of the Bochner-Weitzenbock formula. Indeed,
take any basic harmonic p-form w, that is dyw = dpw = 0, one can easily see that |dyw|? + |Spw|? =
%‘55‘2’(4)‘2. Hence, applying Equation to w and taking the scalar product with the same form,
we get after integrating over M

1 1 1
/ |f<;]2|w]2dvg:/ ]Vw|2dvg+/ <B[p}w,w>dvg+/ |k |w|?dv, > / k|2 |w|*dvg,
4 Jm M M 4 Jmr 4 Jmr

which yields the first statement. Now, if B?) > 0 then it is clear that any basic harmonic p-form
vanishes. By [5] and [I7, Thm 6.2], one can always change the bundle-like metric into another
bundle-like metric with the same transverse metric so that the basic component of the mean cur-
vature Ky is a basic harmonic 1-form with respect to the new metric. Therefore, we can work with
such a metric keeping the same condition on B}, Hence the assumption on the mean curvature can
be dropped off and we deduce the statement as the basic cohomology is independent of the choice
of the bundle-like metric.

The proof of the point 2) follows the same steps as in [23, Prop. 3|. Indeed, by the pointwise
2 S ldywl® | 07w’
inequality |Vw|* > £25- 4+ 255

we get on minimal foliations that

2 2
/ |Vw|?dv, 2/ <|dbw| + 9] )dvg / |w|*dvy.
M mM\p+l qg—p+1 q— p+1

Here, we use the fact that p+1 < ¢—p+1, as p < 4. Applying Equality to w and taking the
scalar product with w itself yields the result after integration. [l

that is valid for any basic p-form w where o7 = 8, — Ky [7], [16],

Remark.

1. The estimate is not valid for nonminimal Riemannian foliations when considering the
eigenvalues of the twisted Laplacian. Indeed by a straightforward computation we have, for
any p-form w where p < 1, that

|db<,u|2 |(5Tcu|2 S 1

Vw
| ’ p+1 q—p+1 " qg—p+1

- - 1
(!dbw|2 + |Spw|* — Z\/{bﬂw\? + ((Kpady — Kp A 5T)w,w>> :

2. When the equality case in is attained, the associated eigenform is a basic conformal Killing
form [24, [16] which is either closed or of degree p = 4 (that is, ¢ should be even). Recall here
that a basic conformal Killing form w is a basic form that satisfies, for all X € I'(Q), the
equation

Vxw = pj_lXJdbw — q—;%i-lX A dpw,
where we recall o7 = & — Kp_.



3 Clifford multiplication on basic forms

In this section, we will review the approach of [21 Sect. 4] to write the curvature term in the
Bochner-Weitzenbock formula in terms of the Clifford Lie bracket. We also refer to [23] for more
details.

Let (M, g,F) be a Riemannian manifold endowed with a Riemannian foliation F and let @ be the
normal bundle of codimension ¢. For X € I'(Q) and w € APQ), the Clifford multplication of X with
w is defined as

X w=XANw—-Xw and w-X=(-1)\XANw+ X w). (5)
A direct consequence of the definition is that the following relation
X -Y+Y -X=-29X,)Y)

holds, for any two sections X and Y on (). Given any two forms w and 6 in APQ, we can extend
the definition to the Clifford multplication between w and 6 as follows: write locally w =

i1 <oy Winwip€i N+ N €, in any orthonormal frame {e1,--- ,e,} of @ and define

w-0= E wil...ipeil . ---el-p - 6.
11 < <lp

The Clifford multiplication “” is associative by construction. The Lie bracket between differential
forms is now defined as [w,f] = w -0 — 6 - w. In particular, for a 2-form ¥ and a p-form w, the Lie
bracket between ¥ and w can be expressed explicitly as

Lemma 3.1 Let ¥ be a 2-form and let w be a p-form. We have
q

[W,w] =2 (ei0®) A (ejw),
i=1

where {e1,- - ,eq} is an orthonormal frame of Q. In particular, the degree of [¥,w] is the same as
the one of the form w.

Proof. The proof relies mainly on the use of Equations and the fact that X - ® = (—1)P® - X —
2X @ that is valid for any vector X and a p-form ®. Indeed if we write ¥ = )"._. W;;e; A ej, we
compute

U.w — Z\Pijei cejw = Z\Pz‘jez‘ (1w - ej — 2ejw)

i<j

1<J 1<j
= Z U (weeej —2(—1)P(e;ow) - ej — 2(=1)P " ejw) - ; + 4eja(ejw))
1<j
= w-¥-— 2(—1)172 \Ifij(ei_lw) . 6]' — 2(_1)12—1 Z \Ilij(eij) ce; + 22 \Ifijei_n(ej_nw)
1<J 1<j 2,7
= w-¥-— 2(—1)1)2 \Ifij(eiJw) . 6]' + 2 2 \Ilijei_n(ej_nw)
2% 2%
= w-U+ QZ \I/,-j(ej VAN (ei_nw) + ej_:(ei_nw)) + 22 ‘Iiijei_n(ej_nw).
12 2%

Finally, we deduce that [V,w] =23, W;je; A (e;ow) which finishes the proof of the lemma. [

Now, we state another useful property of the Lie bracket that will be used later in this paper.



Lemma 3.2 Let U be a 2-form and let w be a p-form. Then we have
U, X Aw|=X" [V, w]+2(X2¥) w+ ¥, X w],
for any X € T(Q).

Proof. Using the definition of the Lie bracket and again the formula X - & = (=1)P® - X — 2X P
as before, we write
U, XAw = V- (XAw)—(XAw) ¥
= UV X w+Xw-—-X w+Xw) ¥
= X T w42X.0) wt T (Xw)— X -w-V— (Xw) T
= X [V,w+2(XV) w4+ [V, X w].
The proof of the lemma is then finished. O

Next, we recall the definition of the basic Dirac operator restricted to basic forms [§]. Given any
orthonormal frame {e;};—1 ... ; of I'(Q), the basic Dirac operator is given by

1 1
Db: ei'vei_i
i=1 2

Ry

where Ky, is as usual the basic component of the mean curvature. From its definition, one can easily
check that this operator is transversally elliptic and self-adjoint, if the manifold M is compact. Also
from the first equation in , it can be split as Dy = c?b + gg, where we recall that a?b =dp — %nb/\
and S;) = §p — %/@b_n. Hence by squaring both sides and using the fact that Jg = gg = 0 we get
that Dg = ﬁb. Following the same steps as in [2I, Thm. 50], we have the corresponding Bochner-
Weitzenbock formula for the square of the basic Dirac operator.

Proposition 3.3 Let (M,g,F) be a Riemannian manifold endowed with a Riemannian foliation
of codimension q. Assume that the basic component of the mean curvature is closed and co-closed.
Then, we have

Dg =V*V — 5 Z € €j- R(ei,€j) + 1"‘%‘2’
ij=1

and
q

— 1
Dg =V'V+ 5 Z R(ei,ej) c €€y + Z|I€b|2.

ij=1

Proof. We begin to prove the first identity. At any point x € M, we consider a local orthonormal
frame {e;}i=1.... 4 of I'(Q) such that Ve;|, = 0. Then, we write at x

q q
1 1
D} = (Z e Ve, — 2/‘%') Zej Ve, — Shb
i=1 j=1

q q q q
1 1 1 1
= E €i-€j'Veivej—5 E €i'vei:‘€b-—§ E €i-/€b'vei—§ E Hb-ej've].—zylﬁbp
i=1 i=1 j=1

ij=1
. 1 2 1 2
= > e Ve Ve, — 5 (ot + Sy, — [R]7) + Vie, — 7 [

ij=1

q
1
- _Z;V“v“ + ;ez ¢ Ve Ve, + Vi, + lml’
i= 1#£]

* 1 ! 1 2
=V V—§ Zei'ej-R(ei,ej)—l—Z|/{b| .

,j=1



This shows the desired identity by using that V*V = — Y7 | V. V., + V,,. The second identity
can be done in the same way as the first one. Indeed we introduce, for any basic p-form w, the
operator

q
R 1 T 7
Dyw = E Veiw ce; — 5&1 — (—l)p(db — (5(,)&1
i=1

and we observe that ﬁg = ﬁb = D?. This ends the proof. ]

Now adding the two equations in Proposition and dividing by 2, we deduce after comparing
with Equation that
1
BlPly, = Z[R(ei’ ej)w, €; - €j].
Moreover following the same lines of the proof of |23 Thm. 17] one can show that, for any basic
p-forms w and ¢, the pointwise scalar product

©
BV, 0) = T 3 (B [ ], W o) (0

r,s=1

holds. Here {1}, _, ) is any orthonormal frame of A?Q and {1[17»}7,:1 () is its dual basis.
»o\2 »\2

The curvature R : A2Q — A2Q is viewed as a symmetric operator by (R(X AY),Z A W) =
g(R(X,Y)Z, W) for all X,Y,Z, W € I(Q).

A direct consequence of @ is that the Bochner operator is nonnegative when the transversal
curvature operator is assumed to be nonnegative. Therefore applying Proposition [2.1] we deduce
the following result as in [2I, Thm. 51] (see also [I8, Cor. D] for a different proof)

Proposition 3.4 Let (M,g,F) be a compact Riemannian manifold endowed with a Riemannian
foliation of codimension q.

1. If the transversal curvature operator is nonnegative and Ky is basic-harmonic, then any basic
harmonic form is transversally parallel.

2. If the transversal curvature operator is positive, then Hf(}") =0 forallpe{1,---,q—1}.

4 Curvature operator for Riemannian flows

In this section we will consider a Riemannian flow, that is a Riemannian foliation of 1-dimensional
leaves given by a unit vector field. As mentioned in the introduction, we will prove throughout this
section that the curvature operator of the normal bundle splits into two parts. The first part, that
we call restriction part, depends on the curvature operator of the underlying manifold. The second
part, that we call exterior part, is expressed in terms of the O’Neill tensor of the flow.

Let (M, g,€) be a Riemannian manifold endowed with a Riemannian flow given by a unit vector
field €. Recall the condition on the metric is that Leg| ¢+ = 0 which means in this situation that the
tensor h := VM¢, called the O'Neill tensor, is a skew-symmetric endomorphism on I'(Q). From the
relation g(h(X),Y) = —%g([X, Y], €) that is valid for any X,Y € I'(Q), one can characterize the
integrability of the normal bundle of a Riemannian flow by the vanishing of the O’Neill tensor [20].
Moreover, when both the O’Neill tensor and the mean curvature k := Vé‘/f & vanish, the manifold
M is in this case isometric to a local product.

By a straightforward computation, one can show that the endomorphism h is a basic tensor, that
is V¢h = 0, when the mean curvature x is a basic 1-form [12, Lemma 2.4]. This fact fails to hold



for higher Riemannian foliations and that’s why we shall restrict our study for Riemannian flows.
Based on this fact, the curvature R restricted to sections of the form £ A X for X € T'(Q) can be
expressed as follows.

Lemma 4.1 On a Riemannian manifold (M™,g,£) endowed with a Riemannian flow with basic
mean curvature k, we have that

RM(&, X)¢ = —h*(X) + g(r, M(X))E + VN i — g(r, X)k,

for any X € T(Q). In particular, for a minimal Riemannian flow, the matriz of R™ in the or-
thonormal frame {& A €;}i1.... n—1 is the same as —h?.

Proof. Let X be any foliated vector field, that is VX = 0. The curvature RM applied to € and X
is equal to

RM(E, X)) = —VIVHE+ VR + Vil ¢
= —Véwh(X)—i-V)A?n—g(fi,X)n.

The last equality comes from the fact that [£, X] = g([¢, X],£)€ = —g(k, X )&, as X is foliated. Now
using the O’Neill formula for Riemannian flows [10, Eq. 4.4]

VY = VY +h(Y) — g(k, Y)E,

that is valid for all Y € I'(Q) and the fact that the tensor h is a basic tensor as mentioned before,
the curvature reduces to

RM(€, X)¢ = —h*(X) + gk, h(X))E + V¥ & — gk, X)r.
This finishes the proof of the lemma. O

At any point z € M, we denote by 7}/ (z) and v} (z) the smallest and largest eigenvalues of
the symmetric tensor RM : A%2(Q) — A?%(Q) defined by g(RM(X AY),Z AW) := RY,,y for
X, Y, Z, W € I'(Q). Again using the O’Neill formulas in [20], this curvature term is related to the
one on the normal bundle @ by the following relation: for all sections X,Y, Z, W of @), we have

R¥y zw = Rxyzw — 29(M(X),Y)g(h(Z),W) + g(h(Y), Z)g(h(X), W) + g(h(Z), X)g(h(Y), W()-)
7

Therefore, according to Equation , the curvature of @) splits into Ryt and Rres, where we set
9J(Rext (X NY), ZAW) = 29(h(X),Y)g(h(Z), W) —g(h(Y), Z)g(h(X), W) —g(h(Z), X)g(h(Y), W)

and
9(Rres(X NY), Z AW) = Ry iy

Hence, Equation @ can be written in the following way

B =8P+ B, (8)
where
L 9 ) )
(Biggr @) = 7 2 (Rextr, Y[, . [s, 1) (9)
r,s=1
and

(3)

<BI[‘pe]Sw7 90> = % Z <Rres¢raws><[1[]7"7w]7 [12157 90]>

r,s=1



In order to find a lower bound of the operator B!, we need to bound both terms Bg))](t and B%S.
For this, we first choose an orthonormal basis of eigenvectors of Rreg and use the formula

©
1D 1wl = pla — el (10)

r=1

which follows from [23, Lem. 18], to get the pointwise estimate
pla —p)o’ (@) < Bis < plg — p)ri' (@). (11)

[p]

Second, for a lower bound of the term (B,
of the eigenvalues of the tensor h.

@ w), we will compute the eigenvalues of Reyt in terms

Computation of the eigenvalues of the tensor Rgyt : Let us treat the case where ¢ is even,
say ¢ = 2m. Since the tensor h is skew-symmetric and a basic form, we can always find a local
basic orthonormal frame {e;};—1 .4 of @ such that the matrix of A can be written in this basis as

(I?l _é“) 0 0
0 (o)
0

0 0 (bf’n ‘gm>

where by, - - - , by, are smooth basic functions on M chosen in a way such that |b1| < |ba| < -+ < |by,|.
That is, h(eg;—1) = beg; and h(eg;) = —bjeg;—1 for all @ = 1,--- ,m. Depending on the different
choices of indices, we will now compute Reayt. For all ¢,5,k,1 € {1,..., ¢}, we have

g(Rext(€2i-1 A €2i),e2i-1 Ney) = 3b?

g(ReXt(egi_l AN egi), eok—1 N\ egk) = 2b;b for k 75 7

9(Rext(€2i—1 Negj1),eap Neg) = —bibjo iy + bibjdindy

9(Rext(€2i-1 N €j), a1 Nea) = 2b;ibpdijop + bibjd ;104

The other terms are all equal to zero. Therefore, in the basis {e; A ej}1§i<j§2m7 arranged as follows

{e2i—1 N egiti<i<m, {e2i—1 Nezj—1,€2i Negjti<icj<m, {€2i—1 /A ezj, ez Aezj—1ti<ici<m

the tensor Rgyt is a block diagonal matrix having diagonal blocks matrices D, D; ;, —D; ;, for
1 <i < 5 <m where:

e D is the matrix representation of the restriction of Rayt to the subspace generated by {ez;—1 A
e2i f1<i<m and is given by

3062 2b1by ... 2biby,

2b1by 303 ... 2boby,
D= , .

201by  2b2by, ... 3b2,



e D;; is the matrix representation of the restriction of Royt to the subspace generated by
{622‘71 N egj—1,€2; N 62]'} which is given by

0 bibj
bib; 0 )

e The last block —D; ; is the matrix representation of the restriction of Royt to the subspace
generated by {e2;—1 A ez, €2 A eaj_1}.

One can easily check that the eigenvalues of the matrices D;; are £b;b; with unit eigenvectors

0;'; = %(622'_1 N egj_1 £ eg; A egj). Also the eigenvalues of the matrices —D; ; are £b;b; with unit

eigenvectors given by p;fg = %(egi,l N e2j F ez N ezj—1). The eigenvalues of the matrix D are

not easy to compute but we know that they are all nonnegative since (DX, X) = Y /", b?Xi2 +
237 b; X;)? > 0 for any vector X.

In conclusion, the eigenvalues {\.}, _, ) of the tensor Reyt consist of three families (¢ is even):
»olg

e Type I : The eigenvalues are £b;b; (i < j) with unit eigenvectors 95‘; = \_/—%(egi_l Negj1 £

€2; N\ egj).

e Type II : The eigenvalues are b;b; (i < j) with unit eigenvectors given by p; = %(egi,l A

e F ez N egj_1).

e Type III : The eigenvalues are those of the matrix D which are all nonnegative and the
eigenvectors are in the subspace generated by {e2i—1 A €2;}i=1... m-

The case where ¢ is odd can be treated in a similar way as the even case but an additional direction
ep is involved corresponding to the eigenvalue 0 of h. Since g(Rext(eo A X),Y A Z) = 0 for every
X,Y,Z € I'(Q), we deduce that the eigenvalues of Ryt consist of families of type I, II, IIT (the
same as defined above) and IV, where in the last family 0 is an eigenvalue and the corresponding
eigenvector is in the subspace generated by {eg A €;}i=1,... 2m.

5 Main results

In this section we will show that, on a given Riemannian flow (M, g, &), the Bochner operator B!
on basic p-forms is bounded from below by the lowest eigenvalue of the curvature operator of M
and by the O’Neill tensor (see Corollary . In particular, this will allow us to estimate the first
eigenvalue of the basic Laplacian by some lower bound that we will completely characterize its
limiting case (see Theorem [1.1J).

Theorem 5.1 Let (M, g,&) be a Riemannian manifold endowed with a Riemannian flow of codi-
mension q given by a unit vector field £. For any integer p such that 1 < p < q¢—1 and a basic
p-form w, we have

(BLw,w) > ~p(q — p)b2,|w]?,

ext

with m = [4]. If the equality is attained for somep € {1,--- ,m} wherem > 1, then |b1| = --- = |by].
If m =1 and the equality is attained, then by = 0.

Proof: The proof of the inequality in Theorem is based on the use of Equation @ and the
computation of the eigenvalues of the tensor Rey in Section For this, we denote by A\, (1 <7 < m)

10



the eigenvalues of the matrix D and by {ér} an orthonormal family of eigenvectors associated with
the eigenvalues \,.. Now, we compute

1 _ 1 _
Bogww) = 7 2 bGP+ el - 5 Y bibg(165,01 + [l 1)

1<i<j<m 1<i<j<m

I~ o~
+1§ [0, W]
r=1

1 _ 1 _
> 2 bibj (105, wII” + [l @I") = 5 > babs(ll6;, @I + 1o wI1?)
1<i<j<m 1<i<j<m
1 2 + 2 — 2 — 2 —+ 2
= —bm Z <|[9ij7w]| + |l Wl + 11055, W]l +Hpij’w]|>
1<i<j<m
> —plg —p)by,|wl*. (12)

In the inequalities above, we use the fact that the eigenvalues A, are all nonnegative and that
[b1] < |b2| < -+ < |bym|. Therefore, we get the first part of the theorem.

To discuss the equality case of , we first treat the even codimension case ¢ = 2m > 2. Two
possibilities may occur: either for all (4, ) one of the Lie bracket of the coefficient b;b; does not
vanish and in this case we get |bi| = --- = |by,| or there exist ¢ and j with ¢ < j and such that all
the coefficients of b;b; vanish, that is

[0, w] = [pi},w] = 0. (13)
Let us now prove that the second alternative gives |bi| = --- = |by,| as well. When Equalities

hold for some ¢ and j, we have an explicit expression for the form w that we describe it in the
following lemma:

Lemma 5.2 Assume that there exist i,j with ¢ < j such that Equalities hold. Then, there
exist basic forms w1 and ws such that

w =ez;—1 Neg Nezj_1 Nez; ANwi + wa,

with
€2i—14w1 = egiuw1 =0
€2j71_| w1 = egj_l w1 = 0,

The same system holds for wo.

Proof. By adding (and substracting) the brackets [9;;, w] and [0;;, w] together as well as the bracket

[p;;,w] with [p;;, w], we deduce that the following equations
le2i—1 A egj—1,w] = [e2i A egj,w] = [e2i—1 A egj,w] = [e; A egj_1,w] =0

hold. Now, using Lemma for each of the above brackets, these equations reduce to the following
System

€25-1 N\ (e2i—1w) = €2;—1 A (623'—1401)
e2j N (e2i1w) = e2; A (€5 w)

€2; A (622'_1_1(,()) = e9;—-1 N\ (62]'_1(,0)

€2j—1 N\ (BQZ'_ICU) = e N (62]'_1_1(,(}).

11



In order to solve this system, we take the interior product of the first equation with eg;_1 (resp.
with egj_1) to get that
egi—14w =e2; 1 Afp and ey 1w =ez 1A,

where 3y (resp. (1) is a form that does not contain neither eg;_; nor egj_1. The same can be done
for the third equation with respect to ez;—1 and eg; to obtain

€gi—11w = €25 A B3 and  egjuw = ezi—1 A By,

for some (3, B4. Comparing the above equations and using the fact that the general solution of any
equation of type X Aa =Y A where X and Y are orthogonal and X _ia = Y 16 = 0 is given by
a =Y A (X1fB), we conclude that fy should be of the form ey; A 35 for some form 5. The same
technique can be used for the second and fourth equations in the system. This allows us to finish
the proof of the lemma by using the fact that the general solution of any equation of the form
Xw=aisw=XAa+ (3 where X_ 3 =0. O

We now proceed with the proof of Theorem According to Lemmas and to Equality @D,
we set @ := eg; A egj_1 Aeg; Awp and compute

(62Z 1 A Q)) €21 N\ (I)> -+ 2<B£x]t(62i—1 AN CI)), w2> + <B([§<]tw2, w2>
(3)

1 ~ 1 N .
= Z TZ:; )\r|[0r7 €2i—1 N\ (I>]|2 + 5 ZAT<[9T3 €2i—1 N\ (I)]a [9r7w2]> + <B£f(]tw2’w2>
(5)

r=1
(3) (3)

BPww) = (BY

1 a2 5212 5 5
= 7 2 Ar|[0r, @] + Tz:; Arle2i—140:7| @ + Tz:; Ar(e2i—1 - [0r, @], (€2i—120,) - @)
1 (3) A A (3) A A
+5 2 Arlezi-1- 07, @], [0, wa]) + > A{(eim16r) - @, [0, wo]) + (BE) s, wa)

r=1 r=1
= B e, o) +Z)\ le2i_10,2|®% — Z)\ [0y, ®], €251 - (€2i—16,) - @)
(3)

Z )\T‘<62i—1 A [ém q)]v [éT’a w2]> + Z >\r<(€2i—1—lér) N q)u [é’r‘yw2]> + <Be[§<]tw27 w2>~

r=1 r=1

L1
2

(14)

Here, we recall that {),} are the eigenvalues of the tensor Reyt and {f,} are the corresponding
dual eigenvectors found previously. In the last equality, we use the fact that the degrees of the
differential forms [f,,ws] and [f,, ®] are p and p — 1 respectively, according to Lemma In the
following, we will compute each sum separately with respect to the family of eigenvalues of type (I),
(IT) and (III) that we already got in Section {4} For this, we denote by S1,Ss, S3, Sy the respective

sums in Equality .

Type I : We will prove that Si1,S2,S3 and Sy all vanish with respect to an orthonormal basis of
type I. In fact, as we have that

-1
es 075 = 5(55%—16%—1 — s21-1€28—1 £ Gsare2 F Os2i€2k), (15)

we first deduce that |eg;—1.6;5|> = $if i = k or ¢ = [ and thus S; is zero (the sum of all the
eigenvalues). Next, from Lemma we have that

—2
(62[,1 A\ (62]@,1_19) — €91 N\ (62171_19) +eg A (eng@) F e A (621_19)) , (16)

[el:gtlv @] = ﬁ

12



for any form ©. Therefore, we get that

+eo; A (egk_lJeszwg) for i=1
(e%_lJé’,fl)J[H,fl, wg] =
+egi A (eg1—1€9;1w2) for i=k

(up to a factor :/—%) which, by taking the scalar product with ®, gives that S4 = 0. Here we used
the fact that wy does not contain any factor in e; and e;. For the sum Sz, we first compute

-2
e2i—1[035, wo] = 7 (dit€op—1awa — dipeor—1awa) .

Hence, the term (up to the factor \_/—%)

+ n <[6)]:<57 @]’ er—l—‘W2> for =1
([0 @], e2i-1[03;, w2]) =
—([6F, ®], e 1 aws) for i=k

il

also vanishes by Equation (replace © by ® and [ or k by 7). Hence S3 = 0. Now, we are left
with the sum So that we will prove that it vanishes as well. Indeed, we write

Sy = > bebil[6f, @] eai1 - (2 165) - @) = Y bibi{[6), @, i1 - (e2i-16;;) - ®)
k<l k<l
(15)
bel 0, ], e2-1-ey_1-P) — Zbkb b — 0., D], e0i1 - €21 - D).
i<l k<i

Now from the expression of the vector fields (9,;7 and 6, and using again Lemma we have that

(167 — 05, 9],e2i-1- €91 - ®) = %([ezi Negr, @ ez 1 eg1-P)

= ——{ea A (e2i0®) — e2; A (e 1®), egi1 - €91 - D)

V2

= — (e A (e2i2®), eq_1(eai 1 A B))

V2

= ;<62171 Neg N (egiJI)), €21 N\ ‘I’) =0,

V2

which means that the first sum vanishes. By interchanging the roles of 7 and [, we also deduce that
the second sum Ss is zero.

Type II : The computation can be done in the same way as for Type I and shows that all of the
sums vanish.

Type III : Recall that in this case, the eigenvectors of Rex; are in the subspace generated by
{eak—1 Neak}=1... m. Hence any eigenvector 0, (1 <r <m) can be written as 0, = =30 aFeqr_1 A
eqy, for some functlons oz,’f . Thus, we have

egi_pér = aiegi. (17)

The first sum Sy is then equal to .7 A.(a’)?|®|?, where ), are the eigenvalues of the matrix D
defined before. Next, we will show that S3 and S4 are equal to zero. Indeed, using , we can
easily see that (eg;—1.6,) A ® = 0 which gives that S; = 0. Now using Lemma we have

@] = Z Oéff [egk,1 N eak, @] =2 Z a,’f(egk AN (CQkflJ@) —egk_1 N\ <€2kJ@>),
= k=1
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for any form ©. This gives that 627;_14[@7»,&)2] = 0 and thus S3 = 0. Here, we used the fact that ws
does not contain any factor in e;. The term Sy is now equal to

m
Sy, = Z Ar ([0, @], €21 - €2; - ®)
r=1
m .
= 2 Z )\rafnosz((egk AN (egk_qu)) —eokr_1 N\ (GQkJ(I)), €21 N\ (621'4‘1)»
k=1

m
= -2 Z )\Taf«o/f(egk_l A\ (egk_@), €21 N\ (622‘_1(1)»

k,or=1
m m
= =2 ) MaloFdplesa®? = —2) A (al)?|D].
k,r=1 r=1

We now replace all the computations done above in Equation to deduce that

—plq — )bl = (Blw.w) = (B9, 0)+33 A (al)?|0)? + (B ws, wn)
r=1
> —(p—1)(g—p+1)%|P> — p(g — p)b2,|we|?.

Here, we use the fact that all the eigenvalues A, are nonnegative. As |w|? = |®|? + |w2|?, the last
inequality implies that either b,, = 0 or that & = 0. Recall here that the integer p is chosen such
that 1 < p < m. The fact that the b;’s are chosen in a way that |b1| < - -+ < |by|, then b, = 0 implies
that |b1| = -+ = |by| = 0, which is the statement of Theorem We are now left with the case
when ® = 0, which means by Lemmathat w = wg With eg; 1w = egjuw = egj_1.w = ezjw = 0.
But recall that ¢ and j are chosen in a way so that all the Lie bracket coefficients of b;b; in Equation
are equal to zero. Therefore the same choice holds for s = 1 and 1 < j < m, since otherwise
we would get |b1| = -+ = |by,|. Hence by varying j, we arrive at X w = 0 for any X, which leads
to w = 0; that is a contradiction. This finishes the proof for m > 1.

Now, we discuss the equality when ¢ is odd, say ¢ = 2m + 1. In this case, we have [eg A e;,w]| =0

foralll =1,---,2m. Recall here that ej is the eigenvector of i that corresponds to the eigenvalue
0. As in the even case, either for all (i,j) one of the Lie bracket of the coefficient of b;b; in
does not vanish and we get |by| = -+ = |by,| or there exist ¢ and j with ¢ < j and such that all

the coefficients vanish. In the second alternative, Equations still hold and we get the same
description as in Lemma That means, we write w = eg;—1 A e2; A eaj—1 A ezj A wy + wa. From
the one hand, we take [ = 2i — 1 in the equation [eg A e;,w] = 0 and make the interior product of
this last identity with ep;—1 to get after using Lemma [3.1] that

eguwo =0 and eg Awy =0. (18)

From the other hand, we take [ ¢ {2i —1,2i,2j — 1,25} and make the interior product of the same
equation with eg;—1 A ez; A ezj—1 Aeg; to find that

e; N\ (eonl) =0 and egA (6[_1&)2) =0. (19)

Now, the interior product of the first equation in with e; combined with the second equation
in allows us to deduce that ¢;uws = 0 for any [ = 1,--- ,q. Therefore, we deduce that wy =0
and hence w = eg;_1 A ®. The rest of the proof can be done in the same way as the even case. We
notice that the family IV of eigenvalues does not contribute to Equation , since in this case all
the eigenvalues are equal to zero.
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We are now left with the case when m = 1. As from the first line of Equation the term
(Begtw,w) is nonnegative, we then deduce that the equality in Theorem is attained if b; = 0.

This ends the proof. O

In the following, we will give some direct consequences of Theorem By adding the estimate in
Theorem to the Lh.s. of Inequality , we get the following

Corollary 5.3 Let (M, g,&) be a Riemannian manifold endowed with a Riemannian flow of codi-
mension q given by a unit vector field &. For any integer p such that 1 < p < ¢ — 1 and any basic
p-form w, we have

(BPlw,w) > plg —p) (3" — b3 |w?, (20)
where v} is the lowest eigenvalue of the curvature operator of M restricted to Q and m = 4. 1f
m > 1 and the equality is attained for some p € {1,--- ,m}, then |by| = -+ = |by|. If m =1 and

the equality is attained, then by = 0.

Examples.

1. One can easily check that for the Hopf fibration S*™*+1 — CP™ for m > 1, the Kéhler form
Q on CP™, which is a parallel basic 2-form, satisfies the equality of the estimate in the above
theorem. Here ’yé\/f = b2, = 1. For m = 1, the inequality is strict for any basic form w.

2. On the Riemannian product S' x S?"+1 for m > 1, we consider the flow defined by the unit
vector field £ := %(51 + &) where &7 is the unit parallel vector field on S' and &5 is the unit
Killing vector field that defines the Hopf fibration. The Kahler form on CP™ is transversally
parallel and satisfies the equality of the estimate since ’yé\/[ =02 = %

3. Another example of the equality case for nonminimal Riemannian flows. Consider in the
3-dimensional case the Carriere example [3]. Let B be any matrix in SL(2,Z) with two eigen-
values A > 1 and % We define the hyperbolic torus TgB as the quotient of T? x R by the
equivalence relation which identifies (m,t) to (Bm,t + 1). We chose a bundle-like metric so
that the vectors e; := A7V, es := A'Vj, e3 := Ot form an orthonormal frame. Here V; and V,
are respectively the eigenvectors associated to A and % An easy computation shows that the
Christoffel symbols Ffj = g(Ve,e;, ex) are given by [10] p. 68]

F?l = F%?) = —F%3 = —F§2 = —In(A).

The others are zero. The flow defined by the vector field e; is Riemannian with vanishing
O’Neill tensor and the mean curvature is equal to K = —In(\)es. Also, one can easily check
that v} = —(In()\))? and the transversal Ricci tensor (which corresponds to Bl1) is equal to
—(In(A))?Id. Therefore, for any basic 1-form, the equality is satisfied.

4. Consider the Riemannian fibration S! x §?*! — S! x CP™ and let Q be again the Kéhler
form on CP™. Here, we have the strict inequality for Q since |b1| = --- = |by| = 1 and
M

When the term in the lower bound of Corollary is positive, we get the following rigidity result:

Corollary 5.4 Let (M,g) be a compact Riemannian manifold endowed with a Riemannian flow
of codimension q given by a unit vector field &. If 'y(])\/[ > b2, and K is basic-harmonic, then every
harmonic basic p-form is transversally parallel. If the strict inequality holds, then Hj(F) = {0} for
any s €{l,---,qg—1}.
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The proof of this corollary uses the first statement of Proposition 2.1} Another direct consequence
of Corollary that characterizes minimal Riemannian flow on round spheres is the following (see

By

Corollary 5.5 Let S™ be the round sphere of constant sectional curvature 1 and assume that it is
endowed with a minimal Riemannian flow. Then, the flow defines a Sasakian structure on S™.

Proof: As the curvature on the sphere S™ is given for all vector fields X,Y,Z by RM(X,Y)Z =
9(X,2)Y — g(Y,Z)X, we find from Lemma that h?(X) = —X for all X € I'(Q), that is

|b1| = -+ = |bpm| = 1. Using the first part of Propositionin the Appendix, we get that the basic
2-form €} := —%dﬁ is a basic-harmonic 2-form. Now, Corollary allows us to deduce that it is
transversally parallel. This ends the proof. O

Proof of Theorem[1.1]: Using the second statement in Proposition and Corollary we easily
get the estimate for the first eigenvalue of the basic Laplacian. It now remains to treat the equality
case. Assume we have equality, then the inequality in Corollary is also attained and therefore
|b1| =+« = |bm| = cst for m > 1 and by = 0 for m = 1. In the following, we will prove that this
constant should be also zero. Assume it were not, then we would deduce that ~vy; > cst > 0 since
Ap = p(qg—p+1)(yar — cst) > 0. Therefore, from Corollary [5.4 we would get that HZ(F) = 0 on
one hand. On the other hand, using Lemma [£.1] the Ricci curvature on M would be equal to

q q
Ric" (¢,¢) = ZRM(& ei,§,e;) = — Zg(thi,ei) = |h|? = 2mecst > 0,
i=1 i=1
and
4q q
Ric (X, X) =Y RM™(X,e;, X, e;) + RM(X,&,X,€) > yur D _|X Aeil® + [hX[* > est/| X | > 0,
i=1 i=1

for all X € T'(Q) which would mean that H'(M) = 0. From Proposition in the Appendix,
this would give a contradiction. Thus, we deduce that |b;| = --- = |b,| = 0 which means that the
normal bundle is integrable. In this case, the universal cover of M is isometric to the Riemannian
product of R x ¥ where ¥ is a simply connected compact manifold with positive curvature. This
ends the proof. O

Remarks.

1. In the equality case of the estimate in Theorem the O’Neill tensor vanishes. Therefore,
the basic Laplacian on M restricts to the usual Laplacian on the manifold ¥ and thus the
first eigenvalue on ¥ satisfies the equality case in the Gallot-Meyer estimate [7, Thm. 6.13].
In view of the remark after Theorem and if p is chosen such that p < %, we deduce that
dw = 0 where w is an eigenform associated with the first eigenvalue. If p = 2 and g > 4, the
form o = dw is a coclosed 1-form which is still an eigenform of the Laplacian (the form «
does not vanish since this would imply that w vanishes). Hence, by a result of S. Tachibana
[25, Thm. 3.3] the manifold ¥ is either isometric to a Sasakian manifold or to a round sphere
with constant curvature.

2. By the result in [2], the manifold ¥ is a spherical space form. In case ¥ is isometric to a
round sphere, the group I' = 71 (M) preserves the orthogonal splitting T(t,x)ﬂ =R T,S?
(the vertical distribution R is the kernel of the Ricci tensor), as it is acting by isometries
on the universal cover M. Therefore, the fundamental group is embedded in the product
Isomy (R) x Isomy (S?) where Isomy is the group of isometries that preserve the orientation
of the corresponding manifold. For ¢ even, we deduce that I" ~ Z and that it acts as (¢t,z) —
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(t +a,A(z)) for some (a,A) € R* x SO(¢ + 1). For g odd, the group I' is not necessarily
isomorphic to Z, since one might consider the group I' = Z x I'y where I'; is a finite subgroup
of SO(g + 1) consisting of rotations in orthogonal 2-planes in R4*L.

6 Appendix

The following results are partially contained in [I5, Rem. 2.14], [I, Prop. 1.8] and [6] but we include
them here for completeness. Let us denote by bs(M) = dim H*(M) (resp. bs(F) = dim H(F)) the
Betti numbers (resp. basic Betti numbers).

Proposition 6.1 Let (M,g,£) be a compact Riemannian manifold endowed with a Riemannian
flow of codimension q with basic mean curvature k. Assume that the first cohomology group satisfies
HY(M) = {0}. Then we have that by(F) = 1 + bo(M).

Proof. We use the long exact sequence of cohomologies stated in [22, Thm. 3.2]
0 — H}(F) — H' (M) & H{(F) * H}(F) % H*(M) — H{"\(F),

where i3 = A[Q)] and iy is the inclusion map. Since H'(M) = 0, we have that H/(F) ~ R and
Hg_l(}") ~ H}(F) = {0} (see [26]). From the fact that the map i1 is injective, iy is surjective and
Imi; = Kerio, we find that Kerio ~ R and Imiy = HQ(M) Therefore, we deduce the statement
of the proposition. O

Proposition 6.2 Let (M,g,&) be a compact Riemannian manifold endowed with a minimal Rie-
mannian flow of codimension q. Assume that RicM (&) = A¢ with X\ > 0. Then the Euler class
[d€] is a mon-zero cohomology class in HZ(F). Moreover, we have that bi(F) = bi(M) and
1L <bo(F) <1+ ba(M).

Proof. Take an orthonormal frame {e;}i—1,.. 4 in I'(Q) and consider Y = Z = e; in the formula
g(RM(X,Y)¢,Z) = g(—(Vxh)Y + (Vyh)X, Z). After tracing over i, we get that Ric™ (¢, X) =
(8ph)(X) for all X € T'(Q). The assumption Ric™ (£) = X gives that the basic 2-form Q := —1d¢ =
g(h-,-) is co-closed. As ) is also a closed form, it then becomes a basic-harmonic form. But the
choice of A = |h|? to be positive implies that the form Q does not vanish. This shows the first
part. To prove the second part, we use again the Gysin sequence as in the previous proposition
and the fact that HJ(F) ~ R (recall the flow is minimal) to get that ; is injective and thus
ba(F) = 1+ dimImis. Also, we get that j = 0 and therefore H}(F) ~ H'(M). This finishes the
proof. O
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