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A brief note on the spectrum of the

basic Dirac operator
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Abstract

In this paper, we prove the invariance of the spectrum of the basic
Dirac operator defined on a Riemannian foliation (M,F) with respect
to a change of bundle-like metric. We then establish new estimates for
its eigenvalues on spin flows in terms of the O’Neill tensor and the first
eigenvalue of the Dirac operator on M . We discuss examples and also
define a new version of the basic Laplacian whose spectrum does not
depend on the choice of bundle-like metric.

1 Introduction and Results

Let (M,F) be a smooth, closed manifold of dimension n + 1 endowed with a
foliation F given by an integrable subbundle L ⊂ TM of rank p. We assume
throughout the paper that the foliation is Riemannian and is endowed with a
bundle-like metric [20], i.e. the metric g on M induces a holonomy invariant
transverse metric on the normal bundleQ = TM/L ≃ L⊥, of rank q = (n+1)−p;
this means that the transverse Lie derivative LXg|Q is zero for all leafwise vector
fields X ∈ Γ(L). This condition is characterized by the existence of a unique
metric and torsion-free connection ∇ on Q [16], [20], [23]. We can then associate
to∇ the transversal curvature data, in particular the transversal Ricci curvature
Ric∇ and transversal scalar curvature Scal∇.

Many researchers have studied basic forms and the basic Laplacian on Rie-
mannian foliations [1], [11], [23]. Basic forms are locally forms on the space of
leaves; that is, forms α satisfying Xyα = Xydα = 0 for all X ∈ Γ(L). They
are preserved by the exterior derivative and are used to define basic cohomology
groups, which are always finite-dimensional in the case of Riemannian foliations.
The basic Laplacian for a given bundle-like metric is a version of the Laplace
operator that preserves the basic forms and that is essentially self-adjoint on
the L2-closure of the space of basic forms. Its spectrum depends on the choice
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of the bundle-like metric and provides invariants of that metric. See [10], [13],
[14], [17], [21], [22] for further results.

We now discuss the construction of the basic Dirac operator (see [5], [7], [18]).
Let (M,F) be a Riemannian manifold endowed with a Riemannian foliation. Let
E →M be a foliated vector bundle (see [12]) that is a bundle of Cl(Q) Clifford
modules with compatible connection ∇E . The transversal Dirac operator Dtr

is the composition of the maps

Γ (E)
(∇E)

tr

−→ Γ (Q∗ ⊗ E)
∼=
−→ Γ (Q⊗ E)

Cliff
−→ Γ (E) ,

where the last map denotes Clifford multiplication, denoted by “ · ”, and the

operator
(
∇E

)tr
is the projection of ∇E . The transversal Dirac operator fixes

the basic sections Γb(E) ⊂ Γ(E) (i.e. Γb(E) = {s ∈ Γ(E) : ∇E
Xs = 0 for all

X ∈ Γ(L)}) but is not symmetric on this subspace. By modifying Dtr by a
bundle map, we obtain a symmetric and essentially self-adjoint operator Db on
Γb(E). To define Db, first let H =

∑p
i=1 π(∇

M
fi
fi) be the mean curvature of

the foliation, where π : TM → Q denotes the projection and {fi}i=1,··· ,p is a
local orthonormal frame of L. Let κ = H♭ be the corresponding 1-form, so that
H = κ♯. Let κb := Pbκ be the L2-orthogonal projection of κ onto the space of
basic forms (see [1], [17]), and let κ♯b be the corresponding vector field. We now
define

Dbs :=
1

2
(Dtr +D∗

tr)s =

q∑

i=1

ei · ∇
E
eis−

1

2
κ♯b · s,

where {ei}i=1,··· ,q is a local orthonormal frame of Q. A direct computation
shows that Db preserves the basic sections, is transversally elliptic, and thus
has discrete spectrum [6].

In this paper, we study the invariance of the spectrum of the basic Dirac
operator with respect to a change of bundle-like metric; that means when one
modifies the metric on M in any way that leaves the transverse metric on the
normal bundle intact (this includes modifying the subbundle L⊥ ⊂ TM , as one
must do in order to make the mean curvature basic, for example). We prove

Theorem 1.1 Let (M,F) be a compact Riemannian manifold endowed with a
Riemannian foliation and basic Clifford bundle E → M . The spectrum of the
basic Dirac operator is the same for every possible choice of bundle-like metric
that is associated to the transverse metric on the quotient bundle Q.

We emphasize that the basic Dirac operator Db depends on the choice of
bundle-like metric, not merely on the Clifford structure and Riemannian folia-
tion structure, since both projections T ∗M → Q∗ and Pb as well as κb depend
on the leafwise metric. We clarify this result on the 2-dimensional torus (see
Example 2 at the end of Section 3). In Section 4, we show that the square of the
standard basic Dirac operator on basic forms is related to but not the same as
the basic Laplacian, whose spectrum does depend on the choice of compatible
bundle-like metric.
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In [8], the first author studied the spectrum of the basic Dirac operator on
spin foliations. That is, a compact Riemannian manifold (M,F) endowed with
a Riemannian foliation F of codimension q such that the normal bundle carries a
spin structure (as a foliated vector bundle). In that paper, the author obtained
a Friedrich-type estimate [3] for the eigenvalues of the basic Dirac operator for
bundle-like metrics with basic-harmonic mean curvature. Since by Theorem 1.1
the spectrum does not change, we deduce that for any bundle-like metric the
eigenvalues of the basic Dirac operator satisfy

λ2 ≥
q

4(q − 1)
infM (Scal∇). (1.1)

This estimate is of interest only for positive transversal scalar curvature. More-
over, we show

Proposition 1.2 Let (M,F) be a compact Riemannian manifold endowed with
a spin foliation with basic mean curvature κ. Then, we have the estimate

λ2 ≥
q

4(q − 1)
infM (ScalM − ScalL + |A|2Q + |T |2L).

If F is a Riemannian flow (i.e. p = 1), then

λ2 ≥
q

4(q − 1)
infM (ScalM + |A|2Q + |κ|2). (1.2)

If the limiting case is attained, the foliation is minimal and we have a transversal
Killing spinor.

Here A and T denote the O’Neill tensors [2, 19] of the foliation (see Section 3 for
the definitions). We point out that Estimate (1.2) may improve Inequality (1.1)
(see Example 1). On the other hand, using the Min-Max principle we give a new
lower bound for the eigenvalues of the basic Dirac operator on a Riemannian
flow (M,F) in terms of the first eigenvalue of the Dirac operator of M and the
O’Neill tensor of the flow. We prove

Proposition 1.3 Let (Mn+1,F) be a compact spin manifold endowed with a
Riemannian flow F given by a unit vector field ξ. Then we have the estimate

λ2 ≥
1

2
λ2(DM )−

n

16
supM (|A|2Q), (1.3)

where λ(DM ) is the first eigenvalue of the Dirac operator of M .

2 Proof of Theorem 1.1

Suppose thatDb is any basic Dirac operator associated to a basic Clifford bundle
over a Riemannian foliation with bundle-like metric. Consider a change of the
bundle-like metric as mentioned in the introduction. When one does this, there
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is no effect on the compatibility of the new transversal connection, since the
bundles and bundle metrics are unchanged. Furthermore, the set of all basic
sections of the Clifford bundle is unchanged. Let D′

b denotes the new basic
Dirac operator, dvol′ the new volume form, and κ′b the basic component of mean
curvature with respect to the new bundle-like metric. We see that dvol′ = h dvol,
for some positive smooth function h. Then the new L2-metric on basic sections
s, t is

< s, t >′=

∫

M

(s, t)h dvol,

where ( , ) is the pointwise inner product on Γ(E). As in [17], we have

< s, t >′=

∫

M

(s, t)Pbh dvol.

Setting α = Pbh, we see that

< α−1/2Db(α
1/2s), t >′ =

∫

M

(α−1/2Db(α
1/2s), t)α dvol

=

∫

M

(Db(α
1/2s), α1/2t) dvol

=

∫

M

(α1/2s,Db(α
1/2t)) dvol,

where the last equality is a consequence of the fact that Db is self-adjoint with
respect to the old L2-metric. Hence,

< α−1/2Db(α
1/2s), t >′ =

∫

M

(s, α−1/2Db(α
1/2t))α dvol

= < s, α−1/2Db(α
1/2t) >′,

so that α−1/2Dbα
1/2 = Db +

1
2α (dα)· is self-adjoint with respect to the new

L2-metric. Now, we compute

D′
b − α−1/2Dbα

1/2 = D′
b −Db −

1

2α
(dα) ·

= Dtr −
1

2
κ′♯b · −Dtr +

1

2
κ♯b · −

1

2α
(dα) ·

= −
1

2
κ′♯b ·+

1

2
κ♯b · −

1

2α
(dα) · .

By the symmetry of D′
b − α−1/2Dbα

1/2 with respect to the new L2-metric, the

operator κ′♯b · −κ♯b · −
1
2α (dα)· must be a Hermitian symmetric endomorphism of

Γ(E). Since Clifford multiplication by cotangent vectors is skew-Hermitian, this
bundle endomorphism must be zero. Since D′

b is just a conjugate of Db, all the
spectrum is unchanged. �

Remark. Domı́nguez showed in [4] that every Riemannian foliation admits
a bundle-like metric with basic mean curvature (so that κ = κb). Further,
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Mason showed in [15] that the bundle-like metric may be chosen so that the
mean curvature is basic-harmonic (∆bκ = 0). Thus, we may assume that the
mean curvature form has this property when calculating the eigenvalues of the
basic Dirac operator.

3 Proof of Propositions 1.2 and 1.3

We recall that the geometry of the normal bundle of a Riemannian foliation is
characterized by the existence of the O’Neill tensors, given for allX,Y ∈ Γ(TM)
by

AXY = π⊥(∇M
π(X)π(Y )) + π(∇M

π(X)π
⊥(Y )),

and
TXY = π⊥(∇M

π⊥(X)π(Y )) + π(∇M
π⊥(X)π

⊥(Y )),

where π⊥ : TM → L denotes the projection. Indeed, for all Z ∈ Γ(Q) the
tensor AZ is a skew-symmetric map interchanging L and Q and we have that
AZW = 1

2π
⊥[Z,W ] for all W ∈ Γ(Q). Moreover, the scalar curvatures of M , Q

and L are related by the following relation [2, p. 244]

ScalM = Scal∇ + ScalL − |A|2Q − |T |2L − |κ|2 + 2divQκ (3.4)

where | · |Q (resp. | · |L) is the norm evaluated on a local frame of Γ(Q) (resp.
Γ(L)).

For the proof of Proposition 1.2, we assume that the mean curvature is basic
and use the transversal Schrödinger-Lichnerowicz formula for D2

b [7, Eq. 1.6] to
write for any basic spinor ψ

D2
bψ = ∇∗∇ψ +

1

4
(Scal∇ + |κ|2)ψ −

1

2
δbκ · ψ, (3.5)

where δb is the adjoint of d on the space of basic forms [17]. Plugging Equation
(3.4) in (3.5) finishes the proof of the proposition after integrating over M the
scalar product of (3.5) by ψ and using the fact that divQκ = −δbκ+ |κ|2 if κ is
basic and that |∇ψ|2 ≥ 1

qλ
2|ψ|2. �

Remark. In [8], we consider a Riemannian flow F and modify the metric
of M in the direction of the flow, i.e. we consider the family of metrics gt =
t2gξ⊕gQ. The spectrum of the Dirac operator of (M, gt) tends to the spectrum of
the basic Dirac operatorDb when t tends to zero. Hence by Friedrich’s estimate,
we have for the Dirac operator of (M, gt) that λ2t ≥ q+1

4q infM ScaltM . A direct

computation for the scalar curvature leads to ScaltM = ScalM + (1 − t2)|A|2Q.
Thus when t tends to zero, we obtain the estimate for the eigenvalues of the
basic Dirac operator λ2 ≥ q+1

4q infM (ScalM + |A|2Q) which is not as strong as

(1.2) since q
(q−1) ≥ q+1

q .
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The proof of Proposition 1.3 is based on the use of the Min-Max principle

by computing the Rayleigh quotient ||DMψ||2

||ψ||2 associated with a basic spinor ψ,

where || · || is the L2-norm on the spinor bundle ΣM induced by the Hermitian
metric. For this, we recall that the spinorial Levi-Civita connections ∇M and
∇ are related for any spinor field ψ ∈ Γ(ΣM) by [8, Eq. 2.4.7]






∇M
ξ ψ = ∇ξψ + 1

4

∑n
i=1 ei · Aeiξ · ψ + 1

2ξ · κ · ψ

∇M
Z ψ = ∇Zψ + 1

2ξ · AZξ · ψ,

where Z ∈ Γ(Q) and {ei}i=1,··· ,n is an orthonormal frame of Γ(Q). We easily
deduce the relation between the basic Dirac operator and the Dirac operator of
M :

DMψ = Dbψ −
1

4

n∑

i=1

ξ · ei · Aeiξ · ψ,

for each basic spinor field ψ. Using the pointwise inequality |
∑n
i=1 ξ · ei ·Aeiξ ·

ψ| ≤
∑n
i=1 |Aeiξ||ψ| and the fact that |a+ b|2 ≤ 2a2 + 2b2, we deduce that for

any basic eigenspinor ψ with eigenvalue λ, we have

|DMψ|
2 ≤ 2λ2|ψ|2 + 2(

1

4
)2(

n∑

i=1

|Aeiξ|)
2|ψ|2

≤ 2λ2|ψ|2 +
n

8
|A|2Q|ψ|

2,

where the last inequality is a consequence of the Cauchy-Schwarz inequality.

Thus we get that ||DMψ||2

||ψ||2 ≤ 2λ2+ n
8 supM (|A|2Q), and by the Min-Max principle

the proof of the proposition follows. �

Now we will consider particular Riemannian flows on the 3-dimensional
sphere and the 2-dimensional torus and will estimate the eigenvalues of the
basic Dirac operator.

Example 1. Let S3 ⊂ C2 be the round 3-sphere equipped with its standard
metric of sectional curvature equal to 1 and its standard spin structure. For
r > 0, we define the 1-parameter group γrt of isometries by [9]

γrt (z, w) = (eirtz, eitw)

for t ∈ R and (z, w) ∈ S3. This group generates the Killing vector field Zr ∈ TS3

defined by Zr(z,w) = (irz, iw) and thus the vector field ξr(z,w) = Zr(z,w)/|Z
r
(z,w)|

defines a Riemannian flow Fr on S3. Let us consider on T(z,w)S
3 the two vector

fields Xr
(z,w) = (|w|2z,−|z|2w) and Y r(z,w) = (i|w|2z,−ir|z|2w) for (z, w) ∈ S3.

The frame
{ξr = Zr/|Zr|, er1 = Xr/|Xr|, er2 = Y r/|Y r|},

is orthonormal of the tangent space of S3. Hence by a direct computation with
respect to this frame, on gets that the transversal scalar curvature is equal to

6



Scal∇(z,w) = 2 + 6r2

r2|z|2+|w|2 and the mean curvature κr of the flow is a basic

1-form and equal to (1−r2)|z||w|
r2|z|2+|w|2 e

r
1. The O’Neill tensor of the flow is Aer

1
er2 =

r
r2|z|2+|w|2 ξ

r.

On the one hand, Inequality (1.1) allows to deduce an estimate for the
eigenvalues of the basic Dirac operator

λ2 >
1

2
infS3(2 + 6

r2

r2|z|2 + |w|2
) =





1 + 3r2 if r < 1

4 if r > 1.

On the other hand, by Inequality (1.2) we get that

λ2 >
1

2
infS3(6 +

2r2 + (1− r2)2|z|2|w|2

(r2|z|2 + |w|2)2
) =





r2 + 3 if r < 1

1
r2 + 3 if r > 1.

We see that for r < 1 the last estimate is better than the first one. The
lower bound in Inequality (1.3) is weaker than those above since we get that

λ2 >

{ 9
8 − 1

4r2 if r < 1
9
8 − r2

4 if r > 1.

Example 2. Consider the manifold (S1 × S1, f2dθ2 ⊕ dt2) where f(θ, t) is a
function on S1 × S1 = R2/(2πZ)2. The frame ξ = 1

f ∂θ, e1 = ∂t is orthonormal

with respect to the metric and we have [ξ, e1] =
1
f
∂f
∂t ξ. The vector field ξ defines

a Riemannian flow on M with vanishing O’Neill tensor and mean curvature is
κ♯ = − 1

f
∂f
∂t e1. The basic component of the mean curvature satisfies κ♯b =

− ġ(t)
g(t)e1, where g(t) =

1
2π

∫ 2π

0 f(θ, t) dθ.

In order to compute the spectrum of the basic Dirac operator, we will find
solutions of the differential equation Dbψ = λψ, with λ is an eigenvalue of
Db. Clifford multiplication by e1 is multiplication by i. Hence the equation
Dbψ = λψ can be written as

∂

∂θ
ψ = 0 and i

∂

∂t
ψ + i

ġ(t)

2g(t)
ψ = λψ.

The solution of this equation is ψ(t) = cg−
1

2 (t)e−iλt, where c is a complex
constant. For the trivial spin structure, the spinor ψ is 2π-periodic if λ = k ∈ Z.
This verifies that the spectrum does not depend on the choice of the function
f , as Theorem 1.1 shows.

This example may be easily modified to provide a similar example on any
suspension of an isometry ϕ : M → M , yielding a one-dimensional foliation of
an M -bundle over a circle. That is, the manifold is R ×ϕ M , the quotient of
R×M by the equivalence relation ( θ, x ) ∼ ( θ − 2π, ϕ(x) ).
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4 Remarks about the basic Laplacian

As mentioned in the introduction, it is well-known that the eigenvalues of the
basic Laplacian depend on the choice of bundle-like metric; for example, in
[22, Corollary 3.8], it is shown that the spectrum of the basic Laplacian on
functions determines the L2-norm of the mean curvature on a transversally
oriented foliation of codimension one. If the foliation were taut, then a bundle-
like metric could be chosen so that the mean curvature is identically zero, and
other metrics could be chosen where the mean curvature is nonzero. This is one
reason why the invariance of the spectrum of the basic Dirac operator is such a
surprise.

If one considers the bundle
∧∗

Q∗ as a Cl(Q) bundle with Clifford multipli-
cation

α♯· = α ∧ −αy

for (local) basic one-forms α, then the corresponding basic Dirac operator is

Db = d+ δb − κby−
1

2
κ♯b · .

The square of this operator is certainly not the basic Laplacian ∆b, but ∆b and
D2
b do have the same principal symbol. Observe that since dκb = 0 (see [1],

[17]), the following operator is a differential on the space of basic forms:

d̃ := d−
1

2
κb∧,

and its L2-adjoint restricted to the space of basic forms is

δ̃b = δb −
1

2
κby .

Then

d̃+ δ̃b = d+ δb −
1

2
κby−

1

2
κb∧ = Db.

Thus, with this new twisted differential on basic forms, the analogy with ordi-
nary manifolds carries over, and the resulting basic D2

b -harmonic forms would

play the same role in Hodge theory with the twisted basic d̃-cohomology. Fur-
ther, unlike the ordinary and well-studied basic Laplacian, the eigenvalues of
D2
b are invariants of the Riemannian foliation structure alone and independent

of the choice of compatible bundle-like metric.
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