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Je remercie chaleureusement Michael Christ et James Colliander qui m’ont fait
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10 Introduction

1 Modélisation

1.1 Équation de Schrödinger linéaire

Soit (Md, g) une variété riemannienne de dimension d.
L’évolution d’une particule quantique dans (Md, g) peut être décrite au moyen de sa
fonction d’onde

u : R×Md −→ C
(t, x) 7−→ u(t, x),

qui satisfait à l’équation d’évolution de Schrödinger{
i∂tu+ ∆gu = 0, (t, x) ∈ R×Md,

u(0, x) = u0(x).
(1.1)

Ici ∆g est l’opérateur de Laplace-Beltrami défini par ∆g = div∇g. Si g = (gij) (identifiée
à une matrice), dans un système de coordonnées, ∆g s’écrit

∆g =
1√

det g
div(

√
det g g−1∇) =

1√
det g

∑
1≤i,j≤d

∂xi(
√

det g gij ∂xj), (1.2)

où g−1 = (gij).
La modélisation (1.1) permet d’étudier un phénomène dans un milieu inhomogène ou
anisotrope. Par exemple en optique, lorsque l’indice du milieu n’est pas constant.

En faisant le produit scalaire entre une solution u et l’équation (1.1), et en utilisant
l’autoadjonction de ∆g, on établit que ‖u(t)‖L2(Md) est, au moins formellement conservé.
En fait la quantité |u(t, x)|2dx peut s’interpréter comme la densité de présence de la
particule au point x et à l’instant t.
Il est donc naturel d’étudier cette équation dans des espaces basés sur L2(Md). À l’aide
du calcul fonctionnel, pour σ ∈ R, on définit les espaces de Sobolev Hσ(Md) par

u ∈ Hσ(Md) si et seulement si
(
1−∆g

)σ
2 ∈ L2(Md).

Pour u0 ∈ Hσ(Md), d’après le théorème de Hille-Yoshida, l’équation (1.1) admet une
unique solution dans Hσ(Md) notée u(t, x) = eit∆gu0, où eit∆g est un groupe unitaire
de Hσ(Md).

1.2 Équation de Schrödinger non linéaire

Certains mécanismes se modélisent par une équation de Schrödinger non linéaire{
i∂tu+ ∆gu = F (t, x, u, u), (t, x) ∈ R×Md,

u(0, x) = u0(x),
(1.3)

(le terme F peut également comporter un potentiel, typiquement W (x, u) = |x|2u).
Un cas particulier intéressant est lorsque F (u) = V ′(|u|2)u, où V : R+ −→ R est de

10



1 Modélisation 11

classe C∞. La structure particulière de ce second membre (invariance de jauge), fait que
la quantité

H(u)(t) =
1

2

∫
Md

(
|∇u|2 + V (|u|2)

)
dx,

est indépendante de t, au moins formellement.

Une des non-linéarités les plus physiquement utilisées est F (u) = ±|u|2u, qui permet
par exemple d’étudier les condensats de Bose-Einstein (voir [45]). Nous y reviendrons
à la Section 3.
Dans la suite nous considérerons toujours des non-linéarités de la forme F (u) = ±|u|p−1u
avec p ∈ 2N + 1.

11



12 Introduction

2 Étude du problème de Cauchy

On pose ici la problématique d’étude du flot de l’équation de Schrödinger.
On considère le problème de Cauchy{

i∂tu+ ∆gu = F (t, x, u, u), (t, x) ∈ R×Md,

u(0, x) = u0(x) ∈ X,
(2.1)

où X est un espace de Banach. Par la suite, X sera soit un espace de Sobolev Hσ, soit
l’espace d’énergie de (2.1).

2.1 Problème bien posé

Définition 2.1. Soit X un espace de Banach. On dit que le problème (1.3) est uni-
formément bien posé dans X si
i) Pour tout B ⊂ X borné, il existe un temps T = T (B) > 0 et un sous-espace
YT ⊂ C

(
[−T, T ];X

)
tels que pour tout u0 ∈ B, il existe une unique solution u ∈ YT

de (1.3).
ii) Le flot

Φt : B −→ X

u0 7−→ u(t),
(2.2)

ainsi défini est uniformément continu, pour tout −T ≤ t ≤ T .

Une méthode classique pour montrer que le problème (1.3) est uniformément bien posé,
consiste à résoudre l’équation intégrale

u(t) = eit∆gu0 − i
∫ t

0

ei(t−s)∆gF (s, x, u(s), u(s))ds, (2.3)

obtenue grâce à la formule de Duhamel. Sous des hypothèses raisonnables sur X, on
vérifie que les équations (1.3) et (2.3) sont équivalentes. Une solution de (2.3) est un
point fixe de l’application

φ : v 7−→ eit∆gu0 − i
∫ t

0

ei(t−s)∆gF (s, x, v(s), v(s))ds. (2.4)

Il suffit alors de trouver un espace YT ⊂
(
[−T, T ];X

)
, où l’injection est continue, tel

que pour T = T (B) > 0 assez petit, φ soit une contraction d’une boule de YT . D’après
le théorème de point fixe de Picard, l’équation (2.3) admet alors une unique solution
dans YT . Un corollaire immédiat est que l’application Φt (2.2) est lipschitzienne sur B,
donc le problème (1.3) est uniformément bien posé.

Dans cette thèse on s’intéresse à des phénomènes d’instabilités pour l’équation de
Schrödinger (2.1), i.e. à des cas où la Définition 2.1 n’est pas satisfaite. Dans notre
travail, on ne traitera pas de problèmes d’existence ou d’unicité, mais on étudiera des
situations où le flot n’est pas uniformément continu.

12



2 Étude du problème de Cauchy 13

2.2 Instabilités

Pour montrer que le problème (2.1) est instable, il suffit d’exhiber deux suites de solu-
tions un, ũn de (1.3) tel qu’il existe C, c > 0

‖un(0)‖X ≤ C, ‖ũn(0)‖X ≤ C, (2.5)

et
‖(un − ũn)(0)‖X −→ 0, lorsque n −→ +∞, (2.6)

et un temps −T ≤ t ≤ T tel que

lim sup
n→+∞

‖(un − ũn)(t)‖X ≥ c > 0. (2.7)

On verra par la suite qu’on pourra même souvent trouver une suite tn −→ 0 telle
que (2.7) ait lieu.

Typiquement, ce mécanisme est obtenu par un déphasage (décohérence des phases)
des deux suites de solutions. On nommera ce phénomène décohérence des solutions.
Cette stratégie a été utilisée par B. Birnir, C. Kenig, G. Ponce, N. Svanstedt et L.
Vega [7], par C. Kenig, G. Ponce et L. Vega [37], ainsi que par N. Burq, P. Gérard
et N. Tzvetkov [17] et par M. Christ, J. Colliander et T. Tao [26] dans des contextes
différents.
Si les conditions (2.5), (2.6) et (2.7) sont satisfaites alors le flot Φt donné par (2.2)
n’est pas uniformément continu, ce qui nie la Définition 2.1. Bien que donnant une
obstruction à ce que le problème de Cauchy (2.1) soit uniformément bien posé, ce
phénomène d’instabilité est assez faible, et rien n’empêche au problème d’être bien
posé en un sens moins restrictif, par exemple si on demande que le flot soit seulement
continu.
Une situation plus intéressante est lorsqu’on est capable de nier la continuité du flot
en un point u ∈ X, par exemple en choisissant ũn = u, indépendante de n dans les
conditions (2.5), (2.6) et (2.7).

Par ailleurs, si l’on est capable de trouver une suite de solutions un de (1.3) vérifiant

‖un(0)‖X −→ 0,

et tel qu’il existe tn −→ 0 avec

‖un(tn)‖X −→ +∞,
on dira que le problème (1.3) est mal posé. On parle alors d’inflation1 de norme. Ces
idées sont dues à Christ-Colliander-Tao et G. Lebeau.

Une instabilité ne peut apparâıtre que pour une équation non linéaire. En effet considérons
l’équation linéaire inhomogène lorsque X est un espace de Sobolev{

i∂tu+ ∆gu = f, (t, x) ∈ R×Md,

u(0, x) = u0(x) ∈ Hσ(Md).
(2.8)

1Inflation : Augmentation, accroissement excessifs.

13



14 Introduction

Alors
Φt(u0)− Φt(v0) = eit∆(u0 − v0),

et puisque t 7→ eit∆ est un groupe unitaire de Hσ(Md), il s’ensuit que Φt est une
isométrie.

Remarque 2.2. On peut également obtenir des instabilités en perturbant une équation
linéaire (par exemple en perturbant son potentiel), c’est ce que montre R. Carles pour
des équations de Schrödinger semi-classiques (voir Proposition A.1 [19]).

Instabilités géométriques

Si les instabilités sont des phénomènes non linéaires, leur formation peut être principa-
lement causée par la géométrie du milieu ; on parlera alors d’instabilités géométriques.
Les travaux présentés dans les Sections 3 et 4 en sont des exemples.

Dans la Section 3 on étudie l’équation de Gross-Pitaevski{
ih∂tu+ h2∆u− |x|2u = ah2|u|2u, (t, x) ∈ R× R3,

u(0, x) = u0(x) ∈ L2(R3),
(2.9)

avec a ∈ R et 0 < h < 1. Ici la présence du potentiel V (x) = |x|2 permet l’existence de
solutions dans L2(R3) qui se concentrent sur des cercles {(x1, x2, x3)|x2

1 + x2
2 = r2, x3 = 0},

et celles-ci permettront d’infirmer l’uniforme continuité du flot (2.2).

Dans la Section 4, on considère l’équation cubique{
i∂tu+ ∆gu = ε|u|2u, ε = ±1, (t, x) ∈ R×M,

u(0, x) = u0(x) ∈ Hσ(M),
(2.10)

où (M, g) est une variété riemannienne de dimension 2. En supposant que M admet
une géodésique périodique stable et non dégénérée (ceci sera précisé dans la suite), on
montre que (2.10) est instable dans Hσ(M) pour 0 < σ < 1

4
, alors que l’équation est

uniformément bien posée dans le cas où M = R2. Ainsi la géométrie de la surface influe
fortement sur la dynamique de l’équation.

Instablités surcritiques

Dans la Section 5 on présente deux mécanismes d’instabilité pour l’équation{
i∂tu+ ∆gu = ε|u|p−1u, ε = ±1, (t, x) ∈ R×Md,

u(0, x) = u0(x) ∈ Hσ(Md) ou H1(Md) ∩ Lp+1(Md),
(2.11)

qui se produisent dans n’importe quelle variété analytique (Md, g) avec métrique g
analytique, sous des hypothèses sur σ ∈ R et p ∈ 2N + 1.
Les instabilités sont montrées à partir de solutions qui se concentrent en un point
de Md : le phénomène est donc purement local, et la géométrie de Md n’intervient pas,
si ce n’est que par son analyticité.

14



2 Étude du problème de Cauchy 15

À propos des des instabilités

Considérons à nouveau l’équation de Schrödinger non linéaire générale (2.1). La stratégie
la plus utilisée pour décrire une instabilité est la suivante (présentons-la pour le mécanisme
de décohérence des solutions)

1. On construit de façon explicite deux suites de solutions régulières uj,napp, j = 1, 2
telles qu’il existe tn −→ 0 avec

‖(u1,n
app − u2,n

app)(0)‖X −→ 0 et lim sup
n→+∞

‖(u1,n
app − u2,n

app)(tn)‖X ≥ c > 0. (2.12)

et qui vérifient l’équation approchée

i∂tu
j,n
app + ∆g u

j,n
app = F (t, x, uj,napp, u

j,n
app) + rjn(t, x), j = 1, 2, n ∈ N,

où rjn(t, ·) −→ 0 lorsque n −→ +∞ pour 0 ≤ t ≤ tn en un certain sens.

2. On considère les solutions u1
n et u2

n des équations{
i∂tu

j
n + ∆g u

j
n = F (t, x, ujn, u

j
n), j = 1, 2, n ∈ N,

ujn(0, x) = uj,napp(0, x),

et on montre (à l’aide d’une méthode d’énergie par exemple) que

lim sup
n→+∞

‖(ujn − uj,napp)(tn)‖X −→ 0 . (2.13)

3. On obtient alors grâce à (2.12) et (2.13) que

‖(u1
n − u2

n)(0)‖X −→ 0 et lim sup
n→+∞

‖(u1
n − u2

n)(tn)‖X ≥ c > 0,

qui donne l’instabilité.

Cette approche est quelque peu paradoxale, en effet (2.13) est un résultat de stabi-
lité pour (2.1). Il s’ensuit que plus un problème est instable, plus cette instabilité sera
délicate à montrer. Nous sommes donc ici en conflit permanent entre les temps où (2.13)
se produit et les temps d’instabilités tn vérifiant (2.12).
Il existe des cas où on est capable de construire et décrire des solutions exactes station-
naires de (2.1), comme l’ont montré N. Burq, P Gérard et N. Tzvetkov [14]. Ceci lève
la difficulté (2.13), le gros du travail réside alors dans une description fine des solutions.
Voir également la discussion à la fin du Paragraphe 4.3.

Notations. Dans la suite, c, C désigneront des constantes strictement positives sus-
ceptibles de varier d’une ligne à l’autre. Elles seront indépendantes des paramètres que
l’on fera tendre vers 0 ou l’infini. On notera respectivement a ∼ b, a . b ou a & b
si 1

C
b ≤ a ≤ Cb, a ≤ Cb ou a ≥ Cb. On écrit a � b si a ≤ K−1b pour une grande

constante K. On désigne par N∗ l’ensemble des entiers naturels non nuls.

15



16 Introduction

3 Instabilités géométrique et projective pour Gross-Pitaevskii

3.1 Présentation du problème

Considérons l’équation de Gross-Pitaevskii qui intervient dans l’étude des condensats
de Bose-Einstein (voir [45] et l’introduction de [18]){

ih∂tuh + h2∆uh − V (x)uh = ah2|uh|2uh, (t, x) ∈ R1+3,

uh(0, x) = u0,h(x) ∈ L2(R3),
(3.1)

Le condensat est composé de N particules (typiquement de l’ordre de 106) et de masse
m (de l’ordre de 1, 33 · 10−25 kg pour du rubidium).
Dans l’équation (3.1), h = ~

2m
, où ~ est la constante de Planck (qui est de l’ordre de

6, 62·10−34 m2·s−1). À la vue de ces grandeurs physiques, on traitera mathématiquement
h > 0 comme un paramètre tendant vers 0.
La constante a s’écrit a = 4πma0 (N−1), où a0 (de l’ordre de 5 ·10−9 m) est la longueur
de diffusion ; dans notre étude nous permettrons à la quantité a = ah de dépendre de h,
mais nous la supposerons toujours bornée uniformément par rapport à h.

Dans la suite, nous étudierons des instabilités pour la distance projective, qui est une
notion pertinente en mécanique quantique (voir [18]).

Définition 3.1. (Instabilité projective) On dit que le problème de Cauchy (3.1) est pro-
jectivement instable s’il existe des solutions u1

h, u
2
h ∈ L2(R3) de données u1

h(0), u2
h(0) ∈

L2(R3) telles que ‖u1
h(0)‖L2 , ‖u2

h(0)‖L2 ≤ C où C est une constante indépendante de h,
et th > 0 telle que

dpr (u2
h(th), u

1
h(th))

dpr (u2
h(0), u1

h(0))
−→ +∞ quand h −→ 0.

Ici dpr représente la distance projective complexe, définie par

dpr(v1, v2) = arccos

(
|〈v1, v2〉|
‖v1‖L2‖v2‖L2

)
pour v1, v2 ∈ L2(R3).

Ici le temps th peut éventuellement être très grand, voire tendre vers l’infini lorsque h
tend vers 0. Par changement de variables et d’inconnue dans l’équation (3.1), on peut
selon le cas, se ramener à des temps petits pour l’équation classique.

3.2 Résultats antérieurs

Commençons par présenter les résultats obtenus par N. Burq et M. Zworski [18].
Soit a > 0 (cas défocalisant). Soit x = (x1, x2, x3) le point courant de R3 ; Si θ ∈ [0, 2π[,
alorsRθ désigne la rotation d’angle θ et d’axe x3. On suppose que le potentiel V ∈ C∞(R3)
de (3.1) vérifie

∀ θ ∈ [0, 2π[, V (Rθx) = V (x), (3.2)

∀α ∈ N3, ∃m ∈ N, ∂αV (x) = O(〈x〉m), (3.3)

∃ l ∈ N, V (x) ≥ 〈x〉l /C − 1. (3.4)

16



3 Instabilités géométrique et projective pour Gross-Pitaevskii 17

On suppose que n = h−1 ∈ N, et on définit

Gn =
{
u ∈ L2(R3) : u(Rθ·) = einθu( · )

}
.

Soit l’opérateur Ph = −h2∆ + V (x). La condition (3.2) suggère le changement de
variables cylindrique (x1, x2, x3) = (r cos θ, r sin θ, y), avec (r, θ, y) ∈ R∗+ × [0, 2π[×R.
On obtient alors l’expression

Ph|Gn = −(h∂y)
2 − (h∂r)

2 − h

r
h∂r + V (r, y) +

1

r2
.

On suppose enfin que l’application (r, y) 7−→ V (r, y) + r−2 admet un minimum global
non dégénéré. Alors

Théorème 3.2. ([18]) Soit V un potentiel satisfaisant aux conditions précédentes. Soit
e0 l’état fondamental de Ph|Gn, ε > 0 et κ ≥ 1. Alors les solutions uh1 , u

h
2 de (3.1) de

données
uhj (0) = κje0, j = 1, 2 κ1 = κ, κ2 = κ+ ε, κ4a� 1,

satisfont pour t(aκ4)3/2 � εκat� 1,

‖(u2
h − u1

h)(t)‖L2

‖(u2
h − u1

h)(0)‖L2

& aκt, (3.5)

uniformément en h.

La preuve réside en une description de la composante selon le mode e0 des solutions
en utilisant les lois de conservations de l’équation, masse et énergie (ici intervient la
restriction a > 0).
Plus précisément, soit u = uh la solution de (3.1) de donnée κe0, alors

‖u(t)‖L2 = ‖u(0)‖L2 = κ2,

et

E(u)(t) =

∫
|h∇u(t)|2 + V (x)|u|2 +

1

2
h2a|u|4(t) = E(u)(0) = κ2λ0 + κ4Fh,

où λ0 ∼ 1 est l’énergie fondamentale de Ph|Gn , et Fh = h2‖e0‖4
L4 ∼ ah. On écrit alors

la décomposition de u dans la base hilbertienne de L2 formée par les vecteurs propres
(ej)j∈N de Ph|Vn

u(t, x) = κe−
it
h

(λ0+κ2Fh)γ(t)e0(x) +
∞∑
j=1

uj(t)ej(x).

En écrivant l’équation vérifiée par γ, et à l’aide des lois de conservations, on montre
que

γ(t) = e
it
h

(λ0+κ2Fh) 〈u, e0〉 ∼ 1, pour t(aκ4)3/2 � 1,

et la conclusion du Théorème 3.2 suit en évaluant le quotient (3.5).

17



18 Introduction

N. Burq et M. Zworski [18] montrent également que l’équation (3.1) est projectivement
instable, sous l’hypothèse supplémentaire suivante

L’application (r, y) 7−→ V (r, y) + r−2 admet deux minima globaux distincts

non dégénérés, et ses hessiens en ces points sont égaux.
(3.6)

Théorème 3.3. ([18]) Soit V un potentiel satisfaisant aux hypothèses du Théorème 3.2
et à la condition (3.6). Alors l’équation (3.1) est projectivement instable.

On renvoit à [18] pour un énoncé quantifié.

Dans le cas d’un potentiel harmonique V (x) = |x|2, R. Carles [19] obtient des résultats
plus forts d’instabilité pour l’équation (3.1) défocalisante. Il montre

Théorème 3.4. ([19]) Soient V (x) = |x|2, a = 1 et N ∈ N∪{+∞}. Soient ϕ0, ϕ1 ∈ S(R3)
telles que Re (ϕ0 ϕ1) 6= 0. Soient u1

h, u
2
h les solutions de (3.1) de données respectives

u1
h(0) = ϕ0, u2

h(0) = ϕ0 + h
1
3
− 1
N ϕ1.

(i) Instabilité géométrique : Il existe T h −→ π
4
− et τh −→ 0+ tels que

‖u1
h − u2

h‖L∞([0,Th];L2) −→ 0, ‖u1
h − u2

h‖L∞([0,Th+τh];L2) & 1,

lorsque h −→ 0.
(ii) Instabilité projective : On suppose que N ∈ N, alors il existe T h −→ π

4
− et τh −→ 0+

tels que
sup

0≤t≤Th+τh

dpr
(
u2
h(t), u

1
h(t)
)
& 1,

mais
sup

0≤t≤Th
dpr
(
u2
h(t), u

1
h(t)
)
−→ 0.

Pour démontrer le Théorème 3.4, on commence par se débarrasser du potentiel harmo-
nique à l’aide du changement de fonction inconnue

vh(t, x) =
1

(1 + 4t2)
3
4

e
i t
1+4t2

|x|2
h uh

(arctan 2t

2
,

x√
1 + 4t2

)
.

La fonction vh vérifie alors l’équation de Schrödinger semi-classique{
ih∂tvh + h2∆vh = h2(1 + 4t2)

1
2 |vh|2vh,

vh(0, x) = uh(0, x).

Puis on pose

wh(t, x) = vh

( t

h
2
3

− 1, x
)
,

en en introduisant le paramètre semi-classique ~ = h
1
3 , on vérifie que wh satisfait à

l’équation {
i~∂twh + ~2∆wh =

(
~4 + 4(t− ~2)2

) 1
2 |wh|2wh,

wh(~2, x) = uh(0, x).
(3.7)

18



3 Instabilités géométrique et projective pour Gross-Pitaevskii 19

La fin de la preuve utilise une transformation conforme semi-classique (qui permet de
supprimer la forte dépendance en ~ de la non-linéarité), la convergence de la méthode
WKB (optique géométrique non linéaire) pour l’équation de Schrödinger cubique
défocalisante (3.7), obtenue par E. Grenier [32]. Voir également Paragraphe 5.4 pour
une discussion de cette méthode.

3.3 Principaux résultats obtenus dans cette thèse

Théorème 3.5. (Théorème 7.3, p. 59) Soit h−1 ∈ N. Dans chacun des cas suivants, il
existe c0 > 0 et u1

h, u
2
h ∈ L2(R3) solutions de (3.1) de données ‖u2

h(0)‖L2, ‖u1
h(0)‖L2 → κ

telles que si |ah|κ2 ≤ c0, on a :
(i) Si a est indépendante de h et si κ|a|t� 1 avec t . 1, alors

‖(u2
h − u1

h)(t)‖L2

‖(u2
h − u1

h)(0)‖L2

& |a|κt.

(ii) Si |ah|th −→ +∞ lorsque h −→ 0 avec th � log 1
h

, alors

sup
0≤t≤th

‖(u2
h − u1

h)(t)‖L2 & 1,

mais
‖(u2

h − u1
h)(0)‖L2 −→ 0.

En particulier, l’équation (3.1) est géométriquement instable.

Comme nous l’avons vu au paragraphe précédent, ce résultat est nouveau seulement
dans le cas a < 0.
Soit x = (x1, x2, x3) le point courant de R3 et considérons les coordonnées cylindriques
(x1 = r cos θ, x2 = r sin θ, x3 = y). Alors les fonctions du théorème précédent sont de la
forme

uh(0, x) = κhh
− 1

2 ei
k2

h
θv0

(r − k√
h
,
y√
h

)
, (3.8)

avec k ∈ N, v0 ∈ L2(R2) et

uh(t, x) = uh(0, x)e−iλht + wh(t, x), (3.9)

où wh est un terme d’erreur.

Ces fonctions se concentrent sur le cercle (x2
1 + x2

2 = k2, x3 = 0) de R3. En construisant
des solutions du type (3.9) qui se concentrent sur deux cercles disjoints on peut montrer
le résultat suivant

Théorème 3.6. (Théorème 7.4, p. 59) Soit h−1 ∈ N. Alors il existe c0 > 0 et des
solutions u1

h, u
2
h ∈ L2(R3) de l’équation (3.1) de données ‖u2

h(0)‖L2, ‖u1
h(0)‖L2 → κ

telles que :
Si |ah|κ2 ≤ c0 et |ah|th −→ +∞ lorsque h −→ 0 avec th � log 1

h
, on a

sup
0≤t≤th

dpr
(
u2
h(t), u

1
h(t)
)
& 1,

mais
dpr
(
u2
h(0), u1

h(0)
)
−→ 0.

En particulier, l’équation (3.1) est projectivement instable.
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3.4 Méthodes employées

D’emblée, en utilisant l’invariance de jauge de l’équation (3.1), on peut se restreindre à
chercher des solutions stationnaires, i.e. de la forme u(t, x) = e−iλtf(x). La fonction f
doit donc être solution du problème elliptique(

−h2∆ + |x|2
)
f = hλf − ahh2|f |2f. (3.10)

Méthode WKB

Comme dans [18], nous faisons le changement de variables cylindrique : pour x =
(x1, x2, x3) on pose x1 = r cos θ, x2 = r sin θ et x3 = y avec (r, θ, y) ∈ R∗+ × [0, 2π[×R.
Dans les nouvelles variables, le Laplacien s’écrit

∆ =
1

r2
∂2
θ + ∂2

r +
1

r
∂r + ∂2

y . (3.11)

Soit h ∈]0, 1] un petit paramètre tel que h−1 ∈ N, soient κ > 0 et k ∈ N∗. La dépendance
en θ de l’opérateur (3.11) nous incite à chercher une solution à l’équation (3.1) de la
forme

ũ = κh−
1
2 e−iλtei

k2

h
θṽ(r, y, h). (3.12)

Le facteur h−
1
2 est un facteur de normalisation, et λ = λh sera à déterminer.

La fonction ṽ doit donc satisfaire à

−h2(∂2
r + ∂2

y)ṽ + (
k4

r2
+ r2 + y2)ṽ = λhṽ − ahh2κ2ṽ3 + h2 1

r
∂rṽ.

De même qu’en [18] on veut construire ṽ qui se concentre exponentiellement au mi-

nimum du potentiel V = k4

r2
+ r2 + y2, i.e. en (r, y) = (k, 0). Nous faisons ainsi le

changement de variables r = k +
√
hρ, y =

√
hσ et nous posons

ṽ(r, y, h) = v(
r − k√
h
,
y√
h
, h). (3.13)

On va résoudre l’équation obtenue d’inconnues (v, λ) de façon approchée en suivant les
idées de la méthode WKB, i.e en trouvant des développements en puissances de h

v(ρ, σ, h) = v0(ρ, σ) + h
1
2v1(ρ, σ) + hv2(ρ, σ) + h

3
2w(ρ, σ, h),

λh− 2k2

h
= E0 + h

1
2E1 + hE2 + h

3
2E3(h).

En identifiant les puissances de h, on obtient les équations suivantes
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3 Instabilités géométrique et projective pour Gross-Pitaevskii 21

P0v0 = E0v0 − ahκ2v0
3, (3.14)

P0v1 = E0v1 + E1v0 − 3ahκ
2v0

2v1 +
1

k
∂ρv0 +

4

k
ρ3v0, (3.15)

P0v2 = E0v2 + E1v1 + E2v0 − 3ahκ
2(v0

2v2 + v0v
2
1) +

1

k
∂ρv1

+
4

k
ρ3v1 −

1

k2
ρ∂ρv0 −

5

k2
ρ4v0, (3.16)

où P0 est l’opérateur P0 = −(∂2
ρ + ∂2

σ) + (4ρ2 + σ2).

Méthodes variationnelles

Dans ce paragraphe, on montre comment l’on peut résoudre les équations (3.14)-(3.16).

Proposition 3.7. (Proposition 8.1, p. 62 ; Proposition 8.3, p. 63) Il existe une constante
c0 > 0 telle que si |a|κ2 ≤ c0, il existe E0 > 0 et v0 ∈ H2(R2) vérifiant v0 ≥ 0 et
‖v0‖L2(R2) = 1, qui sont solutions de (3.14).
De plus, il existe des constantes C, c > 0 indépendantes de a, κ telles que pour 0 ≤ j ≤ 2∣∣∣(I −∆)

j
2v0(ρ, σ)

∣∣∣ ≤ Ce−c(|ρ|+|σ|). (3.17)

Enfin

E0 = E0(aκ2) = 3 +

√
2

2π
aκ2 + o(aκ2). (3.18)

L’existence de v0 et de E0 est obtenue par une méthode variationnelle : on minimise la
fonctionnelle

J(u, a) =

∫ (
|∇u|2 + (4ρ2 + σ2)|u|2 +

1

2
aκ2|u|4

)
,

dans l’espace

H =
{
u ∈ H1(R2), (ρ2 + σ2)

1
2u ∈ L2(R2), ‖u‖L2 = 1

}
.

L’existence d’un minimiseur v0, que l’on peut supposer positif, est assurée par le critère
de Rellich. Le multiplicateur de Lagrange E0 qui lui est associé est donné par

E0 =

∫ (
|∇v0|2 + (4ρ2 + σ2)v2

0 + aκ2v0
4
)
. (3.19)

Les estimations (3.17) sont obtenues en faisant passer des poids exponentiels dans
l’équation (3.14) (estimations d’Agmon). Enfin, le développement (3.18) résulte de
l’étude de (3.19) lorsque aκ2 −→ 0.

De manière analogue, pour j = 1, 2 on montre l’existence de solutions (vj, Ej) ∈
L2(R2)× R aux équations (3.15) et (3.16).

Soit χ ∈ C∞0 (R) telle que χ ≥ 0, suppχ ⊂ [1
2
, 3

2
] et χ = 1 sur [3

4
, 5

4
].

On définit v = χ(
√
hρ)(v0 + h

1
2v1 + hv2) et λ = 2k2

h
+ E0 + h

1
2E1 + hE2, ainsi que
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uapp(t, r, y, h) = uκ,kapp(t, r, y, h) = κh−
1
2 e−iλtei

k2

h
θv
(r − k√

h
,
y√
h
, h
)
. (3.20)

La troncature χ permet d’éviter la singularité en r = 0.

Méthode d’énergie et argument de continuité

La proposition suivante montre que uapp est une bonne solution approchée de l’équation (3.1).

Proposition 3.8. (Proposition 8.7, p. 68) Soit |a|κ2 ≤ c0, et uapp donnée par (3.20).
Soit u la solution de {

ih∂tu+ h2∆u− |x|2u = ah2|u|2u,
u(0, x) = uapp(0, x),

Alors ‖(u− uapp)(th)‖L2 −→ 0 avec th � log( 1
h
), lorsque h −→ 0.

Posons w = u− uapp et introduisons la quantité

E(t) =

∫ (
1

2
(|x|4 + 1)|w|2 + h4|∆w|2

)
. (3.21)

En écrivant l’équation vérifiée par w, avec une méthode d’énergie on montre que F = E
1
2

vérifie F (0) = 0 et

h
d

dt
F (t) . h

5
2 + hF (t) + F 2(t) + h−1F 3(t). (3.22)

Pour des temps tels que F . h, on a h−1F 3 . hF , et F vérifie l’inéquation

d

dt
F (t) . h

3
2 + F (t).

D’après l’inégalité de Gronwall, F . h
3
2 eCt. Enfin, grâce à un argument de continuité

ou bootstrap, on montre que pour des temps th tels que eCth . h−
1
2 , i.e. th � log( 1

h
), on

peut supprimer les termes non linéaires dans (3.22). Finalement F (th) −→ 0 lorsque
h −→ 0.

Si κ1, κ2 > 0 et k1 6= k2, alors les supports des functions uκ1,k1app et uκ2,k2app sont disjoints.

Il est alors immédiat de vérifier que uapp = uκ1,k1app + uκ2,k2app satisfait aussi à la Proposi-
tion 3.8.

Pour terminer les preuves des Théorèmes 3.5 et 3.6, on suit la stratégie présentée
page 15 avec

u1
app = uκ1,1app + uκ2,2app , u2

app = uκ
h
1 ,1
app + uκ

h
2 ,2
app ,

où κh1 −→ κ1 et κh2 −→ κ2 sont choisis convenablement.

Remarque 3.9. On peut certainement adapter toute l’analyse précédente au cas d’un
potentiel V vérifiant les conditions (3.2)-(3.4), comme dans [18].
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 23

4 Instabilité géométrique pour l’équation de Schrödinger cu-
bique

Soit (M, g) une variété riemannienne de dimension 2.
On s’intéresse ici à l’équation de Schrödinger non linéaire cubique{

i∂tu+ ∆gu = ε|u|2u, (t, x) ∈ R×M,

u(0, x) = u0(x) ∈ Hσ(M),
(4.1)

où ε = 1 (cas défocalisant) ou ε = −1 (cas focalisant).
Commençons par rappeler les résultats d’existence, d’unicité et de régularité du flot
pour cette équation.

4.1 Résultats d’existence et d’unicité sur des surfaces non bornées

• Si (M, g) = (R2, can), J. Ginibre et G. Velo [31] et T. Cazenave et F. Weissler [21]
ont montré le résultat suivant

Théorème 4.1. ([31], [21]) Soit (M, g) = (R2, can). Alors l’équation (4.1) est uni-
formément bien posée dans Hσ(R2) pour tout σ > 0.

Remarque 4.2. Si σ = 0 le problème (4.1) est également uniformément bien posé,
mais en un sens un peu plus faible, qui ne satisfait plus à la Définition 2.1 : le temps
d’existence de la solution ne dépend plus seulement de la norme ‖u0‖L2 de la condition
initiale, mais de tout le profil eit∆u0 de la solution linéaire.

L’ingrédient principal pour un tel résultat est l’utilisation d’inégalités de Strichartz, qui
sont des estimations de la forme

‖eit∆u0‖Lp([−T,T ];Lq(R2)) ≤ CT‖u0‖L2(R2). (4.2)

Une telle inégalité est réalisée pour tout u0 ∈ L2(R2) si et seulement si (p, q) ∈]2,∞]×
[2,∞[ et

1

p
+

1

q
=

1

2
,

et la constante CT est indépendante de T . Voir [51], [29], [30], [40] et [36].

• Si (M, g) = (R2, g), on peut alors se demander à quelles conditions sur la métrique g
l’inégalité (4.2) est vérifiée.

On suppose que g = (gij) est une perturbation longue portée de la métrique canonique :
Il existe η > 0 tel que pour tout α ∈ N2

|∂αx (gij − δij)| ≤ Cα 〈x〉−η−|α| , 1 ≤ i, j ≤ 2. (4.3)

On suppose que g est équivalente à l’identité. Il existe c, C > 0

c Id ≤ g(x) ≤ C Id. (4.4)

Enfin on suppose que
g est non captante, (4.5)
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ce qui signifie que la projection en espace des courbes bicaractéristiques quitte tout
compact lorsque t −→ ±∞ (voir [48]).
Alors

Théorème 4.3. ([50], [48], [9]) Soit (M, g) = (R2, g). Sous les hypothèses (4.3), (4.4)
et (4.5), les inégalités de Strichartz sont vérifiées. En conséquence, l’équation (4.1) est
uniformément bien posée dans Hσ(R2) pour tout σ > 0.

Les résultats des deux théorèmes précédents sont presque les meilleurs que l’on puisse
espérer : on verra dans le Paragraphe 4.3 que l’indice σ = 0 constitue un seuil infran-
chissable (Théorème 4.11).
On retiendra ici que l’hypothèse principale est celle de non captance de la métrique,
qui fait que l’équation jouit de bonnes propriétés dispersives.

Enfin, on pourrait mentionner des résultats concernant d’autres surfaces non compactes.
A. Hassel, T. Tao et J. Wunsch [33, 34] ont obtenu des estimations de Strichartz sans
pertes pour des variétés asymptotiquement coniques ; V. Banica [4] a traité le cas de
l’espace hyperbolique (M, g) = (H2, can) ; et J. - M. Bouclet [8] s’est placé dans des
variétés asymptotiquement hyperboliques. Cette liste n’est pas exhaustive.

Dans le cas d’une variété compacte. N. Burq, P. Gérard et N. Tzvetkov ont montré que
la résolution du problème de Cauchy (4.1) était sensiblement équivalente à l’obtention
d’inégalités bilinéaires sur les solutions de l’équation libre : c’est l’objet du paragraphe
suivant.

4.2 Cas d’une variété compacte : Inégalités de Strichartz bilinéaires

On suppose ici que (Md, g) est une variété riemanienne compacte de dimension d.
Soit l’équation de Schrödinger linéaire

i∂tu+ ∆gu = 0. (4.6)

Pour N ∈ N, on introduit le projecteur spectral

PN = 1N≤
√
−∆≤2N ,

défini de la manière suivante : comme Md est compacte, L2(Md) admet une base hil-
bertienne (ϕn)n∈N de vecteurs propres de −∆g telle que

−∆g ϕn = λnϕn.

Soit f ∈ L2(Md). On écrit sa décomposition selon les modes ϕn, alors si

f =
∑
n∈N

αnϕn,

on obtient alors
PNf =

∑
n∈ΓN

αnϕn,

où ΓN = {n ∈ N, N2 ≤ λn ≤ 4N2}.
On a à présent besoin de la définition suivante.
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 25

Définition 4.4. Soit Md une variété riemannienne compacte. On dit que le flot de
Schrödinger vérifie sur Md une inégalité de Strichartz bilinéaire d’ordre σ ≥ 0 s’il
existe C > 0 telle que

∀f, g ∈ L2(Md), ∀N,L ≥ 1,

les solutions
vN(t) = eit∆gPNf, wL(t) = eit∆gPLg,

de l’équation (4.6) vérifient

‖vN wL‖L2([0,1]×Md) ≤ C min (N,L)σ‖f‖L2(Md)‖g‖L2(Md).

Cette notion, qui est un raffinement des inégalités de Strichartz, est due à J. Bour-
gain [12].
Ici l’indice σ mesure le nombre de dérivées perdues par rapport à une estimation du
type (4.2).
Si le problème (4.1) est bien posé, avec un flot suffisamment régulier, une telle inégalité
est nécessaire.

Proposition 4.5. ([15]) Soit Md une variété riemannienne compacte. On suppose
que l’équation de Schrödinger non linéaire cubique est uniformément bien posée dans
Hσ(Md), avec σ ≥ 0, sur [−T, T ]. On suppose de plus que le flot est de classe C3 au
voisinage de 0.
Alors le flot de Schrödinger sur Md satisfait à une inégalité de Strichartz bilinéaire
d’ordre σ.

N. Burq, P. Gérard et N. Tzvetkov [15] ont obtenu également une réciproque de ce
résultat.

Théorème 4.6. ([15]) Soit Md une variété riemannienne compacte. On suppose que le
flot de Schrödinger sur Md satisfait à une inégalité de Strichartz bilinéaire d’ordre σ0.
Alors
i) L’équation de Schrödinger non linéaire cubique est uniformément bien posée dans
Hσ(Md), pour tout σ > σ0.
ii) Le flot est de classe C∞.

Dans la suite on se placera en dimension 2.
Pour montrer qu’un problème est uniformément bien posé, il suffit donc d’établir des
inégalités de Strichartz bilinéaires, et c’est ainsi qu’on peut obtenir le résultat suivant.

Théorème 4.7. ([16]) Soit (M, g) une variété riemanienne compacte de dimension 2.
Alors l’équation (4.1) est uniformément bien posée dans Hσ(M), pour tout σ > 1

2
, avec

flot C∞.

Pour des géométries particulières, on est capable d’affiner les résultats, ainsi J. Bourgain
avait montré antérieurement

Théorème 4.8. ([10],[11] ) Soit (M, g) = (R/Z×R/Z, can). Alors l’équation (4.1) est
uniformément bien posée dans Hσ(M), pour tout σ > 0, avec flot C∞.
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Ici, et dans la suite de notre travail, (M, can) désigne la variété M munie de la métrique
euclidienne canonique.

Remarque 4.9. On insiste ici sur le fait que le résultat précédent est valable unique-
ment sur des tores rationnels. À notre connaissance, pour un tore en général, il n’y a
pas de meilleur résultat que le Théorème 4.7.

Par ailleurs, sur la sphère on obtient

Théorème 4.10. ([15]) Soit (M, g) = (S2, can). Alors l’équation (4.1) est uniformément
bien posée dans Hσ(M), pour tout σ > 1

4
, avec flot C∞.

Le résultat précédent persiste si M est une surface de Zoll, i.e. une variété dont toutes
les géodésiques sont périodiques de même période.
Les Théorème 4.8 et Théorème 4.10 sont obtenus grâce à la connaissance du spectre du
Laplacien sur ces variétés, et de la bonne répartition des valeurs propres.

Dans le paragraphe suivant, on va étudier des phénomènes d’instabilité pour voir si ces
énoncés sont optimaux et pour comprendre les obstructions géométriques à ce que le
problème (4.1) soit bien posé.

4.3 Résultats antérieurs d’instabilité

Commençons par énoncer un résultat qui concerne le cas (R2, can), dû à M. Christ,
J. Colliander et T. Tao [25].

Théorème 4.11. ([25]) Soit (M, g) = (R2, can). Alors l’équation (4.1) est mal posée
dans Hσ(R2), pour tout σ < 0 : il existe une suite de solutions un et ũn de (4.1) et une
suite de temps tn −→ 0 tel que

‖un(0)‖Hσ(R2) . 1, ‖ũn(0)‖Hσ(R2) . 1 et ‖(un − ũn)(0)‖Hσ(R2) −→ 0,

alors que
lim sup
n→∞

‖(un − ũn)(tn)‖Hσ(R2) & 1.

Ce résultat reste valable en dimension supérieure (voir Théorème 5.5).
Nous reviendrons sur ce phénomène dans la Section 5.

À la vue de ce résultat et des Théorèmes 4.7, 4.8 et 4.10, il est donc naturel de se
demander si le problème (4.1) est bien posé dans Hσ(M) quel que soit σ > 0, ou
s’il existe effectivement des variétés pour lesquelles la régularité nécessaire est plus
élevée. N. Burq, P. Gérard et N. Tzvetkov [17] ont répondu à cette question dans le
cas (M, g) = (S2, can). En donnant une description précise de certaines solutions, ils
montrent que le problème (4.1) défocalisant (cas ε = 1) n’est pas uniformément bien
posé dans Hσ(S2) si 0 < σ < 1

4
. Ce travail a ensuite été étendu par V. Banica [5].

On note x = (x1, x2, x3) le point courant de S2, et pour tout n ∈ N∗

ψn(x) = n
1
4
−σ(x1 + ix2)n, (4.7)
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 27

est l’harmonique sphérique normalisée dans Hσ(S2) qui se concentre sur l’équateur
{x3 = 0}. La fonction ψn vérifie en outre

−∆S2 ψn = n(n+ 1)ψn.

On peut alors énoncer

Théorème 4.12. ([17], [5]) Soit (M, g) = (S2, can). Soient T > 0, κ ∈]0, 1] et σ ∈
[0, 1

4
[. Alors la solution de l’équation (4.1) défocalisante de donnée un(0, x) = κψn(x)

s’écrit pour tout t ∈ [0, T ]

un(t, x) = κe−it(n(n+1)+κ2ωn)
(
zn(t)ψn(x) + qn(t, x)

)
, (4.8)

avec ωn ∼ n
1
2
−2σ,

sup
0<t<T

‖qn(t)‖
H

1
2 (S2)

∼ n−3σ et |zn(t)− 1| ∼ tn−4σ. (4.9)

Corollaire 4.13. ([17], [5]) Soit (M, g) = (S2, can). Soit 0 < σ < 1
4
, alors l’équation (4.1)

défocalisante n’est pas uniformément bien posée dans Hσ(M).

Remarque 4.14. On peut toutefois noter que rien n’empêche que l’équation soit bien
posée dans un sens plus faible, par exemple si on demande que le flot soit seulement
continu. La question est ouverte.

On présente une heuristique de la preuve du Théorème 4.12 :
On cherche un sous la forme

un(t, x) = κcn(t)ψn(x) + rn,1(t, x), (4.10)

avec cn(0) = 1 et un reste rn,1 vérifiant rn,1(0, x) = 0. On écrit

|un|2un(t, x) = κ3|cn|2cn(t)|ψn|2ψn(x) + rn,2(t, x). (4.11)

En projetant le terme |ψn|2ψn sur le mode ψn, on obtient

|ψn|2ψn = ωnψn + rn,3, (4.12)

où

ωn =
‖ψn‖4

L4

‖ψn‖2
L2

∼ n
1
2
−2σ. (4.13)

En réinjectant les expressions (4.10),(4.11) et (4.12) dans l’équation

i∂tu+ ∆gu = |u|2u,

et en omettant les termes d’erreur, on déduit l’équation sur cn :

iκ
d

dt
cn(t)− n(n+ 1)κcn(t) = κ3ωn|cn(t)|2cn(t), cn(0) = 1, (4.14)

qui se résout en
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cn(t, x) = e−it(n(n+1)+κ2ωn), (4.15)

d’où l’Ansatz

un(t, x) = κe−it(n(n+1)+κ2ωn)ψn(x) + rn,1(t, x). (4.16)

Pour démontrer le Théorème 4.12 proprement, il suffit donc de montrer que l’erreur r1,n

est effectivement petite. Pour ce faire on utilise :

1. Les lois de conservation, masse et énergie (ici intervient la restriction ε = 1).

2. L’action des rotations sur S2. Si Rα est la rotation d’axe x3 et d’angle α, alors
R∗αun(0, x) = un(0, Rαx) = einαun(0, x), donc R∗αun = einαun, et ceci permet de
donner une description précise de un en somme d’harmoniques sphériques.

Montrons maintenant comment ces solutions permettent d’infirmer l’uniforme conti-
nuité du flot.

Démonstration du Corollaire 4.13. Soient 0 < σ < 1
4
, κ ∈]0, 1] et κn −→ κ à préciser.

On considère uκnn donnée par (4.8), associée à κn

uκnn (t, x) = κne−it(n(n+1)+κ2nωn)
(
z̃n(t)ψn(x) + q̃n(t, x)

)
, (4.17)

et un celle associée à κ.
Alors ‖uκn(0, ·)‖Hσ ∼ 1, ‖uκnn (0, ·)‖Hσ ∼ 1, et

‖(uκn − uκnn )(0, ·)‖Hσ ∼ |κ− κn| −→ 0, lorsque n −→ +∞.

Ainsi les conditions (2.5) et (2.6) sont satisfaites.
Par ailleurs, pour T > 0 et t ∈ [0, T ],

(uκn − uκnn )(t, x) = κe−it(n(n+1)
(
e−itκ

2ωn − e−itκ
2
nωn
)(
zn(t)ψn(x) + qn(t, x)

)
+(κ− κn)e−it(n(n+1)+κ2nωn)

(
zn(t)ψn(x) + qn(t, x)

)
+κne−it(n(n+1)+κ2nωn)

(
(zn − z̃n)(t)ψn(x) + (qn − q̃n)(t, x)

)
.

D’après les estimations (4.9), les deux derniers termes tendent vers 0 dans Hσ(S2).
Alors

‖(uκn − uκnn )(t, ·)‖Hσ & κ|e−it(κ2−κ2n)ωn − 1|.

Pour satisfaire à la condition (2.7), il suffit donc de choisir κn −→ κ et tn −→ 0 tel que
tn(κ2 − κ2

n)ωn −→ +∞, ce qui est possible car ωn −→ +∞.

Une autre approche (voir [14]) pour obtenir le résultat du Corollaire 4.13 (et qui
englobe le cas ε = −1), consiste à construire des solutions stationnaires exactes à
l’équation (4.1). On cherche un sous la forme un = e−iλntfn. Alors fn doit vérifier

−∆fn + ε|fn|2fn = λnfn. (4.18)
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 29

s

rγ

M

Figure 1 : Un exemple de surface M

On peut alors trouver des solutions de l’équation (4.18) vérifiant ‖fn‖Hσ = 1 par une
méthode variationnelle en utilisant le théorème de Rellich. Puis à l’aide d’estimations
d’Agmon, les auteurs obtiennent le développement asymptotique

λn = n(n+ 1) + γεn
1
2
−2σ +O(1), (4.19)

avec γ 6= 0. De ceci découle le résultat d’instabilité.
L’avantage de cette méthode est qu’elle permet de donner une description de solutions
pour des temps arbitrairement longs ; cette stratégie utilise fondamentalement l’inva-
riance par rotation de la variété.

4.4 Résultats obtenus dans cette thèse

Soit (M, g) une surface riemannienne. Dans la suite on supposera que les injections de
Sobolev sont valables dans M . Pour fixer les idées, on peut supposer que (M, g) est soit
compacte, soit une perturbation compacte de (R2, can).

D’emblée on effectue l’hypothèse suivante :

Hypothèse 1. La variété M admet une géodésique périodique γ.

Dans la suite nous allons toujours travailler au voisinage de γ, nous choisissons donc
des coordonnées adaptées. Pour r0 > 0 assez petit, il existe un système de coordonnées
(s, r) ∈ S1×]− r0, r0[, appelé coordonnées de Fermi tel que

1. La courbe r = 0 est la géodésique γ paramétrée par la longueur d’arc. On peut
supposer que sa longueur totale est de 2π.

2. Les courbes s = constante sont des géodésiques paramétrées par la longueur d’arc.
Les courbes r = constante les coupent perpendiculairement.
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3. Soit R(s, r) la courbure de M au point (s, r), et a la solution de
∂2a

∂r2
+R(r, s)a = 0,

a(0, s) = 1,
∂a

∂r
(0, s) = 0.

(4.20)

Alors la métrique s’écrit dans les coordonnées (s, r)

g =

(
1 0
0 a2(s, r)

)
.

L’opérateur de Laplace-Beltrami prend alors la forme

∆g :=
1√

det g
div(

√
det g g−1∇) =

1

a
∂s(

1

a
∂s) +

1

a
∂r(a∂r).

Notons qu’on peut identifier une fonction f définie localement près de γ avec une
fonction de [0, 2π]×]− r0, r0 [ telle que

∀ (s, r) ∈ [0, 2π]×]− r0, r0 [, f(s+ 2π, r) = f(s, ωr),

avec ω = 1 si M est orientable et ω = −1 sinon. On introduit également

ω1 =
1

2
(ω − 1) ∈ {−1, 0}. (4.21)

Soit p2 = 1
a2
σ2 + ρ2 le symbole principal de ∆, et

d

dt
s(t) =

∂p2

∂σ
,

d

dt
σ(t) = −∂p2

∂s
,

d

dt
r(t) =

∂p2

∂ρ
,

d

dt
ρ(t) = −∂p2

∂r
,

s(0) = s0, σ(0) = σ0, r(0) = r0, ρ(0) = ρ0,

(4.22)

le système hamiltonien qui lui est associé.
À partir des solutions du système, on peut définir l’application φ de premier retour
de Poincaré, par rapport à l’hyperplan {s = 0}. En effet, il existe un voisinage N de
(σ = 1/2, r = 0, ρ = 0) vérifiant : Si (s(t), σ(t), r(t), ρ(t)) est la solution de (4.22) de
donnée (0, σ0, r0, ρ0) ∈ {0}×N , il existe T tel que s(T ) = 2π. L’application φ est alors
donnée par

φ : (r0, ρ0) 7−→ (r(T ), ρ(T )).

La deuxième hypothèse porte sur la différentielle de φ en (0, 0) et sur ses valeurs propres.

Hypothèse 2. La géodésique γ est stable, i.e. dφ(0, 0) est une rotation. La différentielle
dφ(0, 0) admet donc deux valeurs propres Λ = eiλ et Λ−1 = e−iλ avec λ ∈ R. On suppose
de plus que qu’il existe τ, µ > 0 tel que

∀(p, q) ∈ Z× N, |p− qλ
π
| ≥ µ

|(p, q)|τ
, (4.23)

où |(p, q)| = |p| + |q|. Si cette dernière condition est vérifiée, on dit que γ est non
dégénérée.

30



4 Instabilité géométrique pour l’équation de Schrödinger cubique 31

M

s = 0

(r1, ρ1)

(r0, ρ0)

φ

Figure 2 : L’application de premier retour

On peut montrer que presque tout réel λ (au sens de la mesure de Lebesgue) vérifie la
condition (4.23). Voir la discussion p. 81 pour des exemples de telles variétés.
Nous pouvons alors énoncer

Théorème 4.15. (Proposition 11.3, p. 79) Soit (M, g) une surface riemannienne. On
suppose que les Hypothèses 1 et 2 sont satisfaites. Alors l’équation (4.1) (défocalisante
ou focalisante) n’est pas uniformément bien posée dans Hσ(M), pour tout 0 < σ < 1

4
.

Pour la preuve de ce résultat, on suit la stratégie discutée dans le paragraphe précédent
en cherchant des solutions stationnaires, i.e. de la forme u = e−iλtf , où le couple (f, λ)
doit vérifier

−∆g f = λf − ε|f |2f. (4.24)

Soit 0 < h < 1 avec h−1 ∈ N un paramètre amené à être petit, on construit alors pour
tout N ∈ N une famille fN(h) de fonctions et on donne un développement en puissances
de h de λN qui résolvent cette équation modulo hN .

Théorème 4.16. (Théorème 11.5, p. 82) On suppose que les Hypothèses 1 et 2 sont
satisfaites. Soit h ∈]0, 1] tel que h−1 ∈ N, soient κ, σ > 0 et k ∈ N. On considère λ
donné par Hypothèse 2 et ω1 par (4.21).
Alors pour tout N ∈ N, il existe λN(k) ∈ R et une famille fN(h) de la forme

fN(h)(s, r) = κhσ−
1
4χ(r)ei

s
h (v0 + h

1
2v1 + · · ·+ hN+ 1

2v2N+1)(s,
r√
h

), (4.25)

avec χ ∈ C∞0 (]−r0, r0 [) une fonction plateau et vj ∈ C∞ ([0, 2π],S(R)) pour 0 ≤ j ≤ 2N + 1,
tels que ‖fN(h)‖L2(M) ∼ hσ et

−∆g fN(h) = λN(k)fN(h)− ε|fN(h)|2fN(h) + hNgN(h) (4.26)

où pour tout n ∈ N
‖hNgN(h)‖Hn(M) . hN−n.
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De plus il existe C0 > 0 indépendante de ε, κ and σ tels que

λN(k) =
1

h2
− 2

h
E0(k) +

1√
h
εκ2h2σC0 +O(1), lorsque h −→ 0,

avec

E0(k) = − 1

4π
λ+

1

2
k(ω1 −

λ

π
). (4.27)

Dans le cas linéaire, une telle description de quasimodes avait été obtenue par J. V.
Ralston [46].

4.5 Schéma de la preuve

Utilisation de la méthode WKB

Commençons par expliquer la forme (4.25). Dans le (M, g) = (S2, can), on peut re-
marquer que les coordonnées de Fermi (s, r) correspondent aux coordonnées sphériques
avec (s, r) ∈ [0, 2π[×]− π

2
, π

2
[. Pour x = (x1, x2, x3) ∈ S2 privé des pôles, on effectue le

changement de variables 
x1 = cos s cos r,

x2 = sin s cos r,

x3 = sin r,

et l’harmonique sphérique ψn donnée en (4.7) s’écrit pour r petit

ψn(x) = n
1
4
−σ(x1 + ix2)n = n

1
4
−σeins cosn r = n

1
4
−σeinse−(

√
nr)2( 1

2
+o(1)), (4.28)

en posant h = n−1 et en faisant un développement en puissances de h
1
2 , on obtient une

expression de la forme (4.25).
Posons δ = κhσ. La remarque précédente nous incite donc à chercher un quasimode
non linéaire à l’équation (4.24) de la forme

f(s, r) = δh−
1
4 ei

s
hv(s,

r√
h

),

avec (v, λ) admettant les développements formels

v ∼
∑
j≥0

h
j
2 vj et λ ∼ h−2 − 2

h

∑
j≥0

h
j
2 Ej.

On effectue donc le changement de variables x = r√
h
. Puis un développement des

coefficients de ∆g selon h et l’identification de chacune des puissances de h, donnent le
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 33

système que doivent vérifier les vj et Ej

(
i∂s +

1

2
∂2
x −

1

2
R(s)x2 − E0

)
v0 = 0,(

i∂s +
1

2
∂2
x −

1

2
R(s)x2 − E0

)
v1 = E1 v0 +R3(s)x3v0 +

1

2
εδ2|v0|2v0,

· · · = · · ·(
i∂s +

1

2
∂2
x −

1

2
R(s)x2 − E0

)
vp = Ep v0 +Qp,

· · · = · · ·

(4.29)

où R3(s) = 1
6
∂3
ra(s, 0) et où Qp est une fonction qui ne dépend que de x, s, (vj)j≤p−1

et (Ej)j≤p−1 On est ainsi amené à résoudre une cascade d’équations linéaires.
La première de ces équations est une équation aux valeurs propres, ceci explique le choix
dénombrable que l’on a pour E0(k) donné en (4.27). C’est une équation de Schrödinger
1D avec un potentiel harmonique qui dépend du paramètre d’évolution. Pour la résoudre
on utilise un résultat de M. Combescure [27], qui montre que son propagateur est
conjugué à celui de l’oscillateur harmonique.
On considère a0 vérifiant {

ä0(s) +R(s, 0)a0(s) = 0,

a0(0) = 1, ȧ0 = i,
(4.30)

et on introduit H = 1
2
∂2
x + x2, l’oscillateur harmonique. Alors

Théorème 4.17. ([27]) Soit a0 : R −→ C la solution de (4.30). On définit

α = log |a0|, β =
1

2i
log

a0

a0

,

on considère la transformation unitaire T (s) donnée par

T (s) = eiα̇(s)x2/2e−iα(s)D, où D = − i
2

(x · ∇+∇ · x),

et U(s, τ) l’opérateur unitaire d’évolution de −1
2
∂2
x+ 1

2
R(s)x2, i.e. U(s, τ)ϕ est l’unique

solution du problème  (i∂s +
1

2
∂2
x −

1

2
R(s)x2)u = 0,

u(τ, x) = ϕ(x) ∈ L2(R).

Alors pour tous s, τ ∈ R

U(s, τ) = T (s)e−i(β(s)−(β(τ))HT (τ)−1.

Voyons à présent comment va intervenir l’Hypothèse 2 dans la preuve du Théorème 4.16.
D’après la théorie de Floquet, il existe une fonction 2π−périodique P telle que a0(s) =

ei
λ
2π
sP (s). Il s’ensuit que les fonctions α et θ : s 7−→ β(s)− λ

2π
s sont 2π−périodiques.
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Soient (ϕk)k≥1 les fonctions d’Hermite qui sont les fonctions propres de H ; elles forment
une base hilbertienne de L2(R). Un calcul montre que

U(s, 0)ϕk(x) = eiα̇(s)x2/2e−i(
1
2

+k)β(s)e−
1
2
α(s)ϕk

(
xe−α(s)

)
, (4.31)

et par suite
wk(s, x) = U(s, 0)ϕk(x), (4.32)

est solution de (
i∂s +

1

2
∂2
x −

1

2
Rx2 − E0

)
wk = 0, (4.33)

et vérifie la condition wk(s+ 2π, x) = wk(s, ωx), si E0 = E0(k) est de la forme

E0(k) = − 1

4π
λ+

1

2
k(ω1 −

λ

π
), avec k ∈ N. (4.34)

Fixons k0 ∈ N, i.e. un niveau d’énergie et v0 = wk0 . La construction de (vp)p≥1 se
fait alors par une décomposition selon les modes (wj)j≥1 : pour chaque équation du
système (4.29), on montre qu’il existe un choix (unique) de Ep ∈ R, p ≥ 1 pour qu’il
existe une solution vp ∈ C∞

(
[0, 2π],S(R)

)
vérifiant en outre vp(s + 2π, x) = vp(s, ωx).

La condition de non dégénérescence (4.23) intervient dans les questions de sommabilité.

Soient κ > 0, 0 < σ < 1
4

et δ = κhσ. Soit χ ∈ C∞0 (]− r0, r0 [) une fonction plateau. On
peut alors définir l’Ansatz

uκapp(t, s, r) = κhσ−
1
4 e−iλ3tχ(r)ei

s
h (v0 + h

1
2v1 + hv2 + h

3
2v3)(s,

r√
h

), (4.35)

où les vj et λ3 sont donnés par le Théorème 4.16.

Estimation de l’erreur et instabilité

Proposition 4.18. (Proposition 13.1, p. 97) Soient uκapp donnée par (4.35) et u = uκ

la solution de {
i∂tu+ ∆u = ε|u|2u,
u(0, x) = uκapp(0, x).

Alors ‖uκapp‖Hσ ∼ 1 et

‖(uκ − uκapp)(th)‖Hσ −→ 0 lorsque h −→ 0,

avec th ∼ h
1
2
−2σ log( 1

h
).

La Proposition 4.18 est obtenue avec la méthode classique d’énergie.

On est à présent en mesure de conclure la preuve du Théorème d’instabilité 4.15.
Comme dans la démonstration du Corollaire 4.13, on peut choisir une suite κh −→ κ
telle que

lim sup
h→0

‖(uκapp − uκhapp)(th)‖Hσ & 1.
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4 Instabilité géométrique pour l’équation de Schrödinger cubique 35

Variété Bien posé Instabilité

(H2, can) σ > 0 σ < 0

(R2, g), g non captante1 σ > 0 σ < 0

(M, g) compacte σ > 1
2 σ < −1

2

(T2, can) rationnel σ > 0 σ < 0

(S2, can) σ > 1
4 σ < 1

4

(M, g), Hyp. 1 et 2 σ > 1
2 si compacte σ < 1

4

1 à cela il faut ajouter les conditions (4.3) et (4.4).

Figure 3 : Synthèse des résultats de régularité dans Hσ pour (4.1)

Enfin, considérons les deux suites de solutions uκ et uκh de (4.1). Alors, d’après la
Proposition 4.18 on a

‖(uκ − uκh)(0)‖Hσ ∼ |κ− κh| −→ 0,

et
lim sup
h→0

‖(uκ − uκh)(th)‖Hσ & 1,

d’où le résultat.

Remarque 4.19. En appliquant la Proposition 4.5 on peut montrer que le flot de (4.1)
n’est pas de classe C3 si σ < 1

4
, simplement en utilisant la description du quasimode

linéaire (cas ε = 0) donné en (4.25).
Par soucis de simplicité, considérons le cas modèle de l’harmonique sphérique ψN(x) =

N
1
4 (x1 + ix2)N = N

1
4 eiNse−Nr

2(1+o(1))/2 associée à la valeur propre −N(N + 1) de ∆S2,
et normalisée dans L2(S2).
En utilisant les notations de la Définition 4.4, on a pour tous N,L ≥ 1

vN = eit∆PNψN = e−iN(N+1)tψN , (4.36)

et

‖vN vL‖2
L2([0,1]×S2) ∼ N

1
2L

1
2

∫ π
2

−π
2

e−(N+L)r2dr ∼ N
1
2L

1
2

√
N + L

∼ min (N,L)
1
2‖vN‖2

L2(S2)‖vL‖2
L2(S2)

(4.37)
ce qui nie toute estimation de Strichartz bilinéaire d’ordre σ < 1

4
.

4.6 Autre phénomène d’instabilité et perspectives

On commence par présenter un phénomène d’instabilité dans Hσ pour σ < 0, mis en
évidence sur le tore T = R/2πZ de dimension un par M. Christ, J. Colliander et T.
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Tao [24].

Soit l’équation {
i∂tu+ ∂2

xu = ε|u|2u, (t, x) ∈ R× T, avec ε = ±1,

u(0, x) = u0(x).
(4.38)

On peut définir la norme de Hσ(T) par

‖f‖Hσ(T) =
(∑
n∈Z

(1 + |n|)2σ|f̂(n)|2
) 1

2 , avec f̂(n) =
1

2π

∫
T
f(x)e−inxdx.

Leur résultat peut alors s’écrire

Théorème 4.20. ([24]) Soit σ < 0. Il existe une solution u de (4.38) telle que
‖u(0)‖Hσ(T) ∼ 1, une suite δn −→ 0 et une suite un de solutions de (4.38) telles que

‖un(0)‖Hσ(T) ∼ 1 et ‖(u− un)(0)‖Hσ(T) ∼ δn,

alors que, uniformément en n

sup
0≤t≤δn

|û(t)(0)− û(t)(0)| > c.

Ce résultat montre en particulier que le flot n’est pas continu de Hσ(T) dans Hρ(T),
même si ρ est arbitrairement négatif. Ce phénomène d’instabilité est plus violent que
celui étudié au Paragraphe 4.4 : En effet, on compare ici une solution fixe à une suite
de solutions, et non plus deux suites de solutions. De plus on montre une perte de
régularité pour le flot. Ce mécanisme n’est pas causé par un de transfert d’énergie des
hautes vers les basses fréquences (voir [23],[39] et page 39).
Pour établir ce théorème, les auteurs considèrent la solution de (4.38) telle que u(0, x) = 1,
i.e. u(t, x) = e−iεt, et la suite de solutions un de donnée un(0, x) = 1 + δnn

−σeinx, où
δn −→ 0 sera choisie par la suite. Notons que ces données sont normalisées dans Hσ(T).
Ils approchent alors la fonction un par

uapp
n (t, x) = e−iε(1+2δ2nn

−2σ)t + δnn
−σe−iε(2+δ2nn

−2σ)teinx−in
2t, (4.39)

qui est la solution de{
i∂tu+ ∂2

xu = εPn
(
|Pn u|2Pn u

)
, (t, x) ∈ R× T,

u(0, x) = un(0, x),

où Pn est le projecteur orthogonal sur VectC(1, einx).

À l’aide d’une estimation d’énergie, on établit que l’approximation de un par uapp
n est

pertinente pour des temps tn � n2σ log n. À la vue de (4.39), il suffit donc de choisir δn
telle que δnn

−2σtn −→∞ pour montrer l’instabilité selon le mode 1.

Ce qui rend ici les choses favorables est que si la donnée un(0, x) est portée par les
modes 1 et einx, alors la solution est (pour des temps petits) par les modes (eiknx)k∈Z,
ce qui crée un trou spectral et permet d’obtenir de bonnes estimations.
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Par ailleurs, M. Christ [22] a étudié l’équation modifiée

{
i∂tu+ ∂2

xu = ε
(
|u|2 − 2‖u‖2

L2(T)

)
u, (t, x) ∈ R× T, avec ε = ±1,

u(0, x) = u0(x),
(4.40)

que l’on peut déduire de (4.38) par le changement d’inconnues v = e2itµu, avec µ =
‖u(t)‖2

L2(T) qui est constant si u est assez régulière.

Il montre que pour tous p ∈ [1,∞[ et σ ≥ 0 l’équation (4.38) est uniformément bien
posée dans

Hσ,p(T) =
{
f ∈ D′(T), 〈 · 〉σ f̂( · ) ∈ lp(Z)

}
muni de la norme naturelle. En particulier, les espacesHσ,p(T) ont la même homogénéité
que Hσ(p)(T) avec σ(p) = −1

2
+ 1

p
. Ainsi, pour p > 2 on obtient un résultat qui est en

un certain sens pour des régularités négatives.

Il serait à présent intéressant de regarder si le phénomène d’instabilité persiste en
dimension supérieure. Par exemple sur la sphère S2, on peut essayer de comparer les
solutions de données

u(0, x) = 1 et un(0, x) = 1 + δnn
1
4
−σ(x1 + ix2)n.

En suivant la méthode précédente, on peut obtenir un Ansatz analogue à uapp
n , mais de

nouvelles difficultés nous empêchent de montrer qu’il approche bien un pour des temps
où l’instabilité se produit. Notamment :

1. On a ‖uapp
n (t)‖L∞(S2) ∼ δnn

1
4
−σ (contre ∼ δnn

−σ dans le cas T), ce qui nuit dans
les estimations d’énergies.

2. On n’a plus idée de quels modes sont vraiment excités instantanément.

Il semble donc qu’il faille un Ansatz plus précis pour comprendre le phénomène. De plus
on peut espérer que le problème modifié est moins instable et donc que la convergence
de la solution approchée y est plus facile à montrer.
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5 Instabilités surcritiques

Dans cette section, on s’intéresse au problème{
i∂tu+ ∆gu = ε|u|p−1u, (t, x) ∈ R×Md, avec ε = ±1,

u(0, x) = u0(x) ∈ X,
(5.1)

où p est un entier impair et (Md, g) est une variété riemannienne de dimension d.
Comme on l’a déjà vu au Paragraphe 1.2, cette équation admet une énergie

H(u)(t) =

∫
Md

(1

2
|∇u|2 +

ε

p+ 1
|u|p+1

)
dx, (5.2)

qui est conservée au cours du temps, si u est une solution est assez régulière.
Il est donc naturel d’étudier (5.1) dans les espaces X = Hσ(Md) ou X = H1(Md) ∩
Lp+1(Md) qui est l’espace d’énergie.

5.1 Position du problème

Commençons par regarder ce qui se passe si (Md, g) = (Rd, can), i.e. considérons le
problème {

i∂tu+ ∆u = ε|u|p−1u, (t, x) ∈ R× Rd, avec ε = ±1,

u(0, x) = u0(x) ∈ X.
(5.3)

Soit u une solution de (5.3), alors uλ définie par uλ(t, x) = λ
2
p−1u(λ2t, λx) est également

une solution quel que soit λ > 0. Définissons l’indice σc (indice critique de régularité)
par

σc =
d

2
− 2

p− 1
, (5.4)

de sorte à ce que l’espace homogène Ḣσc(Rd) soit invariant par cette transformation.
Par ailleurs, l’invariance Galiléenne

u 7−→ e−ivx/2ei|v|
2t/4u(t, x− vt), v ∈ Rd,

préserve l’espace L2(Rd). De façon heuristique ([52], p. 118) on peut penser que selon
que σ > max (0, σc) ou σ < max (0, σc), le problème (5.3) sera bien posé ou non.
En effet, si σ > max (0, σc), J. Ginibre et G. Velo [31], T. Cazenave et F. B. Weissler [21]
ont montré le résultat suivant

Théorème 5.1. ([31], [21])
i) Soit σ > max (0, σc), alors le problème (5.3) est uniformément bien posé dans
Hσ(Rd).

ii) En particulier, si p < (d+ 2)/(d− 2), le problème (5.3) est uniformément bien posé
dans l’espace d’énergie X = H1(Rd) ∩ Lp+1(Rd) = H1(Rd).

Remarque 5.2. Dans le cas critique σ = σc ≥ 0, les auteurs montrent que le problème (5.3)
est bien posé, mais dans un sens plus faible : le temps d’existence ne dépend alors plus
seulement de ‖u0‖Hσ , mais du profil eit∆u0 tout entier.
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5 Instabilités surcritiques 39

Remarque 5.3. Les conclusions du théorème précédent restent valables dans (Md, g)
si la métrique g est non captante et vérifie les hypothèses (4.3) et (4.4).

Soit l’équation de Schrödinger cubique unidimentionnelle{
i∂tu+ ∆u = ε|u|2u, (t, x) ∈ R× R, avec ε = ±1,

u(0, x) = u0(x).
(5.5)

Récemment, M. Christ, J. Colliander et T. Tao [23] d’une part, et H. Koch et D.
Tataru [39] d’autre part, ont de façon indépendante, obtenu des bornes a priori sur les
solutions de (5.5) dans des espaces Hσ(R) à régularité négative (σ > − 1

12
dans [23] et

σ ≥ −1
6

dans [39]). Ils obtiennent alors

Théorème 5.4. ([23],[39]) Soit s ≥ −1
6
. Pour tout M > 0, il existe T > 0 et C > 0

tel que pout toute donnée u0 ∈  L2(R) vérifiant ‖u0‖Hσ(R) ≤ M , il existe une solution

u ∈ C
(
(0, T );Hσ(R)

)
à l’équation (5.5). Et elle vérifie

‖u‖L∞(0,T ;Hσ(R)) ≤ C‖u0‖Hσ(R). (5.6)

La question de l’unicité reste ouverte. De même, il reste à comprendre ce qu’il se passe
pour −1

2
< σ ≤ 1

6
.

Étudions à présent la dynamique de l’équation (5.3), et plus généralement celle de (5.1),
lorsque σ < max (0, σc).

5.2 Résultats d’instabilités antérieurs

Les premiers résultats d’instabilité pour (5.3) ont été obtenus par M. Christ, J. Col-
liander et T. Tao [25], [26].
Leur premier résultat infirme l’uniforme continuité du flot de l’équation (5.3).

Théorème 5.5. ([25]) Soit p ≥ 3 un entier impair et d ≥ 1. On suppose que σ <
max (0, σc). Alors il existe une suite de solutions un et ũn de (5.3) et une suite de
temps tn −→ 0 tel que

‖un(0)‖Hσ(Rd) . 1, ‖ũn(0)‖Hσ(Rd) . 1 et ‖(un − ũn)(0)‖Hσ(Rd) −→ 0,

alors que
lim sup
n→∞

‖(un − ũn)(tn)‖Hσ(Rd) & 1.

Remarque 5.6. Notons ici que σc < 0 est uniquement réalisé si (p, d) = (3, 1) ; et
σc = 0 si (p, d) = (5, 1) ou (p, d) = (3, 2).

Si de plus σ > 0 ou σ ≤ −d
2
, ils mettent en évidence le phénomène d’inflation de norme

suivant

Théorème 5.7. ([25]) Soit p ≥ 3 un entier impair et d ≥ 1. On suppose que 0 < σ < σc
ou σ ≤ −d

2
. Alors il existe une suite de solutions un de (5.3) et une suite de temps

tn −→ 0 tel que

‖un(0)‖Hσ(Rd) −→ 0 et ‖un(tn)‖Hσ(Rd) −→ +∞.
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Pour prouver ces résultats, l’idée est se placer dans un régime où le terme ∆u est
négligeable devant les autres dans (5.3). On peut alors approcher les solutions de
l’équation (5.3) par celles de l’équation différentielle ordinaire{

i∂tv = ε|v|p−1v, (t, x) ∈ R×Md,

v(0, x) = u0(x),
(5.7)

qui sont

v(t, x) = u0(x)e−iεt|u0(x)|p−1

.

Pour la preuve du Théorème 5.5 dans le cas σ < 0, les auteurs considèrent deux suites
de données de la forme

ujn(0, x) = (1 + j δn)|vn|−σn−
d
2 e−ivnx/2ϕ(

x

n
), j = 0, 1,

où δn −→ 0, |vn| −→ ∞ et ϕ ∈ C∞0 (Rd). Nous ne donnons aucun détail ici, notons
seulement qu’on utilise l’invariance Galiléenne et que les données sont supportées dans
une boule de rayon ∼ n, contrairement à ce qui suivra.

En effet donnons maintenant l’argument de la démonstration du Théorème 5.7.
Supposons que 0 < σ < σc. Pour ϕ ∈ C∞0 (Rd), on considère la suite de données

un(0, x) = δnn
d
2
−σϕ(nx) avec δn −→ 0 que l’on choisira plus tard. Alors ‖vn(0)‖Hσ(Rd) ∼ δn,

vn(t, x) = δnn
d
2
−σϕ(nx)e−iεt|δnn

d
2−σϕ(nx)|p−1

,

et donc

‖vn(t)‖Hσ(Rd) ∼ δn
〈
t δp−1

n n( d
2
−σ)(p−1)

〉σ
(5.8)

Il suffit maintenant de trouver des temps tn −→ 0 tels que le terme précédent tende vers
l’infini et tels que vn approche bien un pour t ∈ [0, tn]. On introduit donc wn = un− vn
qui vérifie l’équation

i∂twn + ∆wn = ε
(
|wn + vn|p−1(wn + vn)− |vn|p−1vn

)
−∆vn, wn(0, x) = 0, (5.9)

et on montre alors que ‖wn(t)‖Hσ(Rd) −→ 0 pour t ∈ [0, tn].

Pour k > d
2
, on introduit

En(t) = nσ
(
‖wn(t)‖2

L2 + n−2k‖wn(t)‖2
Hk

) 1
2 ,

qui contrôle ‖wn(t)‖Hσ et permet d’obtenir des estimations des termes non linéaires

de (5.9). Soit tn ≥ 0. À l’aide d’estimations d’énergie, et en utilisant la forme explicite
de vn, on obtient, pour tout 0 ≤ t ≤ tn

d

dt
En(t) . δp−1

n n( d
2
−σ)(p−1)

〈
tn δ

p−1
n n( d

2
−σ)(p−1)

〉k
En(t) + n(k−σ)(p−1)Ep

n(t)

+δnn
2
〈
tn δ

p−1
n n( d

2
−σ)(p−1)

〉k+2
.
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Si l’on oublie le terme non linéaire dans l’inéquation précédente, avec l’inégalité de
Gronwall on déduit

En(t) . n2−( d
2
−σ)(p−1)δ2−p

n

〈
tn δ

p−1
n n( d

2
−σ)(p−1)

〉2
exp

(
Ctδp−1

n n( d
2
−σ)(p−1)

〈
tn δ

p−1
n n( d

2
−σ)(p−1)

〉k)
.

(5.10)
Il existe alors η1, η2 > 0, tel que en choisissant

t = tn = δ1−p
n n−( d

2
−σ)(p−1)(log n)η1 et δn = (log n)−η2 ,

le terme dans (5.8) tend vers l’infini et celui de (5.10) vers 0, pourvu que

2− (
d

2
− σ)(p− 1) < 0, i.e. σ <

d

2
− 2

p− 1
= σc.

Enfin, pour terminer l’étude, on a recours à un argument de continuité ou bootstrap.
Dans le cas σ ≤ −d

2
l’argument est analogue, en utilisant également des données

concentrées en 0.
Cette démonstration s’étend sans difficulté au cas d’une variété riemanienne (Md, g).
Fondamentalement, tout se passe au voisinage de l’origine, donc aucun effet géométrique
n’intervient.

Par ailleurs, G. Lebeau [42, 41] (voir également [43]) a montré des résultats d’instabilité
pour des équations d’ondes défocalisantes non linéaires.
Soit p un entier impair, et soit l’équation{

∂2
t u−∆gu+ up = 0, (t, x) ∈ R× Rd,

u(0, x) = u0(x), ∂tu(0, x) = u1(x).
(5.11)

Cette équation admet une énergie

E(u, ∂tu) =

∫
Rd

1

2
|∂tu|2 +

1

2
|∇u|2 +

1

p+ 1
up+1,

qui est formellement conservée pour une solution de (5.11). Il obtient alors les résultats
suivants

Théorème 5.8. ([42]) Soient d = 3 et p ≥ 7 un entier impair. Alors il existe deux
suites de données de Cauchy (un(0), ∂tun(0)) et (vn(0), ∂tvn(0)) et une suite de temps
tn −→ 0 telles que

E(un(0), ∂tun(0)) . 1, E(vn(0), ∂tvn(0)) . 1,

et
∀k ∈ Z, ∀σ ∈ R,

∥∥|x|k(un − vn, ∂tun − ∂tvn)(0)
∥∥
Hσ×Hσ−1 −→ 0,

et telles que les solutions un et vn de (5.11) vérifient

lim inf
n→∞

∫
R3

|(un − vn)(tn)|p+1dx ≥ c > 0.
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Théorème 5.9. ([41]) Soient d ≥ 1, p un entier impair et 1 < σ < σc. Alors il existe
un couple (u0, u1) ∈ Hσ × C∞0 de données de Cauchy et une suite de temps tn −→ 0
telles que

‖u(tn)‖Hρ(Rd) −→ +∞ quand n −→ +∞, pour tout ρ ∈
]
I(σ), σ

]
,

où I(σ) est définie par

I(σ) =

{
1 si 1 < σ ≤ d

2
− d

p+1
,

σ
p−1
2

( d
2
−σ)

si d
2
− d

p+1
≤ σ < d

2
− 2

p−1
.

(5.12)

Le résultat du Théorème 5.8 constitue plus qu’une simple décohérence des solutions,
il faut plutôt comprendre ce phénomène comme une perte de régularité. Dans le cas
plus général d ≥ 3, la condition sur la non-linéarité s’écrit p > (d + 2)/(d − 2) (voir
Théorème 5.1), de sorte que Lp+1(Rd) 6⊂ H1(Rd).
Le Théorème 5.9 montre également une perte de régularité, mais dans des espaces de
Sobolev. À noter ici que l’on considère une seule condition initiale, et non pas une suite.
Les idées des preuves seront données au Paragraphe 5.5.

Il est à présent naturel de voir si de tels résultats peuvent être obtenus pour l’équation
de Schrödinger. Une des différences fondamentales entre les deux équations est que les
ondes propagent à vitesse finie. Cependant, en travaillant dans un cadre semi-classique,
on sera néanmoins à même de contrôler les supports des solutions pour Schrödinger.

5.3 Principaux résultats obtenus dans cette thèse

Instabilité dans l’espace d’énergie

On définit

H+(u) =

∫
Md

(1

2
|∇u|2 +

1

p+ 1
|u|p+1

)
dx. (5.13)

Théorème 5.10. (Théorème 14.2, p. 107) Soient p > (d+2)/(d−2) un entier impair,
ε ∈ {−1, 1}, et H+ donné par (5.13). Soit m ∈ Md. Alors il existe une suite positive
rn −→ 0, deux suites un(0), ũn(0) ∈ C∞0 (Md) de données de Cauchy supportées dans la
boule

{
|x−m|g ≤ rn

}
, ainsi qu’une suite de temps tn −→ 0 et des constantes c, C > 0

telles que
H+(un(0)) ≤ C, H+(ũn(0)) ≤ C, (5.14)

H+(un(0)− ũn(0)) −→ 0 quand n −→ +∞, (5.15)

et tel que les solutions un, ũn de (5.1) satisfont

lim
n→+∞

∫
Md

∣∣(un − ũn)(tn)
∣∣p+1

dx > c. (5.16)

De plus les suites un(0), ũn(0) peuvent être choisies de sorte à ce qu’il existe ν0 > 0 et
q0 > p+ 1, tel que 0 ≤ ν < ν0 et p+ 1 ≤ q < q0,

‖un(0)− ũn(0)‖H1+ν(Md) + ‖un(0)− ũn(0)‖Lq(Md) −→ 0. (5.17)
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Instabilité dans les espaces de Sobolev

Théorème 5.11. (Théorème 14.3, p. 108) Supposons que (Md, g) = (Rd, can). Soient
d ≥ 1, p ≥ 3 un entier impair, ε ∈ {−1, 1} et 0 < σ < d/2 − 2/(p− 1). Il existe une
suite ǔn(0) ∈ C∞(Rd) de données de Cauchy et une suite de temps τn −→ 0 telles que

‖ǔn(0)‖Hσ(Rd) −→ 0 quand n −→ +∞, (5.18)

et tel que la solution ǔn de (5.3) satisfait

‖ǔn(τn)‖Hρ(Rd) −→ +∞ quand n −→ +∞, pour tout ρ ∈
] σ
p−1

2
(d

2
− σ)

, σ
]
. (5.19)

Dans le cas général, on obtient un résultat un peu plus faible

Théorème 5.12. (Théorème 14.4, p. 108) Soient d ≥ 1, p ≥ 3 un entier impair,
ε ∈ {−1, 1} et 0 < σ < d/2 − 2/(p− 1). Soit m ∈ Md. Alors il existe une suite
positive rn −→ 0 et une suite ǔn(0) ∈ C∞0 (Md) de données de Cauchy supportées dans{
|x−m|g ≤ rn

}
, ainsi qu’une suite de temps τn −→ 0 telles que

‖ǔn(0)‖Hσ(Md) −→ 0, quand n −→ +∞,

alors que la solution ǔn de (5.1) vérifie

‖ǔn(τn)‖Hρ(Md) −→ +∞ quand n −→ +∞, pour tout ρ ∈
]
I(σ), σ

]
,

où I(σ) est définie par

I(σ) =

{ σ
2

si 0 < σ ≤ d
2
− 4

p−1
,

σ
p−1
2

( d
2
−σ)

si d
2
− 4

p−1
≤ σ < d

2
− 2

p−1
.

(5.20)

Dans le cas défocalisant avec p = 3, le Théorème 5.11 a également été obtenu par R.
Carles [19] en utilisant la convergence de la méthode WKB pour les données de classe
C∞.
Soit l’équation semi-classique

ih∂tv + h2∆v = |v|p−1v. (5.21)

T. Alazard and R. Carles [2] montrent que pour toute condition initiale non triviale
v(0, ·) ∈ S(Rd), la solution v de (5.21) se met à osciller immédiatement : il existe τ > 0
tel que

lim inf
h→0

‖|h∇|sv(τ)‖L2(Rd) > 0,

pour tout s ∈]0, 1]. Ceci induit le résultat du Théorème 5.11 dans le cas défocalisant
pour toute donnée de Cauchy à l’équation (5.21), régulière et non oscillante.

Définissons σsob l’indice de Sobolev tel que Ḣσsob(Rd) ⊂ Lp+1(Rd), i.e.

σsob =
d

2
− d

p+ 1
. (5.22)
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Valeurs de σ σ < −d
2 −d

2 < σ < 0 0 < σ < σc σc < σ

Problème (5.1) Mal posé Instable Mal posé avec perte de dérivées Bien posé

Figure 4 : Synthèse des résultats de régularité dans Hσ(Rd) pour (4.1), lorsque σc > 0

Supposons que p > (d + 2)/(d − 2), alors σsob < σc. Comme l’ont remarqué N. Burq,
R, Carles et G. Lebeau, pour σ = σsob, le Théorème 5.11 donne

‖ǔn(0)‖Hσsob (Rd) −→ 0, ‖ǔn(τn)‖Hρ(Rd) −→ +∞,

pour tout ρ ∈]1, σsob] (et donc pour tout ρ ∈]1,+∞[), intervalle qui ne peut pas être
élargi à gauche. En effet, si ρ ≤ 1, en utilisant la conservation de la masse et de l’énergie
et l’injection Ḣσsob(Rd) ⊂ Lp+1(Rd), on obtient que pour tout τ > 0

‖ǔn(τ)‖Hρ(Rd) −→ 0.

Le Théorème 5.11 n’est pas une simple conséquence du Théorème 5.10. En fait, dans le
cas défocalisant, les suites construites avec σ = 1 et vérifiant

‖ǔn(0)‖H1(Md) −→ 0, ‖ǔn(τn)‖H1(Md) −→ +∞,

sont telles que H+(ǔn(0)) −→ +∞, lorsque n tend vers l’infini.

5.4 Méthodes employées

Problèmes de convergence de la méthode WKB

Pour commencer, plaçons-nous dans le cas (Md, g) = (Rd, can). Suivant les idées de G.
Lebeau [42] pour les ondes et de R. Carles [19] pour Schrödinger, nous transformons
l’équation (5.3) en une équation semi-classique. Faisons ainsi le changement de variables
et de fonction inconnue {

t = ~αs, x = ~z, h = ~β,
u(~αs, ~z) = ~γv(s, z, h),

(5.23)

où h ∈]0, 1] est un petit paramètre et β > 0 qui l’on précisera par la suite. Si on choisit

α = β + 2, (p− 1)γ = −2(β + 1), (5.24)

on est amené à étudier le problème de Cauchy{
ih∂sv(s, z) + h2∆v(s, z) = ε|v|p−1v(s, z),

v(0, z) = v0(z).
(5.25)

La méthode WKB, ou méthode de l’optique géométrique consiste alors à chercher une
solution de l’équation sous la forme

v(s, z, h) = a(s, z, h)eiS(s,z)/h, v(0, z, h) = v0(z, h) = a0(z, h)eiS
0(z)/h, (5.26)
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où l’amplitude a s’écrit formellement

a(s, z, h) =
∑
j≥0

aj(s, z)h
j, a(0, z, h) = a0(z, h) =

∑
j≥0

a0
j(z)hj, (5.27)

Ainsi, la fonction v est une solution formelle de (5.25) si le couple (S, a) vérifie le
système suivant

∂sS + (∇S)2 + ε|a0|p−1 = 0,

∂sa+ 2∇S · ∇a+ a∆S − ih∆a+
iεa

h
(|a|p−1 − |a0|p−1) = 0,

S(0, z) = S0(z), a(0, z, h) = a0(z, h),

(5.28)

où v(0, z, h) = a0(z, h)eiS
0(z)/h.

La question que l’on se pose est : La somme tronquée vN = eiS/h
∑N

j=0 ajh
j approche-t-

elle une solution de (5.25) avec une erreur O(hN), lorsque h tend vers 0, sur un intervalle
de temps indépendant de h ?
On peut avoir l’approche élémentaire, qui consiste à identifier les coefficients de chacune
des puissances hj, pour 0 ≤ j ≤ N , et de résoudre le système obtenu (de taille N + 1),
en espérant ainsi obtenir une bonne solution approchée de l’équation (5.25) pour N
grand.
Mais on se heurte alors à deux difficultés :

1. Si p > 1 et ε 6= 0, le système obtenu n’est pas fermé, i.e. l’équation donnant aj
fait intervenir aj+1 ;

2. Quand bien même on dispose d’une telle solution approchée, via la méthode
d’énergie, on n’est capable de justifier sa pertinence que pour des temps de l’ordre
∼ Nh log 1

h
, qui restent donc négligeables devant 1.

Néanmoins, certains cas sont compris.

E. Grenier [32] prouve la convergence de la méthode dans le cas défocalisant (ε = 1)
cubique (p = 3), si les données sont dans Hσ, pour σ > d/2 + 2. Pour ce faire, il utilise
une méthode de symétrisation pour le système hyperbolique vérifié par (ϕ, a) = (∇S, a).
Dans le cas focalisant (ε = −1), le système n’est pas symétrisable.
Récemment, T. Alazard et R. Carles [1] ont donné une justification de la méthode
pour des données H∞, dans le cas défocalisant. Pour p > 3, le système précédent
n’est plus symétrisable, mais avec un changement d’inconnues non linéaire les auteurs
se ramènent à un système symétrique. Puis la preuve repose sur l’utilisation d’une
fonctionnelle d’énergie modulée ; cet argument nécessite également que la non-linéarité
soit défocalisante.
P. Gérard [28] s’est placé sur le tore (Td, can) et a traité le cas des données analytiques,
avec une non-linéarité quelconque, préservant l’invariance de jauge. Nous nous inspirons
de sa preuve pour l’adapter au cas (Rd, can), puis au cas d’une variété analytique
(Md, g).
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Fonctions holomorphes

Comme dans [28], nous allons résoudre le système (5.28) par une méthode de point
fixe dans un cadre analytique. Le choix des espaces sera inspiré de formes abstraites du
théorème de Cauchy-Kowalevski dans une châıne d’espaces de Banach [6].

D’emblée, donnons la définition suivante due à J. Sjöstrand.

Définition 5.13. (Symbole analytique)
On dit que la série formelle b(s, z, h) =

∑
j≥0 bj(s, z)h

j est un symbole analytique, s’il
existe des constantes s0, l, A,B > 0 telles que pour tout j ≥ 0

(s, z) 7→ bj(s, z) est holomorphe sur {|s| < s0} × {|Im z| < l}, (5.29)

et
|bj(s, z)| ≤ ABjj ! sur {|s| < s0} × {|Im z| < l}. (5.30)

Insistons sur le fait que b doit être analytique à la fois en la variable s et z.
Si f est une fonction holomorphe, d’après la formule de Cauchy, il existe A,B > 0 tels
que |f (j)(Z)| ≤ ABjj ! pour Z dans une petite boule ; ceci motive la condition (5.30).

Comme nous travaillerons avec des normes de Sobolev, il faut nous assurer que les
fonctions obtenues soient petites à l’infini en la variable Im z. Ainsi introduisons le
poids

W (z) = e(1+z2)1/2 , (5.31)

qui est analytique pour Im z < 1/2, et considérons l’espace H(s0, l, B) des symboles
analytiques satisfaisant

|W (z)bj(s, z)| ≤ ABjj! dans {|s| < s0} × {|Im z| < l}, ∀j ≥ 0, (5.32)

avec l < 1/2 désormais fixé.
Soient ε0 < 1/B fixé et 0 < h < ε0. Pour 0 ≤ θ ≤ 1, introduisons les normes

‖b‖θ =
∑
j≥0

εj0
j!

sup
0<τ<1

sup
|s|<s0(1−τ)

sup
|Im z|<lτ

|W (z)bj(s, z)|
(

1− τ − |s|
s0

)j+θ
,

chacune d’entre elles faisant de H = H(s0, l, B) un espace complet. On notera
H0 = H(0, l, B) l’espace des conditions initiales muni des normes naturelles.

Les propriétés principales des normes ‖ · ‖θ sont résumées dans le lemme suivant.

Lemme 5.14. (Lemmes 15.2, p. 112 et 15.3, p. 113)
i) Il existe C > 0 tel que pour tous θ, θ1, θ2 ∈ [0, 1] tels que θ = θ1 + θ2 et b1, b2 ∈ H

‖b1 b2‖θ ≤ C‖b1‖θ1‖b2‖θ2 . (5.33)

ii) Soit ∂−1
s l’opérateur

∂−1
s b =

∫ s

0

b(σ)dσ pour b ∈ H. (5.34)
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Alors, si A est un des opérateurs

b 7→ ∇zb, b 7→ h∆zb, b 7→
1

h
(b− b0),

il existe C > 0 tel que pour tous h ∈]0, ε0[ et b ∈ H

‖∂−1
s Ab‖1 ≤ Cs0‖b‖1. (5.35)

On étend maintenant le problème aux symboles analytiques en complexifiant les va-
riables et on prolonge les termes |b(s, z)|2 par b(s, z)b(s, z). On obtient alors la propo-
sition suivante.

Proposition 5.15. (Proposition 15.5, p. 116) (Cas (Md, g) = (Rd, can)) Soient S0 ∈
H0(l, B) une fonction réelle analytique et a0 ∈ H0(l, B) un symbole analytique. Alors
il existe s0 > 0, une fonction réelle analytique S ∈ H(s0, l, B) et un symbole analytique
a ∈ H(s0, l, B), de sorte que v = aeiS/h soit une solution formelle de l’équation (5.25)

de donnée v0 = a0eiS
0/h.

Suivant des idées de la mécanique des fluides, on différencie la première équation
de (5.28) en la variable d’espace et on introduit la nouvelle inconnue ϕ = ∇z S.
Pour des raisons techniques, on est amené à dériver le système (5.28) en la variable s,
puis la preuve de la Proposition 5.15 se fait par un argument de point fixe dans (H, ‖·‖1)
sur l’inconnue V = (∂2

sϕ, ∂
2
sa) et en utilisant les estimations du Lemme 5.14. De là on

peut déduire une solution (S, a) du système initial, en utilisant que S vérifiant (5.28)
est irrotationnelle.

La Proposition 5.15 montre en particulier que si l’on part d’une donnée non oscillante
(S0 = 0), la solution v se met, elle, immédiatement à osciller (∇z v ∼ 1

h
). Autre-

ment dit, l’énergie cinétique Ecin(t) = 1
2

∫
|h∇v|2 de v vérifie Ecin(0) ∼ h2 alors que

Ecin(t) ∼ 1 pour t > 0. C’est ce phénomène que l’on utilisera pour prouver l’instabilité
du problème (5.1).

À présent on considère l’approximation donnée par la série tronquée a l’ordre n

vapp(s, z, h) =
( n∑
j=0

aj(s, z)h
j
)

eiS(s,z)/h, (5.36)

qui par construction vérifie(
ih∂s + h2∆

)
vapp = ε

(
vappvapp

) p−1
2 vapp +O(hnBnn !)g,

où g est telle que pour tout k ∈ N, et uniformément en n et h, ‖(1−h2∆)k/2g‖L2(Rd) . 1,
d’après les propriétés de décroissance des éléments de H.
D’après la formule de Stirling,

hnBn n ! ∼
√

2πn
1
2

(nhB
e

)n
. (5.37)
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On choisit alors 0 < c0 < e/B et n = c0/h que l’on suppose entier. Il existe alors δ > 0
tel que vapp satisfait à(

ih∂s + h2∆
)
vapp = ε

(
vappvapp

) p−1
2 vapp + e−δ/hg̃,

où g̃ a les mêmes propriétés que g.
Le point clef est que vapp est solution de (5.25) modulo une erreur O(e−δ/h) et non pas
seulement O(h∞). On définit maintenant l’Ansatz pour l’équation (5.3)

uapp(t, x) = ~γvapp(~−αt, ~−1x), (5.38)

où γ et α vérifient les relations (5.24) et h = ~β.

Avec un théorème de point fixe on montre alors

Proposition 5.16. (Proposition 16.2, p. 124) Soient uapp donnée par (5.38) et u la
solution de {

i∂tu+ ∆u = ε|u|p−1u, (t, x) ∈ R× Rd,

u(0, x) = uapp(0, x).

Alors il existe s1 > 0 tel que pour tout k ∈ N

‖u− uapp‖L∞([0,~αs1];Hk(Rd)) −→ 0,

lorsque h −→ 0.

La Proposition 5.16 montre que l’approximation construite est valable pour des temps
∼ ~α (ce qui correspond à des temps ∼ 1 pour l’équation semi-classique (5.25)).
Traiter le cas général d’une variété ne pose pas de difficultés majeures : il faut modifier
légèrement les espaces (H, ‖ · ‖θ) pour prendre en compte le fait qu’on travaille dans
un ouvert borné et que les coefficients du Laplacien dépendent de h. On a néanmoins
recours à un argument de troncature de la solution construite, ce qui nous oblige à nous
placer dans le régime ~ . h et qui induit la restriction (5.20).

Pour conclure les preuves des résultats principaux, on choisit des données non oscillantes
pour l’équation semi-classique (5.25) : a0 ∈ H0 (par exemple a0(z) = e−z

2
) et S0 = 0.

Puis

• Pour le Théorème 5.10, v0 = a0 et ṽ0 = (1 + δh)a
0 avec δh −→ 0 bien choisie. Le

choix du paramètre β est fait de telle sorte que la fonction uapp donnée par (5.38)
est normalisée dans Lp+1,

• Pour les Théorèmes 5.11 et 5.12, v0 = a0 et avec un bon choix de β > 0, les
instabilités annoncées se produisent.

5.5 Remarques et perspectives

• Comme on l’a déjà vu, dans l’article [42], G. Lebeau met en évidence un phénomène
de perte de régularité dans l’espace d’énergie pour l’équation des ondes surcritiques qui
est plus violent que celui que nous obtenons pour l’équation de Schrödinger. La stratégie
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qu’il emploie est la suivante (voir également [43] pour un exposé plus détaillé).
D’emblée il se restreint aux fonctions radiales, puis avec un changement de variables et
d’inconnue similaire à (5.23), il se ramène a une équation semi-classique. On s’intéresse
ainsi au problème

h2(∂2
s − ∂2

r )v +
vp

rp−1
= 0, (s, r) ∈ R× R∗+. (5.39)

Grâce à une optique géométrique non linéaire, on construit une solution approchée vapp

de (5.39). On étudie ensuite la stabilité du linéarisé de (5.39) autour de vapp. Après
changements de variables et transformation de Fourier en espace, on est amené à re-
garder le comportement en temps grands de l’opérateur

Mλ = ∂2
s + pGp−1(s+ s0) + λ, (5.40)

où s0 ∈ R, λ = h2ξ2, et G est l’unique solution 2π−périodique de

G′′(s) +Gp(s) = 0, G′(0) = 0, G(0) > 0.

Pour λ > 0, on considère l’opérateur

Mλ :

(
w0

w1

)
7−→

(
w(2π)
∂tw(2π)

)
,

où w est la solution de Mλw = 0, vérifiant w(0) = w0 et ∂tw(0) = w1.

À l’aide de la théorie des équations de Hill, on montre alors qu’il existe λ0 > 0 tel
que Mλ0 admet une valeur propre de partie réelle strictement supérieure à 1, ce qui
donne l’instabilité de (5.40).
Enfin on termine la preuve en considérant des données (vapp, ∂tvapp)(0) et
(vapp, ∂tvapp)(0) +O(h∞)(a0, a1), où (a0, a1) est source d’instabilité pour Mλ0 .
Ces idées permettent également d’obtenir le Théorème 5.9.

La première difficulté qui apparâıt lorsque qu’on transpose cette stratégie à l’équation
de Schrödinger, est que le linéarisé

i∂sw − |ξ|2w = ε
p+ 1

2
w + ε

p− 1

2
e−2εitw,

autour de la solution G(t, x) = e−iεt admet seulement des valeurs propres de partie
réelle nulle, donc ne donne pas d’information sur la dynamique non linéaire. Il fau-
drait donc linéariser (5.1) autour d’une autre solution dont on a une bonne description,
par exemple comme celles construites par l’optique géométrique non linéaire au Para-
graphe 5.4. L’étude semble d’emblée plus délicate.

• On pourrait par ailleurs regarder ce que devient notre étude (à partir de la Sec-
tion 5.4) si l’on fait un changement de variables anisotrope comme dans [41], [13]. Bien
sûr l’intervalle du Théorème 5.11 est déjà optimal, mais peut-être ce calcul pourrait
nous apprendre quelque chose.

• Enfin, il est intéressant d’étudier le temps maximal d’existence de (S, a) donné
par la Proposition 5.15, et de voir s’il est de l’ordre du temps d’Ehrenfest (∼ log 1

h
).

Pour des données de classe C∞ on sait donner une description WKB uniquement dans
le cas linéaire, mais ici on travaille dans un cadre analytique.
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6 Synthèse

Voici un tableau recensant les pathologies discutées dans notre travail.
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rè
m

e
5
.9

D
éc

oh
ér

en
ce

d
an

s
L

2
:

T
h

éo
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Using variational methods, we construct approximate solutions for the Gross-Pitaevski
equation which concentrate on circles in R3. These solutions will help to show that the
L2 flow is unstable for the usual topology and for the projective distance.

7 Introduction

In this paper we deal with the equations{
ih∂tu+ h2∆u− |x|2u = ahh

2|u|2u, (t, x) ∈ R1+3,

u(0, x) = u0(x) ∈ L2(R3),
(7.1)

where h > 0 is a small parameter and ah a constant which depends on h, that can be
either positive (defocusing case) or negative (focusing case). In all the paper we assume
that there exists a constant A > 0, independent of h, such that |ah| ≤ A.
This equation appears in the study of Bose-Einstein condensates; for more details see
[7].
In the following we will refer to the definitions:

Definition 7.1. (Geometric instability) We say that the Cauchy problem (7.1) is ge-
ometrically unstable if there exist u1

h, u
2
h ∈ L2(R3) solutions of (7.1) with initial data

u1
h(0), u2

h(0) ∈ L2(R3) such that ‖u1
h(0)‖L2 , ‖u2

h(0)‖L2 ≤ C where C is a constant inde-
pendent of h and th > 0 such that

‖(u2
h − u1

h)(th)‖L2

‖(u2
h − u1

h)(0)‖L2

−→ +∞ when h −→ 0.

Definition 7.2. (Projective instability) We say that the Cauchy problem (7.1) is pro-
jectively unstable if there exist u1

h, u
2
h ∈ L2(R3) solutions of (7.1) with initial data

u1
h(0), u2

h(0) ∈ L2(R3) such that ‖u1
h(0)‖L2 , ‖u2

h(0)‖L2 ≤ C where C is a constant inde-
pendent of h and th > 0 such that

dpr (u2
h(th), u

1
h(th))

dpr (u2
h(0), u1

h(0))
−→ +∞ when h −→ 0.

Here dpr denotes the complex projective distance defined by

dpr(v1, v2) = arccos

(
|〈v1, v2〉|
‖v1‖L2‖v2‖L2

)
for v1, v2 ∈ L2(R3).

Notations. In this paper c, C denote constants the value of which may change from
line to line. These constants will always be independent of h. We use the notations
a ∼ b, a . b, a & b, if 1

C
b ≤ a ≤ Cb , a ≤ Cb, b ≤ Ca respectively. We write a � b,

a� b if a ≤ Kb, a ≥ Kb for some large constant K which is independent of h.

The first result of this paper is
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Theorem 7.3. Let h−1 ∈ N. In each of the following cases, there exist c0 > 0 and
u1
h, u

2
h ∈ L2(R3) solutions of (7.1) with initial data ‖u2

h(0)‖L2, ‖u1
h(0)‖L2 → κ such that

if |ah|κ2 ≤ c0, we have:
(i) Assume a is independent of h, |t| . 1, and κ|a|t� 1,

‖(u2
h − u1

h)(t)‖L2

‖(u2
h − u1

h)(0)‖L2

& |a|κt.

(ii) Assume |ah|th −→ +∞ when h −→ 0 with th � log 1
h

, then

sup
0≤t≤th

‖(u2
h − u1

h)(t)‖L2 & 1,

but

‖(u2
h − u1

h)(0)‖L2 −→ 0.

In particular, the Cauchy problem (7.1) is geometrically unstable

Denote by x = (x1, x2, x3) the current point in R3. In cylindrical coordinates (x1 =
r cos θ, x2 = r sin θ, x3 = y), the functions considered in Theorem 7.3 take the form

uh(0, x) = κhh
− 1

2 ei
k2

h
θv0

(r − k√
h
,
y√
h

)
, (7.2)

where k ∈ N, v0 ∈ L2(R2) and

u(t, x) = uh(0, x)e−iλht + wh(t, x), (7.3)

with wh a small error term in L2(R3), at least for times when instability effects occur.
The Ansatz (7.2) shows that the function u in (7.3) will concentrate on the circle
(x2

1 + x2
2 = k2, x3 = 0) in R3.

To prove Theorem 7.3, we consider two initial data of the form (7.2) associate with κ
and κ′ such that |κ′−κ| is small, and therefore the initial data are close in the L2-norm,
but we will see that the solutions do not remain close to each other after a time t.
The construction of two solutions to (7.1) of the form (7.2),(7.3) which concentrate on
disjoint circles yield the following result

Theorem 7.4. Let h−1 ∈ N. There exist c0 > 0 and u1
h, u

2
h ∈ L2(R3) solutions of (7.1)

with initial data ‖u2
h(0)‖L2, ‖u1

h(0)‖L2 → κ such that if |ah|κ2 ≤ c0 and |ah|th −→ +∞
when h −→ 0 with th � log 1

h
, we have

sup
0≤t≤th

dpr
(
u2
h(t), u

1
h(t)
)
& 1,

but

dpr
(
u2
h(0), u1

h(0)
)
−→ 0.

In particular, the Cauchy problem (7.1) is projectively unstable.
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60 Instabilité géométrique et projective pour Gross-Pitaevskii

The part (i) of Theorem 7.3 shows that there is no Lipschitz dependence between the
solutions of equation (7.1) and the initial data in the regime κat � 1, whereas the
part (ii) and Theorem 7.4 assert that the dependence is not continuous, but for larger
times. Both types of instabilities are nonlinear behaviour, but the first one is weaker
than the second.

The instability results of Theorem 7.3 are not new in the case a > 0. R. Carles [3]
shows the instability, for finite times, of the equation

ih∂tv + h2∆v − |x|2v = f(hk|v|2)v, (t, x) ∈ R1+n,

when n ≥ 2, 1 < k < n, and f ∈ C∞(R+,R) with f ′ > 0.

In [1], N. Burq, P. Gérard and N. Tzvetkov have pointed out geometric instability
for the cubic Schrödinger equation i∂tu + ∆S2u = a|u|2u on S2 when a > 0. This
phenomenon doesn’t occur on L2(R3) for the equation i∂tu + ∆u = a|u|2u in L2(R3),
it is therefore strongly related to the geometry of the operator and of the manifold we
work on. Here there is no semiclassic parameter in the equations, but we could obtain
similar results in this latter case with a scaling argument, as these instability effects
are local. There are stronger instability phenomenona in Hs norm, for 0 < s < 1

2
or for

s negative, for more details see [5] or for the one dimensional case see [4] .

In [2], N. Burq and M. Zworski prove Theorem 7.3 in the case a > 0. To obtain
geometric instability, they expand the solution on the Hilbertian basis given by the
eigenfunctions of −h2∆+ |x|2. The nonlinear term in (7.1) induces a phase shift in time
for the groundstate and this yields the result. We will give a more precise description
of the solution by solving a pertubated eigenvalue problem for the harmonic oscillator
and this will also treat the focusing case. They also obtain projective instability for
the equation

ih∂tu+ h2∆u− V (x)u = ah2|u|2u,
where V is a cylindrically symmetric potential with respect to the variable y = x3,
but they have to add the following assumption: Denote by r =

√
x2

1 + x2
2 then the

function (r, y) 7−→ V (r, y) + r−2 has two distinct absolute non-degenerate minima
(rj, yj), j = 1, 2, and its Hessian at (rj, yj) are equal. We use a variational method to
construct quasimodes which are localized on circles in R3, which allows to remove such
an hypothesis. This idea comes from an unpublished work from N. Burq, P. Gérard
and N. Tzvetkov.

Thanks to the form F (|u|2)u of the nonlinearity in (7.1), we look for a solution u which
may be rewritten u(t, x) = e−iλtf(x). Then f has to satisfy(

−h2∆ + |x|2
)
f = hλf − ahh2|f |2f.

In the case ah = 0, f is an eigenvector of the operator −h2∆ + |x|2 associate with the
eigenvalue hλ. In the general case, the term ahh

2|f |2f will be treated as a perturbation
of the linear problem (

−h2∆ + |x2|
)
f = hλf.

In fact, we will find a development in powers of h of hλ and f

hλ ∼
∑
k≥0

µkh
k, f ∼

∑
k≥0

fkh
k,
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7 Introduction 61

by solving a cascade of equations. This will be done in cylindrical coordinates: Write
x = (x1, x2, x3) and make the cylindrical change of variables x1 = r cos θ, x2 = r sin θ
and x3 = y with (r, θ, y) ∈ R∗+ × [0, 2π[×R. Then the Laplace operator takes the form

∆ =
1

r2
∂2
θ + ∂2

r +
1

r
∂r + ∂2

y .

Let κ be a positive constant and k a positive integer, we want to find a solution of (7.1)
of the form

ũ = κh−
1
2 e−iλtei

k2

h
θṽ(r, y, h), (7.4)

where λ is a constant to be determined, and ṽ a real function which therefore has to
satisfy

−h2(∂2
r + ∂2

y)ṽ + (
k4

r2
+ r2 + y2)ṽ = λhṽ − ahh2κ2ṽ3 + h2 1

r
∂rṽ.

Notice that we have to choose h−1 ∈ N so that (7.4) makes sense for all k ∈ N. We
try to construct ṽ which concentrates exponentially at the minimum of the potential
V = k4

r2
+ r2 + y2, i.e. at (r, y) = (k, 0).

Thus we make the change of variables r = k +
√
hρ, y =

√
hσ and set ṽ(r, y, h) =

v( r−k√
h
, y√

h
, h).

We write the Taylor expansion of V in h:

k4

(k +
√
hρ)2

+ (k +
√
hρ)2 + hσ2 = 2k2 + (4ρ2 + σ2)h− 4

k
ρ3h

3
2

+
5

k2
ρ4h2 +R(ρ, h)h

5
2 .

Then v has to be solution of

Eq(v) := P0v −
λh− 2k2

h
v + ahκ

2v3 − h
1
2 (

1

k +
√
hρ
∂ρv +

4

k
ρ3v)

+
5

k2
ρ4hv − h

3
2Rv = 0, (7.5)

where P0 = −(∂2
ρ + ∂2

σ) + (4ρ2 + σ2). Now, write

v(ρ, σ, h) = v0(ρ, σ) + h
1
2v1(ρ, σ) + hv2(ρ, σ) + h

3
2w(ρ, σ, h)

λh− 2k2

h
= E0 + h

1
2E1 + hE2 + h

3
2E3(h).

By identifying the powers of h we obtain the following equations:
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62 Instabilité géométrique et projective pour Gross-Pitaevskii

P0v0 = E0v0 − ahκ2v0
3, (7.6)

P0v1 = E0v1 + E1v0 − 3ahκ
2v0

2v1 +
1

k
∂ρv0 +

4

k
ρ3v0, (7.7)

P0v2 = E0v2 + E1v1 + E2v0 − 3ahκ
2(v0

2v2 + v0v
2
1) +

1

k
∂ρv1

+
4

k
ρ3v1 −

1

k2
ρ∂ρv0 −

5

k2
ρ4v0. (7.8)

Remark 7.5. In the sequel we only mention the dependence in k, κ and a of the vj
and Ej when necessary. Moreover we write a = ah.

8 Construction of the quasimodes

Proposition 8.1. There exists a constant c0 > 0 such that if |a|κ2 ≤ c0, there exist
E0 > 0 and v0 ∈ L2(R2) satisfying v0 ≥ 0 and ‖v0‖L2(R2) = 1, which solve (7.6).

For ψ ∈ S ′(R2), denote by ψ̂ its Fourier transform, with the convention

ψ̂(ζ) =

∫
R2

e−iζ·xψ(x)dx,

for ψ ∈ L1(R2).
We use a variational method based on Rellich’s criterion.

Proposition 8.2. ([8], p 247) The set

S =

{
ψ|
∫
R2

|ψ(x)|2dx = 1,

∫
R2

(1 + |x|2)|ψ(x)|2dx ≤ 1,

∫
R2

(1 + |ζ|2)|ψ̂(ζ)|2dζ ≤ 1

}
,

is a compact subset of L2(R2).

Proof of Proposition 8.1. We minimize the functional

J(u, a) =

∫ (
|∇u|2 + (4ρ2 + σ2)|u|2 +

1

2
aκ2|u|4

)
,

on the space

H =
{
u ∈ H1(R2), (ρ2 + σ2)

1
2u ∈ L2(R2), ‖u‖L2 = 1

}
.

Now, on H we have the inequality

‖u‖L4 ≤ C‖u‖
H

1
2
≤ C‖u‖

1
2

L2‖∇u‖
1
2

L2 ≤ C‖∇u‖
1
2

L2 .

Thus, there exists c0 > 0 such that

1

2
aκ2

∫
|u|4 ≤ 1

2

∫
|∇u|2,
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8 Construction of the quasimodes 63

as soon as |a|κ2 ≤ c0, which we suppose from now.
Let (un)n≥1 be a minimizing sequence. First, we can choose un ≥ 0, because |un| is also
minimizing, as |∇|un|| ≤ |∇un|. We have∫ (

1

2
|∇un|2 + (4ρ2 + σ2)u2

n

)
≤ J(un, aκ

2) ≤ C,

with C independent of a, κ and n. We are able to apply Rellich’s criterion: there
exists v0 ∈ H with v0 ≥ 0 such that, up to a subsequence, un −→ v0, and the lower
semi-continuity of J ensures

J(v0, aκ
2) = inf

u∈H
J(u, aκ2).

Then there exists a Lagrange multiplier E0 such that

P0v0 = −(∂2
r + ∂2

y)v0 + (4ρ2 + σ2)v0 = E0v0 − aκ2v0
3,

and E0 is given by

E0 =

∫ (
|∇v0|2 + (4ρ2 + σ2)v2

0 + aκ2v0
4
)
.

Proposition 8.3. Let |a|κ2 ≤ c0. There exist constants C, c > 0 independent of a, κ
such that for 0 ≤ j ≤ 2 ∣∣∣(I −∆)

j
2v0(ρ, σ)

∣∣∣ ≤ Ce−c(|ρ|+|σ|). (8.1)

Proof. We denote by ξ = (ρ, σ), and we define ϕε(ξ) = e
|ξ|

1+ε|ξ| . The function ϕε is
bounded and

|∇ϕε| ≤ ϕε a.e. (8.2)

We multiply (7.6) by ϕεv0 and integrate over R2:∫
∇(ϕεv0)∇v0 +

∫
ϕε|ξ|2v2

0 ≤ E0

∫
ϕεv

2
0 + |a|κ2

∫
ϕεv

4
0.

We compute ∇(ϕεv0) = v0∇ϕε + ϕε∇v0, and use (8.2) to obtain∫
(ϕε|∇v0|2 + ϕε|ξ|2v2

0) ≤ E0

∫
ϕεv

2
0 + |a|κ2

∫
ϕεv

4
0 +

∫
ϕεv0|∇v0|.

We set w0 = ϕ
1
4
ε v0, then

∇w0 =
1

4
ϕ
− 3

4
ε ∇ϕεv0 + ϕ

1
4
ε∇v0. (8.3)

From the Gagliardo-Nirenberg inequality in dimension 2

‖w0‖4
L4 ≤ C‖w0‖2

L2‖∇w0‖2
L2 ,
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together with (8.3) we deduce∫
ϕεv

4
0 ≤ C

∫
(ϕ

1
2
ε v

2
0)

∫
ϕ

1
2
ε (v2

0 + |∇v0|2).

As
∫
v2

0 = 1 and
∫
|∇v0|2 ≤ C, Jensen’s inequality gives∫
ϕεv

4
0 ≤ C

(∫
ϕεv

2
0

) 1
2
(∫

ϕε(v
2
0 + |∇v0|2)

) 1
2

≤ 1

16c0

∫
ϕε|∇v0|2 + C

∫
ϕεv

2
0. (8.4)

We also have ∫
ϕεv0|∇v0| ≤

1

4

∫
ϕε|∇v0|2 + C

∫
ϕεv

2
0. (8.5)

Now, write for R > 0∫
ϕεv

2
0 =

∫
|ξ|<R

ϕεv
2
0 +

∫
|ξ|≥R

ϕεv
2
0 ≤ eR

∫
v2

0 +
1

R2

∫
ϕε|ξ|2v2

0,

and deduce that for R big enough, independent of ε, there exists a constant C inde-
pendent of ε satisfying ∫

ϕε(|∇v0|2 + |ξ|2v2
0) ≤ C.

Letting ε tend to 0 yields

e
|ξ|
2 ∇v0 ∈ L2 and e

|ξ|
2 |ξ|v0 ∈ L2. (8.6)

With the help of equation (7.6), compute

∆
(
v0e

1
4

(ρ+σ)
)

= aκ2v3
0e

1
4

(ρ+σ) + (4ρ2 + σ2 − E0)v0e
1
4

(ρ+σ)

+
1

2
(1, 1) · ∇v0e

1
4

(ρ+σ) +
1

16
v0e

1
4

(ρ+σ).

According to (8.6), each term of the right hand side is in L2, excepted maybe the

first one. But denote by ṽ0 = v0e
1
12

(ρ+σ), then (8.6) shows that ṽ0 ∈ H1(R2) and
consequently v0 ∈ L6(R2).

Hence, with the inequality ‖w‖2
L∞ . ‖w‖L2‖∆w‖L2 applied to w = v0e

1
4

(ρ+σ) we deduce

v0 ≤ Ce−
1
4

(ρ+σ).
The same can be done with σ replaced with −σ or ρ by −ρ. Therefore v0 ≤ Ce−

1
4

(|ρ|+|σ|).
Equation (7.6) and the previous estimate give

|∆v0(ρ, σ)| ≤ Ce−c(|ρ|+|σ|).

To obtain the last estimation of Proposition 8.3, use the interpolation inequality

‖∇w‖2
L∞ ≤ ‖w‖L∞‖∆w‖L∞ ,

applied to w = v0ec(±ρ±σ).
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We are now able to describe the behaviour of E0(aκ2) and v0(aκ2) when aκ2 −→ 0:

Proposition 8.4.

v0(aκ2) −→ 2
1
4

π
1
2

e−(ρ2+ 1
2
σ2) in L2(R2) when aκ2 −→ 0,

and

E0(aκ2) = 3 +

√
2

2π
aκ2 + o(aκ2). (8.7)

Proof. The function u0 = 2
1
4

π
1
2

e−(ρ2+ 1
2
σ2) is the unique positive element in H that realises

the infimum of J(u, 0), and is the first eigenfunction of P0 = −∆ + (4ρ2 +σ2) associate
with the eigenvalue E0(0) = 3. See [6], p 7 for details.
For |a|κ2 ≤ c0 we have

‖v0(aκ2)‖L2 = 1, ‖∇v0(aκ2)‖L2 ≤ C, and ‖ξv0(aκ2)‖L2 ≤ C. (8.8)

By Rellich’s criterion, (v(aκ2))|a|κ2≤c0 is compact in H; let A be its adherence set. If
u ∈ A, there exists a sequence bn = anκ

2
n −→ 0 satisfying v0(bn) −→ u in L2. As v0(bn)

realises the infimum of J(v, bn):

J(v0(bn), bn) ≤ J(u0, bn) = 3 +
1

2
bn

∫
|u0|4,

therefore, J(u, 0) ≤ 3. As u ≥ 0, we conclude u = u0, i.e. A = {u0} and

v0(aκ2) −→ u0 in L2(R2) when aκ2 −→ 0.

Moreover |v(aκ2)|, |u0| ≤ C, then the convergence in also in L4.
Now, the self-adjointness of P0 gives

0 =
〈
(P0 − 3)u0, v(aκ2)

〉
= (E0(aκ2)− 3)

∫
v(a)u0 − aκ2

∫
v3(a)u0,

then from
∫
v(aκ2)u0 −→

∫
u2

0 = 1 and
∫
v(aκ2)3u0 −→

∫
u4

0 =
√

2
2π

we conclude

E0(aκ2) = 3 +
√

2
2π
aκ2 + o(aκ2).

Proposition 8.5. Let |aκ2| ≤ c0. There exist E1, E2 ∈ R and v1, v2 ∈ L2(R2) satisfying
v1, v2 ≥ 0 and ‖v1‖L2(R2), ‖v2‖L2(R2) ∼ 1, which solve (7.7) and (7.8).
Moreover there exists c > 0 such that for l = 1, 2 and 0 ≤ j ≤ 2∣∣∣(I −∆)

j
2vl(ρ, σ)

∣∣∣ ≤ Ce−c(|ρ|+|σ|). (8.9)

Proof. Equation (7.7) may be rewritten(
P (aκ2)− E0

)
v1 =

(
−(∂2

ρ + ∂2
σ) + V

)
v1 = E1v0 +

1

k
∂ρv0 +

4

k
ρ3v0,
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where we denote by P (aκ2) = P0 + 3aκ2v0
2 and V = 4ρ2 + σ2 + 3aκ2v0

2 − E0. The
potential V is so that V −→∞ as |(ρ, σ)| −→ ∞, then the spectrum σ(P (a)) of P (aκ2)
is purely discrete and the eigenvalues are given by the min-max principle (see [8] p.
120).
The first eigenvalue of P (aκ2) is therefore given by

µ0(aκ2) = inf
u∈H

∫ (
|∇u|2 + (4ρ2 + σ2)u2 + 3aκ2v2

0u
2
)
− E0(aκ2),

and there exists w0 ∈ H with w0 ≥ 0 satisfying(
P (aκ2)− E0

)
w0 =

(
P0 − E0(aκ2) + 3aκ2v0

2
)
w0 = µ0(a)w0,

and one shows, as in the proof of (8.4) that w0 −→ u0 in L2 ∩ L4.
Multiply (7.6) by u0 and integrate

3aκ2

∫
v0

2w0u0 + (3− E0(aκ2))

∫
w0u0 = µ0(aκ2)

∫
w0u0,

then according to (8.7), µ0(aκ2) ∼
√

2
π
aκ2 when aκ2 −→ 0. If a > 0 and aκ2 is small

enough we can conclude that 0 6∈ σ(P (a)).
Let’s look at the case a < 0:
According to the min-max principle, the second eigenvalue of P (aκ2) is

µ1(aκ2) = inf
u∈H,u⊥w0

∫ (
|∇u|2 + (4ρ2 + σ2)u2 + 3aκ2v2

0u
2
)
− E0(aκ2),

and let w1 realise the infimum.
We also have

5 = inf
u∈H,u⊥u0

∫ (
|∇u|2 + (4ρ2 + σ2)u2

)
= inf

u∈H,u⊥u0
J(u, 0),

realised for u1, the second normalised Hermite function. Now, define ũ = αw1 + βw0

with α, β such that ‖ũ‖L2 = α2 + β2 = 1 and α
∫
w1u0 + β

∫
w1u0 = 0, then ũ ∈ H and

ũ ⊥ u0. Notice that |α| −→ 1 and β −→ 0 as aκ2 −→ 0.
One has 5 = J(u1, 0) ≤ J(ũ, 0), then we obtain 5 ≤ µ1(aκ2) + ε(aκ2) with ε(aκ2) −→ 0
as aκ2 −→ 0, therefore µ1(aκ2) ≥ 4 for a small enough, and 0 6∈ σ(P (aκ2)).
As a conclusion, for each choise of E1, equation (7.7) admits a solution v1 ∈ L2 as the
second right hand side f is in L2. However, if we choose E1 so that f ⊥ v0, we also
have ‖v1‖L2 ≤ C uniformly in |a|κ2 ≤ c0, as the eigenvalue E0(aκ2) is simple.
The estimations (8.9) are obtained as in the proof of Proposition 8.3.
By the same argument we infer the existence of v2 and E2 which solve equation (7.8)
and satisfy the estimates (8.9).

Take χ ∈ C∞0 (R) such that χ ≥ 0, suppχ ⊂ [1
2
, 3

2
] and χ = 1 on [3

4
, 5

4
].

Set v = χ(
√
hρ)(v0+h

1
2v1+hv2), ṽ(r, y, h) = v( r−k√

h
, y√

h
, h) and λ = 2k2

h
+E0+h

1
2E1+hE2,

and define
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uapp = κh−
1
2 e−iλtei

k2

h
θṽ. (8.10)

Recall that, according to (8.7),

E0(aκ2) = 3 +

√
2

2π
aκ2 + o(aκ2).

Proposition 8.6. The function uapp defined by (8.10) satisfies

ih∂tuapp + h2∆uapp − |x|2uapp = ah2|uapp|2uapp +R(h) (8.11)

with
‖(|x|2 + 1)R(h)‖L2 . h

5
2 and ‖∆R(h)‖L2 . h

1
2 . (8.12)

Proof. By construction, w = v0 + h
1
2v1 + hv2 satisfies Eq(w) = h

5
2R1(h) where Eq is

defined by (7.5), and according to Propositions 8.4 and 8.6

|R1(h)| .
(

1

(k +
√
hρ)2

+ |ρ|3
)

e−c1(|ρ|+|σ|),

and

|∆R1(h)| .
(

1

(k +
√
hρ)4

+ |ρ|3
)

e−c2(|ρ|+|σ|). (8.13)

Now,

Eq(v) = Eq(χ(
√
hρ)w)

= χ(
√
hρ)Eq(w)− hχ′′(

√
hρ)w − 2h

1
2χ′(
√
hρ)∂ρw

+aχ(χ2 − 1)w3

= h
5
2χ(
√
hρ)R1 +R2 +R3 +R4 := R(h).

Set I = [1
2
, 3

4
] ∪ [5

4
, 3

2
] and observe that suppχ′ ⊂ I, suppχ′′ ⊂ I,

suppχ(χ2 − 1) ⊂ I and if
√
hρ ∈ I we have

|w|, |∂ρw| . e−c/
√
he−c|σ|,

then it follows
‖∆jRp‖L2 . e−c/

√
h, (8.14)

for all 0 ≤ j ≤ 1 and 2 ≤ p ≤ 4. According to (8.13) we also have

‖χ(
√
hρ)R1‖2

L2 .
∫

(1 + |ρ|6)e−2c1(|ρ|+|σ|) ≤ C.

Therefore, coming back in variables (r, y, θ), ‖R(h)‖L2 . h
5
2 . Because of the fast decay

of w we also have ‖(r2 + y2)R(h)‖L2 . h
5
2 , hence ‖(|x|2 + 1)R(h)‖L2 . h

5
2 .

Differentiating uapp costs at most h−1, then together with (8.13) and (8.14) we obtain

‖∆R(h)‖L2 . h
1
2 .
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Proposition 8.7. Let |a|κ2 ≤ c0 fixed, let uapp be given by (8.10) and let u be solution
of {

ih∂tu+ h2∆u− |x|2u = ah2|u|2u,
u(0, x) = uapp(0, x),

(8.15)

then ‖(u− uapp)(th)‖L2 −→ 0 with th � log( 1
h
), when h −→ 0.

Proof. Denote by w = u − uapp and by f = ah2g + R(h) with g = |uapp + w|2(uapp +
w)− |uapp|2uapp, then

ih∂tw + h2∆w − |x|2w = f. (8.16)

We define

E(t) =

∫ (
1

2
(|x|4 + 1)|w|2 + h4|∆w|2

)
. (8.17)

• Multiply (8.16) by 1
2
(|x|4 + 1)w, integrate and take the imaginary part:

1

2
h

d

dt

∫
1

2
(|x|4 + 1)|w|2 = Im

∫
1

2
(|x|4 + 1)fw + 2h2Im

∫
|x|2wx∇w, (8.18)

• Multiply ∆(8.16) by h4∆w, integrate and take the imaginary part:

1

2
h

d

dt

∫
h4|∆w|2 = h4Im

∫
∆f∆w − 2h4Im

∫
∆wx∇w. (8.19)

With an integration by parts, we can show that

h2

∫
|x|2|∇w|2 .

∫
|x|4|w|2 + h4

∫
|∆w|2,

therefore

h2
∣∣∣ ∫ |x|2wx∇w∣∣∣ . h

∫
|x|4|w|2 + h3

∫
|x|2|∇w|2 . hE, (8.20)

and

h4
∣∣∣ ∫ ∆wx∇w

∣∣∣ . h5

∫
|∆w|2 + h3

∫
|x|2|∇w|2 . hE. (8.21)

Then the inequalities (8.18)-(8.21) yield

h
d

dt
E(t) . Im

∫ (
1

2
(|x|4 + 1)fw + h2|x|2∇f∇w + h4∆f∆w

)
+ hE. (8.22)

Using the expression of uapp

‖uapp‖L2 . 1, ‖uapp‖L∞ . h−
1
2 ,

‖∇uapp‖L2 . h−1, ‖∇uapp‖L∞ . h−
3
2 , (8.23)

and by definition of E

‖x∇w‖L2 . h−1E
1
2 , ‖∆w‖L2 . h−2E

1
2 , (8.24)
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and the Gagliardo-Nirenberg inequalities in dimension 3 yield

‖w‖L4 . h−
3
4E

1
2 , ‖∇w‖L4 . h−

7
4E

1
2 ,

‖w‖L∞ . ‖w‖
1
4

L2‖∆w‖
3
4

L2 . h−
3
2E

1
2 . (8.25)

• First, the estimates (8.12) on R(h) give

∣∣∫ (1
2
(|x|4 + 1)R(h)w + h4∆R(h)∆w

)∣∣
. ‖(|x|2 + 1)R(h)‖L2E

1
2 + h2‖∆R(h)‖L2E

1
2

. h
5
2E

1
2 . (8.26)

• Then, as g = |uapp+w|2(uapp+w)−|uapp|2uapp, and according to (8.23) and (8.25)

∣∣∣∣Im∫ (|x|4 + 1)gw

∣∣∣∣ .
∫

(|x|4 + 1)
(
|uapp|2|w|2 + |uapp||w|3

)
. ‖uapp‖L∞(‖uapp‖L∞ + ‖w‖L∞)E

. h−1E + h−2E
3
2 . (8.27)

• Compute

|∆g| . |uapp|2|∆w|+ |uapp||∇uapp||∇w|+ |∇uapp|2|w|
+|uapp||∆uapp||w|+ |∆uapp||w|2 + |w|2|∆w|+ |w||∇w|2,

hence

‖∆g‖L2 . ‖uapp‖2
L∞‖∆w‖L2 + ‖uapp‖L∞‖∇uapp‖L∞‖∇w‖L2

+‖∇uapp‖2
L∞‖w‖L2 + ‖uapp‖L∞‖∆uapp‖L∞‖w‖L2

+‖∆uapp‖L∞‖w‖2
L4 + ‖w‖2

L∞‖∆w‖L2 + ‖w‖L2‖∇w‖2
L4

. h−3E
1
2 + h−4E + h−5E

3
2 ,

then

h4

∣∣∣∣∫ ∆g∆w

∣∣∣∣ . h4‖∆g‖L2‖∆w‖L2

. h−1E + h−2E
3
2 + h−3E2. (8.28)

Putting the estimates (8.26), (8.27), and (8.28) together with (8.22), we obtain

h
d

dt
E(t) . h

5
2E

1
2 + hE + E

3
2 + h−1E2. (8.29)
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Set F = E
1
2 , then F satisfies F (0) = 0 and

h
d

dt
F (t) . h

5
2 + hF + F 2 + h−1F 3. (8.30)

As long as h−1F 3 . hF , i.e. for times such that F . h, we can write

d

dt
F (t) . h

3
2 + F.

Using Gronwall’s inequality, F . h
3
2 eCt. The non linear terms in (8.30) can be removed

with the continuity argument for times th such that eCth . h−
1
2 , i.e. th � log( 1

h
) and

one has F (th) −→ 0 when h −→ 0, hence the result.

We are now able to prove Theorem 7.3 and Theorem 7.4.

9 Geometric instability

Let |a|κ2 ≤ c0. Consider the function uapp defined by (8.10) associate with κ with k = 1
(k will be equal to 1 in all this section).

uapp = κh−
1
2 e−iλtei

θ
h ṽ.

Similarly, let the function u′app defined by (8.10) associate with κ′ = κ+h
1
2 . Then there

exists λ′ ∈ R and ṽ′ ∈ L2(R3) such that

u′app = (κ+ h
1
2 )h−

1
2 e−iλ

′tei
θ
h ṽ′.

define the functions f, f ′ ∈ L(R3) by

f = h−
1
2 ei

θ
h ṽ, f ′ = h−

1
2 ei

θ
h ṽ′. (9.1)

Notice that by construction, ‖f‖L2 , ‖f ′‖L2 ∼ 1.
We now need the following

Lemma 9.1. The functions defined by (9.1) satisfy

‖f ′ − f‖L2 . h
1
2 . (9.2)

Proof. To construct f ′, we have to solve the system (7.6)-(7.8) with κ′ = κ + h
1
2 . We

reorganize this system by identifying the powers of h, and as equation (7.6) remains
the same, we deduce (9.2).

Proof of Theorem 7.3 (i). Denote by u (resp. u′) the solution of (8.15) with initial
condition uapp(0) (resp. u′app(0)). We have

‖(u′ − u)(0)‖L2 = ‖(u′app − u′app)(0)‖L2

≤ κ‖f ′ − f‖L2 + κh
1
2‖f ′‖L2 . κh

1
2 , (9.3)
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by Lemma 9.1. The triangle inequality gives

‖(u′app − uapp)(t)‖L2 ≥ κ
∣∣∣ei(λ′−λ)t − 1

∣∣∣ ‖f ′‖L2 − κ‖f ′ − f‖L2 − κh
1
2‖f ′‖L2

≥ κ
∣∣∣ei(λ′−λ)t − 1

∣∣∣− Cκh 1
2 . (9.4)

As (λ′−λ)t ∼
√

2
2π
a
(

(κ+ h
1
2 )2 − κ2

)
t ∼

√
2
π
aκth

1
2 , with (9.4) we obtain, when |a|κt� 1

‖(u′app − uapp)(t)‖L2 ≥ c|a|κ2th
1
2 ,

hence, using (9.3)
‖(u′ − u)(t)‖L2

‖(u′ − u)(0)‖L2

& |a|κt.

which was the claim.

Proof of Theorem 7.3 (ii). First notice that every parameter or function involved in
this part depends on h even though we do not write the subscripts. We define

u′′app = (κ+ εh)h
− 1

2 e−iλ
′′tei

θ
h ṽ′′

:= (κ+ εh)e
−iλ′′tf ′′. (9.5)

with εh −→ 0 when h −→ 0, and denote by u′′ the solution of (8.15) with initial
condition u′′app(0). Then

‖(u′′ − u)(0)‖L2 = ‖(u′′app − uapp)(0)‖L2

≤ κ‖f ′′ − f‖L2 + κεh‖f ′′‖L2 . (9.6)

The right hand side of (9.6) tends to 0 with h because ‖f ′′−f‖L2 −→ 0 and ‖f ′′‖L2 ∼ 1.
But when h is small enough

‖(u′′app − uapp)(t)‖L2 ≥ κ
∣∣∣ei(λ′′−λ)t − 1

∣∣∣ ‖f ′′‖L2 − κ‖f ′′ − f‖L2 − κεh‖f ′′‖L2

≥ 1

2
κ
∣∣∣ei(λ′′−λ)t − 1

∣∣∣ . (9.7)

Now use (λ′′ − λ)th ∼
√

2
2π
a ((κ+ εh)

2 − κ2) th ∼ C0aκthεh. Take εh = (C0κath)
−1/2

which tends to 0, then if h� 1, |λ′′ − λ|th ≥ π and

sup
0≤t≤th

‖(u′′app − uapp)(t)‖L2 ≥ κ.

Now, according to Proposition 8.7, which can be used as we assume t� log 1
h
, we have

for h small enough
sup

0≤t≤th
‖(u′′ − u)(t)‖L2 ≥ κ.

This last inequality together with (9.6) proves the second part of Theorem 7.3.
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10 Projective instability

We conserve the notations of the previous section, but here fj and f ′j are constructed
with k = j in (7.4).
Define Uapp = κe−iλ1tf1 + κe−iλ2tf2 and U ′app = (κ+ εh)e

−iλ′1tf ′1 + κe−iλ2tf2.

Lemma 10.1. Let Vapp = Uapp or Vapp = U ′app, and v be solution of{
ih∂tv + h2∆v − |x|2v = ah2|v|2v,
v(0, x) = Vapp(0, x),

(10.1)

then ‖(v − Vapp)(th)‖L2 −→ 0 with th � log( 1
h
), when h −→ 0.

Proof. Write Vapp = v1
app + v2

app with v1
app = κe−iλ1tf1 or v1

app = (κ + εh)e
−iλ′1tf ′1 and

v2
app = κe−iλ2tf2. As the supports of v1

app and v2
app are disjoint we have

ih∂t(v
1
app + v2

app) + h2∆(v1
app + v2

app)− |x|2(v1
app + v2

app)

= ah2
(
|v1
app|2v1

app + |v2
app|2v2

app

)
+R1(h) +R2(h)

= ah2|v1
app + v2

app|2(v1
app + v2

app) +R1(h) +R2(h),

where for j = 1, 2, Rj(h) is the error term given by Proposition 8.6 and therefore

satisfies ‖(|x|2 + 1)Rj(h)‖L2 . h
5
2 and ‖∆Rj(h)‖L2 . h

1
2 . We conclude with the help of

Proposition 8.7.

Proof of Theorem 7.4. Consider the function u (resp. u′ ) the solution of equation
(10.1) with Cauchy data Uapp(0) (resp. U ′app(0) ).

First notice that, for t ≥ 0, ‖Vapp(t)‖2
L2 ∼ 2κ2. Compute

Uapp(t)U ′app(t) = κ(κ+ εh)f1f ′1ei(λ
′
1−λ1)t + κ2|f2|2. (10.2)

Then for t = 0 we have ∫
UappU ′app(0) ∼ 2κ2,

hence
dpr (u(0), u′(0)) = dpr

(
Uapp(0), U ′app(0)

)
−→ 0.

Let th � log 1
h
, then as (λ′1 − λ1)th ∼ C0aκεhth, we now choose

εh =
π

C0aκth
,

then we have (λ′1 − λ1)th −→ π, as h −→ 0. Thus∫
UappU ′app(th) −→ 0,

and
dpr(Uapp(th), U

′
app(th)) −→ arccos (0) =

π

2
.
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Finally, from Lemma 10.1 we deduce

dpr(u(th), Uapp(th)), dpr(u
′(th), U

′
app(th)) −→ 0,

and therefore

dpr(u(th), u
′(th)) ≥ dpr(Uapp(th), U

′
app(th))− dpr(u(th), Uapp(th))

−dpr(u
′(th), U

′
app(th))

≥ π

4
,

for h� 1; hence the result.
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78 Instabilité géométrique pour Schrödinger sur des surfaces

In this paper we are interested in constructing WKB approximations for the non
linear cubic Schrödinger equation on a Riemannian surface which has a stable geodesic.
These approximate solutions will lead to some instability properties of the equation.

11 Introduction

Let (M, g) be a Riemannian surface (i.e. a Riemannian manifold of dimension 2),
orientable or not. We assume that M is either compact or a compact perturbation
of the euclidian space, so that the Sobolev embeddings are true. Consider ∆ = ∆g

the Laplace-Beltrami operator. In this paper we are interested in constructing WKB
approximations for the non linear cubic Schrödinger equation{

i∂tu(t, x) + ∆u(t, x) = ε|u|2u(t, x), ε = ±1,

u(0, x) = u0(x) ∈ Hσ(M),
(11.1)

that is, given a small parameter 0 < h < 1 and an integer N , functions uN(h) satisfying

i∂tuN(h) + ∆uN(h) = ε|uN(h)|2uN(h) +RN(h), (11.2)

with ‖uN(h)‖Hσ ∼ 1 and ‖RN(h)‖Hσ ≤ CNh
N .

Here h is introduced so that uN(h) oscillates with frequency ∼ 1
h
.

These approximate solutions to (11.1) will lead to some instability properties in the
following sense (where h−1 will play the role of n):

Definition 11.1. We say that the Cauchy problem (11.1) is unstable near 0 in Hσ(M),
if for all C > 0 there exist times tn −→ 0 and u1,n, u2,n ∈ Hσ(M) solutions of (11.1)
so that

‖u1,n(0)‖Hσ(M), ‖u2,n(0)‖Hσ(M) ≤ C,

‖u1,n(0)− u2,n(0)‖Hσ(M) −→ 0,

lim sup ‖u1,n(tn)− u2,n(tn)‖Hσ(M) ≥ 1

2
C,

when n −→ +∞.

This means that the problem is not uniformly well-posed, if we refer to the following
definition:

Definition 11.2. Let σ ∈ R. We say that the Cauchy problem (11.1) is locally uni-
formly well-posed in Hσ(M), if for any bounded subset B ⊂ Hσ(M), there exist T > 0
and a subspace YT ⊂ C

(
[−T, T ];Hσ(M)

)
, such that for all u0 ∈ B, there exists a unique

solution u ∈ YT of (11.1) and such that the flow map

u0 ∈ B 7−→ u(t) = Φt(u0) ∈ Hσ(M),

is uniformly continuous for any −T ≤ t ≤ T .

We now state our instability result:
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Proposition 11.3. Let 0 < σ < 1
4
, and assume that M has a stable and non degener-

ated periodic geodesic (see Assumptions 1 and 2 ), then the Cauchy problem (11.1) is
not uniformly well-posed.

This problem is motivated by the following results: Let (M, g) be a riemannian compact
surface, then in [5], N. Burq, P. Gérard and N. Tzvetkov prove that (11.1) is uniformly
well-posed in Hσ(M) for σ > 1

2
. Whereas, in [4], they show that (11.1) is unstable on

the sphere S2 for 0 < σ < 1
4
. In fact they construct solutions of (11.1) of the form

uκn(t, x) = κeiλ
κ
nt(n

1
4
−σψn(x) + rn(t, x)), (11.3)

where 0 < κ < 1, ψn = (x1 + ix2)n is a spherical harmonic which concentrates on the
equator of the sphere when n −→ +∞ and where rn is an error term which is small.
To obtain instability, they consider κn −→ κ, then

‖uκn(0)− uκnn (0)‖Hσ(S2) . |κ− κn| −→ 0,

but

‖uκn(tn)− uκnn (tn)‖Hσ(S2) & κ|eiλκntn − eiλ
κn
n tn| −→ 2κ,

with a suitable choice of tn −→ 0.
We follow this strategy but as the surface is not rotation invariant, the ansatz will be
more complicated than (11.3).
This result is sharp, because in [6] they show that (11.1) is uniformly well-posed on S2

when σ > 1
4
.

On the other hand, in [3] J. Bourgain shows that (11.1) is uniformly well-posed on the
rational torus T2 when σ > 0.
These results show how the geometry of M can lead to instability for the equation
(11.1). Therefore it seems reasonable to obtain a result like Proposition 11.3 with
purely geometric assumptions.

We first make the following assumption on M :

Assumption 1. The manifold M has a periodic geodesic.

Denote by γ such a geodesic, then there exists a system of coordinates (s, r) near γ,
say for (s, r) ∈ S1×]− r0, r0[, called Fermi coordinates such that (see [12], p. 80)

1. The curve r = 0 is the geodesic γ parametrized by arclength and

2. The curves s = constant are geodesics parametrized by arclength. The curves r =
constant meet these curves perpendicularly.

3. In this system the metric writes

g =

(
1 0
0 a2(s, r)

)
.
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80 Instabilité géométrique pour Schrödinger sur des surfaces

We set the length of γ equal to 2π. Denote by R(s, r) the Gauss curvature at (s, r),
then a is the unique solution of

∂2a

∂r2
+R(s, r)a = 0,

a(s, 0) = 1,
∂a

∂r
(s, 0) = 0.

(11.4)

The initial conditions traduce the fact that the curve r = 0 is a unit-speed geodesic.
In these coordinates the Laplace-Beltrami operator is

∆ :=
1√
detg

div(
√

detg g−1∇) =
1

a
∂s(

1

a
∂s) +

1

a
∂r(a∂r).

A function on M , defined locally near γ, can be identified with a function of [0, 2π]×]−
r0, r0[ such that

∀(s, r) ∈ [0, 2π]×]− r0, r0[ f(s+ 2π, r) = f(s, ωr)

where ω = 1 if M is orientable and ω = −1 if M is not. Define

ω1 =
1

2
(ω − 1) ∈ {−1, 0}. (11.5)

From (11.4) we deduce that a admits the Taylor expansion

a = 1− 1

2
R(s)r2 +R3(s)r3 + · · ·+Rp(s)r

p + o(rp), (11.6)

with R(s) = R(s, 0) and

Rk(s) =
1

k!

∂ka

∂rk
(s, 0), (11.7)

for k ≥ 3.
As a(s+ 2π, r) = a(s, ωr), we deduce R(s+ 2π) = R(s) and for all j ≥ 3, Rj(s+ 2π) =
ωjRj(s).
Let p2 = 1

a2
σ2 + ρ2 be the principal symbol of ∆, and

d

dt
s(t) =

∂p2

∂σ
=

2σ

a2
,

d

dt
σ(t) = −∂p2

∂s
= −∂s(

1

a2
)σ2,

d

dt
r(t) =

∂p2

∂ρ
= 2ρ,

d

dt
ρ(t) = −∂p2

∂r
= −∂r(

1

a2
)σ2,

s(0) = s0, σ(0) = σ0, r(0) = r0, ρ(0) = ρ0,

(11.8)

its associated hamiltonian system, where p2 = p2(s(t), r(t), σ(t), ρ(t)). The system
(11.8) admits a unique solution and defines the hamiltonian flow

Φt : (s0, σ0, r0, ρ0) 7−→ (s(t), σ(t), r(t), ρ(t)).

The curve Γ = {(s(t) = t, σ(t) = 1/2, r(t) = 0, ρ(t) = 0), t ∈ [0, 2π]} is solution of (11.8)
and its projection in the (s, r) space is the curve γ. Now denote by φ the Poincaré map
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associated to the trajectory Γ and to the hyperplane Σ = {s = 0}. There exists a
neighborhood N of (σ = 1/2, r = 0, ρ = 0) such that the following makes sense: solve
the system (11.8) with the initial conditions (0, σ0, r0, ρ0) ∈ {0}×N and let T be such
that s(T ) = 2π, then φ is the application

φ : (r0, ρ0) 7−→ (r(T ), ρ(T )).

Moreover, the Poincaré map is continuously differentiable (see [13] p. 193). To obtain
its differential dφ(0, 0) at (0, 0), we linearize the system (11.8) about the orbit Γ, i.e.

d

dt
s(t) = 2σ,

d

dt
σ(t) = 0,

d

dt
r(t) = 2ρ,

d

dt
ρ(t) = −1

2
R(s(t))r,

(11.9)

then σ = 1
2
, s(t) = t and

d

dt

(
r
ρ

)
=

(
0 2

−R/2 0

)(
r
ρ

)
. (11.10)

Hence the application dφ(0, 0) is

dφ(0, 0) : (r0, ρ0) 7−→
(
r(2π), ρ(2π)

)
, (11.11)

where (r, ρ) solves (11.10). As dφ(0, 0) is symplectic, it admits two eigenvalues Λ and
Λ−1 that are called the characteristic multipliers of the system (11.10). We add the
following assumption on γ, which can be formulated in terms of the eigenvalues of
dφ(0, 0):

Assumption 2. The geodesic γ is stable, i.e. dφ(0, 0) is a rotation. Then the multi-
pliers take the form Λ = eiλ and Λ−1 = e−iλ with λ ∈ R. We assume moreover that
there exist τ, µ > 0 such that

∀(p, q) ∈ Z× N |p− qλ
π
| ≥ µ

|(p, q)|τ
, (11.12)

where |(p, q)| = |p| + |q|. When this condition is fulfilled, we say that γ is non degen-
erated.

Remark 11.4. Almost every λ ∈ R satisfies (11.12) with τ > 1. This is an easy
consequence of [1] p. 159, e.g.

Examples 1. Let M be a surface which has a periodic geodesic γ. In the general case,
the eigenvalues of dφ(0, 0) defined by (11.11) are Λ = ρeiλ and Λ−1 = ρ−1e−iλ, with
Λ + Λ−1 ∈ R+, i.e.

(ρ− ρ−1) sinλ = 0. (11.13)

Assume that M is a surface of revolution and that R > 0 on γ. Then the characteristic
multipliers are

Λ = ρe2πi
√
R and Λ−1 = ρ−1e−2πi

√
R.
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82 Instabilité géométrique pour Schrödinger sur des surfaces

i) If λ = 2π
√
R satisfies (11.12) then ρ = 1 and M satisfies the assumptions.

ii) Let 2
√
R 6∈ N. Let M̃ be a perturbation of M , and denote by

Λ̃ = ρ̃eiλ̃ and Λ̃−1 = ρ̃−1e−iλ̃,

the new characteristic multipliers.
By (11.13), ρ̃ = 1, and Assumption 2 is satisfied almost surely.

iii) Let a > 0, then the torus M = R/Z × R/aZ is not under the hypotheses : in this
case dφ(0, 0) is not diagonalizable.

Notice that the function r which satisfies (11.10) is solution of

ÿ(s) +R(s)y(s) = 0. (11.14)

Consider a0 the solution of (11.14) with initial conditions a0(0) = 1 and ȧ0(0) = i.
Then, from the Floquet theory, there exists a 2π-periodic function P so that

a0(s) = ei
λ
2π
sP (s)

(or a0(s) = exp (−i λ
2π
s)P (s), but λ can be replaced with −λ).

Here, and in all the paper we denote by ḟ = d
ds
f if f is differentiable. This notation is

motived by the fact that s will play the role of a time variable (see section 12).

In order to prove Proposition 11.3, we construct stationnary approximate solutions of
(11.1), as stated in the following theorem

Theorem 11.5. Assume 1 and 2. Let h ∈]0, 1] such that 1
h
∈ N, let κ, σ > 0 and

k ∈ N. Let λ be given by Assumption 2 and ω1 by (11.5).
Define E0(k) = − 1

4π
λ+ 1

2
k(ω1 − λ

π
).

Then for all N ∈ N, there exist λN(k) ∈ R and a family uN(h) such that
C1h

σ ≤ ‖uN(h)‖L2(M) ≤ C2h
σ with C1, C2 > 0 independent of N and h, and

−∆uN(h) = λN(k)uN(h)− ε|uN(h)|2uN(h) + hNgN(h) (11.15)

with for all N ∈ N
‖hNgN(h)‖Hn(M) . hN−n.

Moreover

λN(k) =
1

h2
− 2

h
E0(k) +

1√
h
εκ2h2σC0 +O(1),

where C0 > 0 is independent of ε, κ and σ.

Remark 11.6. The analog of Theorem 11.5 was proved by J. Ralston in [14] for the
linear case (ε = 0), with the same type of assumptions.

Remark 11.7. Consider the more general equations

i∂tu+ ∆u = F (u), (11.16)

where F : C −→ C is a C∞ function. The result of Theorem 11.5 is likely to hold with
other nonlinearities F (u), for example for F (z) = z3, F (z) = z4 or F (z) = (1 + |z|2)αz
with α < 1. However, the instability phenomenon is strongly related to the gauge
invariance of the equation (11.16).
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12 The WKB construction 83

The scheme of the paper is the following: Thanks to a scaling, we reduce the problem
(11.15) to the resolution of linear Schrödinger equations with a harmonic time depen-
dent potential, and we will see, using Assumption 2, that these equations have periodic
solutions. To prove Proposition 11.3 we show that the family uN(h) provides good
approximations of (11.1) in times where instability occurs.

Notations. In this paper c, C denote constants the value of which may change from
line to line. We use the notations a ∼ b, a . b if 1

C
b ≤ a ≤ Cb, a ≤ Cb respectively.

By δi,j we mean the Kronecker symbol, i.e. δi,j = 0 for i 6= j and δi,i = 1.

Remark 11.8. In the sequel we do not always mention the dependence on h of the
functions: we will write u, f , ri, . . . instead of uh, fh, ri,h, . . .

Acknowledgements. The author would like to thank his adviser N. Burq for his con-
stant guidance in this work, P. Pansu for his help in the frame of geometry, and B.
Helffer for having pointed out the reference [10].

12 The WKB construction

Consider the equation

−∆u = λu− ε|u|2u. (12.1)

Given h > 0, we are looking for a solution of the form

u = δh−
1
4 ei

s
hf(s, r, h), (12.2)

where δ = κhσ, with κ > 0 and 0 ≤ σ ≤ 1
4
. In all this section, δ will play the role of a

parameter.
We try to find a solution (u, λ) of (12.1) of the form

u ∼
∑
j≥0

hj/2uj, λ ∼ h−2
∑
j≥0

hj/2λj.

As we will see, identifying each power of h will lead to a linear equation which can be
solved with a suitable choice of λj.
Choose h such that h−1 ∈ N, this ensures that exp i s

h
is 2π−periodic. Such a condition

on h is natural and is known as a Bohr-Sommerfeld quantification condition.
With the ansatz (12.2), equation (12.1) becomes

− 1

a2
(
2i

h
∂sf + ∂2

sf −
1

h2
f)− 1

a
∂s(

1

a
)(
i

h
f + ∂sf)

−∂2
rf −

∂ra

a
∂rf = λf − εδ2h−

1
2 |f |2f. (12.3)

We make the change of variables x = r√
h

and set v(s, x, h) = f(s,
√
hx, h). Thus

∂rf = 1√
h
∂xv and ∂2

rf = 1
h
∂2
xv.

83



84 Instabilité géométrique pour Schrödinger sur des surfaces

Therefore we now have to find v ∼
∑

j≥0 h
j/2vj.

Using (11.6) we obtain the following Taylor expansions in h

1

a2
= 1 + hRx2 − 2h

3
2R3x

3 +O(h2),

a−1∂s(a
−1) = O(h) and a−1∂ra = O(h

1
2 ).

Equation (12.3) can therefore be written, after multiplication by 1
2
h

i∂sv +
1

2
∂2
xv −

1

2
Rx2v

=
1− λh2

2h
v + h

1
2R3x

3v +
1

2
εδ2h

1
2 |v|2v + hPv,

(12.4)

where

P = A1∂
2
s + A2∂s + A3∂x + A4 (12.5)

is a second order differential operator with coefficients Aj = Aj(s, x, h) satisfying Aj(s+
2π, x, h) = Aj(s, ωx, h) for 0 ≤ j ≤ 4.

Denote by E = 1−λh2
2h

= E0 +h
1
2E1 + · · ·+h

p
2Ep+o(h

p
2 ) and write v = v0 +h

1
2v1 + · · ·+

h
p
2 vp + o(h

p
2 ) and by identifying the powers of h we obtain the system of equations:

(
i∂s +

1

2
∂2
x −

1

2
Rx2 − E0

)
v0 = 0, (12.6)(

i∂s +
1

2
∂2
x −

1

2
Rx2 − E0

)
v1 = E1v0 +R3x

3v0 +
1

2
εδ2|v0|2v0, (12.7)

· · · = · · ·(
i∂s +

1

2
∂2
x −

1

2
Rx2 − E0

)
vp = Epv0 +Qp. (12.8)

· · · = · · ·

so that the (j + 1)th equation of unknown (vj, Ej) corresponds to the annihilation of

the coefficient of h
j
2 in (12.4).

Here Qp is a function which only depends on x, s, (vj)j≤p−1 and (Ej)j≤p−1.

Remark 12.1. Notice that thanks to the scaling, we have reduced the problem (12.1) to
the resolution of linear equations. However we have to solve them exactly; no smallness
assumption on x is possible, as x can be of size ∼ 1√

h
.

In this section we will show

Proposition 12.2. For all p ∈ N, there exist (E0, · · · , Ep) ∈ Rp+1 and (v0, · · · , vp) ∈(
C∞ ([0, 2π],S(R))

)p+1
with v0 6= 0, which solve the system (12.6)-(12.8).

This permits us to construct approximate solutions of (12.1); more precisely, we will
obtain the following proposition, which is the main result of this section.
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Proposition 12.3. Let χ ∈ C∞0 (] − r0, r0[) be such that 0 ≤ χ ≤ 1, χ = 1 on
[−r0/2, r0/2] and suppose moreover that χ is an even function. Let δ > 0. Denote
by

up(s, r) = δh−
1
4χ(r)ei

s
h (v0 + h

1
2v1 + · · ·+ h

p
2 vp)(s,

r√
h

) (12.9)

and by

λp =
1

h2
− 2

h
(E0 + h

1
2E1 + · · ·+ h

p
2Ep). (12.10)

Then up satisfies ‖up‖L2(M) ∼ δ and

−∆up = λpup − ε|up|2up + h
p−1
2 gp(h) (12.11)

with
∀h ∈]0, 1], ∀n ∈ N, ‖h

p−1
2 gp(h)‖Hn([0,2π]×R) . δh

p−1
2
−n.

12.1 Preliminaries: the analysis of the linear equations

We will solve the system (12.6)-(12.8) for x ∈ R. Notice that the Fermi coordinates
are only defined for |r| ≤ r0 i.e. for x ≤ r0√

h
. That’s the reason why we need the cutoff

which appears in the Proposition 12.3.

We first give an expansion of the operator P defined by (12.5).

Lemma 12.4. Let

P (s, x, h) = A1(s, x, h)∂2
s + A2(s, x, h)∂s + A3(s, x, h)∂x + A4(s, x, h),

be the differential operator defined by (12.5). Then for all p ≥ 2, P can be written

P (s, x, h) =

p−1∑
k=0

h
k
2Pk(s, x) + h

p
2 P̃p(s, x, h), (12.12)

so that
i) For all 0 ≤ k ≤ p− 1,

Pk(s, x) = Ak1(s, x)∂2
s + Ak2(s, x)∂s + Ak3(s, x)∂x + Ak4(s, x),

where Akj ∈ C∞
(
[0, 2π]× R

)
, for all s ∈ [0, 2π] the function x 7→ Akj (s, x) is a polyno-

mial and Akj (s+ 2π, x) = Akj (s, ωx).

ii) Let χ ∈ C∞0
(
] − r0, r0[

)
and v ∈ C∞

(
[0, 2π],S(R)

)
, then for all n ∈ N, there exists

C = C(p, n) independent of h ∈]0, 1] so that

‖χ(h
1
2x)P̃pv(s, x)‖Hn([0,2π]×R) ≤ C. (12.13)

Proof. We first compute the coefficients of P .
By the Taylor formula near r = 0 we have

1

a2
(s, r) = 1 +R(s)r2 − 2R3(s)r3 +

p+3∑
k=4

rkRk(s)

+
rp+4

(p+ 3)!

∫ 1

0

(1− t)p+3 ∂
p+4

∂rp+4

( 1

a2

)
(s, tr)dt,
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where Rk is given by (11.7).

Now write r =
√
hx and obtain

1

a2
(s,
√
hx) = 1 + hR(s)x2 − 2h

3
2R3(s)x3 + h2I1(s, x, h), (12.14)

where

I1(s, x, h) =

p+3∑
k=4

h
k−4
2 xkRk(s)+h

p
2
xp+4

(p+ 3)!

∫ 1

0

(1−t)p+3 ∂
p+4

∂rp+4

( 1

a2

)
(s,
√
hxt)dt. (12.15)

Similarly
1

a
∂s(

1

a
)(s,
√
hx) = hI2(s, x, h), (12.16)

with

I2(s, x, h) =

p+1∑
k=2

h
k−2
2
xk

k!

1

a
∂s(

1

a
)(s, 0)

+h
p
2
xp+2

(p+ 1)!

∫ 1

0

(1− t)p+1 ∂
p+2

∂rp+2

(1

a
∂s(

1

a
)
)
(s,
√
hxt)dt, (12.17)

and
∂r a

a
(s,
√
hx) = h

1
2 I3(s, x, h), (12.18)

where

I3(s, x, h) =

p∑
k=1

h
k−1
2
xk

k!

∂k

∂rk
(∂r a
a

)
(s, 0)

+h
p
2
xp+1

p!

∫ 1

0

(1− t)p ∂
p+1

∂rp+1

(∂r a
a

)
(s,
√
hxt)dt. (12.19)

Plug the expressions (12.14), (12.16) and (12.18) in equation (12.4), and deduce that
coefficients Aj are

A1 =
1

2
(−1− hRx2 + 2h

3
2R3x

3 − h2I1),

A2 = −iRx2 + 2ih
1
2R3x

3 − ihI1 −
1

2
I2,

A3 = −1

2
I3,

A4 =
1

2
(I1 − iI2).

Then with the developments (12.15), (12.17) and (12.19), we see that for all 1 ≤ j ≤ 4
and 0 ≤ k ≤ p− 1, x 7→ Akj (s, x) is a polynomial. Moreover as a(s+ 2π, x) = a(s, ωx),
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we also have Akj (s+ 2π, x) = Akj (s, ωx).

To obtain the bound (12.13), we now have to control the integral rests which appear
in (12.15),(12.17) and (12.19).
Let q ∈ N∗ and let (s, r) 7→ f(s, r) be one of the functions a−2, a−1∂s(a

−1) or a−1∂r.
Let χ ∈ C∞

(
]− r0, r0[

)
and define Fq by

Fq(s, x) = χ(
√
hx)

∫ 1

0

(1− t)q−1 ∂
q

∂rq
f(s,
√
hxt)dt.

As f ∈ C∞
(
[0, 2π]×] − r0, r0[

)
, we deduce that for all n1, n2 ∈ N there exists C =

C(q, n1, n2), independent of h ∈]0, 1] so that

∀(s, x) ∈ [0, 2π]× R, |∂n1
s ∂

n2
x Fq(s, x)| ≤ C. (12.20)

Now let v ∈ C∞
(
[0, 2π],S(R)

)
and n ∈ N. We can assume that n ≥ 2, so that Hn is

an algebra. Then by (12.20)

‖xq Fq v‖Hn([0,2π]×R) ≤ C‖Fq‖Hn([0,2π]×R)‖xq v‖Hn([0,2π]×R) ≤ C, (12.21)

and this yields ii).

Consider the Hilbertian basis of L2(R) composed of the Hermite functions (ϕk)k≥0

which are the eigenfunctions of the harmonic oscillator H = −1
2
∂2
x + 1

2
x2, i.e. Hϕk =

(k + 1
2
)ϕk. Moreover ϕk(x) = Pk(x)e−x

2/2 where Pk is a polynomial of degree k with

Pk(−x) = (−1)kPk(x). The link between the s-dependent operator −1
2
∂2
x + 1

2
R(s)x2

and H is given by the following result proved by M. Combescure in [10].

Theorem 12.5. Let a0 : R −→ C be the solution of (11.14) with a0(0) = 1, ȧ0(0) = i.
Define

α = log |a0|, β =
1

2i
log

a0

a0

,

let the unitary transform T (s) be defined by

T (s) = eiα̇(s)x2/2e−iα(s)D, where D = − i
2

(x · ∇+∇ · x),

and let U(s, τ) be the unitary evolution operator for −1
2
∂2
x + 1

2
R(s)x2, i.e. U(s, τ)ϕ is

the unique solution of the problem
(
i∂s +

1

2
∂2
x −

1

2
R(s)x2

)
u = 0,

u(τ, x) = ϕ(x) ∈ L2(R).

Then we have for any s, τ ∈ R

U(s, τ) = T (s)e−i(β(s)−(β(τ))HT (τ)−1.

Remark 12.6. The functions α and β are well defined: suppose that there exists s0

such that a0(s0) = 0, then Re a0 and Im a0 are linearly dependent, which is impossible
with this choice of the initial conditions.
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Remark 12.7. Define θ(s) = β(s) − λ
2π
s where λ is given by Assumption 2. Then α

and θ are 2π-periodic real functions. Moreover α(0) = α̇(0) = β(0) = θ(0) = 0.

Denote by S(R) the Schwartz space, i.e. the space of smooth functions which are fast
decreasing and their derivatives too.

Proposition 12.8. Let ψ0 ∈ S(R) and E ∈ C. Let f ∈ C∞ ([0, 2π]× R,R) be such
that

∀n ∈ N, ∀s ∈ [0, 2π], ∂ns f(s, ·) ∈ S(R),

in other words f ∈ C∞
(
[0, 2π],S(R)

)
.

Let ψ ∈ C1 ([0, 2π], L2(R)) ∩ C0 ([0, 2π], H2(R)) be the solution of i∂sψ +
1

2
∂2
xψ −

1

2
R(s)x2ψ − Eψ = f,

ψ(0, x) = ψ0(x).
(12.22)

Then ψ ∈ C∞ ([0, 2π],S(R)).

Proof. By replacing ψ with eiEtψ, we can assume that E = 0. The solution of equation
(12.22) is given by

ψ(s, ·) = U(s, 0)ψ0 − i
∫ s

0

U(s, τ)f(τ, ·)dτ

= T (s)e−iβ(s)H

(
ψ0 − i

∫ s

0

eiβ(τ)HT (τ)−1f(τ, ·)dτ
)
. (12.23)

As D is a transport operator, we have

T, T−1 : C∞ ([0, 2π],S(R)) −→ C∞ ([0, 2π],S(R)) ,

we only have to show that

eiβH : C∞ ([0, 2π],S(R)) −→ C∞ ([0, 2π],S(R)) .

This follows from the fact that β is regular and eiH : S(R) −→ S(R).

The description of U given in Theorem 12.5 yields the following representation of
U(s, 0)ϕk:

Proposition 12.9. For all k ∈ N and s, x ∈ R we have

U(s, 0)ϕk(x) = eiα̇(s)x2/2e−i(
1
2

+k)β(s)e−
1
2
α(s)ϕk

(
xe−α(s)

)
. (12.24)

Proof. According to Theorem 12.5, and as Hϕk = (k + 1
2
)ϕk,

U(s, 0)ϕk = eiα̇(s)x2/2e−i(k+ 1
2

)β(s)e−iα(s)Dϕk.

Denote by f(s) = e−iα(s)Dϕk. Then f is solution of the transport equation

∂sf = −1

2
α̇(s)

(
x∂xf + ∂x(xf)

)
= −1

2
α̇(s)

(
f + 2x∂xf

)
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with Cauchy data f(0, x) = ϕk(x). Make the change of variables σ = α(s) and set
g(σ) = f(s). Therefore g satisfies ∂σg = −1

2
(g+2x∂xg). The equation x = ẋ, x(0) = x0

admits the solution x(τ) = x0eτ and the characteristics method gives g(τ, x(τ)) =

e−
1
2
τϕk(x0) = e−

1
2
τϕk(x(τ)e−τ ), hence

f(s) = e−
1
2
α(s)ϕk(xe−α(s)).

Corollary 12.10. Let k ∈ N, define ω1 = 1
2
(ω − 1) and

E0(k) = − 1
4π
λ+ 1

2
k(ω1 − λ

π
). Then

wk = e−isE0(k)U(s, 0)ϕk

= e−isE0(k)eiα̇(s)x2/2e−i(
1
2

+k)β(s)e−
1
2
α(s)ϕk

(
xe−α(s)

)
(12.25)

is solution of the equation(
i∂s +

1

2
∂2
x −

1

2
R(s)x2 − E0(k)

)
wk(s, x) = 0.

Proof. On the one hand, from Proposition 12.9 we deduce

wk(s+ 2π, x) = e−2iπE0(k)e−iλ( 1
2

+k)wk(s, x) = e−ikω1πwk(s, x)

= (−1)kω1wk(s, x) = wk(s, ωx).

On the other hand, wk satisfies (12.6) because of the definition of U(s, 0).

Fix k0 ∈ N and take v0 = wk0 with the previous choice of E0(k0). This choice corre-
sponds to the k0th level of energy for the harmonic oscillator.

Remark 12.11. Until now we didn’t use the restriction (11.12), but it will be crucial
in the following.

Proposition 12.12. For all p ≥ 0, there exist Ep ∈ C and
vp ∈ C∞

(
[0, 2π],S(R)

)
which solve (12.8).

Remark 12.13. As stated in Theorem 11.5, the Ej’s are in fact real numbers. This
will be proved in Lemma 12.17.

Proof. We proceed by induction on p ∈ N.
For p = 0 the result was proved in Corollary 12.10.
Let p ≥ 1, and suppose that for all j ≤ p−1 there exist Ej ∈ C and vj ∈ C∞

(
[0, 2π],S(R)

)
which solve the (j + 1)th equation of (12.6). When p ≥ 2, set

ṽp−1 = h
1
2v1 + · · ·+ h

p−1
2 vp−1,

Ẽp−1 = h
1
2E1 + · · ·+ h

p−1
2 Ep−1
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and ṽ0 = Ẽ0 = 0. By (12.12), the function Qp given by (12.8) is the coefficient of h
p
2 in

the expansion in h of

Ẽp−1ṽp−1 +
1

2
εδ2|v0 + ṽp−1|2(v0 + ṽp−1) + h

( p−1∑
k=0

h
k
2Pk
)
(v0 + ṽp−1).

Now using the regularity of the vj’s and the fact that for all 0 ≤ k ≤ p − 1, Pk is an
operator

Pk : C∞
(
[0, 2π],S(R)

)
−→ C∞

(
[0, 2π],S(R)

)
,

we obtain Qp ∈ C∞
(
[0, 2π],S(R)

)
.

Moreover Qp satisfies, ∀(s, x) ∈ [0, 2π]× R

Qp(s+ 2π, x) = Qp(s, ωx)

because this property holds for the vj’s, and a.

Define Fp(s, x) = e−iα̇(s)e2α(s)x2/2Qp(s, xe
α(s)), then Fp ∈ C∞

(
[0, 2π],S(R)

)
and satisfies

Qp(s, x) = eiα̇(s)x2/2Fp(s, xe−α(s)) and Fp(s + 2π, x) = Fp(s, ωx). Let us decompose Fp
on the basis (ϕj)j≥0: there exists a unique family of smooth functions (gpj (s))j≥0 ∈ l2(N)
so that

Fp(s, y) =
∑
j≥0

gpj (s)ϕj(y). (12.26)

Then

Qp(s, x) =
∑
j≥0

gpj (s)e
iα̇(s)x2/2ϕj(xe−α(s)) =

∑
j≥0

hpj(s)wj(s, x), (12.27)

where according to (12.25)

hpj(s) = eisE0(j)ei(
1
2

+j)β(s)e
1
2
α(s)gpj (s). (12.28)

We have

Qp(s, ωx) =
∑
j≥0

hpj(s)wj(s, ωx),

but also

Qp(s, ωx) = Qp(s+ 2π, x) =
∑
j≥0

hpj(s+ 2π)wj(s+ 2π, x)

=
∑
j≥0

hpj(s+ 2π)wj(s, ωx),

and from the uniqueness of the hpj ’s we deduce hpj(s+ 2π) = hpj(s).
We are now looking for a solution of (12.8) of the form

vp(s, x) =
∑
j≥0

epj(s)wj(s, x) (12.29)
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where the epj ’s are 2π-periodic functions. For all j ≥ 0, by Corollary 12.10 we have(
i∂s +

1

2
∂2
x −

1

2
Rx2

)(
epjwj

)
= iėpjwj +

(
E0(k0)− E0(j)

)
epjwj,

hence we have to solve the equations

iėpj +
(
E0(k0)− E0(j)

)
epj = hpj + δj,k0Ep. (12.30)

As E0(k0)− E0(j) = 1
2
(k0 − j)(ω1 − λ

π
), the solutions of (12.30) take the form

epj(s) = e
1
2
i(k0−j)(ω1−λπ )s

(
Cp
j − i

∫ s

0

hpj(τ)e−
1
2
i(k0−j)(ω1−λπ )τdτ

)
(12.31)

for j 6= k0, and

epk0(s) = Cp
k0
− i
∫ s

0

hpk0(τ)dτ − iEps.

The constants Cp
j ∈ C and Ep ∈ C have to be determined such that epj(s+ 2π) = epj(s).

• Case j = k0:

epk0(s+ 2π) = −i
∫ 2π

0

hpk0(τ)dτ − 2πiEp + epk0(s),

thus epk0 is 2π-periodic iff

Ep = − 1

2π

∫ 2π

0

hpk0(τ)dτ. (12.32)

• Case j 6= k0:

Denote by h̃pj : τ 7−→ hpj(τ)e−i
1
2

(k0−j)(ω1−λπ )τ and by K = ei(k0−j)(πω1−λ). Then∫ s+2π

0

h̃pj(τ)dτ =

∫ 2π

0

h̃pj(τ)dτ +

∫ s+2π

2π

h̃pj(τ)dτ

=

∫ 2π

0

h̃pj(τ)dτ +K−1

∫ s

0

h̃pj(τ)dτ,

and by (12.31)

epj(s+ 2π) = Kei
1
2

(k0−j)(ω1−λπ )s
(
Cp
j − i

∫ s+2π

0

h̃pj(τ)dτ
)

= ei
1
2

(k0−j)(ω1−λπ )s
(
KCp

j − iK
∫ 2π

0

h̃pj(τ)dτ − i
∫ s

0

h̃pj(τ)dτ
)
. (12.33)

Notice that K 6= 1, as λ 6∈ πQ and choose

Cp
j =

iK

K − 1

∫ 2π

0

h̃pj(τ)dτ,

then according to (12.31)and (12.33), the function epj is 2π−periodic.
Now, we show that the constants Cp

j are uniformly bounded in j ≥ 0, so that the
function vp given by (12.29) is well defined. We first need the
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Lemma 12.14. Let (hpj)j≥0 ∈ l2(N) be the family of 2π−periodic functions defined by

(12.28) and hpj(s) =
∑

n∈Z c
p
l,je

ils its Fourier decomposition. Then for all n1, n2 ∈ N
there exists Cp > 0 such that for all j ∈ N∑

l∈Z

j2n1l2n2|cpl,j|
2 ≤ Cp.

Proof. Consider the function Fp ∈ C∞
(
[0, 2π],S(R)

)
which defines the family (gpj (s))j≥0 ∈

l2(N) with (12.26). Denote by H = −1
2
∂2
x + 1

2
x2. Let n1, n2 ∈ N and decompose the

function ∂n2
s H

n1Fp on the basis (ϕj)j≥0

∂n2
s H

n1Fp(s, y) =
∑
j≥0

g̃pj (s)ϕj(y)

where (g̃pj )j≥0 is a smooth family of functions in l2(N).

Using that Hϕj = (j+ 1
2
)ϕj and that Fp ∈ C∞

(
[0, 2π],S(R)

)
, we have for all n1, n2 ∈ N

∂n2
s H

n1Fp(s, y) =
∑
j≥0

(j +
1

2
)n1(gpj )

(n2)(s)ϕj(y).

By uniqueness of such a decomposition,(
(j +

1

2
)n1(gpj )

(n2)
)
j≥0

= (g̃pj )j≥0 ∈ l2(N).

Then by the definition (12.28) of hpj , an easy induction on n1, n2 ∈ N shows that(
jn1(hpj)

(n2)
)
j≥0
∈ l2(N)

. Write the Fourier decomposition of hpj

hpj(s) =
∑
n∈Z

cpl,je
ils

and by Parseval

∑
j≥0

∑
l∈Z

j2n1l2n2(s)|cpl,j|
2 =

∑
j≥0

j2n1

∫ 2π

0

|(hpj)(n2)(s)|2ds ≤ Cp.

In particular, for all j ∈ N ∑
l∈Z

j2n1l2n2|cpl,j|
2 ≤ Cp,

hence the result.
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End of the proof of Proposition 12.12: Using the Fourier decomposition of hj we obtain

Cp
j =

iK

K − 1

∫ 2π

0

h̃pj(τ)dτ

=
iK

K − 1

∑
l∈Z

cpl,j

∫ 2π

0

ei(l−
1
2

(k0−j)(ω1−λπ ))τ

= −i
∑
l∈Z

cpl,j

l − 1
2
(k0 − j)(ω1 − λ

π
)
. (12.34)

With Assumption 2 we have∣∣l − 1

2
(k0 − j)(ω1 −

λ

π
)
∣∣ =

1

2
|(2l − (k0 − j)ω1) + (k0 − j)

λ

π
|

≥ 1

2

µ

|(2l − (k0 − j)ω1, k0 − j)|τ
,

and for j ≥ k0, |2l − (k0 − j)ω1|+ |k0 − j| ≤ 2(|l|+ |j|), then∣∣l − 1

2
(k0 − j)(ω1 −

λ

π
)
∣∣ ≥ cµ

(|l|+ |j|)τ
. (12.35)

Hence, from (12.34) and (12.35) we deduce

|Cp
j | .

∑
l∈Z

|cpl,j|(|j|+ |l|)
τ .

∑
l∈Z

|cpl,j|(|j|
τ + |l|τ ). (12.36)

By Cauchy-Schwarz and Lemma 12.14, from (12.36) we obtain

|Cp
j | .

∑
l∈Z

1 + |l|
1 + |l|

|cpl,j|(|j|
τ + |l|τ )

.
(∑
l∈Z

1

(1 + |l|)2

) 1
2
(∑
l∈Z

|cpl,j|
2(1 + |l|)2(|j|2τ + |l|2τ )

) 1
2

≤ Cp. (12.37)

Set

vp(s, x) =
∑
j≥0

epj(s)wj(s, x).

For all j ∈ N, s 7−→ epj(s)wj(s, x) is continuous and there exists c > 0 such that for all
j > k0, and for all s ∈ [0, 2π]

|epj(s)wj(s, x)| . |gpj (s)||ϕj(cx)|

and this shows that vp ∈ C
(
[0, 2π], L2(R)

)
. Now using Proposition 12.8 we conclude,

by uniqueness of such a solution, that vp ∈ C∞
(
[0, 2π],S(R)

)
.
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12.2 The nonlinear analysis and proof of Proposition 12.3

Lemma 12.15. The constant E1 given by Proposition 12.12 writes
E1 = −εδ2C0 where C0 > 0 is independent of ε and δ.

Proof. Consider the equation(
i∂s +

1

2
∂2
x −

1

2
Rx2 − E0

)
v1 = E1v0 +R3x

3v0 +
1

2
εδ2|v0|2v0,

with
v0(s, x) = e−isE0(k0)eiα̇(s)x2/2e−i(

1
2

+k0)β(s)e−
1
2
α(s)ϕk0

(
xe−α(s)

)
.

By the definition of Qp (see (12.8)),

Q1(s, x) = R3(s)x3v0(s, x) +
1

2
εδ2|v0|2v0(s, x),

and by (12.27), Q1 can be written

Q1(s, x) =
∑
j≥0

h1
j(s)wj(s, x).

According to formula (12.32), we only have to compute the term h1
k0

in the previous
expansion.
Write the expansion of |ϕk0|2ϕk0 on the basis (ϕj)j≥0:

|ϕk0|2ϕk0 =
∑
j≥0

pjϕj, (12.38)

with pj ∈ R and pj = 0 for j − k0 = 1 mod 2 as ϕk(−x) = (−1)kϕk(x).
Then by (12.38) and the expression (12.25) of wj

|v0|2v0(s, x) = e−isE0(k0)eiα̇(s)x2/2e−i(
1
2

+k0)β(s)e−
3
2
α(s)|ϕk0|2ϕk0

(
xe−α(s)

)
=

∑
j≥0

pje
−isE0(k0)eiα̇(s)x2/2e−i(

1
2

+k0)β(s)e−
3
2
α(s)ϕj

(
xe−α(s)

)
=

∑
j≥0

fj(s)wj(s, x)

where

fj(s) = pje
−is(E0(k0)−E0(j))e−i(k0−j)β(s)e−α(s)

= pje
−i(k0−j)(θ(s)+ s

2
ω1)e−α(s).

Therefore fk0(s) = pk0e
−α(s) with, using (12.38), pk0 =

∫
R |φk0 |

4 > 0.
In the same manner we write

x3ϕk0(x) =
∑
j≥0

qjϕj(x), (12.39)
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with qj = 0 when j − k0 = 0 mod 2 and by (12.39) we have

R3(s)x3v0(s, x)

= R3(s)e−isE0(k0)eiα̇(s)x2/2e−i(
1
2

+k0)β(s)e
5
2
α(s)(xe−α(s))3ϕk0

(
xe−α(s)

)
=
∑
j≥0

qjR3(s)e−isE0(k0)e−i(
1
2

+k0)β(s)e
5
2
α(s)eiα̇(s)x2/2ϕj

(
xe−α(s)

)
.

By (12.25) we have

eiα̇(s)x2/2ϕk0
(
xe−α(s)

)
= eisE0(j)ei(

1
2

+j)β(s)e
1
2
α(s).

Then
R3(s)x3v0(s, x) =

∑
j≥0

f̃j(s)wj(s, x),

where

f̃j(s) = qjR3(s)e−is(E0(k0)−E0(j))e−i(k0−j)β(s)e3α(s)

= qjR3(s)e−i(k0−j)(θ(s)+
s
2
ω1)e3α(s).

Then f̃k0 = 0 as qj = 0 when j − k0 = 0 mod 2. Thus

h1
k0

(s) =
1

2
εδ2fk0(s) =

1

2
εδ2pk0e

−α(s).

Finally, from (12.32) we deduce

E1 = − 1

4π
εδ2pk0

∫ 2π

0

e−α(τ)dτ = −εδ2C0,

where C0 > 0 as pk0 > 0.

Lemma 12.16. Let ψ ∈ C∞0 (R) such that ψ = 0 near 0, and let f ∈ S(R).
Then for all n,N ∈ N, there exists C = C(n,N) so that

‖ψ(h
1
2 ·)f‖Hn(R) ≤ ChN . (12.40)

Proof. We only show (12.40) for n = 0, the general case follows from the Leibniz rule.
We can assume that suppψ ⊂ [a, b] with a > 0. Then as f ∈ S(R), for all N ∈ N,
there exists CN > 0 so that

|f(x)| ≤ CN
1

1 + |x|N
.

Thus ∫
R
|ψ(h

1
2x)|2|f(x)|2dx = h−

1
2

∫ b

a

|ψ(x)|2|f(h−
1
2x)|2dx

≤ CNh
N− 1

2

∫ b

a

|ψ(x)|2 1

hN + x2N
dx

≤ CNh
N− 1

2 ,

hence the result.
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Proof of Proposition 12.3. Let p ≥ 1, and consider

Vp(s, x) =
(
v0 + h

1
2v1 + · · ·+ h

p
2 vp
)
(s, x),

and
Ẽp = E0 + h

1
2E1 + · · ·+ h

p
2Ep,

where the vj’s and the Ej’s are given by Proposition 12.12.
Let χ ∈ C∞0 (] − r0, r0[) be an even function such that 0 ≤ χ ≤ 1 and χ = 1 on
[−r0/2, r0/2].
We claim that there exists Gp(h) ∈ C∞

(
[0, 2π],S(R)

)
, so that

∀n ∈ N, ‖Gp(h)‖Hn([0,2π]×R) ≤ Cn,p, (12.41)

where Cn,p is independent of h ∈]0, 1], and such that Gp(h) satisfies

χ(h
1
2x)

(
(i∂s +

1

2
∂2
x −

1

2
Rx2 − Ẽp)Vp

−h
1
2R3x

3Vp −
1

2
εδ2h

1
2 |Vp|2Vp − hPVp

)
= h

p+1
2 Gp(h). (12.42)

By construction of the vj’s and the Ej’s, in the l.h.s. of (12.42), the coefficient of hj

cancels for 0 ≤ j ≤ p.
Then write the expansion in powers of h

1

2
εδ2|Vp|2Vp =

3p+1∑
k=0

h
k
2V k

p ,

and use (12.12) to obtain

hPVp = h
( p−1∑
k=0

h
k
2Pk + h

p
2 P̃p
)( p∑

k=0

h
k
2 vk
)

:=

2p+2∑
k=0

h
k
2W k

p

We therefore obtain the explicit formula of Gp(h)

h
p+1
2 Gp(h) := −χ(h

1
2x)

2p+2∑
k=p+1

h
k
2W k

p − χ(h
1
2x)

3p+1∑
k=p+1

h
k
2V k

p − χ(h
1
2x)h

p+1
2 R3x

3vp

= −h
p+1
2 χ(h

1
2x)
( p+1∑
l=0

h
l
2W l+p+1

p

2p∑
l=0

h
l
2V l+p+1

p +R3x
3vp

)
.

The bound (12.41) then follows from an application of Lemma 12.4.

Denote by Ṽp = χ(h
1
2x)Vp, and write

PṼp = (A1∂
2
s + A2∂s + A3∂x + A4)(χ(h

1
2x)Vp)

= χ(h
1
2x)PVp + h

1
2χ′(h

1
2x)A3Vp.
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By (12.42) we deduce that

(i∂s +
1

2
∂2
x −

1

2
Rx2 − Ẽp)Ṽp − h

1
2R3x

3Ṽp −
1

2
εδ2h

1
2 |Ṽp|2Ṽp − hP Ṽp

= h
p+1
2 Gp

h + h
1
2χ′(h

1
2x)∂xVp +

1

2
hχ′′(h

1
2x)Vp

+
1

2
εδ2h

1
2χ(1− χ2)(h

1
2x)|Vp|2Vp − h

3
2χ′(h

1
2x)A3Vp

:= h
p+1
2 G̃p(h).

Each of the functions χ′, χ′′ and χ(1−χ2) vanishes near 0, hence by Lemma 12.16 and
(12.41)

∀n ∈ N, ‖G̃p(h)‖Hn([0,2π]×R) ≤ Cn,p. (12.43)

Finally, set

up = δh−
1
4 ei

s
hVp(s,

r√
h

),

then

−∆up − λpup + ε|up|2up =
2

h
ei
s
hh

p+1
2 G̃p(h),

and gp(h) = 2ei
s
h G̃p(h) satisfies the conclusion of Proposition 12.3 by (12.43).

Lemma 12.17. Let p ≥ 1 and Ep given by Proposition (12.12). Then Ep ∈ R.

Proof. We already know that E0, E1 ∈ R. Let p ≥ 3. Multiply (12.11) by up, integrate
on M and take the imaginary part

0 = ‖up‖2
L2Imλp + h

p−1
2 Im

∫
gp(h)up.

As ‖up‖L2 ∼ 1 and ‖gp‖L2 . 1, we obtain the estimate

|Imλp| . h
p−1
2 ‖gp‖L2‖up‖L2 . h

p−1
2

and as
Imλp = −2(ImE2 + h

1
2 ImE3 + · · ·+ h

p−1
2 ImEp)

it follows that for all 0 ≤ j ≤ p− 1, ImEj = 0, i.e. Ej ∈ R.

13 The instability for the nonlinear Schrödinger equation

13.1 The error estimate

Proposition 13.1. Let α > 0, σ ∈]0, 1
4
] and let v ∈ H2(M) be such that

‖v‖L2 . 1, ‖v‖L∞ . h−
1
4

+σ, ‖∆v‖L∞ . h−
9
4

+σ,
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and suppose that v satisfies

i∂tv + ∆v = ε|v|2v + hαR(h),

with for all β ∈ [0, 2], ‖R(h)‖Hβ . h−β. Let u be solution of{
i∂tu+ ∆u = ε|u|2u,
u(0, x) = v(0, x).

Then, if α > 1
4

+ 3σ we have

‖(u− v)(th)‖Hσ −→ 0 when h −→ 0,

where th ∼ h
1
2
−2σ log( 1

h
).

Proof. Define w = u− v and

E(t) = ‖w‖2
L2 + ‖h2∆w‖2

L2 .

We have E(0) = 0 and the following estimates:

‖w‖L2 ≤ E
1
2 , ‖∆w‖L2 ≤ h−2E

1
2 , ‖∇w‖L2 ≤ h−1E

1
2 . (13.1)

The function w satisfies the equation

i∂tw + ∆w = ε(|w + v|2(w + v)− |v|2v)− hαR(h). (13.2)

The energy method gives

1

2

d

dt
‖w‖2

L2 = Im

∫
w
(
ε(|w + v|2(w + v)− |v|2v)− hαR(h)

)
. hα‖w‖L2 + ‖w‖4

L4 + ‖w‖2
L2‖v‖2

L∞ .

The Gagliardo-Nirenberg inequality gives

‖w‖4
L4 . ‖w‖2

L2‖∇w‖2
L2 . h−2E2,

and as ‖v‖L∞ . h−
1
4

+σ, we obtain

d

dt
‖w‖2

L2 . hαE
1
2 + h−

1
2

+2σE + h−2E2. (13.3)

Now, apply ∆ to (13.2)

i∂t∆w + ∆2w = ε∆A− hα∆R(h), (13.4)

with

A = |w + v|2(w + v)− |v|2v
= 2w|v|2 + wv2 + w2v + 2|w|2v + |w|2w,
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13 The instability for the nonlinear Schrödinger equation 99

then

|∆A| . |v|2|∆w|+ |v||∇v||∇w|+ |∇v|2|w|+ |v||∆v||w|
+|∆v||w|2 + |w|2|∆w|+ |w||∇w|2,

hence

‖∆A‖L2 . ‖v‖2
L∞‖∆w‖L2 + ‖v‖L∞‖∇v‖L∞‖∇w‖L2 + ‖∇v‖2

L∞‖w‖L2

+‖v‖L∞‖∆v‖L∞‖w‖L2 + ‖∆v‖L∞‖w‖2
L4 (13.5)

+‖w‖2
L∞‖∆w‖L2 + ‖w‖L2‖∇w‖2

L4 .

The following inequality holds in dimension 2

‖w‖L∞ . ‖w‖
1
2

L2‖∆w‖
1
2

L2 . h−1E
1
2 ,

and with (13.1) and (13.5) we deduce

‖∆A‖L2 . h−
5
2

+2σE
1
2 + h−

13
4

+σE + h−4E
3
2 .

But
h−

13
4

+σE = h−
5
4

+σE
1
4h−2E

3
4 . h−

5
2

+2σE
1
2 + h−4E

3
2 ,

and we obtain
‖∆(A)‖L2 . h−

5
2

+2σE
1
2 + h−4E

3
2 . (13.6)

Now, using (13.6) and ‖∆(R(h))‖L2 . h−2, the energy method and the Cauchy-Schwarz
inequality gives

1

2

d

dt
‖∆w‖2

L2 = Im

∫
∆w
(
∆A− hα∆R(h)

)
. h−2E

1
2 (hα−2 + h−

5
2

+2σE
1
2 + h−4E

3
2 ), (13.7)

therefore from (13.3) and (13.7) we have

d

dt
E . hαE

1
2 + h−

1
2

+2σE + h−2E2.

Interpolation gives

‖w‖Hσ . ‖w‖L2 + ‖w‖Ḣσ . ‖w‖L2 + ‖w‖1−σ
2

L2 ‖∆w‖
σ
2

L2 . h−σE
1
2 := F.

The function F satisfies F (0) = 0 and

d

dt
F . h−σ+α + h−

1
2

+2σF + h−2+2σF 3. (13.8)

As long as h−2+2σF 3 . h−
1
2

+2σF , i.e. F . h
3
4 , we can write

d

dt
F . h−σ+α + h−

1
2

+2σF,
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and the Gronwall inequality yields

F . hα+ 1
2
−3σeCh

− 1
2+2σt.

The non linear term in (13.8) can be removed with the continuity argument for times
such that

hα+ 1
2
−3σeCh

− 1
2+2σt . h

3
4

+η,

with η > 0 i.e. for t . (α − 1
4
− 3σ − η)h

1
2
−2σ log 1

h
, which is possible with η small

enough as we assume α > 1
4

+ 3σ.

Corollary 13.2. Let κ > 0, 0 < σ < 1
4

and set δ = κhσ. Denote by v = e−iλ3tu3 where
u3 and λ3 are defined by (12.9) and (12.10) respectively.
Let u be solution of {

i∂tu+ ∆u = ε|u|2u,
u(0, x) = v(0, x).

Then ‖v‖Hσ ∼ 1 and

‖(u− v)(th)‖Hσ −→ 0 when h −→ 0,

where th ∼ h
1
2
−2σ log( 1

h
).

Proof. The result directly follows from Propositions 12.3 and 13.1, as for all 0 < σ < 1
4
,

we have σ + 1 > 1
4

+ 3σ.

13.2 The instability argument

Let κ, κh > 0 and consider v = v1 defined in Corollary 13.2 associated with κ and v2

associated with κh. Let u be a solution of{
i∂tu

j + ∆uj = ε|uj|2uj,
uj(0, x) = vj(0, x),

and th ∼ h
1
2
−2σ log 1

h
. Then

‖(u2 − u1)(th)‖Hσ ≥ ‖(v2 − v1)(th)‖Hσ − ‖(u2 − v2)(th)‖Hσ

−‖(u1 − v1)(th)‖Hσ . (13.9)

From Corollary 13.2 we deduce that for j = 1, 2

‖(uj − vj)(th)‖Hσ −→ 0. (13.10)

Observe that

‖(v2 − v1)(th)‖Hσ ∼
∣∣∣e−iλ23th − e−iλ

1
3th

∣∣∣ =
∣∣∣ei(λ23−λ13)th − 1

∣∣∣ ,
from Proposition 12.15 we have

(λ2
3 − λ1

3)th ∼ h2σ−1(κ− κh)th ∼ (κ− κh) log
1

h
.
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13 The instability for the nonlinear Schrödinger equation 101

It is possible to choose κh such that κh −→ κ and (κ − κh) log 1
h
−→ ∞. Then using

(13.9) and (13.10)

lim sup
h−→0

‖(u2 − u1)(th)‖Hσ ≥ lim sup
h−→0

‖(v2 − v1)(th)‖Hσ ≥ 2,

even though
‖(u2 − u1)(0)‖Hσ = ‖(v2 − v1)(0)‖Hσ ∼ |κ− κh|,

which tends to 0 with h. According to Definition 11.1, we have proved Proposition
11.3.
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In this paper we consider Hσ-supercritical nonlinear Schrödinger equations in an
analytic Riemannian manifold (Md, g), where the metric g is analytic. Using an analytic
WKB method, we are able to construct an Ansatz for the semiclassical equation for
times independent of the small parameter. These approximate solutions will help to
show two different types of instabilities. The first is in the energy space, and the second
is an immediate loss of regularity in higher Sobolev norms.

14 Introduction

Let (Md, g) be an analytic Riemannian manifold of dimension d ≥ 3. In all the paper
we assume that the metric g is analytic. Let p be an odd integer.
We consider the nonlinear Schrödinger equation{

i∂tu+ ∆gu = ω|u|p−1u, (t, x) ∈ R×Md,

u(0, x) = u0(x),
(14.1)

with either ω = 1 (defocusing equation) or ω = −1 (focusing equation).
Here ∆ = ∆g denotes the Laplace-Beltrami operator defined by ∆ = div∇.
It is known that the mass

‖u(t)‖L2(Md) = ‖u0‖L2(Md), (14.2)

and the energy

H(u)(t) =

∫
Md

(1

2
|∇u|2 +

ω

p+ 1
|u|p+1

)
dx = H(u0, ω), (14.3)

are conserved by the flow of (14.1), at least formally.
Denote also by

H+(u) =

∫
Md

(1

2
|∇u|2 +

1

p+ 1
|u|p+1

)
dx. (14.4)

In the following we will need the definition of uniform well-posedness :

Definition 14.1. Let X be a Banach space. We say that the Cauchy problem (14.1) is
locally uniformly well-posed in X, if for any bounded subset B ⊂ X, there exist T > 0
and a subspace YT ⊂ C

(
[−T, T ];X

)
, such that for all u0 ∈ B, there exists a unique

solution u ∈ YT of (14.1) and such that the flow map

u0 ∈ B 7−→ u(t) = Φt(u0) ∈ X,

is uniformly continuous for any −T ≤ t ≤ T .

14.1 Instability in the energy space

By the works of J. Ginibre and G. Velo [9], T. Cazenave and F. B. Weissler [6], we know
that (14.1) is locally uniformly well-posed in the energy space X = H1(Rd)∩Lp+1(Rd) =
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14 Introduction 107

H1(Rd) when p < (d+ 2)/(d− 2).
Our first result states that this result does not hold when p > (d+ 2)/(d− 2) is an odd
integer.

Theorem 14.2. Let p > (d + 2)/(d − 2) be an odd integer, ω ∈ {−1, 1}, and let H+

be given by (14.4). Let m ∈ Md. There exist a positive sequence rn −→ 0, and two
sequences un0 , ũ0

n ∈ C∞0 (Md) of Cauchy data with support in the ball
{
|x−m|g ≤ rn

}
,

a sequence of times tn −→ 0, and constants c, C > 0 such that

H+(un0 ) ≤ C, H+(ũ0
n) ≤ C, (14.5)

H+(un0 − ũ0
n) −→ 0, when n −→ +∞, (14.6)

and such that the solutions un, ũn of (14.1) satisfy

lim
n→+∞

∫
Md

∣∣(un − ũn)(tn)
∣∣p+1

dx > c. (14.7)

Moreover, the sequences un0 , ũ0
n can be chosen such that there exist ν0 > 0 and q0 > p+1,

such that for all 0 ≤ ν < ν0 and p+ 1 ≤ q < q0,

‖un0 − ũ0
n‖H1+ν(Md) + ‖un0 − ũ0

n‖Lq(Md) −→ 0. (14.8)

For k ∈ R, the norm ‖ · ‖Hk(Md) is defined by

‖f‖Hk(Md) = ‖(1−∆)k/2f‖L2(Md).

R. Carles [5] obtains a similar result for the defocusing cubic equation in Rd. An analog
of Theorem 14.2 was proved by G. Lebeau [12] for the supercritical wave equation, but
for a nonlinearity of the form up. After a rescaling of (14.1) to a semiclassical equation,
we also have an almost finite speed of propagation principle, which means that the
support of a solution travels with finite speed, for short times. This is one reason why
such a result was expected for nonlinear supercritical Schrödinger equations.

14.2 Ill-posedness in Sobolev spaces

Assume here that (Md, g) is the euclidien space with the canonical metric (Md, g) =
(Rd, can). Let T > 0 and let u :]− T, T [×Rd −→ C satisfy (14.1). Then for all λ ∈ R

uλ : ]− λ−2T, λ−2T [×Rd −→ C

(t, x) 7−→ uλ(t, x) = λ
2
p−1u(λ2t, λx),

is also a solution of (14.1).
Define the critical index for Sobolev well-posedness

σc =
d

2
− 2

p− 1
. (14.9)
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Then, for all f ∈ Ḣσc(Rd) (the homogeneous Sobolev space) and λ ∈ R

λ
2
p−1‖f(λ·)‖Ḣσc (Rd) = ‖f‖Ḣσc (Rd).

This scaling notion is relevant, as we have the following results :

• Let σ > σc, then the equation (14.1) is locally uniformly well-posed in X = Hσ(Rd),
[9],[6].

• If 0 < σ < σc, the problem (14.1) is ill-posed in Hσ(Rd), in the sense that there exist
a sequence of initial data un0 so that

‖un0‖Hσ(Rd) −→ 0,

and a sequence of times tn −→ 0 such that the solution un of (14.1) satisfies

‖un(tn)‖Hρ(Rd) −→ +∞,

for ρ = σ (see Christ-Colliander-Tao [8]), or even for all ρ ∈]σ/(d
2
− σ), σ] in the

particular case ω = 1 and p = 3, (see Carles [4] and Alazard-Carles [1]).

Here we prove

Theorem 14.3. Assume that (Md, g) = (Rd, can). Let p ≥ 3 be an odd integer,
ω ∈ {−1, 1}, and let 0 < σ < d/2− 2/(p− 1). There exist a sequence ǔn0 ∈ C∞(Rd) of
Cauchy data and a sequence of times τn −→ 0 such that

‖ǔn0‖Hσ(Rd) −→ 0, when n −→ +∞, (14.10)

and such that the solution ǔn of (14.1) satisfies

‖ǔn(τn)‖Hρ(Rd) −→ +∞, when n −→ +∞, for all ρ ∈
] σ
p−1

2
(d

2
− σ)

, σ
]
.

(14.11)

In the general case of an analytic manifold (Md, g) with an analytic metric g, we obtain
the weaker result

Theorem 14.4. Let p ≥ 3 be an odd integer, ω ∈ {−1, 1}, and let 0 < σ < d/2 −
2/(p− 1). Let m ∈ Md. There exist a positive sequence rn −→ 0 and a sequence
ǔn0 ∈ C∞0 (Md) of Cauchy data with support in the ball

{
|x −m|g ≤ rn

}
, a sequence of

times τn −→ 0 such that

‖ǔn0‖Hσ(Md) −→ 0, when n −→ +∞,

and such that the solution ǔn of (14.1) satisfies

‖ǔn(τn)‖Hρ(Md) −→ +∞, when n −→ +∞, for all ρ ∈
]
I(σ), σ

]
,

where I(σ) is defined by

I(σ) =

{ σ
2

for 0 < σ ≤ d
2
− 4

p−1
,

σ
p−1
2

( d
2
−σ)

for d
2
− 4

p−1
≤ σ < d

2
− 2

p−1
.
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In the case p = 3 and ω = 1, Theorem 14.3 was shown by R. Carles [4] using the
convergence of the WKB method for C∞ data. But for p > 3 this method fails, as the
justification of the WKB approximation on C∞ is still an open problem [10], [11].
Consider the semiclassical equation

ih∂tv + h2∆v = |v|p−1v. (14.12)

In [1], T. Alazard and R. Carles prove that for all non trivial initial condition v(0, ·) ∈
S(Rd), the solution v of (14.12) oscillates immediately: There exists τ > 0 so that

lim inf
h→0

‖|h∇|sv(τ)‖L2(Rd) > 0,

for all s ∈]0, 1]. This yields the result of Theorem 14.3 for the defocusing equation in
the euclidien space for any smooth Cauchy condition. Their method does not apply to
the focusing case.

Denote by σsob the Sobolev exponent so that Hσsob(Rd) ⊂ Lp+1(Rd), i.e.

σsob =
d

2
− d

p+ 1
. (14.13)

Let p > (d + 2)/(d − 2), then σsob < σc. As pointed out by R. Carles, for σ = σsob,
Theorem 14.3 yields

‖ǔn0‖Hσsob (Rd) −→ 0, ‖ǔn(τn)‖Hρ(Rd) −→ +∞,

for all ρ ∈]1, σsob]. This interval can not be enlarged. Indeed, for all ρ ≤ 1, the con-
servation of the quantities (14.2) and (14.3) together with the embedding Ḣσsob(Rd) ⊂
Lp+1(Rd) yield for all τ > 0

‖ǔn(τ)‖Hρ(Rd) −→ 0.

See also [3].

G. Lebeau [13] obtains a similar result for the wave equation in (Rd, can), with the
same range for ρ in (14.11), but the loss of derivatives is obtained with only one one
Cauchy condition, instead of a sequence.

Theorem (14.2) can not be deduced from Theorem (14.3). In fact, in the defocusing
case, the sequences constructed with σ = 1 such that

‖ǔn0‖H1(Md) −→ 0, ‖ǔn(τn)‖H1(Md) −→ +∞,

satisfy H+(ǔn0 ) −→ +∞, when n tends to infinity.

The instabilities of Theorem 14.2 and Theorem 14.3 are not geometrical effects, they
are only caused by the high exponent of the nonlinearity.
We could also consider more general analytic nonlinearities, for instance ±(1+ |u|2)α/2u
with α > (d+ 2)/(d− 2).
Notice that the focusing case with non analytic Cauchy conditions is more intricate, as
other phenomenons are involved, like finite time explosion.
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The main ingredient of the proof of our results is the construction of approximate
solutions of (14.1), via analytic nonlinear geometric optics, as done by P. Gérard in
[10]. This work will be adapted to the case (Md, g) = (Rd, can). We will work in
weighted spaces, so that these solutions concentrate in a point of Rd, and then the
construction in (Md, g) will follow directly, as we are able to work only in one local
chart.

The plan of the paper is the following

1. We first construct a formal solution of (14.1).
a) In Section 15 we deal with the case (Md, g) = (Rd, can) : First we reduce (14.1)

to a semiclassical equation as done in [12] and [4], then we adapt the analytic WKB
method given in [10] to Rd.

b) In Section 15.2 we consider the general case of an analytic manifold with an
analytic metric.
2. We obtain a family of approximate solutions of (14.1). (Section 16)
3. Using two different rates of concentration of this family, we prove the main results.
(Section 17)

Notations. In this paper c, C denote constants the value of which may change from
line to line. These constants will always be independent of h. We use the notations
a ∼ b, a . b if 1

C
b ≤ a ≤ Cb , a ≤ Cb respectively. We write a � b if a ≤ K−1b for

some large constant K which is independent of h.

Acknowledgements. The author would like to thank N. Burq his adviser for this in-
teresting subject and his guidance, and P. Gérard for giving his permission to reproduce
a part of the work [10] in the appendix. The author is also grateful to S. Alinhac and
T. Alazard for many enriching discussions and clarifications.

15 Nonlinear geometric optics

15.1 The Euclidian case

Reduction to a semiclassical equation

Following [12], [4], we reduce the equation (14.1) to a semiclassical equation, and there-
fore make the following change of variables and unknown function{

t = ~αs, x = ~z, h = ~β,
u(~αs, ~z) = ~γv(s, z, h),

(15.1)

where h ∈]0, 1] is a small parameter, and where β > 0. The value of β will be given in
Section 17, in terms of p and d to prove Theorem 14.2, and in terms of p, d and σ to
prove Theorem 14.3.
If we choose

α = β + 2, (p− 1)γ = −2(β + 1), (15.2)
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15 Nonlinear geometric optics 111

we are lead to studying the Cauchy problem{
ih∂sv(s, z) + h2∆v(s, z) = ω|v|p−1v(s, z),

v(0, z) = v0(z).
(15.3)

Following the ideas of nonlinear geometric optics, we can search a solution of (15.3) for
small times (but independent of h) of the form

v(s, z, h) = a(s, z, h)eiS(s,z)/h, (15.4)

where formally

a(s, z, h) =
∑
j≥0

aj(s, z)h
j. (15.5)

Then g is a formal solution of equation (15.3) if the couple (S, a) satisfies the system
∂sS + (∇S)2 + ω|a0|p−1 = 0,

∂sa+ 2∇S · ∇a+ a∆S − ih∆a+
iωa

h
(|a|p−1 − |a0|p−1) = 0,

S(0, z) = S0(z), a(0, z, h) = a0(z, h),

(15.6)

where v(0, z, h) = a0(z, h)eiS
0(z)/h.

In fact to obtain the system (15.6), plug (15.4) in equation (15.3) and identify the
coefficients in the expansion in powers of h. The first equation of (15.6) corresponds
to the coefficients of h0, and the second to the others, after division by h. Notice that
S will be a real function, if the data S(0, ·) is real.
The WKB method consists now in plugging the developement given by (15.5) in (15.6).
Annihilating the coefficients of hj, for j ≥ 0, yields a cascade of equations. And if we
are able to solve them, this gives an approximate solution vapp of (15.3)

ih∂svapp + h2∆vapp = |vapp|p−1vapp +O(h∞). (15.7)

Unfortunately, the obtained system is not closed: the equation which gives aj depends
on aj+1.
Moreover, in general, using (15.7), we can show that vapp is close to a solution of (15.3)
only for times s ∈ [0, Ch log 1

h
]. See [10], Corollaire 1.

To obtain an Ansatz for h-independent times, we work in an analytic frame. Thus in
the following we will consider z as a complex variable.

Construction of a formal solution of (15.3)

Here we adapt step by step the proof of P. Gérard [10] given in the case of the torus
Td to the case Rd.
We need Sjöstrand’s definition [14] of an analytic symbol.
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112 Instabilités pour les équations de Schrödinger surcritiques

Definition 15.1. We say that the formal series b(s, z, h) =
∑

j≥0 bj(s, z)h
j is an ana-

lytic symbol if there exist positive constants s0, l, A,B > 0 such that for all j ≥ 0

(s, z) 7→ bj(s, z) is an holomorphic function on {|s| < s0} × {|Im z| < l},

and
|bj(s, z)| ≤ ABjj! on {|s| < s0} × {|Im z| < l}. (15.8)

Notice that b has to be analytic in both variables, s and z.

To obtain proper estimates in Sobolev norms later, we want to make sure that the
functions are small at infinity in the space variable. Therefore we define the weight

W (z) = e(1+z2)1/2 , (15.9)

where z2 = z2
1 + · · · + z2

d for any z = (z1, · · · , zd) ∈ Cd. Notice that W is analytic in
the band {|Im z| < 1

2
}, thus in the following we fix l < 1

2
.

We introduce the space H(s0, l, B) composed of the analytic symbols satisfying

|W (z)bj(s, z)| ≤ ABjj! on {|s| < s0} × {|Im z| < l}, ∀j ≥ 0. (15.10)

H(s0, l, B) =

{
b =

∑
j≥0 bjh

j is an analytic symbol on(
{|s| < s0} × {|Im z| < l}

)
s.t. bj satisfies (15.10)

}
. (15.11)

Let ε < 1/B. For 0 ≤ θ ≤ 1, we can endow H(s0, l, B) with the norms

‖b‖θ =
∑
j≥0

εj

j!
sup

0<τ<1
sup

|s|<s0(1−τ)

sup
|Im z|<lτ

|W (z)bj(s, z)|
(

1− τ − |s|
s0

)j+θ
.

Each of these norms makes H(s0, l, B) a complete space.
In the following, fix 0 < ε < 1/B, and let 0 < h < ε. Fix also s0, B > 0 and l < 1

2
.

Denote by
H = H(s0, l, B),

and define
H0 = H(0, l, B),

the restriction to s = 0 of H, endowed with the induced norms. This is the space of
the initial conditions.
We will solve the system (15.6) in (H, ‖ ·‖1) with a fixed point argument. The choice of
the space and norms are inspired by abstract versions of the Cauchy-Kowaleski theorem
[2].

We first give some properties of these norms.

Lemma 15.2. There exists C > 0 such that for all θ, θ1, θ2 ∈ [0, 1] with θ1 + θ2 = θ,
and b1, b2 ∈ H

‖b1 b2‖θ ≤ C‖b1‖θ1‖b2‖θ2 . (15.12)
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Proof. Set
Ω =

{
(τ, s, z) | 0 < τ < 1, |s| < s0(1− τ), |Im z| < lτ

}
,

and denote by
sup

Ω
= sup

0<τ<1
sup

|s|<s0(1−τ)

sup
|Im z|<lτ

.

Let
b1 =

∑
j≥0

b1
j h

j, and b2 =
∑
j≥0

b2
j h

j,

be two elements of H, then b1 b2 can be written

b1 b2 =
∞∑
j=0

( j∑
k=0

b1
k b

2
j−k
)
hj. (15.13)

It is easy to check that there exists C > 0 so that

|W (z)| ≤ C|W (z)|2, (15.14)

on |Im z| < 1
2
.

Now let θ1, θ2 ≥ 0 be such that θ = θ1 + θ2. Then by (15.13) and (15.14)

‖b1 b2‖θ =
∞∑
j=0

εj

j!
sup

Ω

∣∣W (z)

j∑
k=0

b1
k b

2
j−k(s, z)

∣∣(1− τ − |s|
s0

)j+θ
≤ C

∞∑
k=0

∞∑
j=k

εk

k!
sup

Ω
|W (z)b1

k(s, z)|
(
1− τ − |s|

s0

)k+θ1

· εj−k

(j − k)!
sup

Ω
|W (z)b2

j−k(s, z)|
(
1− τ − |s|

s0

)j−k+θ2

= ‖b1‖θ1‖b2‖θ2 .

For |s| < s0, denote by ∂−1
s the operator defined by

∂−1
s b =

∫ s

0

b(σ)dσ for b ∈ H, (15.15)

and ∂−2
s = ∂−1

s ◦ ∂−1
s . We then have the following

Lemma 15.3. i) Let A be one of the operators

b 7→ ∇zb, b 7→ h∆zb, b 7→
1

h
(b− b0),

then there exists C > 0 such that for all h ∈]0, 1] and b ∈ H

‖∂−1
s Ab‖1 ≤ Cs0‖b‖1. (15.16)
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ii) For all θ ∈]0, 1], there exists Cθ such that for all h ∈]0, 1] and b ∈ H

‖∂−1
s b‖θ ≤ Cθs0‖b‖1. (15.17)

iii) There exists C > 0 such that for all h ∈]0, 1] and b ∈ H

‖∂−2
s b‖0 ≤ Cs0‖b‖1. (15.18)

Proof. We can assume that ‖b‖1 = 1. Then there exists a nonnegative sequence d =
(dj)j≥0 satisfying

∑
j≥0 dj = 1 so that, for all j ≥ 0, for all 0 < τ < 1, |s| < s0(1− τ),

|Im z| < lτ , we have

|W (z) bj(s, z)| ≤ C
j!

εj
dj

(1− τ − |s|
s0

)j+1
. (15.19)

Proof of i)
• We prove the inequality ‖∂−1

s ∇b‖1 ≤ Cs0‖b‖1. Let 0 < τ < 1, |s| < s0(1 − τ) and
|Im z| < lτ . Let τ < τ ′ < 1. By the Cauchy formula we deduce that for all |s′| ≤ |s|
and |Im z| < lτ

|∇bj(s′, z)| ≤
C

τ ′ − τ
sup

|Im z′|<lτ ′
|bj(s′, z′)|.

Thus, as |∇W | ≤ |W |, for all |s′| ≤ |s| and |Im z| < lτ

|W (z)∇bj(s′, z)| ≤
C

τ ′ − τ
sup

|Im z′|<lτ ′
|W (z′) bj(s

′, z′)|. (15.20)

Then by (15.19) and (15.20) we obtain∣∣∣W (z)

∫ s

0

∇bj(s′, z)ds′
∣∣∣ ≤ C

j!

εj
dj

∫ |s|
0

1

τ ′ − τ
d|s′|

(1− τ ′ − |s′|
s0

)j+1
.

We now make the choice

τ ′ − τ = 1− τ ′ − |s
′|
s0

, i.e. τ ′ =
1

2
(1 + τ − |s

′|
s0

), (15.21)

then τ ′ satisfies τ < τ ′ < 1 because 0 < τ < 1 and |s′| < (1− τ)s0.
Moreover, (15.21) yields

1− τ ′ − |s
′|
s0

=
1

2
(1− τ − |s

′|
s0

),

therefore∣∣∣W (z)

∫ s

0

∇bj(s′, z)ds′
∣∣∣ ≤ C

j!

εj
dj

∫ |s|
0

d|s′|
(1− τ − |s′|

s0
)j+2

≤ Cs0
j!

εj
dj
(
(1− τ − |s|

s0

)−j−1 − (1− τ)−j−1
)
.
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And thus, as |s| < s0(1− τ)

εj

j!

∣∣∣W (z)

∫ s

0

∇bj(s′, z)ds′
∣∣∣(1− τ − |s|

s0

)j+1

≤ Cs0

(
(1− (1− |s|

s0(1− τ)
)j+1

)
dj

≤ Cs0dj.

Finally, by the previous inequality

‖∂−1
s ∇b‖1 =

∑
j≥0

εj

j!
sup

0<τ<1
sup

|s|<s0(1−τ)

sup
|Im z|<lτ

∣∣W (z)

∫ s

0

∇bj(s′, z)ds′
∣∣(1− τ − |s|

s0

)j+1

≤ Cs0

∑
j≥0

dj ≤ Cs0,

which was the claim.

• The inequality h‖∂−1
s ∆b‖1 ≤ Cs0‖b‖1 can be shown by the same manner, using that

h < ε compensates the loss of one more derivative.

• Denote by b′ = (b− b0)/h, then for all j ≥ 0, b′j = bj+1. By (15.19)∣∣∣W (z)

∫ s

0

bj+1(s′, z)ds′
∣∣∣ ≤ s0

j + 1

(j + 1)!

εj+1
dj+1

(
(1− τ − |s|

s0

)−j−1 − (1− τ)−j−1
)
,

and therefore, for all 0 < τ < 1, |s| < s0(1− τ), |Im z| < lτ and j ≥ 0

εj

j!

∣∣∣W (z)

∫ s

0

bj+1(s′, z)ds′
∣∣∣(1− τ − |s|

s0

)j+1 ≤ s0

ε

(
1− (1− |s|

s0(1− τ)
)j+1

)
dj+1

≤ Cs0dj+1.

This yields h−1‖∂−1
s (b− b0)‖1 ≤ Cs0‖b‖1 for fixed ε > h.

Proof of ii)
By integration of inequality (15.19), we obtain for all j ≥ 1∣∣∣W (z)

∫ s

0

bj(s
′, z)ds′

∣∣∣ ≤ Cs0
j!

jεj
dj
(
(1− τ − |s|

s0

)−j − (1− τ)−j
)
.

≤ Cs0
j!

εj
dj(1− τ −

|s|
s0

)−j,

hence
εj

j!

∣∣∣W (z)

∫ s

0

bj(s
′, z)ds′

∣∣∣(1− τ − |s|
s0

)j+θ
≤ Cs0dj. (15.22)

For j = 0 we obtain∣∣∣W (z)

∫ s

0

b0(s′, z)ds′
∣∣∣ ≤ Cs0

(
log (1− τ)− log (1− τ − |s|

s0

)
)
,

then ∣∣∣W (z)

∫ s

0

b0(s′, z)ds′
∣∣∣(1− τ − |s|

s0

)θ
≤ Cs0d0. (15.23)
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By the definition of ‖ · ‖θ, inequalities (15.22) and (15.23) give the result.

The proof of iii) is similar, and is left here.

Lemma 15.4. There exists C > 0 such that for all h ∈]0, 1] and b1, b2 ∈ H

‖(∂−1
s b1) (∂−1

s b2)‖1 ≤ Cs2
0‖b1‖1‖b2‖1. (15.24)

Proof. By Lemma 15.2 we have

‖(∂−1
s b1) (∂−1

s b2)‖1 ≤ C‖∂−1
s b1‖ 1

2
‖∂−1

s b2‖ 1
2
.

The result then follows from (15.17) with θ = 1
2

and b = b1, b2.

Proposition 15.5. Let S0 ∈ H0(l, B) be a real analytic function, and let a0 ∈ H0(l, B)
be an analytic symbol. Then there exist s0 > 0, a real analytic function S ∈ H(s0, l, B),
and an analytic symbol a ∈ H(s0, l, B), such that v = aeiS/h is a formal solution of

equation (15.3) with Cauchy data v0 = a0eiS
0/h.

Remark 15.6. By the Cauchy formula, the function v = aeiS/h satisfies for all k ∈ N

sup
|s|<s0

sup
|Im z|<l/2

∣∣(1− h2∆
)k/2

v
∣∣ . e−|z|, (15.25)

and
sup
|s|<s0

sup
|Im z|<l/2

∣∣(1− h2∆
)k/2|v|p−1v

∣∣ . e−p|z|. (15.26)

This will be usefull in the sequel.

Proof. The proof is based on a fixed point argument in (H, ‖ · ‖1).
Set ϕ = ∇S and differentiate the first equation of (15.6) with respect to the space
variable, then we obtain ∂sϕ = −2ϕ · ∇ϕ− ω∇f(a0)

∂sa = −2ϕ · ∇a− a divϕ+ ih∆a− iωa

h

(
f(a)− f(a0)

)
,

(15.27)

where a(s, z) = a(s, z) and f(b) = (b b)
p−1
2

Differentiate the system (15.27) with respect to s and obtain


∂2
sϕ=− 2∂sϕ · ∇ϕ− 2ϕ · ∇∂sϕ− ω∂s∇f(a0)

∂2
sa=− 2∂sϕ · ∇ − 2ϕ · ∇∂sa− a div∂sϕ− ∂sa divϕ+ ih∆∂sa

− iω∂sa

h

(
f(a)− f(a0)

)
− iωa

h
∂s
(
f(a)− f(a0)

)
.

(15.28)

Write {
∂sϕ = ∂−1

s (∂2
sϕ) + ∂sϕ(0, ·),

∂sa = ∂−1
s (∂2

sa) + ∂sa(0, ·),
(15.29)
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and {
ϕ = ∂−2

s (∂2
sϕ) + s∂sϕ(0, ·) + ϕ(0, ·),

a = ∂−2
s (∂2

sa) + s∂sa(0, ·) + a(0, ·).
(15.30)

Now introduce the new unknown function u = (u1, u2) = (∂2
sϕ, ∂

2
sa). Hence we are lead

to solving a system of the form
u = F (s, u). (15.31)

We will show that for 0 < s0 < 1 small enough F is a contraction in a ball in (H, ‖ ·‖1).
Let R > 0 be such that

‖ϕ(0, ·)‖0, ‖∂sϕ(0, ·)‖0, ‖∇ϕ(0, ·)‖0, ‖∇∂sϕ(0, ·)‖0, ‖∆∂sϕ(0, ·)‖0 ≤ R,

and

‖a(0, ·)‖0, ‖∂sa(0, ·)‖0, ‖∇a(0, ·)‖0, ‖∇∂sa(0, ·)‖0, ‖∆∂sa(0, ·)‖0,

‖(a− a0)(0, ·)/h‖0, ‖∂s(a− a0)(0, ·)/h‖0 ≤ R.

• Write

∂sϕ∇ϕ =
(
∂−1
s ∂2

sϕ+ ∂sϕ(0, ·)
)
·(

∂−1
s (∂−1

s ∇)(∂2
sϕ) + s∇∂sϕ(0, ·) +∇ϕ(0, ·)

)
Then by (15.24) and (15.12)

‖∂sϕ∇ϕ‖1 . s2
0‖∂2

sϕ‖1‖∂−1
s ∇(∂2

sϕ)‖1 +R‖∂−1
s ∂2

sϕ‖1

+R‖∂−1
s (∂−1

s ∇)(∂2
sϕ)‖1 +R2,

and by (15.16) and (15.17)

‖∂sϕ∇ϕ‖1 . s3
0‖∂2

sϕ‖2
1 + s0R‖∂2

sϕ‖1 +R2

. s2
0‖∂2

sϕ‖2
1 +R2. (15.32)

• Similarly we obtain
‖ϕ∇∂sϕ‖1 . s2

0‖∂2
sϕ‖2

1 +R2, (15.33)

and

‖∂sϕ∇a‖1, ‖ϕ∇∂sa‖1, ‖a div ∂sϕ‖1, ‖∂sa divϕ‖1 . s2
0‖∂2

sϕ‖1‖∂2
sa‖1 +R2. (15.34)

• We have
∇∂sf(a0) = ∇∂−1

s ∂2
sf(a0) +∇∂sf(a0)(0, ·). (15.35)

By the Leibniz rule and (15.12)

‖∂2
sf(a0)‖1 . ‖∂2

sa0‖1‖a0‖p−2
0 + ‖(∂sa0)2‖1‖a0‖p−3

0 .

From (15.30) and (15.18)

‖a0‖0 . ‖∂−2
s ∂2

sa0‖0 +R . s0‖∂2
sa0‖1 +R. (15.36)
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118 Instabilités pour les équations de Schrödinger surcritiques

Now use (15.29), (15.24) and (15.17)

‖(∂sa0)2‖1 . s2
0‖∂2

sa0‖2
1 +R2. (15.37)

Finally, from (15.35), (15.36) and (15.37) we deduce

‖∇∂sf(a0)‖1 . s
p−1
2

0 ‖∂2
sa0‖

p−1
2

1 +R
p−1
2 . s

p−1
2

0 ‖∂2
sa‖

p−1
2

1 +R
p−1
2 . (15.38)

• Write
h∆∂sa = h∂−1

s ∆∂2
sa+ h∆∂sa(0, ·),

therefore by (15.16)
‖h∆∂sa‖1 . s0‖∂2

sa‖1 +R. (15.39)

• We now estimate the term ∂sa
h

(
f(a)− f(a0)

)
. Observe that

f(a)− f(a0) = (aa)
p−1
2 − (a0a0)

p−1
2

= (aa− a0a0)
(
(aa)

p−3
2 + · · ·+ (a0a0)

p−3
2

)
,

and
aa− a0a0 = (a− a0)a+ (a− a0)a0.

Then by (15.12)

‖∂sa
h

(
f(a)− f(a0)

)
‖1 . ‖∂sa

a− a0

h
‖1‖a‖p−2

0 . (15.40)

Use (15.29), (15.30) to write

∂sa
a− a0

h
=

(
∂−1
s (∂2

sa) + ∂sa(0, ·)
)

(
∂−1
s ∂−1

s

∂2
s (a− a0)

h
+ s

∂s(a− a0)(0, ·)
h

+
(a− a0)(0, ·)

h

)
,

then by (15.24), (15.12) and (15.17)

‖∂sa
a− a0

h
‖1 .

(
s0‖∂2

sa‖1 +Rs0

)(
‖∂−1

s

∂2
s (a− a0)

h
‖1 +R

)
. (15.41)

Moreover from (15.16) we have

‖∂−1
s

∂2
s (a− a0)

h
‖1 . s0‖∂2

sa‖1. (15.42)

Therefore inequalities (15.40), (15.41) and (15.42) yield

‖∂sa
h

(
f(a)− f(a0)

)
‖1 . sp0‖∂2

sa‖
p
1 +Rp. (15.43)

• Similar arguments are used to show that

‖a
h
∂s
(
f(a)− f(a0)

)
‖1 . sp0‖∂2

sa‖
p
1 +Rp. (15.44)
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Inequalities (15.32), (15.33), (15.34), (15.38), (15.39), (15.43) and (15.44) show that, if
s0 > 0 is small enough, there exists R1 > R such that F maps the ball of radius R1

(
in

(H, ‖ · ‖1)
)

into itself.

With analogous arguments, we can show that F is a contraction in (H, ‖ · ‖1).
Hence by the fixed point theorem, there exists a unique u = (∂2

sϕ, ∂
2
sa) ∈ H×H which

satisfies (15.31).
Let (ϕ0, a0) ∈ H × H, and consider the couple (∂sϕ(0, ·), ∂sa(0, ·)) ∈ H × H which
solves the system (15.27) at s = 0. Let u be the solution of (15.31) with these initial
conditions. Then with the formula (15.30) we recover the couple (ϕ, a) which is a
solution of (15.27). Moreover, (15.30) shows that (ϕ, a) ∈ H ×H.

Let S0 ∈ H0 and take ϕ0 = ∇S0. The function ϕ (with Cauchy condition ϕ(0, ·) = ϕ0)
is irrotational, as it satisfies the equation

∂sϕ = −2ϕ · ∇ϕ− ω∇f(a0).

Therefore there exists S so that ϕ = ∇S and which is solution of

∇
(
∂sS + (∇S)2 + ωf(a0)

)
= 0.

Moreover, it is possible to choose S such that

∂sS + (∇S)2 + ωf(a0) = 0.

Now the formula

S(s, z) =

∫ s

0

∂sS(σ, z)dσ + S0(z) = −
∫ s

0

(
ϕ · ϕ+ ωf(a0)

)
(σ, z)dσ + S0(z), (15.45)

shows that S ∈ H.

Finally, we have shown the existence of a solution (S, a) ∈ H ×H of the system
∂sS + (∇S)2 + ω|a0|p−1 = 0,

∂sa+ 2∇S · ∇a+ a∆S − ih∆a+
iωa

h
(|a|p−1 − |a0|p−1) = 0,

S(0, z) = S0(z) ∈ H0, a(0, z, h) = a0(z, h) ∈ H0.

With a Gronwall inequality, it is straightforward to check that S is real analytic.

Remark 15.7. The inequality ‖∂−1
s b‖0 ≤ Cs0‖b‖1 fails, and that is the reason why we

have to differentiate the system (15.27) with respect to the time variable, before applying
the contraction method.

15.2 The general case of an analytic manifold (Md, g)

Let (Md, g) an analytic Riemannian manifold of dimension d. We assume moreover
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120 Instabilités pour les équations de Schrödinger surcritiques

that g is analytic. Let m ∈ Md. Then there exist a neighbourhood U ⊂ Md of m, a
neighbourhood V ⊂ Rd of 0, and an homeomorphism

κ : U −→ V . (15.46)

In the chart (U , κ) the metric g can be written

g =
∑

1≤j,k≤d

gjk(x)dxjdxk,

where G = (gjk) is a positive symmetric matrix and analytic in V .
In these coordinates, we have the explicit formula for the Laplace-Beltrami operator

∆g = ∆g(x) =
1√

detG
div
(√

detG G−1∇ ·
)

=
1√

detG

∑
1≤j,k≤d

∂

∂xj

(√
detG gjk

∂

∂xk

)
,

where (gjk) = G−1. Every function involved in the former expression is analytic.
We now make the rescaling (15.1). The function

v(s, z, h) = ~−γu(~αs, ~z),

satisfies

ih∂tv(s, z) + h2∆(~z)v(s, z) = ω|v|p−1v(s, z), (s, z) ∈ R× ~−1V . (15.47)

We now adapt the analysis of Section 15 to the equation (15.47), in ~−1V instead of
Rd.
Let r > 0 such that

B(0, 3r) ⊂ V . (15.48)

Notice that on the set
{

(|~z| < 2r)∩ (|Im z| < l)
}

, the coefficients of ∆g are uniformly
bounded with respect to ~, as well as their derivatives.
Here we try to find a formal solution of (15.47) of the form

v(s, z, h) = a(s, z, h)eiS(s,z)/h =
(∑
j≥0

aj(s, z, h)hj
)
eiS(s,z)/h.

Therefore (S, a) has to satisfy the system
∂sS + (∇gS)2 + ω|a0|p−1 = 0,

∂sa+ 2∇gS · ∇ga+ a∆gS − ih∆ga+
iωa

h
(|a|p−1 − |a0|p−1) = 0,

S(0, z) = S0(z), a(0, z, h) = a0(z, h),

(15.49)

with ∇g = ∇g(~z), ∆g = ∆g(~z) and where v(0, z, h) = a0(z, h)eiS
0(z)/h.
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15 Nonlinear geometric optics 121

As the coefficients of ∆g now depend on h, we have to modify slightly the definition of
an analytic symbol. For ~ > 0 small enough, denote by

D~ = {|s| < s0} ×
{

(|~z| < 2r) ∩ (|Im z| < l)
}
,

and
W (z) = e(1+z2)1/2 .

Definition 15.8. We say that the formal series b(s, z, h) =
∑

j≥0 bj(s, z, h)hj is an
analytic symbol with weight W if there exist positive constants s0, l, A,B > 0 such that
for all j ≥ 0

(s, z) 7→ bj(s, z, h) is an holomorphic function on D~,

and
|W (z) bj(s, z, h)| ≤ ABjj! on D~, ∀j ≥ 0.

We denote by H~ = H~(s0, l, r, B) the space of these symbols and by H0
~ = H~(0, l, r, B)

the space of the initial conditions.
Let ε < 1/B. For 0 ≤ θ ≤ 1, we endow H~(s0, l, r, B) with the norms

‖b‖θ,~ =
∑
j≥0

εj

j!
sup

0<τ<1
sup

|s|<s0(1−τ)

sup
Γτ

|W (z) bj(s, z)|
(

1− τ − |s|
s0

)j+θ
,

where Γτ =
{

(|~z| < 2rτ) ∩ (|Im z| < lτ)
}

.

Now it is straightforward to check that the results of Lemma 15.2, Lemma 15.3 and
Lemma 15.4 hold when ‖ · ‖θ is replaced with ‖ · ‖θ,~ and that the constants involved in
the estimates do not depend on ~. This yields the following analog of Proposition 15.5

Proposition 15.9. Let S0 ∈ H0
~(l, r, B) be a real analytic function, and let a0 ∈

H0
~(l, r, B) be an analytic symbol. Then there exist s1 > 0 independent of ~, a real

analytic function S ∈ H~(s1, l, r, B), and an analytic symbol a ∈ H~(s1, l, r, B), such

that v = aeiS/h is a formal solution of equation (15.3) with Cauchy data v0 = a0eiS
0/h.

Remark 15.10. Proposition 15.5 is contained in Proposition 15.9: In the case (Md, g) =
(Rd, can), r = +∞ and H~(s1, l, r, B) = H(s1, l, B).

We are now able to construct an approximate solution of the problem (15.47).

Let c0 such that c0/h =: n ∈ N. Define

a(n)(s, z, h) =
∑
j≤n

aj(s, z, h, h)hj,

and
vapp(s, z, h) = a(n)(s, z, h)eiS(s,z)/h. (15.50)

where the aj’s and S are given by Proposition 15.9. The choice of the initial condition
vapp(0, z, h) will be made in Section 17.

We now show that if c0 is small enough, vapp is a good approximation to the problem
(15.3).
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122 Instabilités pour les équations de Schrödinger surcritiques

Proposition 15.11. Let s1 > 0 be given by Proposition 15.9. If c0 � 1, there exists
δ1 > 0 such that the function vapp defined by (15.50) satisfies

ih∂svapp + h2∆vapp = ω(vappvapp)
p−1
2 vapp + e−δ1/hg, (15.51)

with vapp = vapp(s, z) and where g is an analytic function on {|s| < s1} ×
{

(|~z| <
r) ∩ (|Im z| < l)

}
such that for all k ∈ N, there exists Ck > 0 independent of h so that

sup
|s|<s1

sup
|Im z|<l/2

‖(1− h2∆)k/2g(s, ·+ iIm z)‖L2(B(0,r/~)) ≤ Ck. (15.52)

Here we have used the convention that B(0, r/~) = Rd if r = +∞.

Proof. Denote by f(b) = (b b)
p−1
2 , with b = b(s, z). The function vapp satisfies the

equation

ih∂svapp + h2∆vapp − ωf(vapp)vapp

= −a(n)
(
∂sS + (∇S)2 + ωf(a0)

)
eiS/h

+ih
(
∂sa

(n) + 2∇S · ∇a(n) + a(n)∆S − ih∆a(n)

+
iωa(n)

h

(
f(a(n))− f(a0)

))
eiS/h.

(15.53)

For m = n, n+ 1 write the expansion in h

iωa(m)

h

(
f(a(m))− f(a0)

)
:=

pm−1∑
j=0

bj,mh
j. (15.54)

By construction the following system is satisfied


∂sS + (∇S)2 + ω(a0a0)

p−1
2 = 0,

∂sa
(n) + 2∇S · ∇a(n) + a(n)∆S − ih∆a(n−1) +

n∑
j=0

bj,n+1h
j = 0.

(15.55)

Notice that
bj,n = bj,n+1 for all j ≤ n− 1. (15.56)

Therefore by (15.56) and (15.55), (15.53) rewrites

ih∂svapp + h2∆vapp − ω(vappvapp)
p−1
2 vapp

= ih
(
− ihn+1∆an −

n∑
j=0

bj,n+1h
j +

pn−1∑
j=0

bj,nh
j
)
eiS/h

=
(
hn+2∆an − ihn+1bn,n+1 + ih

pn−1∑
j=n

bj,nh
j
)
eiS/h. (15.57)
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15 Nonlinear geometric optics 123

We now estimate each term of the r.h.s. of (15.57). By (15.54) we have

hbj,n = iω
( ∑
i1+···+ip=j

ãi1 · · · ãip − (a0a0)
p−1
2 aj

)
,

with ãik = aik or ãik = aik .
Now by (15.10), |aik | . Bik(ik)! e−|z|, thus

h|bj,n| . Bj
( ∑
i1+···+ip=j

(i1)! · · · (ip)! + j!
)

e−p|z| . Bjj! e−p|z|, (15.58)

and by the Stirling formula,

(pn)! . n1/2
(pn

e

)pn
,

we deduce from (15.58)

|h
pn−1∑
j=n

bj,nh
j| .

( pn−1∑
j=n

Bjj!hj
)
e−p|z|

≤ (p− 1)n(Bh)pn(pn)! e−p|z|

. h−
3
2

(Bc0p

e

)c0p

h e−p|z|,

as we have n = c0/h. Now choose c0 < e/(Bp), then there exists δ > 0 such that

|h
pn−1∑
j=n

bj,nh
j| .

pn−1∑
j=n

h|bj,nhj| . e−δ/he−p|z|.

Similarly, for some δ > 0

|hn+1bn,n+1| . e−δ/he−|z|,

|hn+2∆an| . e−δ/he−|z|.

Finally use that the function φ : (Re z, Im z) 7−→ e−|Re z+iIm z| satisfies

sup
|Im z|<l

‖φ(·, Im z)‖L2(B(0,r/~)) . 1.

We have therefore proved the estimate (15.52) for k = 0.
To treat the case k ≥ 0, use the Cauchy formula to obtain

sup
|s|<s1

sup
|Im z|<l/2

∣∣(1− h2∆)k/2aj
∣∣ . sup

|s|<s1
sup
|Im z|<l

|aj| . Bjj! e−|z|,

and
sup
|s|<s1

sup
|Im z|<l/2

∣∣(1− h2∆)k/2eiS/h
∣∣ . 1,

and we can easily adapt the previous computations.
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124 Instabilités pour les équations de Schrödinger surcritiques

16 Validity of the Ansatz

Proposition 16.1. Let vapp be the function defined by (15.50). Let v be the solution of{
ih∂sv + h2∆v = ω|v|p−1v, (s, z) ∈ R1+d,

v(0, z) = vapp(0, z).
(16.1)

Then there exist s2 > 0 and δ2 > 0 such that for all k ∈ N

sup
0<s<s2

‖(1− h2∆)k/2(v − vapp)(s)‖L2(B(0,r/~)) ≤ Cke
−δ2/h,

with Ck > 0.

Proof. It is given in [10], but we reproduce it in the appendix.

We are now able to define the Ansatz to the equation (14.1).

In the case (Md, g) = (Rd, can), we consider the function vapp given by (15.50) and
define

uapp(t, x) = ~γvapp(~−αt, ~−1x), (16.2)

where γ and α satisfy the relations (15.2) and h = ~β. The initial condition will be
given in the next section.
From Proposition 16.1 we deduce

Corollary 16.2. (The case (Md, g) = (Rd, can)) Let s2 be given by Proposition 16.1,
let uapp be given by (16.2), and let u be the solution of{

i∂tu+ ∆u = ω|u|p−1u, (t, x) ∈ R1+d,

u(0, x) = uapp(0, x).

Then for all k ∈ N
‖u− uapp‖L∞([0,~αs2];Hk(Rd)) −→ 0,

when h −→ 0.

In the general case of an analytic manifold (Md, g), we have to construct an approximate
solution supported in B(0, r) ⊂ U .
Let χ ∈ C∞0 (R), χ ≥ 0, such that

χ(ξ) =

{
1 for |ξ| ≤ r/2,

0 for |ξ| ≥ r.
(16.3)

Let 0 < η < 1, let vapp be given by (15.50) and consider

uapp(t, x) = ~γχ(~−η|x|)vapp(~−αt, ~−1x), (16.4)

where γ and α are given by the relations (15.2), and h = ~β.
We have

supp uapp ⊂ {(t, x) ∈ R1+d : |x| ≤ r~η},
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16 Validity of the Ansatz 125

which concentrates in x = 0.
Hence if ~ is small enough, uapp is supported in V , and we can transport this function
to U by the chart κ (see (15.46)).We therefore define the approximate solution uMapp of
(14.1) by

uMapp = uapp ◦ κ. (16.5)

In the following we write uMapp = uapp.
Then, as uapp is compactly supported, it can not be analytic. We now consider all the
functions only with real variables.
Up to now, we did not use the rate of decrease of the weight W−1 introduced in (15.10),
but it is needed now because of the truncation. However, because of the error e−c/~

induced from this cutoff, we obtain the following weaker result

Corollary 16.3. (The general case) Let s2 be given by Proposition 16.1, let uapp be
given by (16.4), and let u be the solution of{

i∂tu+ ∆u = ω|u|p−1u, (t, x) ∈ R×Md,

u(0, x) = uapp(0, x).
(16.6)

Let κ ≥ 0 such that β + η − κ < 1. Then for all k ∈ N

‖u− uapp‖L∞([0,~α+κs2];Hk(Md)) −→ 0,

when h −→ 0.

Proof. Let k > d/2 an integer, and set

‖f‖Hk
~

= ‖
(
1− ~2(β+1)∆

)k/2
f‖L2(Md).

With the Leibniz rule and interpolation we check that for all f ∈ Hk(Md) and g ∈
W k,∞(Md)

‖f g‖Hk
~
. ‖f‖Hk

~
‖g‖L∞(Md) + ‖f‖L2(Md)‖

(
1− ~2(β+1)∆

)k/2
g‖L∞(Md). (16.7)

Moreover, as k > d/2, for all f1, f2 ∈ Hk(Md)

‖f1 f2‖Hk
~
. ~−(β+1)k‖f1‖Hk

~
‖f2‖Hk

~
(16.8)

The function uapp satisfies

i∂tuapp + ∆uapp = ω|uapp|p−1uapp + e−c/~
1−η
q,

with
‖q‖Hk

~
. 1.

Let u be the solution of (16.6) and define w = u− uapp. Then w satisfies{
i∂tw + ∆w = ω

(
|w + uapp|p−1(w + uapp)− |uapp|p−1uapp

)
+ e−c/~

1−η
q

w(0, x) = 0.
(16.9)
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126 Instabilités pour les équations de Schrödinger surcritiques

We expand the r.h.s. of (16.9), apply the operator
(
1 − ~2(β+1)∆

)k/2
to the equation,

and take the L2- scalar product with
(
1− ~2(β+1)∆

)k/2
w. Then we obtain

d

dt
‖w‖Hk

h
.

p∑
j=1

‖wj up−japp‖Hk
h

+ e−c/~
1−η
. (16.10)

We now have to estimate the terms ‖wj up−japp‖Hk
h
, for 1 ≤ j ≤ p. From (16.7) we deduce

‖wj up−japp‖Hk
h

. ‖wj‖Hk
h
‖up−japp‖L∞(Md)

+‖wj‖L2(Md)‖
(
1− ~2(β+1)∆

)k/2
up−japp‖L∞(Md). (16.11)

By (16.8), and as we have

‖up−japp‖L∞(Md) . ~γ(p−j), ‖
(
1− ~2(β+1)∆

)k/2
up−japp‖L∞(Md) . ~γ(p−j), (16.12)

thus inequality (16.11) yields

‖wj up−japp‖Hk
h
. ~γ(p−j)~−(β+1)(j−1)k‖w‖j

Hk
h

.

Therefore, from (16.10) we have

d

dt
‖w‖Hk

h
. ~γ(p−1)‖w‖Hk

h
+ ~−(β+1)(p−1)k‖w‖p

Hk
h

+ e−c/~
1−η
.

Observe that ‖w(0)‖Hk
h

= 0. Now, for times t so that

‖w‖Hk
h
. ~γ+(β+1)k, (16.13)

we can remove the nonlinear term in (16.11), and by the Gronwall Lemma,

‖w‖Hk
h
. e−c/~

1−η
eC~γ(p−1)t. (16.14)

By (15.2), α = 2 + β and γ(p− 1) = −2(β + 1), thus for all 0 ≤ t ≤ s2~α+κ,

~γ(p−1)t ≤ s2~−β+κ,

and if β + η − κ < 1, the r.h.s. in (16.14) tends to 0. Then the inequality (16.13) is
satisfied for all 0 ≤ t ≤ s2~α+κ, and with a continuity argument, we infer that (16.14)
holds for 0 ≤ t ≤ s2~α+κ.
Finally,

‖w(t)‖Hk(Md) . ~−(β+1)k‖w(t)‖Hk
h
−→ 0,

for 0 ≤ t ≤ s2~α+κ, when ~ −→ 0, what we wanted to prove.
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17 The instability argument

We have now the tools to show our main results.
We consider Cauchy conditions v0 = a0eiS

0/h of (15.3) which do not oscillate, i.e. such
that S0 = 0. We have seen in the previous section, that for some analytic amplitudes
a0, the solution writes v = aeiS/h and therefore oscillates immediately with magnitude
∼ 1

h
.

Let χ be given by (16.3) and a0 ∈ H0(l, B) nontrivial (for instance a0(y) = e−y
2
).

Now set
uh0(x) = ~γχ(~−η|κ(x)|)a0(~−1κ(x)), (17.1)

as initial data for (14.1).
Then we have the Ansatz (15.50), (16.4), (16.5)

uapp(t, x) = ~γχ(~−η|κ(x)|)a(~−αt, ~−1κ(x))eiS(~−αt,~−1κ(x))/h, (17.2)

with uapp(0, ·) = uh0 .
For 0 < c0 � 1 satisfying Proposition 15.11, set

h = ~β =
c0

n
,

with n ∈ N, and this induces the sequences in the statements of our main results. In
particular

supp uh0 ⊂ {(t, x) ∈ R×Md : |κ(x)| ≤ r~η},
and hence we can choose

rn = max
|x|≤r~η

|κ−1(x)|g −→ 0,

in Theorems 14.2 and 14.3. Here we have assumed m = 0, reduction which is always
possible.

17.1 Proof of Theorem 14.2

Let 0 < ε < 1 and define

δh = ~εβ log
1

~
=

1

β
hε log

1

h
, (17.3)

which tends to 0 with h. This choice will become clear later. Consider

ũ0
h = (1 + δh)u

h
0 , (17.4)

and the associate function ũapp.

In all this subsection we take

γ = − d

p+ 1
.

This is the right parameter γ so that uapp and ũapp are normalized in Lp+1(Md) uni-
formly for h ∈]0, 1].
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Lemma 17.1. Let p ≥ (d+ 2)/(d− 2) be an odd integer, and let uh0 , ũ0
h be defined by

(17.1), (17.4). Then

H+(uh0) . 1, H+(ũ0
h) . 1.

There exist ν0 > 0 and q0 > p+ 1, such that for all 0 < ν < ν0 and p+ 1 ≤ q < q0

‖uh0 − ũ0
h‖H1+ν(Md), ‖uh0 − ũ0

h‖Lq(Md) −→ 0, (17.5)

when h −→ 0.

Proof. We make the change of variables y = ~−1κ(x), then

‖∇uh0‖2
L2(Md) ∼ ~2γ+d−2

∫
|y|≤r~−1+η

∣∣∇(χ(~1−ηy)a0(y)
)∣∣2dy

∼ ~2γ+d−2

∫ ∣∣∇a0(y)
∣∣2dy,

as 0 < η < 1.
As 2γ + d− 2 = −2d/(p+ 1) + d− 2 > 0 when p > 2d/(d− 2)− 1, it follows that

‖∇uh0‖L2(Md) −→ 0 for h −→ 0.

Compute

‖uh0‖
p+1
Lp+1(Md)

∼ ~(p+1)γ+d

∫
|a0(y)|p+1dy ∼ ~(p+1)γ+d.

By definition (p+ 1)γ + d = 0, hence ‖uh0‖Lp+1(Md) remains bounded when h tends to

0, as well as H+(uh0).

Similarly, H+(ũ0
h) . 1.

By the definition (17.3) of δh we also have for all σ ≥ 0

‖uh0 − ũ0
h‖2

Hσ(Md) ∼ ~2γ+d−2σδ2
h ∼ ~2γ+d−2σ+2εβ

(
log

1

~
)2
. (17.6)

The terms in (17.6) tend to 0 if

σ < γ +
d

2
+ εβ.

But, by (15.2) and as p > (d+ 2)/(d− 2),

γ +
d

2
> 1,

hence we can choose ν0 = εβ in the statement.
The proof of the other part is similar.

Proof of Theorem 14.2. The statements (14.5), (14.6) and (14.8) have already been
proved in Lemma 17.1.
Let 0 < ε < 1 which appears in (17.3), and set sh = h1−ε = ~β(1−ε) and th = ~αsh =
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17 The instability argument 129

~α+β(1−ε). Denote by S = S(~−αth, ~−1κ(x)) (resp. S̃) and by b = χ(~−η|κ(x)|)a(~−αth, ~−1κ(x))

(resp. b̃). Then we have

‖(uapp − ũapp)(th)‖Lp+1(Md) = ~γ‖b eiS/h − b̃ eiS̃/h‖Lp+1(U)

≥ ~γ‖b (ei(S̃−S)/h − 1)‖Lp+1(U) − ~γ‖b− b̃‖Lp+1(U). (17.7)

We now estimate the l.h.s. terms of (17.7).
First compute

~γ‖(b− b̃)(~−αth, ~−1κ(·))‖Lp+1(U) ∼ ~γ+d/(p+1)‖(b− b̃)(sh, ·)‖Lp+1(V).

From the well-posedness of (15.6), we deduce

‖(b− b̃)(sh, ·)‖Lp+1(~−1V) −→ 0,

where s2 is given by Proposition 16.1.
Hence

~γ‖(b− b̃)(~−αth, ~−1κ(·))‖Lp+1(U) −→ 0, h −→ 0. (17.8)

Secondly, a Taylor expansion near s = 0 shows that

(S̃ − S)(sh, y) ∼ −ω(p− 1)δhsh
(
χ(~−1−η|y|)a0(y)

)p−1
. (17.9)

Now observe that
δhsh
h
∼ log

1

h
−→ +∞.

We then deduce from (17.9) that for all |y| ≤ 1,

lim sup
h→0

∣∣ei(S̃−S)/h) − 1
∣∣ = 2,

and as ~γ‖b(sh, ~−1κ(x))‖Lp+1(U) ∼ 1, we obtain

lim sup
h→0

~γ‖b (ei(S̃−S)/h − 1)‖Lp+1(U) ≥ c. (17.10)

Thus, according to (17.8) and (17.10)

lim sup
h→0

‖(uapp − ũapp)(th)‖Lp+1(Md) ≥ c.

In fact, we can extract a subsequence of the previous expression such that

lim
h→0
‖(uapp − ũapp)(th)‖Lp+1(Md) ≥ c. (17.11)

Finally, if we denote by Lp+1 = Lp+1(Md),

‖(u− ũ)(th)‖Lp+1 ≥ ‖(uapp − ũapp)(th)‖Lp+1 − ‖(u− uapp)(th)‖Lp+1

−‖(ũ− ũapp)(th)‖Lp+1 . (17.12)

If ε > 0 is chosen small enough, we can apply Corollary 16.3, with κ = (1− ε)β, with
yields ‖(u − uapp)(th)‖Lp+1 , ‖(ũ − ũapp)(th)‖Lp+1 −→ 0 with h, and thus from (17.10)
and (17.12)

lim
h→0
‖(u− ũ)(th)‖Lp+1 ≥ lim

h→0
‖(uapp − ũapp)(th)‖Lp+1 > c,

which concludes the proof.
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17.2 Proof of Theorem 14.3

Here we deal with the case (Md, g) = (Rd, can).
Let β > 0 and γ(p−1) = −2(β+1) as prescribed by (15.2). Let 0 < σ < d/2−2/(p−1)
and σ

p−1
2

(d
2
− σ)

< ρ ≤ σ.

Consider uapp defined by (17.2) and let s2 > 0 be given by Proposition 16.1.
Then, according to Corollary 16.2, the solution u of (14.1) with initial condition u(0) =
uapp(0) satisfies for all k ∈ R

‖(u− uapp)(th)‖Hk(Rd) −→ 0, h −→ 0,

with th = ~αs2. To prove that u satisfies (14.10) and (14.11) we only have to check
that

‖uapp(0)‖Hσ(Rd) → 0 and ‖uapp(th)‖Hρ(Rd) → +∞.
To begin with,

‖uapp(0)‖Hσ(Rd) ∼ ~γ−σ+d/2. (17.13)

Then, use the equations (15.6) to observe that a∇S(s2, ·) 6≡ 0. Hence

‖uapp(th)‖Hσ(Rd) ∼ ~γ−(β+1)ρ+d/2. (17.14)

By (17.13) and (17.14), we only have to show that we can choose β > 0 so that

γ − σ + d/2 > 0, (17.15)

γ − (β + 1)ρ+ d/2 < 0. (17.16)

Let ε > 0 such that

σ < d/2− 2/(p− 1)− ε, (17.17)

ρ >
σ + ε

p−1
2

(d
2
− σ − ε)

, (17.18)

and take
γ = σ − d/2 + ε. (17.19)

Therefore by (17.17) and (17.19) we obtain

β = −p− 1

2
γ − 1 = −p− 1

2
(σ − d/2 + ε)− 1 > 0. (17.20)

Moreover, with the choice (17.19), inequality (17.15) is satisfied.
Finally, using the relations (17.19) and (17.20), we deduce that (17.16) is equivalent to

ρ >
1

β + 1
(γ + d/2) =

σ + ε
p−1

2
(d

2
− σ − ε)

,

which is satisfied by (17.18).
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17.3 Proof of Theorem 14.4

Assume here that (Md, g) is an analytic riemannian manifold with an analytic metric
g.
Consider the function uapp defined by (17.2) and let s2 > 0 be given by Proposition
16.1.
Let κ ≥ 0 such that β + η− κ < 1. Denote by th = ~α+κs2, then by Corollary 16.3, the
solution u of (14.1) with initial condition u(0) = uapp(0) satisfies for all k ∈ R

‖(u− uapp)(th)‖Hk(Md) −→ 0, h −→ 0. (17.21)

• Let
d

2
− 4

p− 1
≤ σ <

d

2
− 2

p− 1
. (17.22)

Choose ε > 0 so that

σ <
d

2
− 2

p− 1
− ε, (17.23)

and define
γ = σ − d/2 + ε,

thus

β = −p− 1

2
γ − 1 = −p− 1

2
(σ − d/2 + ε)− 1.

Then by (17.22) and (17.23), 0 < β < 1. Choose now η > 0 so small that 0 < β+η < 1.
The convergence (17.21) then follows with th = ~αs2 (i.e. with κ = 0).
Finally

‖uapp(th)‖Hσ(Rd) ∼ ~γ−(β+1)ρ+d/2 −→ +∞,
for

ρ >
1

β + 1
(γ + d/2) =

σ + ε
p−1

2
(d

2
− σ − ε)

,

which was to prove.

• Assume here that 0 < σ ≤ d
2
− 4

p−1
. For β > 0 and ε > 0, take κ = β − 1 + 2ε and

η = ε, so that β + η − κ = 1− ε < 1. Then (17.21) holds and

‖uapp(0)‖Hσ(Rd) ∼ ~γ−σ+d/2 and ‖uapp(th)‖Hσ(Rd) ∼ ~γ−(β+1−κ)ρ+d/2. (17.24)

Define γ = σ − d/2 + ε, then

β = −p− 1

2
γ − 1 = −p− 1

2
(σ − d/2 + ε)− 1 > 0,

and
‖uapp(0)‖Hσ(Rd) −→ 0 when h −→ 0.

The second term in (17.24) tends to +∞ when

ρ >
γ + d/2

β + 1− κ
=

σ + ε

2(1− ε)
,

which concludes the proof, as ε > 0 is arbitrary.
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1 Appendix

Here we reproduce a part of the work of P. Gérard [10].

Proposition 1.1. Let r > 0 be given by (15.48). Let vapp be the function defined by
(15.50), and let v be the solution of{

ih∂sv + h2∆v = ω|v|p−1v, (s, z) ∈ R1+d,

v(0, z) = vapp(0, z).

Then there exist s2 > 0, λ > 0 and δ2 > 0 such that v can be extended to a continuous
function on [0, s2], holomorphic-valued on

{
(|~z| < r) ∩ (|Im z| < λ)

}
, and so that for

all k ∈ N

sup
|s|<s2

sup
|Im z|<λ

‖(1− h2∆)k/2(v − vapp)(s, ·+ iIm z)‖L2(B(0,r/~)) ≤ Cke−δ2/h, (1.1)

with Ck > 0.

Proof. Let

rh = −ih∂svapp − h2∆vapp + ω(vappvapp)
p−1
2 vapp.

Then f1 = v − vapp satisfies

ih∂sf1 + h2∆f1 = F (s, z, f1, h) + rh, (1.2)

where F stands for

F (s, z, f2, h) = ω
(
(vapp + f2)

p+1
2 (vapp + f2)

p−1
2 − (vappvapp)

p−1
2 vapp

)
,

with f(s, z) = f(s, z).
We now show, that for s2 > 0 and λ > 0 small enough, there exists a solution f1 of
(1.2) such that f(s, z) is continuous on [0, s2], holomorphic-valued on |Im z| < λ, and
exponentially decreasing in h: There exists δ > 0 so that for all k ∈ N

sup
0≤s≤s2

sup
|Im z|<λ

‖(1− h2∆)k/2f1(s, ·+ iIm z)‖L2(B(0,r/~)) ≤ Cke
−δ/h.

This will be done thanks to a fixed point argument.
For 0 < λ < l and k > d/2, set

‖f‖h = sup
|Im z|<λ

‖(1− h2∆)k/2f(·+ iIm z)‖L2(B(0,r/~)).

Let s1 > 0 be given by Proposition 15.9. Let also δ > 0 and s2 ∈ [0, s1]. If f = f(s, z)
is continuous on [0, s1] and analytic on |Im z| < λ we set

Nh(f, s2) = sup
0≤s≤s2

e
δ(1− s

2s2
)/h‖f(s)‖h.

By the Sobolev embeddings, we have

sup
s≤s2

sup
|Im z|<λ

|f(s, z)| . Nh(f, s2)e−
δ
4h .

132



1 Appendix 133

By Proposition 15.11 we can choose δ > 0, λ > 0 and K > 0 so that

‖f1(0)‖h ≤ Ke−
δ
h , Nh(rh, s1) ≤ K, and sup

s≤s1
sup
|Im z|<λ

|vapp(s, z)| ≤ K. (1.3)

Now use that

‖f g‖h . h−k‖f‖h‖g‖h, sup
s≤s2
‖f(s)‖h . e−

δ
2hNh(f, s2), (1.4)

to deduce that for all L > 0, there exists CL > 0 and hL > 0 so that if h < hL and
Nh(f, s2) ≤ L, the following estimates hold

‖F (s, ·, f(s), h)‖h ≤ CL‖f(s)‖h, (1.5)

and

‖F (s, ·, f1(s), h)− F (s, ·, f2(s), h)‖h ≤ CL‖f1(s)− f2(s)‖h. (1.6)

Let L > 0 to be chosen and h < hL. For f such that Nh(f, s2) ≤ L, let w be the
solution of {

ih∂tw + ∆w = F (s, z, f, h) + rh,
w(0) = f1(0).

(1.7)

The usual L2-estimates for the Schrödinger equation and (1.4) yield

‖w(s)‖h ≤ ‖f1(0)‖h +
1

h

∫ s

0

(
CL‖f(τ)‖h + ‖rh(τ)‖h

)
dτ. (1.8)

Now use the exponential decrease of the norms ‖ · ‖h to obtain

1

h

∫ s

0

‖f(τ)‖hdτ ≤
2s2

ε
Nh(f, s2)e

δ(1− s
2s2

)/h
.

Then, with (1.3), we deduce from (1.8)

Nh(w, s2) ≤ K(1 +
2s2

ε
) +

2s2

ε
CLNh(f, s2). (1.9)

Now fix L ≥ 4K and s2 ≤ min (s1, ε/2, ε/(4CL)), by (1.9) we obtain Nh(w, s2) ≤ L.
We have proved that the application f 7→ w, induced by the equation (1.7), maps the
ball {f, Nh(f, s2) ≤ L} into itself. Finally use (1.6) to show that this application is
a contraction. Hence (1.2) admits a unique solution f1, which satisfies the estimate
(1.1).
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Résumé

Dans cette thèse on s’est intéressé à différents phénomènes d’instabilités pour des
équations de Schrödinger non linéaires.

Dans la première partie on met en évidence un mécanisme de décohérence de phase
pour l’équation (semi-classique) de Gross-Pitaevski en dimension 3. Ce phénomène
géométrique est dû à la présence du potentiel harmonique, qui permet de construire
-via une méthode de minimisation- des solutions stationnaires se concentrant sur des
cercles de R3.

Dans la deuxième partie, on obtient un résultat d’instabilité géométrique pour NLS
cubique posée sur une surface riemannienne possédant une géodésique périodique, stable
et non dégénérée. Avec une méthode WKB, on construit des quasimodes non linéaires,
qui permettent d’obtenir des solutions approchées pour des temps pour lesquels l’in-
stabilité se produit. On généralise ainsi des travaux de Burq-Gérard-Tzvetkov pour la
sphère.

Enfin, dans la dernière partie on considère des équations sur-critiques sur une variété
de dimension d. Grâce à une optique géométrique non linéaire dans un cadre analytique
on peut montrer un mécanisme de perte de dérivées dans les espaces de Sobolev, et une
instabilité dans l’espace d’énergie.

Abstract

In this work we study different instability phenomena for nonlinear Schrödinger
equations.

In the first part we show a phase decoherence mechanism for the semiclassical Gross-
Pitaevski equation in dimension 3. This geometrical phenomenon occurs because the
harmonical potential allows the construction of stationnary solutions to the equation
which concentrate on circles of R3.

In the second part, we obtain a geometric instability result for the cubic NLS on
a riemannian surface. We assume that this surface admits a stable and nondegenerate
periodic geodesic. Then with a WKB method we construct nonlinear quasimodes and
we obtain approximate solutions to the equation for times such that instability occurs.
Thus we generalize results of Burq-Gérard-Tzvetkov for the sphere.

In the last part, we consider supercritical Schrödinger equations on a riemannian
manifold of dimension d. Thanks to nonlinear geometric optics in an analytic frame,
we show a mechanism of loss of derivatives in Sobolev spaces, and an instabilty in the
energy space.

Mots-clefs : instabilité, équation de Schrödinger non linéaire, méthode WKB, optique
géométrique non linéaire.

Key words : instability, nonlinear Schrödinger equation, WKB method, nonlinear geo-
metric optics.

AMS Subject Classification : 35A07 ; 35A10 ; 35B33 ; 35B35 ; 35Q55 ; 35R25 ; 81Q05.
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