On stochastic calculus with respect to g-Brownian motion

AURELIEN DEYA AND RENE SCHOTT

ABSTRACT. Following the approach and the terminology introduced in [A. Deya and R.
Schott, On the rough paths approach to non-commutative stochastic calculus, J. Funct.
Anal., 2013], we construct a product Lévy area above the ¢g-Brownian motion (for ¢ € [0,1))
and use this object to study differential equations driven by the process.

We also provide a detailled comparison between the resulting “rough” integral and
the stochastic “Itd” integral exhibited by Donati-Martin in [C. Donati-Martin, Stochastic
integration with respect to ¢ Brownian motion, Probab. Theory Related Fields, 2003].

1. INTRODUCTION: THE ¢-BROWNIAN MOTION

The ¢-Gaussian processes (for ¢ € [0,1)) stand for one of the most standard families of
non-commutative random variables in the literature. Their consideration can be traced back
to a paper by Frisch and Bourret in the early 1970s [8]: the dynamics is therein suggested
as a model to quantify some possible non-commutativity phenomenon between the creation
and annihilator operators on the Fock space, the limit case ¢ = 1 morally corresponding to
the classical probability framework. The mathematical construction and basic stochastic
properties of the ¢-Gaussian processes were then investigated in the 1990s, in a series of
pathbreaking papers by Bozejko, Kiimmerer and Speicher [2, 3, 4].

For the sake of clarity, let us briefly recall the framework of this analysis and introduce
a few notations that will be used in the sequel (we refer the reader to the comprehensive
survey [11] for more details on the subsequent definitions and assertions). First, recall
that the processes under consideration consist of paths with values in a non-commutative
probability space, that is a von Neumann algebra A equipped with a weakly continuous,
positive and faithful trace ¢ . The sole existence of such a trace ¢ on A (to be compared
with the “expectation” in this setting) is known to give the algebra a specific structure,
with “LP”-norms

Xl o(e) == (I XIP)P (1X] = VXX¥)

closely related to the operator norm |.|:

I XN zr ey < IX1 11X = lim [[Xlzs() , forall X € A. (1)

®) >

Now recall that non-commutative probability theory is built upon the following fundamental
spectral result: any element X in the subset A, of self-adjoint operators in A can be
associated with a law that shares the same moments. To be more specific, there exists a
unique compactly supported probability measure p on R such that for any real polynomial
P’

| P@)dn(a) = ¢(P(x) . @
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Based on this property, elements in A, are usually referred to as (non-commutative) random
variables, and in the same vein, the law of a given family {X®};c; of random variables in
(A, p) is defined as the set of all of its joint moments

(p(X("l)---X(iT)) , d,..0. €1, reN.

With this stochastic approach in mind and using the terminology of [2], the definition of
a ¢-Gaussian family can be introduced along the following combinatorial description:

Definition 1.1. 1. Let r be an even integer. A pairing of {1,...,r} is any partition of
{1,...,7} into r/2 disjoint subsets, each of cardinality 2. We denote by P2({1,...,r}) or
Pa(r) the set of all pairings of {1,...,r}.

2. When m € P2({1,...,7}), a crossing in 7 is any set of the form {{z1,y1},{x2,v2}}
with {z;,y;} € ™ and x1 < x2 < y1 < ya. The number of such crossings is denoted by Cr(m).

Definition 1.2. For any fized q € [0, 1), we call a g-Gaussian family in a non-commutative
probability space (A, p) any collection {X;}icr of random variables in (A, ) such that, for

every integer v >1 and all i1,...,1. € I, one has
o(Xi - X)) = > g™ I e(x,X,) - (3)
7€P2({1,...,r}) {p.g}em

Therefore, just as with classical (commutative) Gaussian families, the law of a ¢-Gaussian
family {X;}icr is completely characterized by the set of its covariances ¢(X;X;), 4,5 € I. In
fact, when ¢ — 1 and ¢ is - at least morally - identified with the usual expectation, relation
(3) is nothing but the classical Wick formula satisfied by the joint moments of Gaussian
variables.

When g = 0, such a family of random variables is also called a semicircular family, in
reference to its marginal distributions (see [11, Chapter 8] for more details on semicircular
families, in connection with the so-called free central limit theorem).

We are now in a position to introduce the family of processes at the core of our study:

Definition 1.3. For any fized ¢ € [0,1), we call q-Brownian motion (q-Bm) in some
non-commutative probability space (A, @) any q-Gaussian family {Xi}i>0 in (A, p) with
covariance function given by the formula

gO(Xth> =sAtT. (4)

The existence of such a non-commutative process (in some non-commutative space (A, ¢))
has been established by Bozejko and Speicher in [3]. In the same spirit as above, the ¢-Bm
distribution can be regarded as a straightforward extension of two well-known processes:

e When ¢ — 1, one recovers the classical Brownian-motion dynamics, with independent,
stationary and normally-distributed increments.

e The 0-Brownian motion coincides with the celebrated free Brownian motion, whose freely-
independent increments are known to be closely related to the asymptotic behaviour of large
random matrices, following Voiculescu’s breakthrough results [14].

Thus, we have here at our disposal a family of processes which, as far as distribution
is concerned, provides a natural “smooth” interpolation between two of the most central
objects in probability theory: the standard and the free Brownian motions. It is then natural
to wonder whether the classical stochastic properties satisfied by each of these two processes
can be “lifted” on the level of this interpolation, or in other words if the properties known
for ¢ = 0 and ¢ — 1 can be extended to every ¢ € [0,1). Of course, any such extension
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potentially offers an additional piece of evidence in favor of this interpolation model, as a
privileged link between the free and the commutative worlds.

Some first results in this direction, focusing on the stationarity property and the marginal-
distribution issue, can be found in [2]:

Proposition 1.4. For any fized q € [0,1), let {X:}i>0 be a g-Brownian motion in some
non-commutative probability space (A, ). Then for all 0 < s < t, the random variable
X: — X has the same law as /t — s X1, in the sense of identity (2). In particular, any
q-Brownian motion {X:}i>0 is a %—Hb'lder path in A, i.e.

[1X: — X5l

sup ——— < | X < 00 . 5
up T < Il 9

Moreover, the law pg of X1 is absolutely continuous with respect to the Lebesgue measure;

its density is supported on [ \/IQTq, \/12_7] and is given, within this interval, by the formula

1 = , 2 cos 0
—/1 —¢gsin# 1—q¢")|1—¢"e®)? |, where z = with 6 € [0, 7] .
VT asng [T =) | d 0.7]

A next natural step is to examine the possible extension, to all ¢ € [0,1), of the stochastic
integration results associated with the free/classical Brownian motion. Let us here recall
that the foundations of stochastic calculus with respect to the free Brownian motion (that
is, for ¢ = 0) have been laid in a remarkable paper by Biane and Speicher [1]. Among other
results, the latter study involves the construction of a free It6 integral, as well as an analysis
of the free Wiener chaoses generated by the multiple integrals of the free Brownian motion.

fig(dz) =

These lines of investigation have been followed by Donati-Martin in [7] to handle the
general ¢-Bm case, with the construction of a ¢-1td integral and a study of the g-Wiener
chaos. Let us also mention the results of [5] related to the extension of the fourth-moment
phenomenon that prevails in Wiener chaoses.

In this paper, we intend to go further with the analysis related to the ¢g-Brownian motion.
To be more specific, we propose, in the continuation of [6], to adapt some of the main rough-
path principles to this setting. The aim here is to derive a very robust integration theory
allowing, in particular, to consider the study of differential equations driven by the ¢-Bm,
i.e. sophisticated dynamics of the form

dYy = f(Yy) - dXy - g(V2) (6)
for smooth functions f,g.

In fact, thanks to the general (non-commutative) rough-path results proved in [6] (and
which we will recall in Section 2), the objective essentially reduces to the exhibition of a
so-called product Lévy area above the ¢-Bm, that is a kind of iterated integral of the process
involving the product structure of A. Let us briefly recall that the definition of such an
object (which appears as quite natural in this algebra setting) has been introduced in [6] as a
way to overcome the possible non-existence problems arising from the study of more general
Lévy areas, in the classical Lyons’ sense [10] (see [13] for a description of the non-existence
issue in the free case).

At this point, we would like to draw the reader’s attention to the fact that the construction
in [7] of a ¢-Ito integral as an element of L?(¢) would not be not sufficient for our purpose.
Indeed, the rough-path techniques are based on Taylor-expansion procedures, which, for
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obvious stability reasons, forces us to consider an algebra norm in the computations. As a
result, any satisfying notion of product Lévy area requires some control with respect to the
operator norm, that is in L*(y) (along (1)), and not only with respect to the L?(¢)-norm
(see Section 2 and especially Definition 2.2 for more details on the topology involved in this
control).

In the particular case of the free Bm (¢ = 0), the Burkholder-Gundy inequality established
by Biane and Speicher in [1, Theorem 3.2.1] immediately gives rise to operator-norm controls
on the free It6 integral, which we could readily exploit in [6] to deal with rough paths in
the free situation. Unfortunately, and at least for the time being, no similar operator-norm
control has been shown for the ¢-It6 integral when ¢ € (0, 1). With our rough-path objectives
in mind, we will be able to overcome this difficulty though, by resorting to a straightforward
L*>°(p)-construction of a product Lévy area - the latter object being actually much more
specific than a general It6 integral. This is the purpose of the forthcoming Section 3, which
leads to the main result of the paper. Injecting this construction into the general rough-
path theory will immediately answer our original issue, that is the derivation of a robust
stochastic calculus for the ¢-Bm.

It is then possible to compare, a posteriori, the resulting rough integral with more familiar
¢-1t6 or g-Stratonovich integrals, through a standard L?(()-analysis and the involvement of
the so-called second-quantization operator. This comparison will be the topic of Section 4.
Let us however insist, one more time, on the fact that this sole L?(()-analysis would not
have been sufficient for the rough-path theory (and the powerful rough-path results) to be
applied in this situation.

Our construction of a product Lévy area will only rely on the consideration of the law of
the ¢-Bm, that is on the process as given by Definition 1.3. In other words, no reference will
be made to any particular representation of the process as a map with values in some specific
algebra (just as classical probability theory builds upon the law of the Brownian motion
and not upon its representation). The only reference to some particular representation of
the g-Brownian motion (namely its standard representation on the g-Fock space) will occur
in Section 4, as a way to compare our rough objects with the constructions of 7], based on
the Fock space.

Besides, we have chosen in this study to focus on the case where ¢ € [0,1) and intro-
duce the g-Brownian motion as a natural interpolation between the free and the standard
Brownian motions. We are aware that the definition of a ¢-Bm can also be extended to
every ¢ € (—1,0), that is up to the “anticommutative” situation ¢ — —1. In fact, we must
here specify that the positivity assumption on g will be used in an essential way for the
construction of the product Lévy area (see for instance (24)), and at this point, we do not
know if such an object could also be exhibited in the case ¢ < 0.

As we already sketched it in the above description of our results, the study is organized as
follows. In Section 2, we will recall the general non-commutative rough-path results obtained
in [6] and at the core of the present analysis. Section 3 is devoted to the construction of the
main object involved in the rough-path procedure, that is a product Lévy area above the
¢-Bm. Finally, Section 4 focuses on the L?(y)-comparison of the rough constructions with
more standard It6/Stratonovich definitions.
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2. GENERAL ROUGH-PATH RESULTS IN C*-ALGEBRAS

Our strategy to develop a robust L*°(y)-stochastic calculus for the ¢-Bm is based on
the non-commutative rough-path considerations of [6, Section 4]. Therefore, before we can
turn to the ¢-Bm situation, it is necessary for us to recall the main results of the theoretical
analysis carried out in [6]. This requires first a few brief preliminaries on functional calculus
in a C*-algebra (along the framework of [1]), as well as precisions on the topologies involved
in the study. Special emphasis will be put on the cornerstone of the rough-path machinery,
the product Lévy area, around which the whole integration procedure can be naturally
expanded.

Note that the considerations of this section apply to a general C*-algebra A, that we fix
from now on. In particular, no additional trace operator will be required here. As before,
we denote by ||.|| the operator norm on A, and A, will stand for the set of self-adjoint
operators in A. We also fix an arbitrary time horizon T' > 0 for the whole section.

2.1. Tensor product. Let A ® A be the algebraic tensor product generated by A4, and
just as in [1], denote by § the natural product interaction between A and A ® A, that is the
linear extension of the formula
(Ul ® Ug)ﬁX = Xﬁ(Ul ® Uz) =U1 XU, forallUy,Us, X € A.
In a similar way, set, for all Uy, Us,Us, X € A,
X4(U1 @U@ Us) := (h XU2) @Us , (U1 @Ua@ U)X :=U; ® (U2 XUs) .

Our developments will actually involve the projective tensor product ARA of A, that is the
completion of A ® A with respect to the norm

101 = 10l ag.a = inf 3TNV

where the infimum is taken over all possible representation U = ", U; ® V; of U. 1t is
readily checked that for all U € A® A and X € A, one has ||UfX| < ||U||||X]|, and so
the above #-product continuously extends to A®.A. These considerations can, of course, be
generalized to the n-th projective tensor product A®" > 1, and we will still denote by
||.]| the projective tensor norm on A%™.

Along the same terminology as in [1], we will call any process with values in A®.A, resp.
ARARA, a biprocess, resp. a triprocess.

2.2. Functional calculus in a C*-algebra. Following again the presentation of [1], let
us introduce the class of functions f defined for every integer k > 0 by

Fr={f:R—->C: f(x)= /Rezgm,uf(df) with /R|§|i,uf(d§) < oo for every i € {0,...,k}},

(7)
and set, if f € Fr, | fllr = S5 o g €] np(d€). Then, with all f € Fg and X € A, we
associate the operator f(X) along the formula

1) = [ e¥s(ae)

where the integral in the right-hand side is uniformly convergent in 4. This straightforward
operator extension of functional calculus happens to be compatible with Taylor expansions
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of f, a central ingredient towards the application of rough-path techniques. The following
notion of tensor derivatives naturally arises in the procedure (see the subsequent Examples
2.5 and 2.6):

Definition 2.1. For every f € F1, resp. f € Fo, we define the tensor derivative, resp.
second tensor derivative, of f by the formula: for every X € A,

1
f(X) = /0 dov /R i [@X @ (1mEXT] o (de) € ABA

resp. O2f(X) = — / /a 4o dords / €2 [e96X X @1=a=0EX] | (dg) € ABABA .
a—i—ﬁiﬁl R

2.3. Filtration and Ho6lder topologies. From now on and for the rest of Section 2, we

fix a process X : [0,7] — A, and assume that X is y-Ho6lder regular, that is

X — X
sup ———— ,
0<s<t<T |t — 8|7
for some fixed coefficient v € (1/3,1/2).

With this process in hand, we denote by {A¢}iejo 1) = {AX Frejor) the filtration generated
by X, that is, for each ¢ € [0,T], A; stands for the closure (with respect to the operator
norm) of the unital subalgebra of A generated by {X;}o<s<t-

For any fixed interval I C [0,T7], a process Y : I — A is said to be adapted if for each
t € 1,Y, € A. In the same way, a biprocess U : [0,7] — A®A, resp. a triprocess
U:[0,T] - ADARA, is adapted if for each t € [0,T], Uy € A;®Ay, resp. Uy € ARARA;.

Let us now briefly recall the topologies involved in the rough-path procedure, as far
as time-roughness is concerned (and following Gubinelli’s approach [9]). For V := A®"
(n > 1), let C1(I; V) be the set of continuous V-valued maps on I, and Ca(I; V') the set of
continuous V-valued maps on the simplex Sy := {(s,t) € I? : s < t} that vanish on the
diagonal. The increments of a path g € C1(I; V) will be denoted by dgs := gt — gs (s < t)
and for every a € (0,1), we define the a-Hoélder spaces C*(I; V), resp. C§(I;V), as

Shs
CHI; V) :={h eCi(I;V): NhCHI; V)] := sup I t|L
s<tel |t — 3]

< oo},

resp.

hs
CS(L; V) :={h €Co(L;V): N[h;CS(I; V)] := sup | tHa < oo} .
s<tel |t - 5|

2.4. The product Lévy area. Consider the successive spaces
Lp(A~) :={L = (Lg)o<s<t< : Lst € LIARAs, A)}

Lr(AS) :={L = (La)o<s<i<r : Lst € LIARAs, AL},
and for every A € [0,1], denote by C3(Lr(A-)), resp. C3(Lr(A)), the set of elements
Le Lp(A~), resp. L € Lp(A-), for which the following quantity is finite:

Ly [U]||
/\/'L;CA(ﬁ (AL)] = sup Hsi (8)
[L:Ca(Lr ] s<telor] [t — s U]
UEA5®A57U7£O

At this point, recall that we have fixed a v-Holder process X : [0,7] — A, (v € (1/3,1/2))
for the whole section 2.
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Definition 2.2. We call product Lévy area above X any process X2 such that:
(i) (2y-roughness) X2 € C37 (L1(AL)),
(i3) (Product Chen identity) For all s < u <t and U € A;®As,
X3[U] = X5,[U] = X3, [U] = (U6 Xsu) 0 X - (9)

Remark 2.3. Recall that Definition 2.2 is derived from the theoretical analysis performed in
[6, Section 4] with equation (6) in mind. At some heuristic level, and following the classical
rough-path approach, the notion of product Lévy area must be seen as some abstract version
of the iterated integral

2 [U] = [ (U85X) X, (10

noting that definition of this integral is not clear a priori for a non-differentiable process
X. As pointed out in [6], the above notion of “Lévy area” is specifically designed to handle
the non-commutative algebra dynamics of (6), and it offers a much more efficient approach
than general rough-path theory based on “tensor” Lévy areas (the object considered in
[10]). In a commutative setting (i.e., if A were a commutative algebra), the basic process
Ay (U) = %(Uﬁ(SXSt) 0 X4 would immediately provide us with such a product Lévy area.
In the general (non-commutative) situation though, this path only satisfies

Ast [U] - Asu [U] - Aut [U] = %[(UﬁéXsu) 5Xut + (Uﬂ(qut) 5Xsu} 3

so that A may not meet the product-Chen condition (ii), making Definition 2.2 undoubtedly
relevant.

2.5. Controlled (bi)processes and integration. A second ingredient in the rough-path
machinery (in addition to a “Lévy area”) consists in the identification of a suitable class
of integrands for the future rough integral with respect to X. The following definition
naturally arises in this setting:

Definition 2.4. Given a time interval I C [0,T], we call adapted controlled process, resp.
biprocess, on I any adapted process Y € C](I;A), resp. biprocess U € C](I; AR.A), with
increments of the form
(6Y)st = YX4(0X ) + Y25, , s<tel, (11)
resp.
_ X,1 X,2 b
(0U) gt = (0X) sl + U0 X))t + U, s<tel, (12)
for some adapted biprocess YX € (I, ARA) , resp. adapted triprocesses Ut ux? ¢
CY(I;A®3), and Y? ¢ C%W(I;A), resp. U’ € C227(I; ARA). We denote by Qx(I), resp.
Qx (1), the space of adapted controlled processes, resp. biprocesses, on I, and finally we

define Q% (I) as the subspace of controlled processes Y € Qx(I) for which one has both
Y=Y, and (YX)* =YX for every s € I.

Example 2.5. If f,g € Foand Y € Q% (I) with decomposition (11), then U := f(Y)®g(Y) €
Qx (I) with

US = 10F(Y) Y@ g(Ys) , UN? = f(Ye) @ [09(Ya) YT -
Ezample 2.6. If f € F3, then U := 9f(X) € Qx([0,7]) with UX! =UX? = 9% f(X5).

We are finally in a position to recall the definition of the rough integral with respect to
X, which can be expressed (among other ways) as the limit of “corrected Riemann sums”:
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Proposition 2.7. [6, Proposition 4.12] Assume that we are given a product Lévy area X>
above X, in the sense of Definition 2.2, as well as a time interval I = [¢1,0s] C [0,T].
Then for every U € Qx(I) with decomposition (12), all s < t € I and every subdivision
Dy ={to=s<t1 <...<ty, =t} of [s,t] with mesh |Dg| tending to 0, the corrected
Riemann sum
S (U0 )t + Ky, < U + [0 x X5 1665))

t;€Ds¢
converges in A as |Dg| — 0. We call the limit the rough integral (from s tot) of U against
X := (X,X2), and we denote it by fst U,tdX,. This construction satisfies the two following
properties:
o (Consistency) If X is a differentiable process in A and X? is understood in the classical
Lebesgue sense (that is, as in (10)), then [ U,4dX, coincides with the classical Lebesgue
integral U 4X}] du;
o (Stability) For every A € A, there exists a unique process Z € Qx (I) such that Zy, = A
and (62)s = [L U 4dX,, for all s <t € 1.

Theorem 2.8. [6, Theorem 4.15] Assume that we are given a product Lévy area X2 above
X. Let f=(f1,.--,fm) €EFL, g=(fF,.... fr) or (fr,..., fT), and fir A € A.. Then the

equation
m

Yo=A , (V)a=) fz( W dX, (V) , s<tel0,T], (13)
i=1"%

interpreted with Proposition 2.7, admits a unique solution Y € Q% ([0,T7).

2.6. Approximation results. Another advantage of the rough-path approach - beyond its
consistency and stability properties - lies in the continuity of the constructions with respect
to the driving (rough) path. In this non-commutative setting, and following the approach of
[6], the phenomenon can be illustrated through several “Wong-Zakai-type” approximation
results, which we propose to briefly review here. To this end, for every sequence of partitions
(D") of [0, T] with mesh tending to zero, denote by { X{ };cj0,7] = {XtDn}tE[O,T] the sequence
of linear interpolations of X along D", ie., if D" :={0=ty<t; <... <t =T},

t—
Xgl = X + 7(5Xt itivt fort € [ti,tﬂ_ﬂ .
i — b
Then consider the sequence of approximated product Lévy areas defined for every U € A&.A
as

n t
XU = X5 (U] [ (UnXn) Ay s<te 0], (14)

where the integral is understood in the classical Lebesgue sense. In other words, if ¢ < s <
tpp1 <t <t <tpga,

tr4+1 U
X2 [U] = / d—(UmeaX)

tk+1—tk
+ Z /

i+1
i=k+1 t; z+1

trtk+1

(U)X + [ (U3X%,) (6X)

tetkt1 -
tk+1 — tg

Proposition 2.9. [6, Proposition 4.16] Assume that there erists a product Lévy area X2
above X such that, as n tends to infinity,

NIX" = X;:C7([0,T); A)] = 0 and N[X>" —X2,C(Lr(A))] =0 . (15)
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Then for all f,g € F3, it holds that
[ reenaxi oy 2 [ ) dxug(X) i GO.TEA) . (10)

where the integral in the limit is interpreted with Proposition 2.7. Similarly, for all f € F3,
one has

/ DF (X)X 22y / Of (Xu)tdXa in CJ([0,T]: A) (17)

which immediately yields Ité’s formula: for all s <t € [0,T],
Yot = / 0f (X)X, (18)
Finally, for some fixed f = (f1,..., fm) € F§*and g = (ff,..., fr) (or g :== (f}, ..., f)),

let us denote by Y™ = YP" the solution of the classical Lebesgue equation on [0, T']
Yo —Ae A, dyy =" RO dX] gy .

Theorem 2.10. [6, Theorem 4.17] Under the assumptions of Proposition 2.9, one has

Y™ 222 Y in ([0, T); A), where Y is the solution of (13) given by Theorem 2.8.

As we pointed it out in the introduction, these convergence results are based on Taylor-
expansion procedures and accordingly, the consideration of an algebra norm for the control
of U and L4[U] in the roughness assumption (8) is an essential ingredient.

3. A PRODUCT LEVY AREA ABOVE THE ¢g-BROWNIAN MOTION

We go back here to the ¢-Bm setting described in Section 1. Namely, we fix ¢ € [0,1) and
consider a g-Brownian motion (X¢);>0 in some non-commutative probability space (A, ¢).
With the developments of the previous section in mind, the route towards an efficient
operator-norm calculus for X is now clear: we need to exhibit a product Lévy area above
X, in the sense of Definition 2.2. Our main result thus reads as follows:

Theorem 3.1. Denote by {X"}t>0 the linear interpolation of X along the dyadic partition
={tl', 1> 0}, 17 := 2% Then there exists a product Lévy area X>° above X, in the
sense of Deﬁm’tz’on 2.2, such that for every T > 0 and every 0 <y < 1/2, one has

X" =X in CJ([0,T;A) and X>" —X> in C(Lr(AL)), (19)
where X>™ is defined by (14). We call X*° the Stratonovich product Lévy area above X .

Based on this result, the conclusions of Proposition 2.7, Theorem 2.8, Proposition 2.9
and Theorem 2.10 can all be applied to the g-Brownian motion, with limits understood as
rough integrals with respect to the “product rough path” X° := (X X2%). The Stratonovich
terminology is here used as a reference to the classical commutative situation, where the
(almost sure) limit of the sequence of approximated Lévy areas would indeed coincide with
the Stratonovich iterated integral (see also Corollary 4.10 for another justification of this
terminology).

Before we turn to the proof of Theorem 3.1, let us recall that the whole difficulty in
constructing a stochastic integral with respect to the general ¢-Bm, in comparison with
the free (¢ = 0) or the commutative (¢ — 1) cases, lies in the absence of any satisfying
“g-freeness” property for the increments of the process when ¢ € (0,1) (as reported by
Speicher in [12]). For instance, if s < u < t,

@((Xu_Xs)(Xt_Xu>(Xu_Xs)(Xt_Xu)) = q(P<(Xu_XS)2)QO((Xt_Xu)2) =q ’u_sHt_u’ ’
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which shows that, for ¢ # 0, the disjoint increments of a ¢g-Brownian motion {X;};>0 are
indeed not freely independent (in the sense of [6, Definition 2.6]), making most of the
arguments of [1] unexploitable in this situation.

This being said, we can still rely here on the basic fact that for all ¢ € [0,1), p((X, —
Xs)(Xt — Xy)) = 0. Together with Formula (3), this very weak “freeness” property of the
increments will somehow be sufficient for our purpose, the construction of a product Lévy
area being much more specific than the construction of a general stochastic integral (along
Itd’s standard procedure).

The proof of Theorem 3.1 will also appeal to the two following elementary lemmas. The
first one (whose proof follows immediately from (3)) is related to the linear stability of
g-Gaussian families:

Lemma 3.2. For any fized q € [0,1), let Y := {Y1,...,Yq} be a q-Gaussian vector in
some non-commutative probability space (A, @), and consider a real-valued (d X m)-matriz
A. Then Z := AY is also a q-Gaussian vector in (A, ).

We will also need the following general topology property on the space accommodating
any Lévy area:

Lemma 3.3. The space C3(Lr(A_.)), endowed with the norm (8), is complete.

Proof. Although the arguments are classical, let us provide a few details here, since the
C3 (L (A))-structure is not exactly standard.

Consider a Cauchy sequence L™ in C3(Lr(A_.)). For every fixed s € [0,T], the sequence
L" defines a Cauchy sequence in the space L>([s, T]; £L(As®.As, A)) of bounded functions
on [s,T] (with values in L£(As®As, A)), endowed with the uniform norm. Therefore it
converges in the latter space to some function Ls. The fact that the so-defined family
{L4}s<t belongs to C3(L7(A_)) is an immediate consequence of the boundedness of L™ in
C3(Lr(A~)). Finally, given e > 0 and for all fixed s < ¢, we know that there exists M. 5; > 0
such that for all m > M s, (L5} — Latllp(a,64,,4) < 5t — s|/*. On the other hand, there
exists Nz > 0 such that for all n,m > N and all s <, |[LY; — Ll a,04,.4) < 5/t — s|A.
Therefore, for all n > N, and all s < t, we get that for m := max(N., M ¢.),

LS — Lstll pa,ea,,4) < 1Lst — Lt coa,ea,,0) T 1 Lst — Ll a,0a,,4) < €l — st

and so L™ — L in C2(Lr(A_.)), which achieves to prove that the latter space is complete.
O

Proof of Theorem 3.1. Throughout the proof, we will denote by A < B any bound of the
form A < ¢B, where c is a universal constant independent from the parameters under con-
sideration. The first-order convergence statement in (19) is a straightforward consequence
of the 1/2-Hoélder regularity of X. In fact, using (5), it can be checked that for all n > 0
and s < t,

X350 S IXa[l[t =51 and  [I6(X™ = X)sl| S | Xalllt = 5727702700 (20)

Let us turn to the second-order convergence and to this end, fix n > 0 and s < t such that
< s <tp g, t} <t <tg, with k <0 If [{ — k[ < 1, or in other words if [t — s| < 27",
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the expected bound can be readily derived from the first estimate in (20), that is for every
U € A;®.As, we get from (20)

I U] = X U1 < I U+ 5T OIS 1P — sfP27n 02

Assume from now on that £ > k + 2 and in this case consider the decomposition, for every
U € A,&As,

X5 U] - x4
7 t

— n+1 n+l n n

— (Ut X" ,) dX;; /t - (Usexg L) qu]

tn
k+1 k+1

n

fees 1 1 ! 1 1 fees
[ omxtyaxer 4 [ oxn)axpt - [0 o) ax

ty
t

- [ (ussxz,) ax;
t

th t
+[ / C(UgsXTE Y dx ! - / ‘ (U80X G )dX{f] : (21)
¢ 1

n
sty n
k41 k+1

The “boundary” integrals within the second and third brackets can again be bounded indi-
vidually using the first estimate in (20) only. For instance,

H /tt (Usx ) dxp |
f4

t
1/2 +1
< |]X1|||U\|{1{tg;1gt<tga1l}/t? 5 = ul /220X e )

o
o 11/2(on+1
+1{tgz++11§t<t;é++l2} to s —ul (2 ||5th;1t;£++l1”)
t
L 11/2(on+1
Pl o<ty fy 1700 10X g s )

S X lProge - spPrem /2

~

Therefore, we only have to focus on the first bracket in decomposition (21). In fact,
noting that

(U6 Xuper, ) 6 Xiper,,

N

i
[ o) ax; =
t’ﬂ 2

i
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we get
t n+1 n+l g n n
[ gt yaxet - [ o) ax
k+1 k+1
1 tgtll 3112
. { / T (Usexgt,) dxp / (Ut X7 ,) X!
imkr1 Ut thia
i
_ /tn (U20X ) dxg}}
<« tgiﬁ'll n+1 n+1 3;;12 n+1 n+1
. / (UgsX™EL Y x4+ (UBsXTH ) X
. gt by U L by v
i=k+1 2i 2i4+1
i
_ /t (Utxg,) dxﬂ
I:(Uﬁ(SX +1t31+1) 5X nj—lt;ztl + (Uﬁ(SX Z+1t;zt¢11) 6X ;thlltgz-:»g
_(Ulj(thz tn+1) 0X nl+1t;7.l-:12i| }
/-1
1
= Z { |:(Uﬁ5X n+1tn+1 ) 5X n+1 n+1 + (Uﬁ(SX n+1 tn+1 )6th+1 tn+1
3 217 2i+1 21 2z+1 2z+1 2142 2i+172i+2
1=k+1
(Uﬁ(SX n+1 n+1 )5X n+1tn+1:|
21 27,+ 22 2142
|: (Uﬁ(sX n+1) (5X n+1 ,n+1 + (UﬁéX n+1 ) 5X n+1 n+1i|
k+1t21 toivitaita k+1t21+1 toivitaita
/-1
1
= Z { |: (UﬁdX n+1tn+1 ) (5X n+1 tn+1 - (UﬂéX n+1 tn+1 )5X n+1tn+1:|
z:k+1 2 27 2¢+1 2z+1 2142 21+1 242 21 2i+1

[(UﬁdX n+1tn+1 ) (SX n+1 tn+1 :| }

2 Y2i41 toir1toito

P>

i=k+1

(Uﬁ (0X) n+ltntrl ) (5X)tn+l s (Uﬁ(5X)tn+1 tn+l> (5X)tn+ltn+l ] (22)

214172142 214172142 2% 2141

Let us bound the two sums

-1
1
Sstn Z (Uﬁ 5X) nfltnvjrl ) (5X)t;;:_11t;2-t_12
i=k+1
and
) {—1
?TL P—
S U= 32 (VX)) ()
i=k+1
separately.
Consider first the case where U = }°7_, U; ® Vj, with
Uj::ngl'-”ng‘nj s V—XJ 1 XJ +p]7
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and si < s for all j,p. Besides, let us set ¥; = Y;,, := (0X);n+1,n+1. With these notations,

2 i+1
T)

and for every r > 1, we have

¢(|S;£H[U”2T) = @([(ZZU]&YQHVJE)/?%&JJ)<ZZUj2Yéi2‘/}2Y2i2+l>

i1 2 J2

= Z Z S0<[Uj1 }/éil‘/jly2i1+1)/éi2+1‘/jzy2i2 UJZ] T

U1ensi2r j1a~~-7j2r

U Yoie Vi1 Yoin, 141 Yoi0, 11V Yoir, U, 1) o (23)

where each index i runs over {k + 1,...,¢ — 1} and each index j runs overs {1,...,0}. At
this point, observe that for all fixed i := (i1,...,42,) and j := (j1,...,j2r), the family

{Xsﬂl'a"'uXSj n 7Y2i7Y2i+17 7’6 {ilv"'7i2r}7 .] € {jla--'ujZT}}
MR

is a g-Gaussian family (due to Lemma 3.2) and accordingly the associated joint moments
obey Formula (3). Besides, we have trivially

0 (Yai,Yair1) =0, @(Y25,Y2i,) = 0(Yai,+1Y2i41) = Lpieminy2” "o (IX1]%)
and
p(Y2iX ) = p(Yaoir1 X5) = 0.

Using these basic observations and going back to (23), it is clear that, when applying
Formula (3) to the expectation in (23), we can restrict the sum to the set of pairings = €
Po({1,....Np}) (Ny := 2[(my, +pjy) +- . .+ (my,, +pj, )] +8r) that decompose - in a unique
way - as a combination of three sub-pairings, namely: 1) a pairing 7' € Po({1,...,2r})
that connects the random variables {Y2;} to each other; 2) a pairing 72 € Po({1,...,2r})
that connects the random variables {Y2; 11} to each other; 3) a pairing 72 € Po({1,..., N/})
(N} = 2[(mj, +pjy) + ... + (mj,, + pjy,)]) that connects the random variables {X ;} to

each other. Moreover, with this decomposition in mind, one has clearly
Cr(n) > Cr(n') + Cr(n?) + Cr(7?) .
Consequently, it holds that for all fixed i := (i1, ...,42,) and j := (j1,. .., J2r),
‘@([Ujl Yai, Viy Yoiy +1Y2i,41 Vi, Y2i, U7 | -+

* *
[szr— 1 Y2i2r— 1 Vj2r—1 Y2i2r—1+1 Y2i2r+1 ngr Y2i2r Ujgr] ) ‘

< Z qu(ﬂ1)+Cr(7r2)+Cr(7r3)

ml,m2ePy({1,...,.2r})

m3eP2({1,...,N.})

I[[ e(eiYoi)lp—iy I @(Veis1Yoir)lp—iy [I @(Z2225)(24)
{a,b}em! {c,d}em? {e,f}em3
< 2_2T(”+1)¢(|X1|2)QT< > ]I 1{z‘az‘b})
mlePy({1,...,.2r}) {a,b}er!
r(m? r(m3 A
( > O] 1{ic—m})< > ¢ ] SO(ZiZ}))7

m2ePa({1,...,2r}) {c,d}em? m3eP2({1,...,N.}) {e,fren3



14 AURELIEN DEYA AND RENE SCHOTT

where Z3 stands for the natural reordering of the variables {X, }, namely for all a €
{1,...,2r} and be {1,...,mj, +pj. },
J _ 7l — X
Dol g ey iy 0 D25, 45, b sy 45 RO i) 8] T s

As a result, the double sum in (23) is bounded by

/—1
22rn¢(’X1’2)2r( Z qCT(Trl) Z H 1{ia=ib}>

mlePa({1,...,.2r}) i1,..i2r=k+1 {a,b}en!
(> @)y (2 & ] eEz). @)
m2ePa({1,...,2r}) Jiyenjor=1 “mw3ePy({1,...,NL}) {e,f}em3

Now observe that the last sum in (25) actually corresponds to

o

3 ( S O ] go(zgﬁzj;)) = so(\]z;UjVj]%) , (26)

Ji,-njer=1 “m3ePy({1,...,N.}) {e,f}en?
and for every fixed 7! € Po({1,...,2r}),

-1

> I Yg.=i

1,920 =k+1 {a,b}em!

-1 2(1—27) -1 4y—1
- (X O ) (X I o)
i1,yizr=k+1 {a,b}enl i1,...,i2r=k+1 {a,b}en!
< (0= (k+1)207207(0 — (K + 1))>r—1)
< |t?_t7’;b+1’4r724r'yn < ’t_s’4r724r'yn' (27)

By injecting (26) and (27) into (25), we end up with the estimate
(15" TUI)
2 o
< | |4r72—2r(1 2y)n (|X1| ) < Z qu(Tr)> 90(

meP2({1,...,2r})

2r
i)

IN

|4r72—27"(1 2y)n (|X | )21" |X |2T (‘ ZU V’ )

and so

n r\ 1/27r
(IS5 o))
° 27\ 1/2r
r\1/7
< =201 e (X0 2) (| S U )
j=1

IN

s 0-20mx, | inij

< -2t x| (ZIIUIIHVII) (28)
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It is easy to see that the above arguments could also be applied to the more general situation
where U := }°7_; U; ® V; with

K;
Uj = ajrX - X
k=0

J.k

and
Lj
o ik, JL
Vii=) BjeXyge - Xyge  ogn Bre €C sy% ) € [0, 5],
(=0 7

leading in the end to the same bound (28). Therefore, this bound (28) can actually be
extended to any U;, V; € A, which then entails that for every U € A;&.As,

n r 1/2r —(1— n
(IS5 VNP < [t — o127 0220 x| U
and by letting r tend to infinity, we get by (1) that
IS5 U] < [t — 5|72 =207 x4 U

The very same reasoning can of course be used in order to estimate [|$%"[U]||, with the same
resulting bound. Going back to (21) and (22), we have thus proved that X?" is a Cauchy
sequence in C5(L7(A_.)), and by Lemma 3.3, we can therefore assert that it converges in
this space to some element X2,

The product Chen identity (10) for X?9 is readily obtained by passing to the limit (in a
pointwise way) in the product Chen identity that is trivially satisfied by X?". Finally, in
order to show that X2 actually belongs to C3 (L1 (A-)), fix s < t, U € A;®As, and set

_ ty
W= XEMU], W= X30U), W= / (Utsx™) dXT

S
where t is such that s < ¢} <t < ¢}, (considering n large enough). Using the first
estimate in (20), it is easy to check that |[W" — W"| — 0, and so, since |[W" — W|| — 0,
we get that |[W" — W| — 0. As W™ € A;, we can conclude that W € A;, as expected.
O

Remark 3.4. Observe that in a commutative setting, the sum (22) would simply vanish,
leading to an almost trivial proof, which clearly points out the specificity of our non-
commutative framework (as evoked in Remark 2.3).

4. COMPARISON WITH L?(¢)-CONSTRUCTIONS

Our objective in this section is to compare the previous L (p)-constructions (i.e., con-
structions based on the operator norm) with the L?(y)-constructions exhibited by Donati-
Martin in [7]. In brief, we shall see that, when studied in L?(y), the previous rough
constructions correspond to Stratonovich-type integrals, while the constructions in [7] are
more of a [t6-type. This comparison relies on an additional ingredient, the so-called second-
quantization operator, whose central role in g-integration theory was already pointed out
in Donati-Martin’s work.

Since we intend to make specific references to some of the results of [7], we assume for
simplicity that we are exactly in the same setting as in the latter study. Namely, for a fixed
q € [0,1), we assume that the ¢-Bm {X;};>0 we will handle in this section is constructed as
the “canonical process” on the g-Fock space (A, ¢) (see [7] for details on these structures).

As in the previous sections, we denote by A; the closure, with respect to the operator
norm, of the algebra generated by {Xs}s<¢.
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4.1. Second quantization. Recall that the space L?(¢) is defined as the completion of A
as a Hilbert space through the product

(U, V) = UV . (29)

We will denote by ||.||z2(, the associated norm, to be distinguished from the operator norm
||l.|l. For every ¢t > 0, let B; be the von Neumann algebra generated by {X;}s<: (observe
in particular that A; C B; C A) and denote by ¢(-|B;) the conditional expectation with
respect to By. In other words, for every U € A, p(U|B;) stands for the orthogonal projection
of U onto By, with respect to the product (29): Z = ¢(U|B;) if and only if Z € B; and
O(ZW*) = o(UW*) for every W € B;.

A possible way to introduce the second-quantization operator goes through the following
invariance result:

Lemma 4.1. [7, Theorem 3.1]. For all s < to, s1 < t1, with so < s1, and U € A5, C A,

it holds that
W((dX)SOtoU((SX)SOtOIBé‘o) _ 90((5X)81t1U(5X)81t1|BS1) _

to — so [t1 — s1f

Definition 4.2. We call second quantization of X the operator I'y : Ui>0A; — A defined
forall s >0 and U € As by the formula

Ly(U) = @((0X)s,541U (60X )s,541(Bs) -
In particular, for all s >0 and U € Ay, T'y(U) € Bs, T'y(U)* =T¢(U*) and
ITq(U) 22y < 10X 55410 (0X)s 1l 220y < IX1IPNUI - (30)

Remark 4.3. For ¢ = 0, it is easy to check that, thanks to the freeness properties of X, the
second quantization reduces to I'g(U) = ¢(U), while in the commutative situation, that is
when ¢ — 1, one has (at least morally) I';(U) = U.

In fact, we will essentially use the operator I'; through the following result, which offers
a quite general tool to study It6/Stratonovich correction terms (for the sake of clarity, we
have postponed the proof of this proposition to Section 4.4):

Proposition 4.4. For every adapted triprocess U € C<([s, t]; A®3) (s < t, e > 0) and every
subdivision A of [s,t] whose mesh |A| tends to 0, it holds that

t
S (0Kt U )10 X0, — / [1d % Ty % 1d ) du i L2(p) | (31)
(t)eA s

where Id x T'y x Id stands for the continuous extension, as an operator from Uu20A§3 to
L?(p), of the operator
(Id X Fq X [d)(Ul ® Us ® Ug) = Uqu(UQ)Ug , U, U, Uy e A, .

4.2. Non-commutative Itd integral. Let us here slightly rephrase the results of [7] re-
garding It6’s approach to stochastic integration with respect to X.

Definition 4.5. Fiz an interval I C R. An adapted biprocess U : I — AR.A is said to be
It6 integrable against X if it is adapted and if for every partition A of I whose mesh |A|
tends to 0, the sequence of Riemann sums

S)A((U) = Z Utiﬁ(SXtiti-&-l
t; €A
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converges in L*(p) (as |A| — 0). In this case, we call the limit of S$(U) the product Ito
integral of U against X, and we denote it by

/] U 4dX, € L*(¢p) .

Given a biprocess U : I — A®A and a partition A of I, we denote by U? the step-
approximation

UA = Z Util[ti,ti+1[ .
t;EA

The following isometry property, to be compared with the classical Brownian 1t isometry,
is the key ingredient to identify It6-integrable processes:

Proposition 4.6. [7, Proposition 3.3]. For every interval I C R, all adapted biprocesses
U:IT—-ARA , VI ARA,
and all partitions A1, As of I, it holds that

(53 (U), 53 (V) 1oy = [ (R VE) (52)

where ((.,.))q is the bilinear extension of the application defined for all Uy,Us, V1,Va €
UtEO-At as

(U1 @ U2, Vi ® Va))q i= p(UnTg(U2V5)VY)
Corollary 4.7. Let U: I — A®A be an adapted biprocess such that
/] HUuHi@Adu < oo and /IHUQ — Uu||?4®Adu —0 as|Al—0,

for every partition A of I. Then U is Ité integrable against X and

H/IUutiquH;(@) :/I<<UU,UU>)qdu. (33)

Proof. Let us just provide a few details, the procedure being essential standard. Consider a
sequence U™ : I - A® A of adapted biprocesses such that for every ¢ € I, ||U} — Uy|| — 0.
Then, given two partitions A1, Ay of I, one has by (32)

[S%H(U™) — S%*(Un

2 n n n n
)||L2(‘P) - /I<<Uu,A1 - Uu’A27Uu7A1 - Uu,A2>>qdu :

By applying Cauchy-Schwarz inequality and then (30), it is readily checked that for all
Ve A ® A,

(V, V) < X2V
and so
53 (07)  SR2U s,y < 120 [ Uz~ Upe)du

which, by letting n tend to infinity, leads us to
2 2
S5:(0) = SR2(U)3ag,y < 102 [ JUZ = U2 du

The conclusion easily follows. ([l
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4.3. Comparison with the rough integral. We now have all the tools to identify, as
elements in L?(y), the rough constructions arising from Sections 2 and 3.

Let us first consider the situation at the level of the product Lévy area provided by
Theorem 3.1. To this end, given 0 < s < t and U € A,®As, observe that, by Corollary 4.7,
the biprocess V,, := (U6 Xs,) ® 1 is known to be Ité-integrable on [s, t], which allows us to
consider the integral

[ (X ax, e )

s

Proposition 4.8. For all 0 < s < t and every U € A;®As, it holds that

KEU) = [(UsXp) AX, + L= (X T)U] i 2(e), (30

S

where Id x Ty stands for the continuous extension, as an operator from As®As to L*(p),
of the operator

(Idx Ty)[U® V] :=UTy(V) .

Proof. Fix s < t, U € A;®A,, and let D™ be the subdivision obtained by adding the two
times s, to the dyadic partltlon D" = {z /2", i > 0}. Denote by X" the linear interpolation
of X along D" and set X" := =224, XLt 4,,,) Where {s = t <. =t} :=D"N|s,1].

Besides, we recall that the notation X*P" (or X e ) has been introduced in (14).
Using only the 1/2-Holder regularity of X (see (5)), it is easy to check that for every
U c A,0A,,

%27 (U] = XZP" (U] < el XU [t — s 27020 (35)

for some universal constant ¢ and for every v € (0,1/2). Thus, by Theorem 3.1, we can

assert that X%;2" [U] converges to X%°[U] for the operator norm (and accordingly in L2(¢)).
Now write

0] = [ o) ax; (30)

n—1 1 fk+ A

= — Utt(6 X + PR 0X du (6 X
—~ k—i—l _ tk ﬁ( st g1 — tk( )tktk+1) u( )tktk+1
n—1 1 n—1

= Z Uﬁ&X tktk+1 Z Uﬁ 6X tktk+1 (6X)fkfk+1
k=1 k 1

. 1 n—1
_ / (Ut R™) dXy + - ZUjj (6X)i 5., 0X)ii,. (37)
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Thanks to (33), it holds that
t t
& 2
| [ uskn)ax, - [ (U6Xa) dXl g,
S S

=[O, — 5X)) @ 1, (UR5XE, — 6Xa]) @ 1)), du

2
L2(p)

2n71 thi1 )
U3 7 1, — Xl

t A~
— [ 1082z, — X},

IN

IN

U Z/ (u—fp)du < —HUH 2t —s| = 0.

Observe finally that the limit of the second term in (37) is immediately provided by Propo-
sition 4.4, which achieves the proof of (34). O

Let us now extend the correction formula (34) to any adapted controlled biprocess, that
is to the class of biprocesses introduced in Definition 2.4. Using again Corollary 4.7, it is
easy to check that, as an adapted Holder path in A®.A, any such controlled biprocess is
It6-integrable when considered on an interval I of finite Lebesgue measure. This puts us in
a position to state the formula:

Corollary 4.9. For all 0 < s < t and every adapted controlled biprocess U € Qx([s,t])
with decomposition (12), it holds that

t t 1 t
/ U, 4dxS = / U bdX, + / (Idx Ty x YU +UX?)du in L2(e) . (38)

Proof. The transition from (34) to (38) follows from the very same Taylor-expansion argu-
ment as in the proof of [6, Proposition 5.6] (related to the free case), and so, for the sake
of conciseness, we do not repeat it here. O

At this point, observe that the combination of Proposition 2.9 and Corollary 4.9 imme-
diately yields the following g-extension of It6/Stratonovich formula: for all f € F3 and
s <1,

St_/af XS = /af WX, +/ Id x Ty x 1d)(0% (X)) du .

As another spin-off of Formula (38), we can finally derive an expression of the rough
Stratonovich integral [ U,4dX? as the L?(¢)-limit of “mean-value” Riemann sums. The
result, which emphasizes the analogy between the rough construction and the classical
(commutative) Stratonovich integral, can be stated as follows:

Corollary 4.10. For all 0 < s <t and every adapted controlled biprocess U € Qx([s,t]),
it holds that

: 1
/ UdxS = lim Y =(Uy, + Uy, )80X0s,, in L2(g) | (39)
s ‘AI—}O (tl‘)EA 2

for any subdivision A of [s,t] whose mesh |A| tends to 0.
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Proof. For any subdivision A = (t;) of [s, t], write

1
5 (U, + Uy, )80 X4

i+1) i+1

1
= Utiﬁ(SXtiti+1 + §6Ut¢t¢+1 Ij(SXtit
- Utiﬁ(thiti+1

i+1

+ (Uii(’zﬁ&XtitiJrl)ﬂéXt tz+l ﬁéXt t

i+1 t t; i+1 z+l] ’

1
+§ [(6Xtiti+1 ﬁut)i(’l)ﬁ(;Xtit
and observe that, with the notations of Section 2.3, we have
107, 80 Xt || < Jtinn — 62 X0 VU G5 ([, 2])] -

Taking the sum over i and then letting |A| tend to 0, we get by Proposition 4.4 that
the sum in (39) converges in L?(¢) to the right-hand side of (38), which leads us to the
conclusion. g

4.4. Proof of Proposition 4.4. When U, = U; ® V; ® Wy, the convergence property (31)

has been shown in the proof of [7, Theorem 3.2]. However, since we want the formula

to hold for general adapted triprocesses here, we need to exhibit additional controls. Let

U™ : [s,t] = A®3 be a sequence of adapted triprocesses such that HL{]] — I/{uH — 0 for every
€ [s,t], and fix a subdivision A = (t;) of [s,t]. Then set successively Y; := 6 X4, .,

Sa) == Y {(Yitthy,)8Y; — (tigr — t:) [1d x Ty x 1d] (Us, ) }
(ti)eA

and SRU) = Y {(YiUEYi — (tig1 — t:)[Id x Tg x 1d] (U}
(ti)eA
U =Y pepr Uy @ VI, @ WYy € A?i”, SR (U) thus corresponds to
SAU)y = >, > M,
(t:)EALSLY,

with
My == Uy, YV YW g — (G — 6) U L (Vit )W

| SAU ||L2(<p Z Z Z Z 90 21,41 12,42)*)- (40)

(tll)EA (tl2)EA 01 <Lnl1 €2<L tiy

SO

For more clarity, let us set UZ?E = U[Z_L,Z, Vi = Vt?,fv Wi’:‘g = WtZZ? and consider then the
expansion

O (M} 4 (M 4,)")

= (UH £1Y;1 Vll L1 Y;I 11 L1 ig, 52 ia, éz io 62)

n,% n,x
Lig+1 — tl2) <U21 Z1Y Vll 51 11 Al Wzg lo Vzg Zg 12 62)

—(
(t7«1+1 tll)@(Ui1,E1F (‘/21 El) i1, E1Wn ¢ Y Vn ' Yi Un p
(t

i9,00 7 %2 Vig lo " 12 4o lo

+(ti+1 — tiy )(t12+1 ) (Uz?, ( z’l,el) ff,zlWiZ,zQFq(VQZ,Z)Ug’,Z)- (41)
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Step 1: Non-diagonal terms (i1 # i2). Observe first that if for instance i; < i, we have, by
combining Lemma 4.1 and Definition 4.2,

(Ull @1}/@1 VZ1 41)/;1 Z1 N WZZ 221/@2 V;Z Z;Y UZ; 22)
= (Uzl 41 )/;1 ‘/;1 ﬁl i1 1 Wm ZQ (}/12 V;Z ZQY ‘Bt ) 2, 62)

= (t’i2+1 - t12) ( 11 Zlnl i1 511/11 i1,€1WiTZL;QF(I(V;Z,ZQ)Ug,Zz) ’

and with the same conditioning argument

P(UR 0. DoVt e )W o Wi, Yo Vi, Y Uy,

iola " 12 Vig ly i2,02
= (ti2+1 - ti2)gp( i1,€1Ff1( i1 61)Wz711, VV@Z ZQF (‘/22 EQ)U:;:ZQ) )

so that, going back to (41), one has p(M]! , (M} ,,)*) = 0. Similar arguments lead to the
same conclusion when iy < i7.

Step 2: Diagonal terms (i = i2 = i). First, observe that with the same conditioning
argument as above, decomposition (41) actually reduces to

90( ;}Zl( Z}Zg)*) = (zfly zﬂl ZK1W122YV;Z2YU142)
—(tip1 — ti)° 90( e Da(Vie Wi, Wi Do (Vi )UTG,) -
Now, on the one hand, using (5) and the Cauchy-Schwarz inequality,
|§O(U151Y 1€1Y Man*YV YU )|
< YO Ve W, I z’,ZQHH 00, 11U7 5, |
< (i — )21 Xl T IV W, W IV TS | -
On the other hand, using the definition of I'y(V},),
[ (U, Ty (Vi )W W Ty (ViU )|
= JoUl (0X )t 141V (60X )t 0 Wi, Wi Do (Vi VUL |

U0 Uitey (0X ) ty0-41 Vil (0K )t it W, Wi | 2o [T a (Vi M 22

IN

which, by (30), entails that

’SO( Z?equ( i%) i,élwznﬂz (V;TZ;)UZ}:H

4
< X0 MV MW W, Vi, T, |-

Going back to (40), we have thus shown that

ISRy < 1K S (i — 02 32 NOZIVENIWED)

(t;)eA €<L"Z

and so we can assert that

ISE@)I22) < XY Y (hipn — 1) 20421
(ti)eA

21304 3 (tusr — 62104 e P+ ( sup [l = slA]}

(ti)EA ’U,E[S,t]

IN
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By letting n tend to infinity first, we can conclude that ||Sa (L{)H%Q(w) — 0 as the mesh |A|
tends to 0. The convergence

t
Z (ti+1 — ti) [Id X Fq X Id} (Utz) — / [Id X Pq X Id] (Uu) du in L2(g0)
(t)eA 8

follows easily from the regularity of U, by noting that for every u and every V € A§3,
[|[Td x Ty x 1d] (V)||L2(¢) <.

This achieves the proof of our statement.
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