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i baseJulien BernatAbstra
tLet φ be the golden ratio. We de�ne and study a 
ontinued φ-fra
tion algorithm,inspired by Eu
lid's algorithm. We show that any non-negative element of Q(φ) has a�nite 
ontinued φ-fra
tion.Keywords Continued fra
tions, Fibona

i numeration, Fibona
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lassi�
ation 11A55, 11J70, 11Y65, 68R01Introdu
tionThe β-numeration, introdu
ed by Rényi [26℄ and Parry [23℄, is a numeration system in a non-integral base. Let β > 1. In the same way as in the 
ase of an integral base, one may expandany x ∈ [0, 1] as x =

∑

k∈N∗

vkβ
−k, where the sequen
e (vk)k∈N∗ , whi
h takes values in Aβ =

[[0, . . . , [β]]], is 
alled expansion of x in base β. Among the expansions of x in base β, the greatestsequen
e for the lexi
ographi
al order is 
alled β-expansion of x, and is denoted by dβ(x). The
β-expansion of x is 
onstru
ted by the greedy algorithm, that is, dβ(x) = 0.ε1ε2 . . ., where theelements of the sequen
e (εk)k∈N∗ are de�ned, using the map Tβ : [0, 1] → [0, 1], x 7−→ {βx},by εk = [T k

β (x)] for all k ∈ N∗. Note that the map dβ is in
reasing if AN
∗

β is endowed with thelexi
ographi
al order. When dβ(x) = 0.v1 . . . 
ontains only �nitely many non-zero elements,one may remove the ending 
onse
utive o

uren
es of 0's, that is, dβ(x) = 0.v1 . . . vn. In theparti
ular 
ase where dβ(1) is either �nite or ultimately periodi
, β is said to be a Parrynumber, respe
tively simple or non-simple.Parry showed in [23℄ that a sequen
e v = (vk)k∈N∗ is the β-expansion of a real number
x ∈ [0, 1[ if and only if the following 
ondition, 
alled the Parry 
ondition, holds:for all i ∈ N, Si(v) <lex (εk)k∈N∗ , (1)where S denotes the shift map, that is, S((vk)k∈N) = (vk+1)k∈N, and where (εk)k∈N∗ is thegreatest sequen
e for the lexi
ographi
al order among the expansions of 1 in base β that arenot �nite, denoted by d∗β(1). A word or a sequen
e whi
h satis�es (1) is said to be admissible.The set of admissible words is a language denoted by Lβ.The notion of β-expansion is naturally extended to non-negative real numbers by applyingthe greedy algorithm. Note however that we do not use the expansion 1.0∞ for the real number1; this expansion seems more natural and does not depend on the base β, however it doesnot allow us to de�ne the 
ondition of admissibility that appears in the Parry 
ondition (1).Any x > 1 may be uniquely expanded as x =

n
∑

k=0

v−kβ
k +

∑

k∈N∗

vkβ
−k, where (vk−n)k∈N is an1



admissible sequen
e. The sum whi
h 
onsists of non-negative powers of β is 
alled β-integerpart of x, and is denoted by [x]β. The sum whi
h 
onsists of negative powers of β is 
alled
β-fra
tionary part of x, and is denoted by {x}β .In the framework of β-numeration, the elements whi
h play the role of non-negative integersare the non-negative real numbers x su
h that x = [x]β , whi
h are 
alled non-negative β-integers. The set of non-negative β-integers is denoted by Z+

β . Sin
e Z+
β is a dis
rete set forany β > 1, one may de�ne the β-su

essor of x ∈ Z+

β as sβ(p) = min{q ∈ Z+
β , p < q}. The set

{sβ(x) − x, x ∈ Z+
β } is �nite if and only if β is a Parry number, see for instan
e [8, 28℄.It is natural to ask whether usual properties in the framework of 
lassi
al numerationsystems are preserved in a non-integral base. In this arti
le, we are interested in studying a
ontinued fra
tion algorithm introdu
ed by Enomoto, where the sequen
e of partial quotients
onsists of β-integers instead of integers. This study is performed with the golden mean, thatis, β = 1+

√
5

2 , that we denote by φ. This 
hoi
e is a

ounted for the following properties:1. φ is quadrati
 over Q,2. φ is a Pisot number,3. φ < 2, hen
e expansions in base φ are de�ned on the alphabet A = {0, 1}.The aim of this arti
le is to prove the following result, 
onje
tured by Akiyama [29℄.Theorem 5.3 The positive real numbers whose 
ontinued φ-fra
tion is �nite are thepositive elements of Q(φ).This arti
le is stru
tured in the following way. Se
tion 1 gathers all elementary de�nitions,notation and preliminary results. We introdu
e the notion of φ-fra
tions, whi
h are fra
tionswhose numerators and denominators are φ-integers, and also the notion of length on φ-integers.We use in Se
tion 2 the Dumont-Thomas algorithm (see [13℄), whi
h allows us to expand thepre�xes of a �xed point of a primitive substitution in a 
anoni
al way. Thus, there is an expli
itone-to-one map between Z+
φ and the set of pre�xes of ω, the �xed point of the Fibona

isubstitution σ de�ned by σ(a) = ab and σ(b) = a (Propositions 2.3 and 2.7).In Se
tion 3, we introdu
e intervals IW , de�ned for any admissible word W . We provethat IW 
ontains the images under the Galois map τ of φ-integers whose φ-expansion admit

W as a su�x. Furthermore, the bounds of IW are determined by W (Lemmas 3.1 and 3.5).This provides a geometri
al 
hara
terization of elements in Z2 that are abelianizations ofpre�xes of the �xed point of the Fibona

i substitution, as follows: they need to belong to aparti
ular semi-window Bφ (Theorem 3.8, Corollary 3.9, and see Figure 3). The semi-window
Bφ is in fa
t de�ned by a 
ut-and-proje
t s
heme, whi
h admits a Rauzy fra
tal as a windowof a

eptan
e; this Rauzy fra
tal, whi
h is ] − 1, φ[ in the Fibona

i 
ase, allows us to de�nea self-similar tiling of R. Thanks to this 
hara
terization, it is possible to determine whetherany real number 
onstru
ted by adding, subtra
ting or multiplying φ-integers is a φ-integer.Se
tion 4 deals with 
ontinued φ-fra
tions. These are 
ontinued fra
tions, 
onstru
teda

ording to a generalization of Eu
lid's algorithm, where the sequen
e of partial quotients
onsists of φ-integers. First, we study the 
onstru
tion of 
ontinued φ-fra
tions (Proposition4.5). Then, we try to extend to positive elements of Q(φ) the following 
lassi
al result: the
ontinued fra
tion of any positive rational number is �nite. Having this prospe
t in mind, wego ba
k to the approa
h used in 
lassi
al 
ontinued fra
tions, in order to apply it to 
ontinued
φ-fra
tions. Sin
e the set of φ-fra
tions is Q(φ)+ (Proposition 4.6), we de�ne an algorithm A2



on pairs of φ-integers whi
h represents, when it is de�ned, the a
tion of the map [0, 1] → [0, 1],
x 7−→ { 1

x
}φ. Hen
e, starting from a pair (p0, q0) of φ-integers su
h that x = p0

q0
, the algorithm

A 
onstru
ts by iteration a sequen
e of pairs of φ-integers (pi, qi)i∈N, su
h that the sequen
eof partial quotients of x is ([pi

qi
]φ)i∈N. Then, using a notion of length on pairs of φ-integers,denoted by t, we 
ompute an upper bound for the quantity t(p, q) − t(A(p, q)) (Lemma 4.8).Studying more 
losely several 
ases whi
h depend on [p

q
]φ, we obtain a more a

urate upperbound for t(A(p, q)) − t(p, q) (Propositions 4.11, 4.14, 4.15).We prove in Se
tion 5 that the sequen
e (t(pi, qi))i of lengths of pairs of φ-integers thatare produ
ed when iterating the algorithm A is bounded. This implies that the 
ontinued

φ-fra
tion of any x ∈ Q(φ)+ is either �nite or eventually periodi
. Finally, we prove by
ontradi
tion that elements having an ultimately periodi
 
ontinued φ-fra
tion are not in
Q(φ), whi
h proves Theorem 5.3.The de�nitions introdu
ed in this arti
le may easily be extended to the 
lass of Parrynumbers, and several results obtained in Se
tions 2, 3, 4 may hold for other numbers thanthe golden ratio. However, we do not known for whi
h numbers one 
an generalize the resultprovided by Theorem 5.3.1 De�nitions and notation1.1 GeneralitiesFor 
onvenien
e, we de�ne for any set E ⊂ R the sets E∗ = E r {0} and E+ = E ∩ R+.Let A be a �nite set, 
alled alphabet. Endowed with the 
on
atenation, A generates amonoid A∗. For any v ∈ A∗, we denote by |v| the number of letters of v, and by |v|ai

thenumber of o

urren
es of the letter ai in v. The empty word is denoted by ε.Let (~ei)i∈[[1,...,d]] be the 
anoni
al basis of Zd. Let f : A → Zd be the morphism of monoid
alled abelianization morphism or Parikh map, de�ned by f(ai) = ~ei for all i ∈ [[1, . . . , d]] (formore details, see [24℄).A substitution is a map from A to A∗ whi
h naturally extends to a morphism on A∗. Let σbe a substitution de�ned on A = {a1, . . . , ad}. The in
iden
e matrix of σ is the square matrix
Mσ of size d, whose 
oe�
ients are de�ned by Mσ[i, j] = |σ(aj)|ai

for all (i, j) ∈ [[1, . . . , d]]2.When dβ(1) is either �nite or ultimately periodi
, β is said to be a Parry number. Let usre
all that any Pisot number is a Parry number ([7, 27℄). When β is a Parry number, one 
ande�ne a substitution σ asso
iated to β 
alled β-substitution. The eigenvalues of the in
iden
ematrix Mσ of σ are the roots of the polynomial whose 
oe�
ients are de�ned by dβ(1). Inparti
ular, β and its Galois 
onjugates are eigenvalues of Mσ. See [28, 15℄ for more details on
β-substitutions. The notion of admissibility introdu
ed in (1), whi
h depends on d∗β(1), 
anbe de�ned using the asso
iated β-substitution when β is a Parry number. In this 
ase, the setof admissible words is the set of words that are re
ognized by a �nite automaton asso
iatedto β 
alled the pre�x-su�x automaton. One may refer to [11, 12℄ for more details.1.2 The Fibona

i numeration systemWe denote by φ the golden mean 1+

√
5

2 , whi
h is the positive root of the polynomial X2−X−1.Sin
e the Galois 
onjugate of φ is −φ−1, whose modulus is less than 1, φ is a Pisot number.We denote by τ the �eld morphism de�ned on Q(φ) by τ(φ) = −φ−1.3



Sin
e Tφ(1) = φ−1 and Tφ(φ−1) = 0, the φ-expansion of 1 is dφ(1) = 0.110∞ = 0.11, whi
hmeans that φ is a simple Parry number. Moreover, d∗φ(1) = 0.(10)∞, whi
h implies that anyword is admissible if and only if it is de�ned on the alphabet Aφ = {0, 1} and it does not admitthe word 11 as a fa
tor. More details about Parry numbers 
an be found in [7, 14, 22, 27℄.Let x > 0. When there are only �nitely many non-zero elements in dφ(x), we say that xhas a �nite φ-expansion. In this 
ase, we omit the ending of 
onse
utive zeros. The set of realnumbers having a �nite φ-expansion is denoted by Fin(φ). Note that φ satis�es the �nitenessproperty (F), that is, Fin(φ) = Z(φ−1). See [17, 1, 2℄ for more details on the �niteness property.The set of non-negative φ-integers is the set of real numbers that 
an be expanded as
x =

n
∑

k=0

vkφ
k, where vk ∈ {0, 1} for all k ∈ [[0, . . . , n]]. Note that Z+

φ is a subset of Z[φ] ≃

Z[X]/(X2 − X − 1).Remark 1.1. Sin
e φ is a 
on�uent Parry number ([16℄), we may obtain the set of φ-integerswithout using the admissibility 
ondition.De�nition 1.2. Let dφ(x) = vNvN−1 . . . v1v0.v−1 . . . v−N ′ , where x ∈ Fin(φ), x 6= 0. We 
all
φ-integer length of x the quantity |dφ([x]φ)| = N +1, that we denote by t+(x), and φ-fra
tionallength of x the quantity |dφ({x}φ)| = N ′, that we denote by t−(x). We 
all global length of xthe quantity |dφ(x)| = N +N ′+1, that we denote by t(x). We set t+(0) = t−(0) = t(0) = −∞.Remark 1.3. The positive real number x belongs to Z+

φ if and only if t+(x) = t(x).De�nition 1.4. Let p, q ∈ Z+
φ with q > 0. Then p

q
∈ Q(φ) is 
alled φ-fra
tion. The pair (p, q)is 
alled φ-fra
tionary expansion of x. The set of φ-fra
tions is denoted by Q+

φ .De�nition 1.5. Let p, q ∈ Z+
φ . We de�ne the length of (p, q) as t(p, q) = t(p) + t(q) − 1. Wede�ne the length of x ∈ Q+

φ as min
p,q∈Z

+
φ

{t(p) + t(q) − 1, x = p
q
}.Let x ∈ Q+

φ . When (p, q) is a φ-fra
tionary expansion of x su
h that t(x) = t(p)+ t(q)− 1,
(p, q) is 
alled redu
ed φ-fra
tionary expansion of x.Example 1.6. A φ-fra
tionary expansion of 2 is (φ3 + 1, φ2). One 
he
ks that (φ3 + 1, φ2) isin fa
t the unique redu
ed φ-fra
tionary expansion of 2.Remark 1.7. Any φ-fra
tion has a unique redu
ed φ-fra
tionary expansion. Sin
e we do notneed this property for our study, we do not in
lude its proof. See [6℄ for more details.The φ-substitution asso
iated to φ is de�ned by σ(a) = ab and σ(b) = a. This substitutionis 
alled the Fibona

i substitution; the eigenvalues of the in
iden
e matrix Mσ of σ are exa
tlythe roots of X2−X−1, namely φ and τ(φ) = −φ−1. We denote by ω the unique �xed point of
σ. For all k ∈ N∗, we denote by ωk the pre�x of ω su
h that |ωk| = k. The following propositionis a parti
ular 
ase of Theorem 1.5 in [13℄.Proposition 1.8. Let k ∈ N∗. Then ωk 
an be uniquely expanded as ωk = σn(εn) . . . σ0(ε0),with:1. εn = a;2. for all i ∈ [[0, . . . , n]], εi ∈ {ε, a}; 4



3. for all i ∈ [[0, . . . , n]], εiεi+1 6= aa.The expansion σn(εn) . . . σ0(ε0) is 
alled the Dumont-Thomas expansion of ωk. We denoteby σ0(ε) the Dumont-Thomas expansion of ω0 = ε.Let (Fn)n∈N be the Fibona

i sequen
e. This sequen
e is de�ned by the following linearre
urren
e, whi
h may be extended to Z: for all i ∈ N∗, Fi+1 = Fi + Fi−1, with the initial
onditions F0 = 1 and F1 = 2.Remark 1.9. We use later the following relations: for all n ∈ N, |σn(a)| = Fn, |σn(a)|a =
Fn−1 and |σn(a)|b = Fn−2.2 Link between expansions, φ-integers and the pre�xes of ωThe aim of this se
tion is to �nd 
onne
tions between Z+

φ and the set of pre�xes of ω, using theabelianization map f and the proje
tions de�ned by the eigenve
tors of the matrix Mσ. Thisstudy allows us to de�ne and 
onstru
t the algorithm of expansion in 
ontinued φ-fra
tion.We will use several results proved in [5℄ as well.2.1 Abelianization of the pre�xes of ωThe sequen
e (f(ωk))k∈N de�nes a path in Z2, where the k-th vertex is (|ωk|a, |ωk|b). Thispath is depi
ted in Figure 1. Let ||.|| denote the eu
lidean norm on Z2.Proposition 2.1. The ve
tor lim
k→∞

f(ωk)
||f(ωk)|| is an eigenve
tor of Mσ, whose eigenvalue is φ.This property is a dire
t 
onsequen
e of the fa
t that the substitution σ is of Pisot type,that is, the dominant eigenvalue β of Mσ, the in
iden
e matrix of σ, is su
h that, for any othereigenvalue λ of Mσ, one has 0 < λ < 1 < β (see [5℄ for more details). As a 
onsequen
e, wede�ne (~f1, ~f2), a new basis of R2, where ~f1 and ~f2 are eigenve
tors whose asso
iated eigenvaluesare respe
tively φ and −φ−1, su
h that ~e1 = ~f1 + ~f2. Sin
e Mσ is symmetri
, this new basis isorthogonal. We denote by ∆1 and ∆2 the subspa
es respe
tively generated by ~f1 and ~f2.De�nition 2.2. We denote by π1(X) and π2(X) the 
oordinates of X in the basis (~f1, ~f2).Proposition 2.3. Let σn(εn) . . . σ0(ε0) be the Dumont-Thomas expansion of ωk. The followingrelations hold:1. π1(f(ωk)) =

n
∑

i=0
|εi|(−φ)−i,2. π2(f(ωk)) =

n
∑

i=0
|εi|φ

i.Proof. The ve
tors of the basis (~f1, ~f2) are eigenve
tors of the matrix Mσ. We additionally
he
k the equality f ◦ σ = Mσ ◦ f on A∗; sin
e f and σ are morphisms, we only have to 
he
kthis relation on A. As f(σ(a)) = ~e1 + ~e2 = Mσf(a) and f(σ(b)) = ~e1 = Mσf(b), the equalityholds. Sin
e we have also f(a) = ~f1 + ~f2, we dedu
e f(σn(a)) = (−φ)−n ~f1 + φn ~f2. Hen
e
f(σn(εn) . . . σ0(ε0)) = (

n
∑

i=0
|εi|(−φ)−i,

n
∑

i=0
|εi|φ

i).5
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Figure 1: Abelianizations of ω and the basis (~f1, ~f2)2.2 Relation between expansions of φ-integers and pre�xes of ωLet Γ be the map de�ned by
Γ : Lφ −→ {ωk, k ∈ N∗}, vn . . . v0 7−→ ωk,where ωk = σn(εn) . . . σ0(ε0) is su
h that for all i ∈ [[0, . . . , n]], |εi| = vi. Note that Γ is de�nedon expansions in base φ of φ-integers, and that Γ(W ′) = Γ(dφ(x)) for any expansion W ′ inbase φ of x. If we restri
t Γ to the set of admissible words whi
h admit 1 as a pre�x, weobtain an invertible map, with Γ−1(σn(εn) . . . σ0(ε0)) = |εn| . . . |ε0|. Sin
e the 
oordinates of

~e1 and ~e2 in the basis (~f1, ~f2) are rationally independent, the proje
tions −→π1 : Z2 → ∆1 and
−→π2 : Z2 → ∆2 are one-to-one. Hen
e the following maps π1 and π2 are bije
tions:

π1 : Z2 −→ Z[φ], (p, q) 7−→ p − φq,

π2 : Z2 −→ Z[φ], (p, q) 7−→ p + φ−1q = p − q + φq.Remark 2.4. These proje
tions are not exa
tly those usually de�ned in the asso
iated 
ut-and-proje
t s
heme, see for example [19℄. The basis (~f1, ~f2) may be seen as the image of the
anoni
al basis under the a
tion of a dilatation and a rotation. This explains why we do notretrieve exa
tly the usual notation for this s
heme.6



Let x ∈ Z+
φ , dφ(x) = vn . . . v0. Then π−1

2 (x) = (
n
∑

i=0
viFi−1,

n
∑

i=0
viFi−2).Notation 2.5. The map π1 ◦ π−1

2 
oin
ides with τ on Z[φ].2.3 Basi
 properties of Z+
φThe set Z+

φ is not stable under addition and multipli
ation. For instan
e, one 
he
ks that 1and φ2 + 1 ∈ Z+
φ ; however 1 + 1 = 2 = φ + φ−2 /∈ Z+

φ and (φ2 + 1)2 = φ5 + φ + φ−2 /∈ Z+
φ .However, it is proved in [17℄ that the �niteness property (F) holds in the 
ase of the Fibona

inumeration system, that is, Fin(φ) = Z[φ−1]. Hen
e the sum and the produ
t of two φ-integersmay be expanded as a �nite sum of powers of φ whose 
oe�
ients satisfy the admissibility
ondition.One may de�ne two laws ⊕ and ⊗ on Z+

φ , su
h that Z+
φ is stable under ⊕ and ⊗. Thispoint of view is developed for instan
e in [4, 9, 10℄. We do not use su
h a point of view, be
ausewe need to work with usual laws.Proposition 2.6. Let x ∈ Z+

φ . Then:1. sφ(x) = x + 1 if and only if dφ(x) admits 0 as a su�x,2. sφ(x) = x + φ−1 if and only if dφ(x) admits 1 as a su�x.One 
an easily dedu
e this parti
ular result from [8℄. Note that the su

essor fun
tion sφhas been extensively studied, see for instan
e [18℄.Proposition 2.7. One has Z+
φ = {π2(f(ωk)), k ∈ N}.Proof. Let x be a φ-integer. Let dφ(x) = vn . . . v0. Then, using Remark 1.9, one has:

x =
n

∑

i=0

vi(Fi−1 + Fi−2φ
−1) = π2(

n
∑

i=0

viFi−1,
n

∑

i=0

viFi−2)

= π2 ◦ f(σn(εn) . . . σ0(ε0)) with for all i ∈ [[0, . . . , n]], |εi| = vi.Sin
e vivi+1 6= 11 implies εiεi+1 6= aa, there exists k ∈ N su
h that σn(εn) . . . σ0(ε0) isthe Dumont-Thomas expansion of ωk. Conversely, if the Dumont-Thomas expansion of ωk is
σn(εn) . . . σ0(ε0), then x = π2(f(ωk)) 
an be expanded as n

∑

i=0
|εi|φ

i ∈ Z+
φ .Hen
e π2 ◦ f de�nes a bije
tion between Z+

φ and the set of pre�xes of ω.3 Algebrai
 and geometri
 
hara
terization of Z+
φThe aim of this se
tion is to establish relations between φ-integers and their images underthe Galois map τ . We prove below that, if x ∈ Fin(φ)+, then x is a φ-integer if and only if

τ(x) ∈] − 1, φ[. In this 
ase, f(Γ(dφ(x))) ful�lls a geometri
al 
ondition, that is, f(Γ(dφ(x)))belongs to an open semi-band B+
φ that we de�ne in Se
tion 3.3.

7



3.1 Repartition of the image under π2 ◦ f of admissible words on ∆1Due to Proposition 2.3, the images under π1 ◦ f of the pre�xes of ω belong to the interval
]min{

∑

k∈N

vk(−φ)−k, (vk)k∈N ∈ {0, 1}N},max{
∑

k∈N

vk(−φ)−k, (vk)k∈N ∈ {0, 1}N}[=]−1, φ[. Moregenerally, given S ∈ Lφ, we de�ne an interval IS whi
h satis�es the following property: if
x ∈ Z+

φ is su
h that dφ(x) admits S as a su�x, then τ(x) =
n
∑

i=0
vi(−φ)−i belongs to IS .Lemma 3.1. Let W = wn . . . w0 ∈ Lφ. Let U be an expansion in base φ whi
h admits W asa su�x. Then: −φ−2[ n+1

2
] < π1(f(Γ(U))) − π1(f(Γ(W ))) < φ−2[ n

2
]−1.Proof. Let W = wn . . . w0 ∈ Lφ. Let U = wn′ . . . w0 be an expansion in base φ whi
hadmits W as a su�x. Then: π1(f(Γ(U))) =

n′
∑

i=0
wi(−φ)−i =

n
∑

i=0
wi(−φ)−i +

n′
∑

i=n+1
wi(−φ)−i =

π1(f(Γ(W ))) +
n′
∑

i=n+1
wi(−φ)−i.If n is even, then −φ−n <

n′
∑

i=n+1
wi(−φ)−i < φ−n−1. On the other hand, if n is odd, then

−φ−n−1 <
n′
∑

i=n+1
wi(−φ)−i < φ−n.We dedu
e that π1(f(Γ(W ))) − φ−2[ n+1

2
]
6 π1(f(Γ(U))) 6 π1(f(Γ(W ))) + φ−2[ n

2
]−1.3.2 Cylinders and intervals: a tiling of ] − 1, φ[Due to Lemma 3.1, any S ∈ Lφ de�nes an interval IS su
h that, if any expansion in base φof x ∈ Z+

φ admits S as a su�x, then τ(x) ∈ IS. It is natural to ask whether we 
an establisha re
ipro
al property. Thus, if S ∈ Lφ, and if x is a φ-integer su
h that τ(x) belongs to IS,we want to determine whether there exists an expansion in base φ of x whi
h admits S as asu�x.De�nition 3.2. For W ∈ Lφ, we de�ne the 
ylinder CW as the set of expansions in base φwhi
h admit W as a su�x. Let PW = {π1(f(Γ(W ′))),W ′ ∈ CW}. We de�ne the interval IWas the 
onvex hull of PW .Remark 3.3. One has I0 =] − 1, φ−1[ and I1 =]φ−1, φ[.Proposition 3.4. The following properties are ful�lled:1. the set PW is dense in IW ;2. we get IW =] − φ2[ n+1
2

] + π1(f(Γ(W ))), φ−2[ n
2
]−1 + π1(f(Γ(W )))[.Proof. First, we show that PW is dense in IW if and only if Pε is dense in ] − 1, φ[. Let

W = vn . . . v0 ∈ Lφ. Let x ∈]−φ2[ n+1
2

]+π1(f(Γ(W ))), φ−2[ n
2
]−1 +π1(f(Γ(W )))[. Using Lemma3.1, we get π1(f(Γ(W ))) =

n
∑

i=0
vi(−φ)−i. We note that (vi)i>N is an admissible sequen
e su
hthat ∞

∑

i=N+1
vi(−φ)−i ∈] − φ2([ n+1

2
]), φ−2[ n

2
]−1[ if and only if (v′i)i∈N is an admissible sequen
e8



su
h that ∞
∑

i=0
v′i(−φ)−i ∈] − 1, φ[, where the sequen
es (vi)i>N and (v′i)i∈N are in relation by

v′i = vi+N+1 for all i ∈ N. Hen
e, in order to prove the �rst assertion, we prove now that Pεis dense in ] − 1, φ[.Let x′ ∈]− 1, φ[. We de�ne x0 = x′, and v′0 = 0 if x0 ∈]− 1, φ−1[, v′0 = 1 otherwise. Then,sin
e x0−v′0 ∈]−1, φ−1[, we have x1 = −φ(x0−v′0) ∈]−1, φ[. By indu
tion, if the terms of thesequen
es (v′i)i∈[[0,...,n−1]] and (xi)i∈[[0,...,n]] are de�ned, we set v′n = 0 if xn ∈] − 1, φ−1[, v′n = 1otherwise, and xn+1 = −φ(xn − v′n). Then (xn)n∈N is a sequen
e with values in ] − 1, φ[, and
(v′n)n∈N is an admissible sequen
e. Sin
e x −

n
∑

i=0
v′i(−φ)−i = (−φ)n+1xn+1 for all n ∈ N, wehave 
onstru
ted an admissible sequen
e (vi)i∈N su
h that x =

∞
∑

i=0
vi(−φ)−i, whi
h proves thedensity of PW in ] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 + π1(f(Γ(W )))[. We dedu
e that anyinterval whi
h 
ontains PW 
ontains also the interval ] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 +

π1(f(Γ(W )))[, hen
e ] − φ2[ n+1
2

] + π1(f(Γ(W ))), φ−2[ n
2
]−1 + π1(f(Γ(W )))[⊂ IW . Sin
e IW isthe interse
tion of all intervals that 
ontain PW , IW ⊂] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 +

π1(f(Γ(W )))[.Lemma 3.5. Let W ∈ Lφ. Then:1. for any pre�x P of W = PS, the word W ′ = P 0|S| is admissible and IW−π1(f(Γ(S))) ⊂
IW ′;2. for all k ∈ N, IW0k = (−φ)−kIW ;3. for any su�x S of W , IW ⊂ IS.Proof. Let W = PS, and let σn(εn) . . . σn′+1(εn′+1)σ

n′
(εn′) . . . σ0(ε0) and σn′

(εn′) . . . σ0(ε0)be respe
tively the Dumont-Thomas expansions of Γ(W ) and Γ(S). Using the linear propertiesof f and π1, it follows:
π1(f(σn(εn) . . . σ0(ε0))) − π1(f(σn′

(εn′) . . . σ0(ε0))) = π1(f(σn(εn) . . . σn′+1(εn′+1)ε))

= π1 ◦ f ◦ Γ(P0|S|).Thus, π1(f(Γ(W )))− π1(f(Γ(S))) belongs to {π1(f(Γ(W ′))),W ′ ∈ CP0|S|} for any admissibleword W = PS, whi
h ends the proof of the �rst assertion.Let W = wn . . . w0 and W ′ = W0k. One has :
π1(f(Γ(W ′))) =

n
∑

i=0

wi(−φ)−(i+k) = (−φ)−k

n
∑

i=0

wi(−φ)−i = (−φ)−kπ1(f(Γ(W ))).Hen
e IW0k = (−φ)−kIW , whi
h proves the se
ond assertion.Finally, if S is a su�x of W , then CW ⊂ CS , hen
e IW ⊂ IS .Proposition 3.6. If W and W ′ are expansions in base φ of φ-integers su
h that IW∩IW ′ 6= ∅,then either CW ⊂ CW ′ or CW ′ ⊂ CW . 9



Proof. Suppose that W and W ′ are expansions in base φ of φ-integers su
h that none of themis a su�x of the other. Let S be the 
ommon su�x of W and W ′ whi
h is of maximal length.Then W = PS, W ′ = P ′S, where P and P ′ have a di�erent su�x of length 1 (for instan
e, 1is a su�x of P ).Suppose that IW and IW ′ are not disjoint. Using su

essively the three assertions of Lemma3.5, this implies, �rst that IP0|S| and IP ′0|S| are not disjoint, se
ond that IP and IP ′ are notdisjoint, and �nally that I1 and I0 are not disjoint. This is absurd, sin
e I0 =] − 1, φ−1[ and
I1 =]φ−1, φ[, see Remark 3.3.Thus, the image of the set of admissible expansions having W as a su�x under π1 ◦ f ◦ Γis dense in IW . Additionally, Proposition 3.6 establishes that IW and IW ′ are disjoint when
W and W ′ are distin
ts admissible words of the same length. Hen
e, for k ∈ N∗, the sets PWkiform a partition of Pε, where {Wki

}i∈[[1...Fk]] denotes the set of admissible words of length k.We dedu
e a subdivision of Iε into Fk intervals IWki
. When k = 2, the asso
iated subdivisionis depi
ted in Figure 2.

PSfrag repla
ements
I10 I00 I01

−1 −φ−2 0 φ−1 φFigure 2: Tiling of Iε =] − 1, φ[= I10 ∪ I00 ∪ I01Any admissible word W admits either 0 or 01 as a su�x, and, due to the �rst assertionof Lemma 3.5, the maps Cε → C0, v 7−→ v0 and Cε → C01, v 7−→ 01 are in one-to-one 
or-respondan
e. Hen
e Iε satis�es the relation Iε = I1 ∪ I01 = (−φ−1Iε) ∪ (1 + φ−2Iε). Thisrelation provides a tiling of the self-similar set Iε. A 
loser study of su
h tilings is performedin [1, 3, 28℄. The tiling of Iε =]−1, φ[ de�ned by the 
ylinders is a self-similar tiling of ]−1, φ[.The dual tiling de�ned by ∪
k∈N

π2(f(ωk)) is a dis
rete tiling of R+, whi
h 
orresponds to thequasi
rystal asso
iated to φ, see [9℄.As it is possible to extend the tiling of ] − 1, φ[ to R, we dedu
e that sums and produ
tsof the images under τ of φ-integers belong to unions of tiles of the tiling de�ned by π1. Thesetiles 
an be geometri
ally 
hara
terized, and have a 
ombinatorial signi�
ation. The propertyof de�ning an asso
iated tiling remains true for any Pisot number; in parti
ular, when β isthe positive root of the polynomial X3 − X2 − X − 1 (
alled then the Tribona

i number),we get a Rauzy fra
tal T whi
h is a subset of the hyperplane generated by the eigenve
torsof the in
iden
e matrix having an asso
iated eigenvalue of modulus less than 1. One may�nd more details about Rauzy fra
tals in 
hapter 7 of [24℄ and in [25℄. Note that, from ageneral point of view, the Rauzy fra
tal T has a fra
tal stru
ture; however, when β is aquadrati
 unit, the Rauzy fra
tal T de�ned by the asso
iated β-substitution is an interval. Asa 
onsequen
e, many studies, in
luding the one performed in this arti
le, are less 
ompli
atedwhen we 
onsider quadrati
 unit numbers.Corollary 3.7. Let x ∈ Fin(φ), x > 0 with dφ(x) = vN . . . v0.v−1 . . . v−N ′. Then τ(x) ∈
(−φ)−N ′

]φ−1, φ[.Proof. If x =
N
∑

i=−N ′

viφ
i with v−N ′ = 1, then φN ′

x is a φ-integer whose expansion admits
1 as a su�x. Sin
e I1 =]φ−1, φ[, one gets τ(φN ′

x) = τ(φ)N
′
τ(x) ∈]φ−1, φ[, whi
h implies10



τ(x) ∈ (−φ)−N ′
]φ−1, φ[.3.3 Chara
terization of φ-integersDue to Corollary 3.7 and Proposition 3.4, knowing a su�x S of the φ-expansion of x ∈ Fin(φ)provides an interval I, whi
h depends on S, su
h that τ(x) ∈ IS. Conversely, we want todetermine whether, knowing an interval I whi
h 
ontains τ(x) ∈ Q(φ), one may �nd k ∈ N, inthe 
ase where su
h an integer does exist, su
h that φkx ∈ Z+

φ . This problem is 
losely relatedto determining the φ-fra
tional length of the φ-expansion of x ∈ Fin(φ).Let B+
φ be the semi-window of R2 de�ned by π1(X) ∈] − 1, φ[ and π2(X) > 0, whi
h isdepi
ted in Figure 3. We have the following property.
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Figure 3: Geometri
al representation of B+
φProposition 3.8. Let X ∈ Z2. Then π2(X) ∈ Z+

φ if and only if X ∈ B+
φ .One 
an �nd the proof of this proposition in [5℄, and in [6℄ as well.Corollary 3.9. Let X ∈ Z2 su
h that π2(X) > 0. There exists N ∈ Z su
h that π1(X) belongsto (−φ)N ]φ−1, φ[. Moreover, if N ∈ N∗, then dφ({π2(X)}φ) = 0.x−1 . . . xN .Proof. One has ∪

N∈Z

(−φ)N
′
]φ−1, φ[= Rr ∪

Z∈N

− (−φ)N . Suppose that there exists N ∈ Z su
hthat π1(X) = −(−φ)N . Then π2(X) = τ(π1(X)) = −φN , hen
e π2(X) < 0. We dedu
e that,if π2(X) > 0, there exists N ∈ Z su
h that π1(X) ∈ (−φ)N ]φ−1, φ[.11



If π1(X) ∈ (−φ)−N ′
]φ−1, φ[, then π1(X)(−φ)N

′
∈ ]φ−1, φ[ and π1(X)τ(φ−N ′

) ∈]φ−1, φ[.Let x = π2(X). Sin
e τ(x)τ(φ−N ′
) ∈]φ−1, φ[, x′ = xφ−N ′ ful�lls the relation τ(x′) ∈]φ−1, φ[.Additionally, sin
e Mσ is invertible, there exists X ′ ∈ Z2 su
h that π−1

2 (x′) = M−N ′

σ X =
X ′. Sin
e π2(X

′) > 0, we may use Proposition 3.8; there exists ωk = σn(εn) . . . σ0(ε0) su
hthat X ′ = f(ωk), hen
e π2(X
′) =

n
∑

i=0
|εi|φ

i. Thus, x =
n
∑

i=0
|εi|φ

i−N ′ , hen
e dφ(π2(X)) =

|εn| . . . |ε0|.|ε−1| . . . |ε−N ′ |.Corollary 3.10. Let x, y ∈ Z+
φ . Then φ2(x + y), φ2(x − y) and φ2xy ∈ Z+

φ .Proof. Sin
e φ2(x + y), φ2(x − y) and φ2xy are positive, we 
an use Corollary 3.9. Then:1. τ(x + y) ∈] − 2, 2φ[=] − φ − φ−2, φ2 + φ−1[, hen
e τ(φ2(x + y)) ∈] − 1, φ[.2. τ(x − y) ∈] − 1 − φ, 1 + φ[=] − φ2, φ2[; this implies τ(φ2(x − y)) ∈] − 1, φ[.3. τ(xy) ∈] − φ, φ2[, hen
e τ(φ2xy) ∈] − φ−1, 1[⊂] − 1, φ[.Remark 3.11. These results were �rst proved in the framework of quasi
rystals in [9, 10℄.Note that images under τ of the sum, the subtra
tion or the produ
t of two non-negative
φ-integers belong in fa
t to an interval whi
h is stri
tly in
luded in ] − φ2, φ3[. This providesadditional information about the su�xes of the φ-integers φ2(x+y), φ2(x−y) and φ2xy, when
x, y ∈ Z+

φ . For instan
e, sin
e τ(φ2(x − y)) ∈] − 1, 1[, then, as a 
onsequen
e of Lemma 3.1,
101 is not a su�x of dφ(φ2(x − y)).4 Continued φ-fra
tion algorithmNotation 4.1. Let (pi)i∈N be a sequen
e whi
h 
onsists of positive real numbers. We denoteby [p0; p1 . . . , pn−1, pn] the �nite 
ontinued fra
tion p0 + 1

p1+...+ 1
pn

.4.1 De�nition of the generalized Eu
lid's algorithmWe explain here how to generalize Eu
lid's algorithm whi
h generates the expansion in 
on-tinued fra
tion of a positive real number. This study is very similar to the 
lassi
al one withusual 
ontinued fra
tions, that 
an be found for instan
e in [20℄ or in [21℄.We de�ne the representation of x ∈ R+ by a 
ontinued φ-fra
tion using the followingalgorithm. Let x0 = x. Sin
e x0 − [x0]φ ∈ [0, 1[ a

ording to Proposition 2.6, we de�ne
x1 = 1

x0−[x0]φ
if x0− [x0]φ > 0, otherwise the algorithm ends. More generally, at step i ∈ N, wede�ne xi+1 = 1
xi−[xi]φ

if xi is not a φ-integer, otherwise the algorithm ends. The 
onstru
tedsequen
e (xi)i is generated using the fun
tion T de�ned as follows.
T : ]0, 1[−→]0, 1[, x 7−→ {

1

x
}φ.12



Hen
e, while xi /∈ Z+
φ , that is, while T i(x0) > 0, xi+1 is de�ned by 1

xi+1
= T ( 1

xi
) = T i+1( 1

x0
).If the sequen
e (xi)i is �nite, then the representation of x is [x0]φ + 1

...+ 1
xN

. Otherwise, we get:
x0 = [x0]φ + T (

1

x0
) = [x0]φ +

1

x1
= [x0]φ +

1

[x1]φ + T ( 1
x1

)

= [x0]φ +
1

[x1]φ + 1
...+ 1

[xn]φ+...

= [[x0]φ; [x1]φ, . . .].De�nition 4.2. We de�ne the n-th partial φ-quotient of x as the φ-integer an = [xn]φ, andthe n-th φ-
onvergent of x as cn = [a0; a1 . . . , an]. The expansion a0 + 1
a1+... 1

an+...

is 
alled the
ontinued φ-fra
tion of x.Lemma 4.3. Let (ai)i be the sequen
e of partial quotients of x ∈ R+. Let k ∈ N be su
h that
ak and ak+1 are de�ned. If dφ(ak) admits 1 as a su�x, then ak+1 > φ.Proof. Let (ai)i be the sequen
e of partial quotients of x ∈ R+. Suppose that ak and ak+1 arede�ned, and that dφ(ak) admits 1 as a su�x. Then, due to Proposition 2.6, xk − ak belongsto [0, φ−1[. Sin
e ak+1 is de�ned, xk 6= ak, and 1

xi−ai
> φ. Hen
e ak+1 > φ.Remark 4.4. We dedu
e that there exist sequen
es of φ-integers that are not sequen
es ofpartial quotients. For instan
e, [1; 1∞], whi
h is the 
lassi
al 
ontinued fra
tion of φ, is not a
ontinued φ-fra
tion. Sin
e φ ∈ Z+

φ , the 
ontinued φ-fra
tion of φ is [φ; 0∞].Proposition 4.5. The sequen
e of φ-
onvergents of x tends to x.Proof. Let m,n ∈ N with m > n. Then:
|[a0; . . . , an] − [a0; . . . , am]| = |[0; a1, . . . an] − [0; a1, . . . , am]| =

∣

∣

∣

1

[a1; . . . an]
−

1

[a1; . . . am]

∣

∣

∣

=
∣

∣

∣

[a1; . . . an] − [a1; . . . am]

[a1; . . . an][a1; . . . am]

∣

∣

∣
6

1

a2
1

|[a1; . . . an] − [a1; . . . am]|.Due to Lemma 4.3, ai = 1 implies ai+1 > φ. Hen
e the inequality:
|[a0; . . . , an] − [a0; . . . , am]| 6 (

n
∏

i=1

1

a2
i

) × |an − [an; an+1, . . . , am]| 6
1

a1

n−1
∏

i=1

1

(aiai+1)

6 φ1−n.Thus, the sequen
e of φ-
onvergents of x is a Cau
hy sequen
e. Sin
e |[a0; . . . an]−x| 6 φ1−nholds as well, the sequen
e ([a0; . . . an])n∈N tends to x.It is 
lear that a �nite 
ontinued φ-fra
tion represents a positive element of Q(φ), andit is natural to ask whether the re
ipro
al property holds. Thus, we will prove the followingresult, 
onje
tured by Akiyama [29℄: any positive element of Q(φ) 
an be represented by a�nite 
ontinued φ-fra
tion.We remark that we need �rst to de�ne a 
anoni
al way to expand elements of Q(φ)+.The following proposition allows us to expand any positive element of Q(φ) as a quotient ofpositive φ-integers. 13



Proposition 4.6. One has Q+
φ = Q(φ)+.Proof. Let x ∈ Q(φ)+. There exist a and b ∈ Z[φ], both positive real numbers su
h that

x = a
b
. There exist k and k′ ∈ N su
h that the quantities τ(φka) and τ(φk′

b) both belong to
]−1, φ[. Due to Proposition 3.8, it implies that φka and φk′

b are φ-integers. Let l = max{k, k′}.Then, x = φla

φlb
, so x ∈ Q+

φ . Sin
e Q+
φ is a subset of Q(φ)+, the required equality is proved.Remark 4.7. The result provided by Proposition 4.6 may easily be extended to the 
lass ofnumbers su
h that the �niteness property (F) holds. Indeed, sin
e Q(β)+ = Q(β−1)+, anyelement x ∈ Q(β) 
an be expanded as p

q
, where p, q ∈ Z[β−1]. If the �niteness property (F)holds, p and q have a �nite β-expansion. Let l = max{|dβ({p}β)|, |dβ({q}β)|}. Then p′ = pβland q′ = qβl are β-integers whi
h satisfy x = p

q
.4.2 An algorithm applied on φ-fra
tionsWe are interested in studying the sequen
e of partial φ-quotients when we apply the 
ontin-ued φ-fra
tion algorithm on x ∈ Q(φ)+. Sin
e [0, 1] r Q(φ)+ is stable under T , and due toProposition 4.6, it is possible to expand the elements of the sequen
e (xi)i as φ-fra
tionaryexpansions (pi, qi). Thus, we de�ne an algorithm A that 
onstru
ts a sequen
e of φ-fra
tionaryexpansions (pi, qi)i, su
h that for all i, xi = pi

qi
. Then, we establish 
onne
tions between t(pi, qi)and t(pi+1, qi+1).Lemma 4.8. Let p, q ∈ Z+

φ with q 6= 0. Then φ3(p − [p
q
]φq) ∈ Z+

φ .Proof. Sin
e p, [p
q
]φ and q are φ-integers, their images under τ belong to ] − 1, φ[. Hen
e

τ(p− [p
q
]φq) ∈]−φ2 − 1, φ2 +φ−1[⊂ (−φ)3]− 1, φ[. Using Corollary 3.9, we get φ3(p− [p

q
]φq) ∈

Z+
φ .Due to the previous properties, we de�ne an algorithm on the set of pairs of φ-integerswhi
h performs the following operations.1. It subtra
ts from the �rst element of the pair (p, q) the quantity [p

q
]φq .2. It multiplies ea
h element of the pair (p − [p

q
]φq, q) by φM , 
hoosing M minimal amongthe integers k ∈ Z su
h that φk(p − [p

q
]φq) ∈ Z+

φ .3. It ex
hanges the elements of the pair (φM (p − [p
q
]φq), φM q) .Remark 4.9. As a 
onsequen
e of Lemma 4.8, the value of M de�ned at step 2. of thealgorithm A satis�es M 6 3. Moreover, by de�nition of M , 0 
annot be a 
ommon su�x of

dφ(φM (p − [p
q
]φq)) and dφ(φMq).Example 4.10.Let p = φ3 + 1 and q = φ2 + 1. Then p = q × 1 + φ, hen
e M = 0, p′ = q = φ2 + 1 and q′ = 1.Let p = φ3 and q = φ2 + 1. Then p = q× 1 + φ−1, hen
e M = 1, p′ = φq = φ3 + φ and q′ = 1.Let p = φ4 and q = φ2 + 1. Then p = q × φ + φ + φ−2, hen
e M = 2, p′ = φ2q = φ4 + φ2 and

q′ = φ3 + 1. 14



Let p = φ7 + φ5 + φ and q = φ4 + φ2 + 1. Then p = q× (φ2 + 1) + φ2 + 1 + φ−3, hen
e M = 3,
p′ = φ3q = φ7 + φ5 + φ3 and q′ = φ5 + φ3 + 1.We re
all that De�nition 1.2 introdu
es the notion of positive length and global length,respe
tively denoted by t+ and t, whi
h are de�ned for elements that belong to Fin(φ)+.By 
onstru
tion, if (p, q) is a pair of φ-integers, then A(p, q) = (p′, q′) is a pair of φ-integerssu
h that q′

p′
= T ( q

p
). Thus, the sequen
e of partial φ-quotients of x ∈ Q(φ)+ is �nite if andonly if (t(pi, qi))i = (t(pi) + t(qi) − 1)i, the sequen
e of the lengths of the pairs of φ-integers
onstru
ted by iteration of the algorithm A, that is, su
h that (pi+1, qi+1) = A(pi, qi) for all

i ∈ N, is de
reasing.In the rational 
ase, when we iterate Eu
lid's algorithm on p
q
, we get a fra
tion q

p−[ p

q
]q
. Thesequen
e of fra
tions 
onstru
ted by iteration of Eu
lid's algorithm is su
h that the sequen
eof the numerators, or of the denominators, is de
reasing. This proves that, for any x ∈ Q+,the 
ontinued fra
tion of x is �nite.There is an additional di�
ulty in 
omparison with the 
lassi
al rational 
ase. By de�nitionof the algorithm A, the operations performed at steps 1. and step 3. do not in
rease the sumof the positive lengths of the studied elements. However, sin
e we have to multiply at step 2.ea
h element of the pair (p − [p

q
]φq, q) by φM , the sum of the positive lengths of the studiedelements may in
rease by 2M . Sin
e M belongs to {0, 1, 2, 3}, we dedu
e the inequality:

t(A(p, q)) 6 t(p, q) + 6. (2)Hen
e (t(pi, qi))i may be a sequen
e whi
h does not de
rease.There exist examples for whi
h t(A(p, q)) 6 t(p, q) does not hold. For instan
e, t(A(p, q)) =
t(p, q)+1 for the third and the fourth 
ases of Example 4.10. Hen
e, 
ontrarily to the 
lassi
alrational 
ase, we 
annot dire
tly prove that the sequen
e of the numerators (pi)i produ
edwhen we iterate the algorithm A de
reases. Instead, we study the sequen
e of the sum oflengths (t(pi)+t(qi))i when we iterate the algorithm A starting from a φ-fra
tionary expansion
(p0, q0).We see in Se
tion 4.3 that, starting a 
loser study of t whi
h depends on [p

q
]φ, we may im-prove (2). More pre
isely, t(p′, q′) > t(p, q) may hold in a small number of parti
ular 
ases. Asa 
onsequen
e, the sequen
e of the lengths of the φ-fra
tionary expansions that are produ
edby the generalized Eu
lid's algorithm A is almost de
reasing. By studying in Se
tion 5.1 theparti
ular 
ases for whi
h t does not de
rease, we prove that the sequen
e (t(pi) + t(qi) − 1)iof the lengths of the φ-fra
tionary expansions produ
ed by iteration of A is bounded. Finally,a 
loser study performed in Se
tion 5.2 allows us to prove that (t(pi) + t(qi) − 1)i tends to 0,hen
e (t(pi) + t(qi) − 1)i is �nite.4.3 Study of the sequen
e (t(pi, qi))i∈NIn this se
tion, we show that the way t(A(p, q))− t(p, q) may de
rease depends 
losely on [p

q
]φ.More pre
isely, we give a better upper bound for t(A(p, q)) − t(p, q) than 6, whi
h depends,�rst on t([p

q
]φ), and se
ond on the su�xes of dφ([p

q
]φ). Let us re
all that, when x ∈ Fin(φ)+with dφ(x) = vNvN−1 . . . v1v0.v−1 . . . v−N ′ , then, a

ording to De�nition 1.2, t+(x) and t(x)denote respe
tively the length of the φ-integer part of dφ(x) and the length of dφ(x), that is,

t+(x) = N + 1 and t(x) = N + N ′ + 1.Proposition 4.11. Let p, q ∈ Zφ with p > q > 0. Let λ = [p
q
]φ.15



1. One has t(λ) = t(p) − t(q) + 1 or t(p) − t(q).2. If dφ(λ) admits 0 as a su�x, then t+(p − λq) 6 t(q).3. If dφ(λ) admits 1 as a su�x, then t+(p − λq) 6 t(q) − 1.Proof. For p and q ∈ Z+
φ , the relations φt(p)−1 6 p < φt(p) and φt(q)−1 6 q < φt(q) hold. Thus,

φt(p)−t(q)−1 < p
q

< φt(p)−t(q)+1, hen
e t(p) − t(q) 6 t(λ) 6 t(p) − t(q) + 1, whi
h proves the�rst assertion.If 0 is su�x of dφ(λ), then, due to Proposition 2.6, one has sφ(λ) = λ + 1. Sin
e 0 6
p−λq

q
< 1, we get t+(p − λq) 6 t(q).Suppose now that 1 is a su�x of dφ(λ). Due to Proposition 2.6, sφ(λ) = λ + φ−1. Thus,

λ 6
p
q

< λ + φ−1. Sin
e 0 6
p−λq

q
< φ−1, we get t+(p − λq) 6 t+(qφ−1). As we have also

t+(qφ−1) = t(q) − 1, then t+(p − λq) 6 t(q) − 1.Let (p, q) be a φ-fra
tionary expansion of x. Then, due to Proposition 4.11, one gets thefollowing relation, where M is set at step 2 of the algorithm A:
t(A(p, q)) 6 2M − 1 + |dφ(q)| + |dφ([p − [

p

q
]φq]φ)|

6 2M − 1 + 2|dφ(q)|

6 2M − 1 + |dφ(p)| + |dφ(q)| − (|dφ(p)| − |dφ(q)|)

6 2M + t(p, q) − |dφ([
p

q
]φ)|.Hen
e t(A(p, q))− t(p, q) depends on [p

q
]φ; more pre
isely, the quantity t(A(p, q))− t(p, q) maybe non-negative in only a small number of 
ases. The following proposition starts the studyin a more pre
ise way.Remark 4.12. Starting from now on, we use some spe
i�
 properties of φ. If we repla
e φ byany number whi
h satis�es the �niteness property (F), it is still possible to de�ne the algorithm

A, introdu
ed in Se
tion 4.2. In this 
ase, (2) be
omes t(A(p, q)) 6 t(p, q)+2(L⊕+L⊗), where
L⊕ and L⊗ respe
tively denote the maximal possible length for the β-fra
tional part of thesum, or of the produ
t, of two β-integers. There is still a �nite number of 
ases for whi
h thequantity t(A(p, q)) − t(p, q) may be positive, but the study of this set of possibilities is more
ompli
ated than the present study performed in the Fibona

i 
ase. In parti
ular, we do notknow for whi
h numbers β the result provided by Theorem 5.3 holds, or even for whi
h numbersthe weaker result that, for any p, q ∈ Z+

β with q > 0, the 
ontinued β-fra
tion of p
q
is either�nite or ultimately periodi
, holds.Remark 4.13. Note that, when β satis�es dβ(1) = 0.41, then β = φ3. Sin
e φ = φ3 − φ − 1,one has φ = β−1

2 , hen
e Q(β) = Q(φ). We 
he
k that the 
ontinued β-fra
tion of φ 
orrespondsin this 
ase to the 
lassi
al 
ontinued fra
tion of φ, that is, φ = [1; 1∞]. Hen
e Theorem 5.3does not hold for the numeration system de�ned by dβ(1) = 0.41.Proposition 4.14. Let p, q ∈ Z+
φ , with p > q > 0. Let λ = [p

q
]φ.1. If dφ(λ) = (10)k with k ∈ N∗, then t+(p − λq) 6 t(p) − t(λ).2. If dφ(λ) = (10)k1 with k ∈ N, then t+(p − λq) 6 t(p) − t(λ) − 1.16



Proof. Assume that dφ(λ) = (10)k. Sin
e t(λ) = 2k, t(p) − t(q) = 2k or 2k − 1 a

ording toProposition 4.11. If t(p) − t(q) = 2k, then, sin
e t+(p − λq) 6 t(q), t+(p − λq) 6 t(p) − 2kholds, and we get the required inequality. Otherwise, suppose that t(p)− t(q) = 2k − 1. Sin
e
t+(p− λq) > t(p)− 2k, we get t+(p− λq) = t(q) = t(p)− 2k + 1. Moreover, λq =

k
∑

i=1
φ2i−1q =

q(φ2k − φ−1). Let t(q) = n. Then q > φn−1 by de�nition of t. Hen
e λq > φn+2k−1 − φn−2.Sin
e t(p−λq) = t(q) = n, p−λq > φn−1 and p > φn+2k−1, whi
h implies t(p) > n+2k. This
ontradi
ts the relation t(p) − t(q) = 2k − 1.The se
ond assertion 
an be proved in the same way. If dφ(λ) = (10)k1, then t(λ) = 2k+1,thus t(p) − t(q) = 2k + 1 or 2k, using the �rst point of Proposition 4.11. Sin
e 1 is a su�xof dφ(λ) = (10)k1, we get t+(p − λq) 6 t(q) − 1, using the se
ond point of Proposition 4.11.Thus, we need t(p) − t(q) = 2k and t+(p − λq) = t(q) − 1 to ful�ll the relation t+(p − λq) >
t(p) − 2(k + 1). However we prove, as in the �rst assertion, that t(p) = t+(p − λq) + 2k + 2,whi
h 
ontradi
ts t(p) = t+(p − λq) + 2k + 1. Hen
e t+(p − λq) 6 t(p) − 2(k + 1).Proposition 4.15. Let p, q ∈ Z+

φ , with p > q > 0. Let λ = [p
q
]φ. Let r = p − λq.1. If dφ(λ) = 1,10 or 100, then t+(r) 6 t(p) − 2.2. If dφ(λ) = 1000, then t+(r) 6 t(p) − 3.3. In all other 
ases, t+(r) 6 t(p) − 4.Proof. Sin
e t(q) > t+(r), we assume that t(p) − t(q) 6 3, otherwise t+(r) 6 t(p) − 4 holds.Using the �rst point of Proposition 4.11, we get t(λ) 6 4. Hen
e the only possible values for λare 1, φ, φ2, φ2+1, φ3, φ3+1 and φ3+φ. The 
ase where dφ(λ) belongs to {1, 10, 101, 1010} is aparti
ular 
ase of Proposition 4.14. We get the inequalities t+(r) 6 t(p)−2 for dφ(λ) ∈ {1, 10},and t+(r) 6 t(p) − 4 for dφ(λ) ∈ {101, 1010}. Assertions 1 and 2 of Proposition 4.11 providethe inequalities t+(r) 6 t(p) − 2 when dφ(λ) = 100, and t+(r) 6 t(p) − 3 when dφ(λ) = 1000.Finally, if dφ(λ) = 1001, then t(q) 6 t(p) − 3 a

ording to the �rst assertion of Proposition4.11. Using the se
ond assertion of this proposition, we dedu
e t+(r) 6 t(p) − 4.Corollary 4.16. Let p

q
∈ Q+

φ , λ = [p
q
]φ and (p′, q′) = A(p, q). Then t(p′, q′) > t(p, q) 
an onlyhold in the following 
ases:1. dφ(λ) ∈ {1, 10, 100, 1000} and τ(p − λq) ∈]φ, φ2 + φ−1[,2. τ(p − λq) ∈] − φ2 − 1,−φ2[, and, either t(λ) 6 5, or t(λ) = 6 with 0 su�x of dφ(λ).Proof. If τ(p−λq) ∈]−φ2, φ[, then t(p′, q′) 6 2+t(p−λq, q) 6 2+t+(p−λq)+t(q) 6 t(p)+t(q),where the last inequality follows from Proposition 4.15. We dedu
e that t(p′, q′) > t(p, q) onlyholds when τ(p − λq) /∈] − φ2, φ[. This is possible when either τ(p − λq) ∈] − φ2 − 1,−φ2[ or

τ(p − λq) ∈]φ, φ2 + φ−1[.First, note that p − λq > 0 by de�nition of λ. Sin
e τ(x) = −φ2 or τ(x) = φ impliesrespe
tively x = −φ−2 or x = −φ−1, then τ(p − λq) 
annot be equal to −φ2 or φ.If τ(p−λq) ∈]φ, φ2 +φ−1[, then, using Corollary 3.9, φ2(p−λq) ∈ Z+
φ , hen
e p′

q′
= φ2q

φ2(p−λq)
,and t(p′, q′) − t(p, q) 6 4 + t+(p − [p

q
]φq) − t(p). If dφ(λ) /∈ {1, 10, 100, 1000}, then, using thethird point of Proposition 4.15, we get the relation 4 + t+(p − λq) − t(p) 6 0. In this 
ase,

t(p′, q′) > t(p, q) 
an only o

ur when dφ(λ) ∈ {1, 10, 100, 1000}.17



If τ(p − λq) ∈] − φ2 − 1,−φ2[, we get t(p′, q′) − t(p, q) 6 6 + t+(p − λq) − t(p). UsingPropositions 4.11, 4.14 and 4.15, this proves that t(p′, q′) − t(p, q) > 0 
an only o

ur wheneither t(λ) < 6, or t(λ) = 6 with 0 su�x of dφ(λ).5 Proof of Theorem 5.3The proof of Theorem 5.3 
onsists of two steps. First, we prove that the 
ontinued φ-fra
tionof any x ∈ Q(φ)+ is either ultimately periodi
 or �nite. Sin
e an ultimately periodi
 
ontinued
φ-fra
tion o

urs only if the algorithm A produ
es a sequen
e of φ-fra
tions of bounded length,this means that there exist 
y
les in the automaton whi
h represent the a
tion of the algorithm
A. Then, we 
ompute these 
y
les, and we 
he
k that they 
orrespond to quadrati
 numbersover Q(φ) whi
h do not belong to Q(φ) itself.5.1 Ultimately periodi
ity of the 
ontinued φ-fra
tion of x ∈ Q(φ)+When p and q are φ-integers, any pair (τ(p), τ(q)) belongs to ] − 1, φ[×] − 1, φ[. We de�ne asubdivision of ] − 1, φ[×] − 1, φ[ into three parts E1, E2 et E3 in the following way:

E1 =] − 1, φ−1[×] − 1, φ−1[,

E2 =] − φ−1, φ−1[×]φ−1, 1[,

E3 is the 
omplement of E1 ∪ E2 in ] − 1, φ[×] − 1, φ[.Let us note that, using Proposition 3.4, it is possible to give a symboli
 de�nition of the setsof pairs (p, q) of non-negative φ-integers su
h that (τ(p), τ(q)) ∈ E1, E2 or E3. We do not givethis de�nition, sin
e we do not need it in the following.Remark 5.1. The study of t(A(p, q))−t(p, q) needs to de�ne an appropriate partition of T ×Tin the general 
ase of a number β whi
h satis�es the �niteness property (F). Let us remindthat the Rauzy fra
tal T is parti
ularly easy to des
ribe in the 
ase of the Fibona

i numerationsystem, sin
e T is then the interval [−1, φ]. The partition (E1, E2, E3) is parti
ularly well �ttedfor the 
omputations performed in this se
tion; however we do not know whether it is possible,given β whi
h satis�es the �niteness property (F), to 
onstru
t a 
anoni
al partition of T ×Tsuited for the study of t(A(p, q)) − t(p, q).Proposition 5.2. Let p
q
and p′

q′
be two φ-fra
tions su
h that (p′, q′) = A(p, q). Then:1. (τ(p′), τ(q′)) /∈ E1;2. if (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2, then t(p′, q′) 6 t(p, q) + 2;3. if (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E2, then t(p′, q′) 6 t(p, q);4. if (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) 6 t(p, q);5. if (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) 6 t(p, q) − 2.
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Proof. The �rst assertion is a 
onsequen
e of the de�nition of M at step 2 of the algorithm
A, and of Remark 4.9.Let (p, q) be a pair of φ-integers. Let (p′, q′) = A(p, q). We prove now, �rst that t(p′, q′) 6

t(p, q) + 2, se
ond that t(p′, q′) > t(p, q) implies (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2.Let λ = [p
q
]φ. Using Corollary 4.16, t(p′, q′) > t(p, q) may hold only in one of the twofollowing 
ases:1. when τ(p − λq) ∈ (−φ)2]φ−1, φ[ and t(λ) 6 4;2. when τ(p − λq) ∈ (−φ)3]φ−1, φ[ and t(λ) 6 6.1. The �rst 
ase 
an only o

ur when dφ(λ) ∈ {1, 10, 100, 1000}. Then, τ(λ) ∈ [−φ−1, 1],and it follows that τ(p − λq) < φ2. Hen
e τ(p′) ∈]− φ−2, φ−1[, and τ(q′) ∈]φ−1, 1[, thatis, (τ(p′), τ(q′)) ∈ E2. We remark that τ(−λq) < 1 and τ(p−λq) > φ imply τ(p) > φ−1,hen
e (τ(p), τ(q)) ∈ E3.Sin
e τ(p − λq) ∈ (−φ)2]φ−1, φ[, step 2. of the algorithm A sets M = 2. Hen
e we getthe relation t(p′, q′) − t(p, q) = t(p′) + t(q′) − t(p) − t(q) = 4 + t+(p − λq) − t(p) 6 2.2. In the se
ond 
ase, step 2. of the algorithm A sets M = 3. Then, we dedu
e τ(p′) ∈

]−φ−2, φ−3[ and τ(q′) ∈]φ−1, φ−1+φ−3[, hen
e (τ(p′), τ(q′)) ∈ E2. Moreover, τ(p−λq) <
−φ2 with τ(p) > 1 implies τ(−λq) < −φ, hen
e τ(q) > 1 and (τ(p), τ(q)) ∈ E3.Sin
e τ(p − λq) ∈] − φ2 − 1,−φ2[ implies τ(−λq) < −φ, we dedu
e τ(λ) > 1 and
λ /∈ {1, φ, φ2, φ3}. Hen
e t+(p−λq) 6 t(p)−4, using the third point of Proposition 4.15.Thus, if t(p′, q′)−t(p, q) > 0, then (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2. Hen
e t(p′, q′)−

t(p, q) 6 2, whi
h proves the se
ond, the third and the fourth assertion of the theorem.We prove now the last point. Suppose that (τ(p), τ(q)) ∈ E2. We distinguish the twofollowing 
ases: dφ(λ) ∈ {1, 10, 100, 1000} and dφ(λ) /∈ {1, 10, 100, 1000}.1. If dφ(λ) ∈ {1, 10, 100, 1000}, then τ(λ) ∈ [−φ−1, 1], so τ(p − λq) ∈] − φ, 1 + φ−3[.Sin
e t+(r) 6 t(p) − 2 always holds, the relation t(p′, q′) = t(p, q) only holds when thevalue M 
omputed at step 2. in the algorithm A satis�es M 6 1. In the 
ase M = 1and τ(p − λq) ∈] − φ,−1[, one has τ(q′) ∈]φ−1, 1[ and τ(p′) ∈] − φ−1,−φ−2[, hen
e
(τ(p′), τ(q′)) ∈ E2. Thus, when dφ(λ) ∈ {1, 10, 100, 1000}, then, either p−λq ∈ Z+

φ , and
t(p′, q′)− t(p, q) = t+(r)− t(p) 6 −2, or M = 1 and (τ(p′), τ(q′)) ∈ E2. We have proventhat (τ(p′), τ(q′)) ∈ E3 
an only o

ur when p − λq ∈ Z+

φ , with t(p′, q′) − t(p, q) 6 −2.2. If dφ(λ) /∈ {1, 10, 100, 1000}, then, sin
e τ(p) ∈] − φ−1, φ−1[ and τ(q) ∈]φ−1, 1[, we getthe relation τ(p− λq) ∈]− φ− φ−1, φ[. This means that φ(p − λq) ∈ Z+
φ , and we obtain

t(p′) + t(q′) 6 2 + t+(r) + t(q). Using the third point of Proposition 4.15, we dedu
e
t(p′, q′) − t(p, q) 6 2 + t+(r) − t(p) 6 −2.We have proven that, when (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) −

t(p, q) 6 −2 holds, whi
h proves the �fth assertion of the theorem.It is interesting to give a representation of these 
omputations using a graph G. The verti
esof G are the subsets Ei, and the set of edges of G is de�ned as follows: the edge (Ej , Ek),indexed by i ∈ Z, belongs to G if, for any pair of φ-integers (p, q) su
h that (p′, q′) = A(p, q),19



(τ(p), τ(q)) ∈ Ej and (τ(p′), τ(q′)) ∈ Ek, the relation t(p′, q′)− t(p, q) 6 i holds. The graph Gis depi
ted in Figure 4, δi denoting the index of the asso
iated edge, that is, the upper boundfor the quantity t(pi+1, qi+1) − t(pi, qi).
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τ(q)

δi = 2
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Figure 4: Partition of I2
ε and upper bound for t(A(p, q)) − t(p, q)We dedu
e from Proposition 5.2 that, starting from a φ-fra
tionary expansion (p0, q0)of x ∈ Q(φ)+, the algorithm A produ
es by iteration a sequen
e (pi, qi)i∈N of pairs of φ-integers whi
h satisfy for all i ∈ N, t(pi) + t(qi) 6 t(p0) + t(q0) + 2. This implies that, forall i ∈ N, pi and qi are φ-integers less than φt(p0)+t(q0)+2. Hen
e there exist m, i ∈ N su
hthat Am(pi, qi) = (pi, qi). This proves that any x ∈ Q(φ)+ 
an be represented by a 
ontinued

φ-fra
tion that is either eventually periodi
 or �nite. We prove in the next paragraph that theeventually periodi
 
ase is not possible.5.2 Finiteness of the 
ontinued φ-fra
tion of x ∈ Q(φ)+A

ording to the last remark, if x ∈ Q(φ)+, then the algorithm A 
onstru
ts by iterationa sequen
e of pairs of φ-integers (pi, qi)i, either �nite or eventually periodi
. It is 
lear thatthe sequen
e of partial φ-quotients is also respe
tively �nite or eventually periodi
. Assume20



that this sequen
e is in�nite, and let (pi, qi)i∈N be the sequen
e of the pairs of φ-integers
onstru
ted by A. Sin
e the lengths of the φ-fra
tions 
onstru
ted are integers, the sequen
e
(xi)i∈N 
an only be in�nite when the inequalities of Proposition 5.2 be
ome equalities from a
ertain index on. Then, there are four possible 
ases:1. (τ(pi), τ(qi)) ∈ E2 and (τ(pi+1), τ(qi+1)) ∈ E2 with t(pi, qi) = t(pi+1, qi+1) ,2. (τ(pi), τ(qi)) ∈ E3 and (τ(pi+1), τ(qi+1)) ∈ E2 with t(pi, qi) = t(pi+1, qi+1) + 2 ,3. (τ(pi), τ(qi)) ∈ E3 and (τ(pi+1), τ(qi+1)) ∈ E3 with t(pi, qi) = t(pi+1, qi+1) ,4. (τ(pi), τ(qi)) ∈ E2 and (τ(pi+1), τ(qi+1)) ∈ E3 with t(pi, qi) = t(pi+1, qi+1) − 2 .We see below that the study of su
h possibilities 
an be represented by a graph G′. Theverti
es of G′ de�ne a partition of ] − 1, φ[×] − 1, φ[. The set of edges of G′ 
onsists of theedges (Ej , Ek) that are indexed by i ∈ Z su
h that, if (p, q) is a pair of φ-integers su
h that
(τ(p), τ(q)) ∈ Ej and (τ(p′), τ(q′)) ∈ Ek, where (p′, q′) = A(p, q), then t(p′, q′) − t(p, q) 6 i.We show that there is no in�nite path in G′ that uses the allowed edges de�ned by therelations 1., 2., 3., 4., whi
h proves the following result:Theorem 5.3. The 
ontinued φ-fra
tion of x is �nite if and only if x ∈ Q(φ)+.In the following 
omputations, we use for 
onvenien
e the notation λi = [pi

qi
]φ. We asso
iategraphs to the 
omputations, where the verti
es are subsets of ]− 1, φ[×]− 1, φ[, and the edges

(Ej , Ek) are now indexed by the possible values for λi su
h that A(pi, qi) = (pi+1, qi+1),
(τ(pi), τ(qi)) ∈ Ej and (τ(pi+1), τ(qi+1)) ∈ Ek.Proof. The proof is based on a 
loser study of the four 
ases 1., 2., 3., 4. that are de�nedabove.1. Suppose that (τ(pi), τ(qi)) ∈ E2, (τ(pi+1), τ(qi+1)) ∈ E2 and t(pi, qi) = t(pi+1, qi+1).Sin
e τ(pi) ∈] − φ−1, φ−1[ and τ(qi) ∈]φ−1, 1[, we get τ(pi − λiqi) ∈] − φ − φ−1, φ[. If

τ(pi − λiqi) ∈] − 1, φ[, then, sin
e (pi − λiqi, qi) ∈ (Z+
φ )2, t(pi+1, qi+1) = t(pi, qi) is notpossible, and t+(r) 6 t(p) − 2 implies t(pi+1, qi+1) − t(pi, qi) = t+(r) − t(p) 6 −2.Thus, τ(pi − λiqi) ∈] − φ − φ−1,−1[. In this 
ase, the step 2 of the algorithm A sets

M = 1. Hen
e t+(r) = t(p) − 2, whi
h implies, due to Proposition 4.15, λi ∈ {1, φ, φ2}.However, τ(λi) 6 φ−2 implies τ(λiqi) < φ−2 and τ(pi − λiqi) > −1. This 
ontradi
ts
τ(pi − λiqi) ∈] − φ − φ−1,−1[. We dedu
e that τ(λi) > φ−2, hen
e λi = 1.We have shown that Case 1. 
an only o

ur when λi = 1.We additionally remark that, sin
e τ(qi) ∈]φ−1, 1[, then τ(pi+1) ∈]− φ−1,−φ−2[. More-over, if τ(pi− qi) ∈]−φ,−1[, then τ(pi) < 0. The graph asso
iated to Case 1. is depi
tedin Figure 5.2. Suppose that (τ(pi), τ(qi)) ∈ E3, (τ(pi+1), τ(qi+1)) ∈ E2 and t(pi, qi) = t(pi+1, qi+1)+2.Due to Corollary 4.15, one of the two following possibilities o

urs:(a) τ(pi − λiqi) ∈]φ, φ2 + φ−1[ with λi ∈ {1, φ, φ2};(b) τ(pi−λiqi) < −φ2, with λi ∈ {1, φ, φ2, φ2 +1, φ3, φ3 +1, φ3 +φ, φ4, φ4 +φ, φ4 +φ2}.21
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φFigure 5: Graph asso
iated to Case 1.(a) Suppose that τ(pi−λiqi) ∈]φ, φ2 +φ−1[ and λi ∈ {1, φ, φ2}. Sin
e τ(qi+1) ∈]φ−1, 1[,
τ(pi − λiqi) ∈]φ, φ2 + φ−1[ belongs in fa
t to φ2] − φ−1, 1[=]φ, φ2[. Let us 
onsiderthe three possibilities λi = 1, λi = φ and λi = φ2.i. If λi = 1, then τ(pi−qi) > φ only o

urs when τ(qi) ∈]−1, 0[ and τ(pi) > φ−1.This implies τ(pi+1) ∈] − φ−2, 0[.ii. If λi = φ, then τ(−λiqi) ∈]−φ−1, 1[. Thus, τ(pi −λiqi) ∈]φ, φ2[, whi
h implies

τ(pi) > φ−1 and τ(−λiqi) ∈]0, 1[. We thus have τ(qi) > 0 and τ(pi+1) ∈]0, φ−1[.iii. If λi = φ2, and if τ(pi) 6 1 holds, then, sin
e τ(−λiqi) ∈] − φ−1, φ−2[, thisimplies τ(pi − λiqi) < φ, whi
h 
ontradi
ts τ(pi − λiqi) ∈]φ, φ2 + φ−1[. Thus,
τ(pi) > 1. As in the 
ase 2(a)i., we dedu
e from τ(pi − λiqi) > φ the relations
τ(qi) ∈] − 1, 0[, τ(pi) > φ−1 and τ(pi+1) ∈] − φ−2, 0[.(b) Consider now that τ(pi − λiqi) ∈] − φ2 − 1,−φ2[. This implies τ(pi) < 0 and

τ(−λiqi) < −φ, hen
e τ(qi) > 1 and τ(λi) > 1. We dedu
e that the only possibilityfor λi is λi = 1 + φ2. Moreover, sin
e τ(−λiqi) ∈] − φ − φ−1, 1 + φ2[, we get
τ(pi) < −φ−2. 22



The possibilities related to the 
ases studied in 2(a)i., 2(a)ii., 2(a)iii. and 2b. show thatCase 2. 
an only o

ur when one of the following 
onditions holds:(a) λi = 1, with τ(qi) < 0, τ(pi) > φ−1 and τ(pi+1) ∈] − φ−2, 0[;(b) λi = φ, with τ(qi) > 0, τ(pi) > φ−1 and τ(pi+1) ∈]0, φ−1[;(
) λi = φ2, with τ(qi) < 0, τ(pi) > 1 and τ(pi+1) ∈] − φ−2, 0[;(d) λi = φ2 + 1, with τ(pi) < −φ−2, τ(qi) > 1 and τ(pi+1) ∈] − φ−2, 0[.We note that, if λi = φ, the relations τ(pi) < 1 and τ(qi) < 1 
annot both hold, sin
ethis would 
ontradi
t τ(pi − λiqi) > φ. The set of the four edges is depi
ted in Figure 6.
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iated to Case 2.3. Suppose that (τ(pi), τ(qi)) ∈ E3, (τ(pi+1), τ(qi+1)) ∈ E3 and t(pi, qi) = t(pi+1, qi+1). Wehave to distinguish three following possibilities:(a) τ(pi − λiqi) ∈] − φ2,−1[ and λi ∈ {1, φ, φ2},(b) τ(pi − λiqi) ∈]φ, φ2 + φ−1[ and λi ∈ {1, φ, φ2, φ2 + 1, φ3, φ3 + 1, φ3 + φ, φ4, φ4 +
φ, φ4 + φ2}, 23



(
) τ(pi − λiqi) ∈] − φ2 − 1,−φ2[.(a) Suppose that τ(pi − λiqi) ∈] − φ2,−1[ and λi ∈ {1, φ, φ2}. This implies τ(qi+1) ∈
]φ−1, φ[ and τ(λi) ∈ [−φ−1, 1]. Additionally, sin
e τ(pi) ∈] − 1, φ[, the relation
τ(pi − λiqi) < −1 implies τ(−λiqi) < 0.If λi = 1, then τ(qi) > 0 and τ(pi) < φ−1. But (pi, qi) /∈ E1 implies τ(qi) > φ−1.Thus, we have additionally the 
onditions τ(pi) < φ−1, τ(qi) > φ−1 and τ(pi+1) ∈
] − 1,−φ−2[.If λi = φ, then τ(−λiqi) ∈] − φ−1, 1[, so τ(pi − λiqi) ∈] − φ,−1[. This implies
τ(qi) < 0 and τ(pi) < 0, hen
e (τ(pi), τ(qi)) ∈ E1, whi
h is impossible. Thus,
λi 6= φ.If λi = φ2, then τ(−λiqi) ∈]−φ−1, φ−2[, whi
h implies τ(pi − λiqi) ∈]−φ,−1[. Wededu
e τ(qi+1) ∈]φ−1, 1[, τ(pi) < −φ−2 and τ(−λiqi) < 0. Thus, τ(qi) > 0, andsin
e τ(pi) < φ−1 and (τ(pi), τ(qi)) /∈ E1, we dedu
e τ(qi) > φ−1. Moreover, τ(qi) ∈
]φ−1, φ[ implies τ(pi+1) ∈] − 1,−φ−2[. But (τ(pi+1), τ(qi+1)) /∈ E2 and τ(qi+1) ∈
]φ−1, 1[ implies τ(pi+1) ∈] − 1,−φ−1[, that is, τ(qi) ∈]1, φ[.(b) Suppose that τ(pi −λiqi) ∈]φ, φ2 +φ−1[ and λi < φ5. This implies τ(pi −λiqi) > φ,hen
e τ(pi) > 0 and τ(−λiqi) > 0. Then, τ(pi+1) ∈ (−φ)−2] − 1, φ[⊂] − φ−1, φ−1[and τ(qi+1) ∈ (−φ)−2]φ, φ2 + φ−1[⊂]φ−1, φ[. Sin
e (pi+1, qi+1) /∈ E2, we have addi-tionally τ(qi+1) > 1, whi
h implies τ(pi −λiqi) > (−φ)2. We dedu
e that τ(pi) > 1and τ(−λiqi) > 1. This inequality only holds when τ(λi) and τ(qi) are su
h that oneof them belongs to ] − 1,−φ−1[ and the other one belongs to ]1, φ[. This 
onditiongives the set of possible values for λi as well, that is, λi ∈ {φ2 + 1, φ3 + φ}.(
) Suppose that τ(pi −λiqi) ∈]−φ2 − 1,−φ2[. This implies τ(pi −λiqi) ∈]φ2 − 1,−φ2[implies τ(pi) < 0, τ(qi) > 1 and τ(λi) > 1. Hen
e τ(pi+1) ∈] − φ−1, φ−1[ and
τ(qi+1) ∈]φ−1, 1[. This means that (τ(pi+1), τ(qi+1)) ∈ E2, whi
h 
ontradi
ts thehypothesis (τ(pi+1), τ(qi+1)) ∈ E3, thus this possibility do not o

ur.We have shown that Case 3. 
an only o

ur when one of the following 
onditions issatis�ed:(a) λi = 1, with τ(pi) < φ−1, τ(qi) > φ−1 and τ(pi+1) ∈] − 1,−φ−2[;(b) λi = φ2, with τ(pi) < −φ−2, τ(qi) ∈]1, φ[, τ(pi+1) ∈] − 1,−φ−1[ and τ(qi+1) ∈
]φ−1, 1[;(
) λi = φ2 +1, with τ(pi) ∈]1, φ[, τ(qi) ∈]− 1, 0[, τ(pi+1) ∈]−φ−1, φ−1[ and τ(qi+1) ∈
]1, φ[;(d) λi = φ3 + φ, with τ(pi) ∈]1, φ[, τ(qi) ∈]0, φ[, τ(pi+1) ∈] − φ−1, φ−1[ and τ(qi+1) ∈
]1, φ[.The set of these 
onditions is depi
ted in Figure 7.4. Suppose that (τ(pi), τ(qi)) ∈ E2, (τ(pi+1), τ(qi+1)) ∈ E3 and t(pi, qi) = t(pi+1, qi+1)− 2.We distinguish two possibilities:(a) τ(pi − λiqi) ∈] − 1, φ[ and λi ∈ {1, φ, φ2},24
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iated to Case 3.(b) τ(pi−λiqi) ∈]−φ2,−1[ and λi ∈ {1, φ, φ2, φ2+1, φ3, φ3+1, φ3+φ, φ4, φ4+φ, φ4+φ2}.(a) Suppose that τ(pi − λiqi) ∈] − 1, φ[, with λi ∈ {1, φ, φ2}. Then τ(pi+1) = τ(qi) ∈
]φ−1, 1[.If λi = 1, then τ(−λiqi) ∈] − 1,−φ−1[. Sin
e τ(pi) ∈] − φ−1, φ−1[, we have τ(pi −
λiqi) ∈] − 1, 0[. This implies τ(pi) > −φ−2 and τ(qi+1) ∈] − 1, 0[.If λi = φ, then τ(−λiqi) ∈]φ−2, φ−1[, thus τ(qi+1) = τ(pi −λiqi) ∈]−φ−3, 1+φ−3[.Moreover, if τ(pi) > −φ−2, then τ(pi − λiqi) = τ(qi+1) > 0.If λi = φ2, then τ(−λiqi) ∈] − φ−2,−φ−3[, hen
e τ(qi+1) ∈] − 1, φ−2[.(b) Suppose that τ(pi−λiqi) ∈]−φ2,−1[ and λi < φ5. This implies τ(pi) ∈]−φ−1, φ−1[and τ(qi) ∈]φ−1, 1[. Hen
e τ(pi − λiqi) ∈] − φ − φ−1,−1[. Sin
e τ(pi) > −φ−1, wehave τ(−λiqi) < −φ−2. Thus, τ(λi) > φ−2

τ(qi)
> φ−2. The only possible values for λithat ful�ll this inequality and belong to [1, φ4 +φ2] are 1, φ2 +1, φ3 +1 and φ4 +φ2.Additionally, if τ(λi) 6 1, then τ(λi) ∈ [φ−2, 1], hen
e τ(−λiqi) ∈]−1,−φ−3[. Thus,

τ(pi − λiqi) ∈] − φ,−1[, and τ(qi+1) ∈]φ−1, 1[. Sin
e τ(qi) ∈]φ−1, 1[, τ(pi+1) ∈
] − φ−1,−φ−2[, we get (τ(pi+1), τ(qi+1)) ∈ E2. This 
ontradi
ts the hypothesis
(τ(pi+1), τ(qi+1)) ∈ E3. Thus, τ(λi) > 1, and this implies λi = 1 + φ2. Then,
τ(−λiqi) ∈] − 1 − φ−2,−φ−1 − φ−3[, hen
e τ(pi − λiqi) ∈] − φ − φ−2,−1[ and
τ(qi+1) ∈]φ−1, 1 + φ−3[.Moreover, τ(pi+1) ∈] − φ−1,−φ−2[ and (τ(pi+1), τ(qi+1)) /∈ E2 implies that therelation τ(qi+1) ∈]φ−1, 1[ 
annot hold. Hen
e τ(qi+1) ∈]1, 1 + φ−3[; this implies
τ(pi − λiqi) < −φ and τ(pi) < −φ−3.25



We have proven that Case 4. 
an only o

ur when one of the following 
onditions issatis�ed:(a) λi = 1, with τ(pi) ∈] − φ−2, φ−1[, τ(pi+1) ∈]φ−1, 1[ and τ(qi+1) ∈] − 1, 0[,(b) λi = φ, with τ(pi+1) ∈]φ−1, 1[, and τ(qi+1) < 0 implies τ(pi) < −φ−2,(
) λi = φ2, with τ(pi+1) ∈]φ−1, 1[,(d) λi = φ2 + 1, with τ(pi) < −φ−3, τ(pi+1) ∈]− φ−1,−φ−2[ and τ(qi+1) ∈]1, 1 + φ−3[.The set of these 
onditions is depi
ted in Figure 8.
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iated to Case 4.We have 
onsidered all the possibilities that the algorithm A may eventually en
ounterwhen we obtain by iteration of the algorithm A a ultimately periodi
 sequen
e (pi, qi)i∈Nthat is not �nite. This is equivalent to the possibility of 
onstru
ting a ultimately periodi

ontinued φ-fra
tion.Now, let us study more 
losely the possible 
y
les in the graph obtained when we sta
kthe graphs depi
ted by Figures 5, 6, 7 and 8. We obtain in this way a graph G′, whose26



verti
es are the interse
tion of the verti
es of the graphs depi
ted by Figures 5, 6, 7 and 8.The edges of G′ are obtained by splitting the edges in any of these Figures, that is, if thereexists an edge (Ej , Ek) indexed by λ in any of the graphs depi
ted by Figures 5, 6, 7 or 8,and if {Fh, h ∈ [[1, . . . , Nj ]]} and {Fl, l ∈ [[1, . . . ,Nk]]} are respe
tively partitions of Ej and
Ek whi
h 
onsists of verti
es of G′, we 
reate in G′ the edges (Fh, Fl) indexed by λ for any
(h, l) ∈ [[1, . . . , Nj]] × [[1, . . . , Nk]]. We gather then all possible edges, removing some of themthanks to the following remarks.1. For any vertex of G′, there may exist at least one in
oming edge and one outgoing edge.Otherwise, this vertex 
annot be used by any 
y
le. Thus, we remove the verti
es of G′that are not used in any 
onne
ted subgraph, and we remove the edges that use any ofthese verti
es as well.2. Due to Lemma 4.3, if dφ(λi) admits 1 as a su�x, then λi+1 > φ. This means that thereis no 
y
le in G′ 
onstituted by two 
onse
utives edges (Vi, Vi+1) and (Vi+1, Vi+2) su
hthat sφ(λi) = λi + φ−1 and λi+1 = 1.It is possible to remove other edges in G′. For instan
e, we note that the 
onditions
τ(pi+1) ∈] − 1,−φ−2[ and τ(qi+1) ∈]1, φ[ may be satis�ed in only two 
ases:1. (pi+1, qi+1) = A(pi, qi), with λi = φ2 + 1 and (pi, qi) ∈ E2;2. (pi+1, qi+1) = A(pi, qi), with λi = 1 and (pi, qi) ∈ E3.1. If (pi+1, qi+1) = A(pi, qi), with λi = φ2+1 and (pi, qi) ∈ E2, then τ(pi+1) ∈]−φ−1,−φ−2[and τ(qi+1) ∈]1, 1 + φ−3[.2. If (pi+1, qi+1) = A(pi, qi), with λi = 1 and (pi, qi) ∈ E3, then (τ(pi), τ(qi)) ∈] −

1,−φ−1[×]φ−1, 1[ implies τ(pi−λiqi) ∈]−φ−φ−2,−1[. Thus, we get τ(qi+1) ∈]1, 1+φ−3[and τ(pi+1) ∈] − φ−1,−φ−2[.However, if τ(pi+1) ∈]−φ−1,−φ−2[ and τ(qi+1) ∈]1, 1+φ−3[, then, with λi+1 = φ2+1, weobtain τ(pi+1−λi+1qi+1) > −φ−1− (1+φ−3)(1+φ−2). Thus, τ(pi+1−λi+1qi+1) > −φ2.We have proven that the edge indexed φ2 +1, having its initial vertex in ]−1,−φ−2[×]1, φ[
annot be pre
eded by any edge among the remaining ones. Thus, this edge 
annot be usedin any 
y
le.Using the same method, we remark that the subset de�ned by (τ(p), τ(q)) ∈]φ−1, 1[×]0, φ[
ontains only one initial vertex among the remaining edges, and this vertex is in
luded in fa
t in
]φ−1, 1[×]1, φ[. Sin
e any pair of φ-integers (pi, qi) satisfying τ(pi) ∈]− φ−2, 0[, τ(qi) ∈]φ−1, 1[and τ(λ) ∈ [−1, 1] is sent under the a
tion of the algorithm A on (pi+1, qi+1) su
h that
τ(qi+1) < 1 holds, we get another simpli�
ation of possible edges. Thus, there are only threepossible 
y
les, depi
ted in Figure 9.There exists three possible 
y
les that may represent the iteration of A starting from a
φ-fra
tionary expansion (p0, q0) of x ∈ Q(φ)+. Among these 
y
les, one of them is asso
iatedto a sequen
e of partial φ-
onvergents (λi)i∈N su
h that, from an index N on, the value of
λi is alternately 1 or φ2. This sequen
e provides the 
ontinued φ-fra
tion of the positive realnumber y whi
h satis�es y = φ2 + 1

1+ 1
y

. However, y is quadrati
 over Q(φ) but does not belongto Q(φ). The two remaining 
y
les de�ne 
ases for whi
h (λi)i∈N is stationary. However, one27
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y
les may o

ur under the iteration of A
he
ks that any positive real number whose sequen
e of partial φ-
onvergents is stationary isquadrati
 over Q(φ).Sin
e the three possible 
y
les 
annot o

ur, the sequen
e t(pi, qi)i∈N 
annot have a positivelower bound. It means that this sequen
e t(pi, qi)i∈N tends to 0, whi
h implies that there exists
i0 su
h that pi0 = 0. This ends the proof of the theorem.Remark 5.4. Let us detail the a
tion of the algorithm A on a parti
ular 
ase for the numera-tion system introdu
ed in Remark 4.13, that is, when dβ(1) = 0.41. As we have seen, the 
on-tinued β-fra
tion of φ is in this 
ase the 
lassi
al 
ontinued fra
tion [1; 1∞]. It means that thereexists a sequen
e of pairs of β-integers ((pi, qi))i∈N su
h that φ = p0

q0
, A(pi, qi) = (pi+1, qi+1)for all i ∈ N, and [pi

qi
]β = 1 for all i ∈ N.We 
he
k that the following relations hold:

3β + 1 = (2β) × 1 + β + 1,

2β = (β + 1) × 1 + 3 + β−1 = β−1((β2 + β) × 1 + 3β + 1),

β2 + β = (3β + 1) × 1 + 2β. 28



This means that A(3β+1, 2β) = (2β, β+1), A(2β, β+1) = (β2+β, 3β+1) and A(β2+β, 3β+
1) = (3β + 1, 2β). The asso
iated values for M , whi
h are set at step 2. of the algorithm A,are respe
tively 0, 0 and 1, sin
e one has to multiply the elements of the pair (β + 1, 3 + β−1)by β to get a pair of β-integers. For all these 
ases, the 
orresponding value of λ = [p

q
]β is 1.Hen
e the 
orresponding 
y
le represent 3β+1

2β
= 2β

β+1 = β2+β
3β+1 = φ, whose 
ontinued β-fra
tionis [1; 1∞]; one may de�ne either (p0, q0) = (3β +1, 2β), (2β, β +1) or (β2 +β, 3β +1) to obtaina sequen
e of pairs of β-integers whi
h produ
es the 
ontinued β-fra
tion of φ by iteration ofthe algorithm A. Note also that φ does not admit an unique redu
ed β-fra
tionary expansion,introdu
ed in De�nition 1.5, sin
e t(3β + 1, 2β) = t(2β, β + 1) = 3.A
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