
Continued frations and numeration in the Fibonai baseJulien BernatAbstratLet φ be the golden ratio. We de�ne and study a ontinued φ-fration algorithm,inspired by Eulid's algorithm. We show that any non-negative element of Q(φ) has a�nite ontinued φ-fration.Keywords Continued frations, Fibonai numeration, Fibonai substitution,
β-numeration, β-integersAMS lassi�ation 11A55, 11J70, 11Y65, 68R01IntrodutionThe β-numeration, introdued by Rényi [26℄ and Parry [23℄, is a numeration system in a non-integral base. Let β > 1. In the same way as in the ase of an integral base, one may expandany x ∈ [0, 1] as x =

∑

k∈N∗

vkβ
−k, where the sequene (vk)k∈N∗ , whih takes values in Aβ =

[[0, . . . , [β]]], is alled expansion of x in base β. Among the expansions of x in base β, the greatestsequene for the lexiographial order is alled β-expansion of x, and is denoted by dβ(x). The
β-expansion of x is onstruted by the greedy algorithm, that is, dβ(x) = 0.ε1ε2 . . ., where theelements of the sequene (εk)k∈N∗ are de�ned, using the map Tβ : [0, 1] → [0, 1], x 7−→ {βx},by εk = [T k

β (x)] for all k ∈ N∗. Note that the map dβ is inreasing if AN
∗

β is endowed with thelexiographial order. When dβ(x) = 0.v1 . . . ontains only �nitely many non-zero elements,one may remove the ending onseutive ourenes of 0's, that is, dβ(x) = 0.v1 . . . vn. In thepartiular ase where dβ(1) is either �nite or ultimately periodi, β is said to be a Parrynumber, respetively simple or non-simple.Parry showed in [23℄ that a sequene v = (vk)k∈N∗ is the β-expansion of a real number
x ∈ [0, 1[ if and only if the following ondition, alled the Parry ondition, holds:for all i ∈ N, Si(v) <lex (εk)k∈N∗ , (1)where S denotes the shift map, that is, S((vk)k∈N) = (vk+1)k∈N, and where (εk)k∈N∗ is thegreatest sequene for the lexiographial order among the expansions of 1 in base β that arenot �nite, denoted by d∗β(1). A word or a sequene whih satis�es (1) is said to be admissible.The set of admissible words is a language denoted by Lβ.The notion of β-expansion is naturally extended to non-negative real numbers by applyingthe greedy algorithm. Note however that we do not use the expansion 1.0∞ for the real number1; this expansion seems more natural and does not depend on the base β, however it doesnot allow us to de�ne the ondition of admissibility that appears in the Parry ondition (1).Any x > 1 may be uniquely expanded as x =

n
∑

k=0

v−kβ
k +

∑

k∈N∗

vkβ
−k, where (vk−n)k∈N is an1



admissible sequene. The sum whih onsists of non-negative powers of β is alled β-integerpart of x, and is denoted by [x]β. The sum whih onsists of negative powers of β is alled
β-frationary part of x, and is denoted by {x}β .In the framework of β-numeration, the elements whih play the role of non-negative integersare the non-negative real numbers x suh that x = [x]β , whih are alled non-negative β-integers. The set of non-negative β-integers is denoted by Z+

β . Sine Z+
β is a disrete set forany β > 1, one may de�ne the β-suessor of x ∈ Z+

β as sβ(p) = min{q ∈ Z+
β , p < q}. The set

{sβ(x) − x, x ∈ Z+
β } is �nite if and only if β is a Parry number, see for instane [8, 28℄.It is natural to ask whether usual properties in the framework of lassial numerationsystems are preserved in a non-integral base. In this artile, we are interested in studying aontinued fration algorithm introdued by Enomoto, where the sequene of partial quotientsonsists of β-integers instead of integers. This study is performed with the golden mean, thatis, β = 1+

√
5

2 , that we denote by φ. This hoie is aounted for the following properties:1. φ is quadrati over Q,2. φ is a Pisot number,3. φ < 2, hene expansions in base φ are de�ned on the alphabet A = {0, 1}.The aim of this artile is to prove the following result, onjetured by Akiyama [29℄.Theorem 5.3 The positive real numbers whose ontinued φ-fration is �nite are thepositive elements of Q(φ).This artile is strutured in the following way. Setion 1 gathers all elementary de�nitions,notation and preliminary results. We introdue the notion of φ-frations, whih are frationswhose numerators and denominators are φ-integers, and also the notion of length on φ-integers.We use in Setion 2 the Dumont-Thomas algorithm (see [13℄), whih allows us to expand thepre�xes of a �xed point of a primitive substitution in a anonial way. Thus, there is an expliitone-to-one map between Z+
φ and the set of pre�xes of ω, the �xed point of the Fibonaisubstitution σ de�ned by σ(a) = ab and σ(b) = a (Propositions 2.3 and 2.7).In Setion 3, we introdue intervals IW , de�ned for any admissible word W . We provethat IW ontains the images under the Galois map τ of φ-integers whose φ-expansion admit

W as a su�x. Furthermore, the bounds of IW are determined by W (Lemmas 3.1 and 3.5).This provides a geometrial haraterization of elements in Z2 that are abelianizations ofpre�xes of the �xed point of the Fibonai substitution, as follows: they need to belong to apartiular semi-window Bφ (Theorem 3.8, Corollary 3.9, and see Figure 3). The semi-window
Bφ is in fat de�ned by a ut-and-projet sheme, whih admits a Rauzy fratal as a windowof aeptane; this Rauzy fratal, whih is ] − 1, φ[ in the Fibonai ase, allows us to de�nea self-similar tiling of R. Thanks to this haraterization, it is possible to determine whetherany real number onstruted by adding, subtrating or multiplying φ-integers is a φ-integer.Setion 4 deals with ontinued φ-frations. These are ontinued frations, onstrutedaording to a generalization of Eulid's algorithm, where the sequene of partial quotientsonsists of φ-integers. First, we study the onstrution of ontinued φ-frations (Proposition4.5). Then, we try to extend to positive elements of Q(φ) the following lassial result: theontinued fration of any positive rational number is �nite. Having this prospet in mind, wego bak to the approah used in lassial ontinued frations, in order to apply it to ontinued
φ-frations. Sine the set of φ-frations is Q(φ)+ (Proposition 4.6), we de�ne an algorithm A2



on pairs of φ-integers whih represents, when it is de�ned, the ation of the map [0, 1] → [0, 1],
x 7−→ { 1

x
}φ. Hene, starting from a pair (p0, q0) of φ-integers suh that x = p0

q0
, the algorithm

A onstruts by iteration a sequene of pairs of φ-integers (pi, qi)i∈N, suh that the sequeneof partial quotients of x is ([pi

qi
]φ)i∈N. Then, using a notion of length on pairs of φ-integers,denoted by t, we ompute an upper bound for the quantity t(p, q) − t(A(p, q)) (Lemma 4.8).Studying more losely several ases whih depend on [p

q
]φ, we obtain a more aurate upperbound for t(A(p, q)) − t(p, q) (Propositions 4.11, 4.14, 4.15).We prove in Setion 5 that the sequene (t(pi, qi))i of lengths of pairs of φ-integers thatare produed when iterating the algorithm A is bounded. This implies that the ontinued

φ-fration of any x ∈ Q(φ)+ is either �nite or eventually periodi. Finally, we prove byontradition that elements having an ultimately periodi ontinued φ-fration are not in
Q(φ), whih proves Theorem 5.3.The de�nitions introdued in this artile may easily be extended to the lass of Parrynumbers, and several results obtained in Setions 2, 3, 4 may hold for other numbers thanthe golden ratio. However, we do not known for whih numbers one an generalize the resultprovided by Theorem 5.3.1 De�nitions and notation1.1 GeneralitiesFor onveniene, we de�ne for any set E ⊂ R the sets E∗ = E r {0} and E+ = E ∩ R+.Let A be a �nite set, alled alphabet. Endowed with the onatenation, A generates amonoid A∗. For any v ∈ A∗, we denote by |v| the number of letters of v, and by |v|ai

thenumber of ourrenes of the letter ai in v. The empty word is denoted by ε.Let (~ei)i∈[[1,...,d]] be the anonial basis of Zd. Let f : A → Zd be the morphism of monoidalled abelianization morphism or Parikh map, de�ned by f(ai) = ~ei for all i ∈ [[1, . . . , d]] (formore details, see [24℄).A substitution is a map from A to A∗ whih naturally extends to a morphism on A∗. Let σbe a substitution de�ned on A = {a1, . . . , ad}. The inidene matrix of σ is the square matrix
Mσ of size d, whose oe�ients are de�ned by Mσ[i, j] = |σ(aj)|ai

for all (i, j) ∈ [[1, . . . , d]]2.When dβ(1) is either �nite or ultimately periodi, β is said to be a Parry number. Let usreall that any Pisot number is a Parry number ([7, 27℄). When β is a Parry number, one ande�ne a substitution σ assoiated to β alled β-substitution. The eigenvalues of the inidenematrix Mσ of σ are the roots of the polynomial whose oe�ients are de�ned by dβ(1). Inpartiular, β and its Galois onjugates are eigenvalues of Mσ. See [28, 15℄ for more details on
β-substitutions. The notion of admissibility introdued in (1), whih depends on d∗β(1), anbe de�ned using the assoiated β-substitution when β is a Parry number. In this ase, the setof admissible words is the set of words that are reognized by a �nite automaton assoiatedto β alled the pre�x-su�x automaton. One may refer to [11, 12℄ for more details.1.2 The Fibonai numeration systemWe denote by φ the golden mean 1+
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2 , whih is the positive root of the polynomial X2−X−1.Sine the Galois onjugate of φ is −φ−1, whose modulus is less than 1, φ is a Pisot number.We denote by τ the �eld morphism de�ned on Q(φ) by τ(φ) = −φ−1.3



Sine Tφ(1) = φ−1 and Tφ(φ−1) = 0, the φ-expansion of 1 is dφ(1) = 0.110∞ = 0.11, whihmeans that φ is a simple Parry number. Moreover, d∗φ(1) = 0.(10)∞, whih implies that anyword is admissible if and only if it is de�ned on the alphabet Aφ = {0, 1} and it does not admitthe word 11 as a fator. More details about Parry numbers an be found in [7, 14, 22, 27℄.Let x > 0. When there are only �nitely many non-zero elements in dφ(x), we say that xhas a �nite φ-expansion. In this ase, we omit the ending of onseutive zeros. The set of realnumbers having a �nite φ-expansion is denoted by Fin(φ). Note that φ satis�es the �nitenessproperty (F), that is, Fin(φ) = Z(φ−1). See [17, 1, 2℄ for more details on the �niteness property.The set of non-negative φ-integers is the set of real numbers that an be expanded as
x =

n
∑

k=0

vkφ
k, where vk ∈ {0, 1} for all k ∈ [[0, . . . , n]]. Note that Z+

φ is a subset of Z[φ] ≃

Z[X]/(X2 − X − 1).Remark 1.1. Sine φ is a on�uent Parry number ([16℄), we may obtain the set of φ-integerswithout using the admissibility ondition.De�nition 1.2. Let dφ(x) = vNvN−1 . . . v1v0.v−1 . . . v−N ′ , where x ∈ Fin(φ), x 6= 0. We all
φ-integer length of x the quantity |dφ([x]φ)| = N +1, that we denote by t+(x), and φ-frationallength of x the quantity |dφ({x}φ)| = N ′, that we denote by t−(x). We all global length of xthe quantity |dφ(x)| = N +N ′+1, that we denote by t(x). We set t+(0) = t−(0) = t(0) = −∞.Remark 1.3. The positive real number x belongs to Z+

φ if and only if t+(x) = t(x).De�nition 1.4. Let p, q ∈ Z+
φ with q > 0. Then p

q
∈ Q(φ) is alled φ-fration. The pair (p, q)is alled φ-frationary expansion of x. The set of φ-frations is denoted by Q+

φ .De�nition 1.5. Let p, q ∈ Z+
φ . We de�ne the length of (p, q) as t(p, q) = t(p) + t(q) − 1. Wede�ne the length of x ∈ Q+

φ as min
p,q∈Z

+
φ

{t(p) + t(q) − 1, x = p
q
}.Let x ∈ Q+

φ . When (p, q) is a φ-frationary expansion of x suh that t(x) = t(p)+ t(q)− 1,
(p, q) is alled redued φ-frationary expansion of x.Example 1.6. A φ-frationary expansion of 2 is (φ3 + 1, φ2). One heks that (φ3 + 1, φ2) isin fat the unique redued φ-frationary expansion of 2.Remark 1.7. Any φ-fration has a unique redued φ-frationary expansion. Sine we do notneed this property for our study, we do not inlude its proof. See [6℄ for more details.The φ-substitution assoiated to φ is de�ned by σ(a) = ab and σ(b) = a. This substitutionis alled the Fibonai substitution; the eigenvalues of the inidene matrix Mσ of σ are exatlythe roots of X2−X−1, namely φ and τ(φ) = −φ−1. We denote by ω the unique �xed point of
σ. For all k ∈ N∗, we denote by ωk the pre�x of ω suh that |ωk| = k. The following propositionis a partiular ase of Theorem 1.5 in [13℄.Proposition 1.8. Let k ∈ N∗. Then ωk an be uniquely expanded as ωk = σn(εn) . . . σ0(ε0),with:1. εn = a;2. for all i ∈ [[0, . . . , n]], εi ∈ {ε, a}; 4



3. for all i ∈ [[0, . . . , n]], εiεi+1 6= aa.The expansion σn(εn) . . . σ0(ε0) is alled the Dumont-Thomas expansion of ωk. We denoteby σ0(ε) the Dumont-Thomas expansion of ω0 = ε.Let (Fn)n∈N be the Fibonai sequene. This sequene is de�ned by the following linearreurrene, whih may be extended to Z: for all i ∈ N∗, Fi+1 = Fi + Fi−1, with the initialonditions F0 = 1 and F1 = 2.Remark 1.9. We use later the following relations: for all n ∈ N, |σn(a)| = Fn, |σn(a)|a =
Fn−1 and |σn(a)|b = Fn−2.2 Link between expansions, φ-integers and the pre�xes of ωThe aim of this setion is to �nd onnetions between Z+

φ and the set of pre�xes of ω, using theabelianization map f and the projetions de�ned by the eigenvetors of the matrix Mσ. Thisstudy allows us to de�ne and onstrut the algorithm of expansion in ontinued φ-fration.We will use several results proved in [5℄ as well.2.1 Abelianization of the pre�xes of ωThe sequene (f(ωk))k∈N de�nes a path in Z2, where the k-th vertex is (|ωk|a, |ωk|b). Thispath is depited in Figure 1. Let ||.|| denote the eulidean norm on Z2.Proposition 2.1. The vetor lim
k→∞

f(ωk)
||f(ωk)|| is an eigenvetor of Mσ, whose eigenvalue is φ.This property is a diret onsequene of the fat that the substitution σ is of Pisot type,that is, the dominant eigenvalue β of Mσ, the inidene matrix of σ, is suh that, for any othereigenvalue λ of Mσ, one has 0 < λ < 1 < β (see [5℄ for more details). As a onsequene, wede�ne (~f1, ~f2), a new basis of R2, where ~f1 and ~f2 are eigenvetors whose assoiated eigenvaluesare respetively φ and −φ−1, suh that ~e1 = ~f1 + ~f2. Sine Mσ is symmetri, this new basis isorthogonal. We denote by ∆1 and ∆2 the subspaes respetively generated by ~f1 and ~f2.De�nition 2.2. We denote by π1(X) and π2(X) the oordinates of X in the basis (~f1, ~f2).Proposition 2.3. Let σn(εn) . . . σ0(ε0) be the Dumont-Thomas expansion of ωk. The followingrelations hold:1. π1(f(ωk)) =

n
∑

i=0
|εi|(−φ)−i,2. π2(f(ωk)) =

n
∑

i=0
|εi|φ

i.Proof. The vetors of the basis (~f1, ~f2) are eigenvetors of the matrix Mσ. We additionallyhek the equality f ◦ σ = Mσ ◦ f on A∗; sine f and σ are morphisms, we only have to hekthis relation on A. As f(σ(a)) = ~e1 + ~e2 = Mσf(a) and f(σ(b)) = ~e1 = Mσf(b), the equalityholds. Sine we have also f(a) = ~f1 + ~f2, we dedue f(σn(a)) = (−φ)−n ~f1 + φn ~f2. Hene
f(σn(εn) . . . σ0(ε0)) = (

n
∑

i=0
|εi|(−φ)−i,

n
∑

i=0
|εi|φ

i).5
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Figure 1: Abelianizations of ω and the basis (~f1, ~f2)2.2 Relation between expansions of φ-integers and pre�xes of ωLet Γ be the map de�ned by
Γ : Lφ −→ {ωk, k ∈ N∗}, vn . . . v0 7−→ ωk,where ωk = σn(εn) . . . σ0(ε0) is suh that for all i ∈ [[0, . . . , n]], |εi| = vi. Note that Γ is de�nedon expansions in base φ of φ-integers, and that Γ(W ′) = Γ(dφ(x)) for any expansion W ′ inbase φ of x. If we restrit Γ to the set of admissible words whih admit 1 as a pre�x, weobtain an invertible map, with Γ−1(σn(εn) . . . σ0(ε0)) = |εn| . . . |ε0|. Sine the oordinates of

~e1 and ~e2 in the basis (~f1, ~f2) are rationally independent, the projetions −→π1 : Z2 → ∆1 and
−→π2 : Z2 → ∆2 are one-to-one. Hene the following maps π1 and π2 are bijetions:

π1 : Z2 −→ Z[φ], (p, q) 7−→ p − φq,

π2 : Z2 −→ Z[φ], (p, q) 7−→ p + φ−1q = p − q + φq.Remark 2.4. These projetions are not exatly those usually de�ned in the assoiated ut-and-projet sheme, see for example [19℄. The basis (~f1, ~f2) may be seen as the image of theanonial basis under the ation of a dilatation and a rotation. This explains why we do notretrieve exatly the usual notation for this sheme.6



Let x ∈ Z+
φ , dφ(x) = vn . . . v0. Then π−1

2 (x) = (
n
∑

i=0
viFi−1,

n
∑

i=0
viFi−2).Notation 2.5. The map π1 ◦ π−1

2 oinides with τ on Z[φ].2.3 Basi properties of Z+
φThe set Z+

φ is not stable under addition and multipliation. For instane, one heks that 1and φ2 + 1 ∈ Z+
φ ; however 1 + 1 = 2 = φ + φ−2 /∈ Z+

φ and (φ2 + 1)2 = φ5 + φ + φ−2 /∈ Z+
φ .However, it is proved in [17℄ that the �niteness property (F) holds in the ase of the Fibonainumeration system, that is, Fin(φ) = Z[φ−1]. Hene the sum and the produt of two φ-integersmay be expanded as a �nite sum of powers of φ whose oe�ients satisfy the admissibilityondition.One may de�ne two laws ⊕ and ⊗ on Z+

φ , suh that Z+
φ is stable under ⊕ and ⊗. Thispoint of view is developed for instane in [4, 9, 10℄. We do not use suh a point of view, beausewe need to work with usual laws.Proposition 2.6. Let x ∈ Z+

φ . Then:1. sφ(x) = x + 1 if and only if dφ(x) admits 0 as a su�x,2. sφ(x) = x + φ−1 if and only if dφ(x) admits 1 as a su�x.One an easily dedue this partiular result from [8℄. Note that the suessor funtion sφhas been extensively studied, see for instane [18℄.Proposition 2.7. One has Z+
φ = {π2(f(ωk)), k ∈ N}.Proof. Let x be a φ-integer. Let dφ(x) = vn . . . v0. Then, using Remark 1.9, one has:

x =
n

∑

i=0

vi(Fi−1 + Fi−2φ
−1) = π2(

n
∑

i=0

viFi−1,
n

∑

i=0

viFi−2)

= π2 ◦ f(σn(εn) . . . σ0(ε0)) with for all i ∈ [[0, . . . , n]], |εi| = vi.Sine vivi+1 6= 11 implies εiεi+1 6= aa, there exists k ∈ N suh that σn(εn) . . . σ0(ε0) isthe Dumont-Thomas expansion of ωk. Conversely, if the Dumont-Thomas expansion of ωk is
σn(εn) . . . σ0(ε0), then x = π2(f(ωk)) an be expanded as n

∑

i=0
|εi|φ

i ∈ Z+
φ .Hene π2 ◦ f de�nes a bijetion between Z+

φ and the set of pre�xes of ω.3 Algebrai and geometri haraterization of Z+
φThe aim of this setion is to establish relations between φ-integers and their images underthe Galois map τ . We prove below that, if x ∈ Fin(φ)+, then x is a φ-integer if and only if

τ(x) ∈] − 1, φ[. In this ase, f(Γ(dφ(x))) ful�lls a geometrial ondition, that is, f(Γ(dφ(x)))belongs to an open semi-band B+
φ that we de�ne in Setion 3.3.
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3.1 Repartition of the image under π2 ◦ f of admissible words on ∆1Due to Proposition 2.3, the images under π1 ◦ f of the pre�xes of ω belong to the interval
]min{

∑

k∈N

vk(−φ)−k, (vk)k∈N ∈ {0, 1}N},max{
∑

k∈N

vk(−φ)−k, (vk)k∈N ∈ {0, 1}N}[=]−1, φ[. Moregenerally, given S ∈ Lφ, we de�ne an interval IS whih satis�es the following property: if
x ∈ Z+

φ is suh that dφ(x) admits S as a su�x, then τ(x) =
n
∑

i=0
vi(−φ)−i belongs to IS .Lemma 3.1. Let W = wn . . . w0 ∈ Lφ. Let U be an expansion in base φ whih admits W asa su�x. Then: −φ−2[ n+1

2
] < π1(f(Γ(U))) − π1(f(Γ(W ))) < φ−2[ n

2
]−1.Proof. Let W = wn . . . w0 ∈ Lφ. Let U = wn′ . . . w0 be an expansion in base φ whihadmits W as a su�x. Then: π1(f(Γ(U))) =

n′
∑

i=0
wi(−φ)−i =

n
∑

i=0
wi(−φ)−i +

n′
∑

i=n+1
wi(−φ)−i =

π1(f(Γ(W ))) +
n′
∑

i=n+1
wi(−φ)−i.If n is even, then −φ−n <

n′
∑

i=n+1
wi(−φ)−i < φ−n−1. On the other hand, if n is odd, then

−φ−n−1 <
n′
∑

i=n+1
wi(−φ)−i < φ−n.We dedue that π1(f(Γ(W ))) − φ−2[ n+1

2
]
6 π1(f(Γ(U))) 6 π1(f(Γ(W ))) + φ−2[ n

2
]−1.3.2 Cylinders and intervals: a tiling of ] − 1, φ[Due to Lemma 3.1, any S ∈ Lφ de�nes an interval IS suh that, if any expansion in base φof x ∈ Z+

φ admits S as a su�x, then τ(x) ∈ IS. It is natural to ask whether we an establisha reiproal property. Thus, if S ∈ Lφ, and if x is a φ-integer suh that τ(x) belongs to IS,we want to determine whether there exists an expansion in base φ of x whih admits S as asu�x.De�nition 3.2. For W ∈ Lφ, we de�ne the ylinder CW as the set of expansions in base φwhih admit W as a su�x. Let PW = {π1(f(Γ(W ′))),W ′ ∈ CW}. We de�ne the interval IWas the onvex hull of PW .Remark 3.3. One has I0 =] − 1, φ−1[ and I1 =]φ−1, φ[.Proposition 3.4. The following properties are ful�lled:1. the set PW is dense in IW ;2. we get IW =] − φ2[ n+1
2

] + π1(f(Γ(W ))), φ−2[ n
2
]−1 + π1(f(Γ(W )))[.Proof. First, we show that PW is dense in IW if and only if Pε is dense in ] − 1, φ[. Let

W = vn . . . v0 ∈ Lφ. Let x ∈]−φ2[ n+1
2

]+π1(f(Γ(W ))), φ−2[ n
2
]−1 +π1(f(Γ(W )))[. Using Lemma3.1, we get π1(f(Γ(W ))) =

n
∑

i=0
vi(−φ)−i. We note that (vi)i>N is an admissible sequene suhthat ∞

∑

i=N+1
vi(−φ)−i ∈] − φ2([ n+1

2
]), φ−2[ n

2
]−1[ if and only if (v′i)i∈N is an admissible sequene8



suh that ∞
∑

i=0
v′i(−φ)−i ∈] − 1, φ[, where the sequenes (vi)i>N and (v′i)i∈N are in relation by

v′i = vi+N+1 for all i ∈ N. Hene, in order to prove the �rst assertion, we prove now that Pεis dense in ] − 1, φ[.Let x′ ∈]− 1, φ[. We de�ne x0 = x′, and v′0 = 0 if x0 ∈]− 1, φ−1[, v′0 = 1 otherwise. Then,sine x0−v′0 ∈]−1, φ−1[, we have x1 = −φ(x0−v′0) ∈]−1, φ[. By indution, if the terms of thesequenes (v′i)i∈[[0,...,n−1]] and (xi)i∈[[0,...,n]] are de�ned, we set v′n = 0 if xn ∈] − 1, φ−1[, v′n = 1otherwise, and xn+1 = −φ(xn − v′n). Then (xn)n∈N is a sequene with values in ] − 1, φ[, and
(v′n)n∈N is an admissible sequene. Sine x −

n
∑

i=0
v′i(−φ)−i = (−φ)n+1xn+1 for all n ∈ N, wehave onstruted an admissible sequene (vi)i∈N suh that x =

∞
∑

i=0
vi(−φ)−i, whih proves thedensity of PW in ] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 + π1(f(Γ(W )))[. We dedue that anyinterval whih ontains PW ontains also the interval ] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 +

π1(f(Γ(W )))[, hene ] − φ2[ n+1
2

] + π1(f(Γ(W ))), φ−2[ n
2
]−1 + π1(f(Γ(W )))[⊂ IW . Sine IW isthe intersetion of all intervals that ontain PW , IW ⊂] − φ2[ n+1

2
] + π1(f(Γ(W ))), φ−2[ n

2
]−1 +

π1(f(Γ(W )))[.Lemma 3.5. Let W ∈ Lφ. Then:1. for any pre�x P of W = PS, the word W ′ = P 0|S| is admissible and IW−π1(f(Γ(S))) ⊂
IW ′;2. for all k ∈ N, IW0k = (−φ)−kIW ;3. for any su�x S of W , IW ⊂ IS.Proof. Let W = PS, and let σn(εn) . . . σn′+1(εn′+1)σ

n′
(εn′) . . . σ0(ε0) and σn′

(εn′) . . . σ0(ε0)be respetively the Dumont-Thomas expansions of Γ(W ) and Γ(S). Using the linear propertiesof f and π1, it follows:
π1(f(σn(εn) . . . σ0(ε0))) − π1(f(σn′

(εn′) . . . σ0(ε0))) = π1(f(σn(εn) . . . σn′+1(εn′+1)ε))

= π1 ◦ f ◦ Γ(P0|S|).Thus, π1(f(Γ(W )))− π1(f(Γ(S))) belongs to {π1(f(Γ(W ′))),W ′ ∈ CP0|S|} for any admissibleword W = PS, whih ends the proof of the �rst assertion.Let W = wn . . . w0 and W ′ = W0k. One has :
π1(f(Γ(W ′))) =

n
∑

i=0

wi(−φ)−(i+k) = (−φ)−k

n
∑

i=0

wi(−φ)−i = (−φ)−kπ1(f(Γ(W ))).Hene IW0k = (−φ)−kIW , whih proves the seond assertion.Finally, if S is a su�x of W , then CW ⊂ CS , hene IW ⊂ IS .Proposition 3.6. If W and W ′ are expansions in base φ of φ-integers suh that IW∩IW ′ 6= ∅,then either CW ⊂ CW ′ or CW ′ ⊂ CW . 9



Proof. Suppose that W and W ′ are expansions in base φ of φ-integers suh that none of themis a su�x of the other. Let S be the ommon su�x of W and W ′ whih is of maximal length.Then W = PS, W ′ = P ′S, where P and P ′ have a di�erent su�x of length 1 (for instane, 1is a su�x of P ).Suppose that IW and IW ′ are not disjoint. Using suessively the three assertions of Lemma3.5, this implies, �rst that IP0|S| and IP ′0|S| are not disjoint, seond that IP and IP ′ are notdisjoint, and �nally that I1 and I0 are not disjoint. This is absurd, sine I0 =] − 1, φ−1[ and
I1 =]φ−1, φ[, see Remark 3.3.Thus, the image of the set of admissible expansions having W as a su�x under π1 ◦ f ◦ Γis dense in IW . Additionally, Proposition 3.6 establishes that IW and IW ′ are disjoint when
W and W ′ are distints admissible words of the same length. Hene, for k ∈ N∗, the sets PWkiform a partition of Pε, where {Wki

}i∈[[1...Fk]] denotes the set of admissible words of length k.We dedue a subdivision of Iε into Fk intervals IWki
. When k = 2, the assoiated subdivisionis depited in Figure 2.

PSfrag replaements
I10 I00 I01

−1 −φ−2 0 φ−1 φFigure 2: Tiling of Iε =] − 1, φ[= I10 ∪ I00 ∪ I01Any admissible word W admits either 0 or 01 as a su�x, and, due to the �rst assertionof Lemma 3.5, the maps Cε → C0, v 7−→ v0 and Cε → C01, v 7−→ 01 are in one-to-one or-respondane. Hene Iε satis�es the relation Iε = I1 ∪ I01 = (−φ−1Iε) ∪ (1 + φ−2Iε). Thisrelation provides a tiling of the self-similar set Iε. A loser study of suh tilings is performedin [1, 3, 28℄. The tiling of Iε =]−1, φ[ de�ned by the ylinders is a self-similar tiling of ]−1, φ[.The dual tiling de�ned by ∪
k∈N

π2(f(ωk)) is a disrete tiling of R+, whih orresponds to thequasirystal assoiated to φ, see [9℄.As it is possible to extend the tiling of ] − 1, φ[ to R, we dedue that sums and produtsof the images under τ of φ-integers belong to unions of tiles of the tiling de�ned by π1. Thesetiles an be geometrially haraterized, and have a ombinatorial signi�ation. The propertyof de�ning an assoiated tiling remains true for any Pisot number; in partiular, when β isthe positive root of the polynomial X3 − X2 − X − 1 (alled then the Tribonai number),we get a Rauzy fratal T whih is a subset of the hyperplane generated by the eigenvetorsof the inidene matrix having an assoiated eigenvalue of modulus less than 1. One may�nd more details about Rauzy fratals in hapter 7 of [24℄ and in [25℄. Note that, from ageneral point of view, the Rauzy fratal T has a fratal struture; however, when β is aquadrati unit, the Rauzy fratal T de�ned by the assoiated β-substitution is an interval. Asa onsequene, many studies, inluding the one performed in this artile, are less ompliatedwhen we onsider quadrati unit numbers.Corollary 3.7. Let x ∈ Fin(φ), x > 0 with dφ(x) = vN . . . v0.v−1 . . . v−N ′. Then τ(x) ∈
(−φ)−N ′

]φ−1, φ[.Proof. If x =
N
∑

i=−N ′

viφ
i with v−N ′ = 1, then φN ′

x is a φ-integer whose expansion admits
1 as a su�x. Sine I1 =]φ−1, φ[, one gets τ(φN ′

x) = τ(φ)N
′
τ(x) ∈]φ−1, φ[, whih implies10



τ(x) ∈ (−φ)−N ′
]φ−1, φ[.3.3 Charaterization of φ-integersDue to Corollary 3.7 and Proposition 3.4, knowing a su�x S of the φ-expansion of x ∈ Fin(φ)provides an interval I, whih depends on S, suh that τ(x) ∈ IS. Conversely, we want todetermine whether, knowing an interval I whih ontains τ(x) ∈ Q(φ), one may �nd k ∈ N, inthe ase where suh an integer does exist, suh that φkx ∈ Z+

φ . This problem is losely relatedto determining the φ-frational length of the φ-expansion of x ∈ Fin(φ).Let B+
φ be the semi-window of R2 de�ned by π1(X) ∈] − 1, φ[ and π2(X) > 0, whih isdepited in Figure 3. We have the following property.
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Figure 3: Geometrial representation of B+
φProposition 3.8. Let X ∈ Z2. Then π2(X) ∈ Z+

φ if and only if X ∈ B+
φ .One an �nd the proof of this proposition in [5℄, and in [6℄ as well.Corollary 3.9. Let X ∈ Z2 suh that π2(X) > 0. There exists N ∈ Z suh that π1(X) belongsto (−φ)N ]φ−1, φ[. Moreover, if N ∈ N∗, then dφ({π2(X)}φ) = 0.x−1 . . . xN .Proof. One has ∪

N∈Z

(−φ)N
′
]φ−1, φ[= Rr ∪

Z∈N

− (−φ)N . Suppose that there exists N ∈ Z suhthat π1(X) = −(−φ)N . Then π2(X) = τ(π1(X)) = −φN , hene π2(X) < 0. We dedue that,if π2(X) > 0, there exists N ∈ Z suh that π1(X) ∈ (−φ)N ]φ−1, φ[.11



If π1(X) ∈ (−φ)−N ′
]φ−1, φ[, then π1(X)(−φ)N

′
∈ ]φ−1, φ[ and π1(X)τ(φ−N ′

) ∈]φ−1, φ[.Let x = π2(X). Sine τ(x)τ(φ−N ′
) ∈]φ−1, φ[, x′ = xφ−N ′ ful�lls the relation τ(x′) ∈]φ−1, φ[.Additionally, sine Mσ is invertible, there exists X ′ ∈ Z2 suh that π−1

2 (x′) = M−N ′

σ X =
X ′. Sine π2(X

′) > 0, we may use Proposition 3.8; there exists ωk = σn(εn) . . . σ0(ε0) suhthat X ′ = f(ωk), hene π2(X
′) =

n
∑

i=0
|εi|φ

i. Thus, x =
n
∑

i=0
|εi|φ

i−N ′ , hene dφ(π2(X)) =

|εn| . . . |ε0|.|ε−1| . . . |ε−N ′ |.Corollary 3.10. Let x, y ∈ Z+
φ . Then φ2(x + y), φ2(x − y) and φ2xy ∈ Z+

φ .Proof. Sine φ2(x + y), φ2(x − y) and φ2xy are positive, we an use Corollary 3.9. Then:1. τ(x + y) ∈] − 2, 2φ[=] − φ − φ−2, φ2 + φ−1[, hene τ(φ2(x + y)) ∈] − 1, φ[.2. τ(x − y) ∈] − 1 − φ, 1 + φ[=] − φ2, φ2[; this implies τ(φ2(x − y)) ∈] − 1, φ[.3. τ(xy) ∈] − φ, φ2[, hene τ(φ2xy) ∈] − φ−1, 1[⊂] − 1, φ[.Remark 3.11. These results were �rst proved in the framework of quasirystals in [9, 10℄.Note that images under τ of the sum, the subtration or the produt of two non-negative
φ-integers belong in fat to an interval whih is stritly inluded in ] − φ2, φ3[. This providesadditional information about the su�xes of the φ-integers φ2(x+y), φ2(x−y) and φ2xy, when
x, y ∈ Z+

φ . For instane, sine τ(φ2(x − y)) ∈] − 1, 1[, then, as a onsequene of Lemma 3.1,
101 is not a su�x of dφ(φ2(x − y)).4 Continued φ-fration algorithmNotation 4.1. Let (pi)i∈N be a sequene whih onsists of positive real numbers. We denoteby [p0; p1 . . . , pn−1, pn] the �nite ontinued fration p0 + 1

p1+...+ 1
pn

.4.1 De�nition of the generalized Eulid's algorithmWe explain here how to generalize Eulid's algorithm whih generates the expansion in on-tinued fration of a positive real number. This study is very similar to the lassial one withusual ontinued frations, that an be found for instane in [20℄ or in [21℄.We de�ne the representation of x ∈ R+ by a ontinued φ-fration using the followingalgorithm. Let x0 = x. Sine x0 − [x0]φ ∈ [0, 1[ aording to Proposition 2.6, we de�ne
x1 = 1

x0−[x0]φ
if x0− [x0]φ > 0, otherwise the algorithm ends. More generally, at step i ∈ N, wede�ne xi+1 = 1
xi−[xi]φ

if xi is not a φ-integer, otherwise the algorithm ends. The onstrutedsequene (xi)i is generated using the funtion T de�ned as follows.
T : ]0, 1[−→]0, 1[, x 7−→ {

1

x
}φ.12



Hene, while xi /∈ Z+
φ , that is, while T i(x0) > 0, xi+1 is de�ned by 1

xi+1
= T ( 1

xi
) = T i+1( 1

x0
).If the sequene (xi)i is �nite, then the representation of x is [x0]φ + 1

...+ 1
xN

. Otherwise, we get:
x0 = [x0]φ + T (

1

x0
) = [x0]φ +

1

x1
= [x0]φ +

1

[x1]φ + T ( 1
x1

)

= [x0]φ +
1

[x1]φ + 1
...+ 1

[xn]φ+...

= [[x0]φ; [x1]φ, . . .].De�nition 4.2. We de�ne the n-th partial φ-quotient of x as the φ-integer an = [xn]φ, andthe n-th φ-onvergent of x as cn = [a0; a1 . . . , an]. The expansion a0 + 1
a1+... 1

an+...

is alled theontinued φ-fration of x.Lemma 4.3. Let (ai)i be the sequene of partial quotients of x ∈ R+. Let k ∈ N be suh that
ak and ak+1 are de�ned. If dφ(ak) admits 1 as a su�x, then ak+1 > φ.Proof. Let (ai)i be the sequene of partial quotients of x ∈ R+. Suppose that ak and ak+1 arede�ned, and that dφ(ak) admits 1 as a su�x. Then, due to Proposition 2.6, xk − ak belongsto [0, φ−1[. Sine ak+1 is de�ned, xk 6= ak, and 1

xi−ai
> φ. Hene ak+1 > φ.Remark 4.4. We dedue that there exist sequenes of φ-integers that are not sequenes ofpartial quotients. For instane, [1; 1∞], whih is the lassial ontinued fration of φ, is not aontinued φ-fration. Sine φ ∈ Z+

φ , the ontinued φ-fration of φ is [φ; 0∞].Proposition 4.5. The sequene of φ-onvergents of x tends to x.Proof. Let m,n ∈ N with m > n. Then:
|[a0; . . . , an] − [a0; . . . , am]| = |[0; a1, . . . an] − [0; a1, . . . , am]| =

∣

∣

∣

1

[a1; . . . an]
−

1

[a1; . . . am]

∣

∣

∣

=
∣

∣

∣

[a1; . . . an] − [a1; . . . am]

[a1; . . . an][a1; . . . am]

∣

∣

∣
6

1

a2
1

|[a1; . . . an] − [a1; . . . am]|.Due to Lemma 4.3, ai = 1 implies ai+1 > φ. Hene the inequality:
|[a0; . . . , an] − [a0; . . . , am]| 6 (

n
∏

i=1

1

a2
i

) × |an − [an; an+1, . . . , am]| 6
1

a1

n−1
∏

i=1

1

(aiai+1)

6 φ1−n.Thus, the sequene of φ-onvergents of x is a Cauhy sequene. Sine |[a0; . . . an]−x| 6 φ1−nholds as well, the sequene ([a0; . . . an])n∈N tends to x.It is lear that a �nite ontinued φ-fration represents a positive element of Q(φ), andit is natural to ask whether the reiproal property holds. Thus, we will prove the followingresult, onjetured by Akiyama [29℄: any positive element of Q(φ) an be represented by a�nite ontinued φ-fration.We remark that we need �rst to de�ne a anonial way to expand elements of Q(φ)+.The following proposition allows us to expand any positive element of Q(φ) as a quotient ofpositive φ-integers. 13



Proposition 4.6. One has Q+
φ = Q(φ)+.Proof. Let x ∈ Q(φ)+. There exist a and b ∈ Z[φ], both positive real numbers suh that

x = a
b
. There exist k and k′ ∈ N suh that the quantities τ(φka) and τ(φk′

b) both belong to
]−1, φ[. Due to Proposition 3.8, it implies that φka and φk′

b are φ-integers. Let l = max{k, k′}.Then, x = φla

φlb
, so x ∈ Q+

φ . Sine Q+
φ is a subset of Q(φ)+, the required equality is proved.Remark 4.7. The result provided by Proposition 4.6 may easily be extended to the lass ofnumbers suh that the �niteness property (F) holds. Indeed, sine Q(β)+ = Q(β−1)+, anyelement x ∈ Q(β) an be expanded as p

q
, where p, q ∈ Z[β−1]. If the �niteness property (F)holds, p and q have a �nite β-expansion. Let l = max{|dβ({p}β)|, |dβ({q}β)|}. Then p′ = pβland q′ = qβl are β-integers whih satisfy x = p

q
.4.2 An algorithm applied on φ-frationsWe are interested in studying the sequene of partial φ-quotients when we apply the ontin-ued φ-fration algorithm on x ∈ Q(φ)+. Sine [0, 1] r Q(φ)+ is stable under T , and due toProposition 4.6, it is possible to expand the elements of the sequene (xi)i as φ-frationaryexpansions (pi, qi). Thus, we de�ne an algorithm A that onstruts a sequene of φ-frationaryexpansions (pi, qi)i, suh that for all i, xi = pi

qi
. Then, we establish onnetions between t(pi, qi)and t(pi+1, qi+1).Lemma 4.8. Let p, q ∈ Z+

φ with q 6= 0. Then φ3(p − [p
q
]φq) ∈ Z+

φ .Proof. Sine p, [p
q
]φ and q are φ-integers, their images under τ belong to ] − 1, φ[. Hene

τ(p− [p
q
]φq) ∈]−φ2 − 1, φ2 +φ−1[⊂ (−φ)3]− 1, φ[. Using Corollary 3.9, we get φ3(p− [p

q
]φq) ∈

Z+
φ .Due to the previous properties, we de�ne an algorithm on the set of pairs of φ-integerswhih performs the following operations.1. It subtrats from the �rst element of the pair (p, q) the quantity [p

q
]φq .2. It multiplies eah element of the pair (p − [p

q
]φq, q) by φM , hoosing M minimal amongthe integers k ∈ Z suh that φk(p − [p

q
]φq) ∈ Z+

φ .3. It exhanges the elements of the pair (φM (p − [p
q
]φq), φM q) .Remark 4.9. As a onsequene of Lemma 4.8, the value of M de�ned at step 2. of thealgorithm A satis�es M 6 3. Moreover, by de�nition of M , 0 annot be a ommon su�x of

dφ(φM (p − [p
q
]φq)) and dφ(φMq).Example 4.10.Let p = φ3 + 1 and q = φ2 + 1. Then p = q × 1 + φ, hene M = 0, p′ = q = φ2 + 1 and q′ = 1.Let p = φ3 and q = φ2 + 1. Then p = q× 1 + φ−1, hene M = 1, p′ = φq = φ3 + φ and q′ = 1.Let p = φ4 and q = φ2 + 1. Then p = q × φ + φ + φ−2, hene M = 2, p′ = φ2q = φ4 + φ2 and

q′ = φ3 + 1. 14



Let p = φ7 + φ5 + φ and q = φ4 + φ2 + 1. Then p = q× (φ2 + 1) + φ2 + 1 + φ−3, hene M = 3,
p′ = φ3q = φ7 + φ5 + φ3 and q′ = φ5 + φ3 + 1.We reall that De�nition 1.2 introdues the notion of positive length and global length,respetively denoted by t+ and t, whih are de�ned for elements that belong to Fin(φ)+.By onstrution, if (p, q) is a pair of φ-integers, then A(p, q) = (p′, q′) is a pair of φ-integerssuh that q′

p′
= T ( q

p
). Thus, the sequene of partial φ-quotients of x ∈ Q(φ)+ is �nite if andonly if (t(pi, qi))i = (t(pi) + t(qi) − 1)i, the sequene of the lengths of the pairs of φ-integersonstruted by iteration of the algorithm A, that is, suh that (pi+1, qi+1) = A(pi, qi) for all

i ∈ N, is dereasing.In the rational ase, when we iterate Eulid's algorithm on p
q
, we get a fration q

p−[ p

q
]q
. Thesequene of frations onstruted by iteration of Eulid's algorithm is suh that the sequeneof the numerators, or of the denominators, is dereasing. This proves that, for any x ∈ Q+,the ontinued fration of x is �nite.There is an additional di�ulty in omparison with the lassial rational ase. By de�nitionof the algorithm A, the operations performed at steps 1. and step 3. do not inrease the sumof the positive lengths of the studied elements. However, sine we have to multiply at step 2.eah element of the pair (p − [p

q
]φq, q) by φM , the sum of the positive lengths of the studiedelements may inrease by 2M . Sine M belongs to {0, 1, 2, 3}, we dedue the inequality:

t(A(p, q)) 6 t(p, q) + 6. (2)Hene (t(pi, qi))i may be a sequene whih does not derease.There exist examples for whih t(A(p, q)) 6 t(p, q) does not hold. For instane, t(A(p, q)) =
t(p, q)+1 for the third and the fourth ases of Example 4.10. Hene, ontrarily to the lassialrational ase, we annot diretly prove that the sequene of the numerators (pi)i produedwhen we iterate the algorithm A dereases. Instead, we study the sequene of the sum oflengths (t(pi)+t(qi))i when we iterate the algorithm A starting from a φ-frationary expansion
(p0, q0).We see in Setion 4.3 that, starting a loser study of t whih depends on [p

q
]φ, we may im-prove (2). More preisely, t(p′, q′) > t(p, q) may hold in a small number of partiular ases. Asa onsequene, the sequene of the lengths of the φ-frationary expansions that are produedby the generalized Eulid's algorithm A is almost dereasing. By studying in Setion 5.1 thepartiular ases for whih t does not derease, we prove that the sequene (t(pi) + t(qi) − 1)iof the lengths of the φ-frationary expansions produed by iteration of A is bounded. Finally,a loser study performed in Setion 5.2 allows us to prove that (t(pi) + t(qi) − 1)i tends to 0,hene (t(pi) + t(qi) − 1)i is �nite.4.3 Study of the sequene (t(pi, qi))i∈NIn this setion, we show that the way t(A(p, q))− t(p, q) may derease depends losely on [p

q
]φ.More preisely, we give a better upper bound for t(A(p, q)) − t(p, q) than 6, whih depends,�rst on t([p

q
]φ), and seond on the su�xes of dφ([p

q
]φ). Let us reall that, when x ∈ Fin(φ)+with dφ(x) = vNvN−1 . . . v1v0.v−1 . . . v−N ′ , then, aording to De�nition 1.2, t+(x) and t(x)denote respetively the length of the φ-integer part of dφ(x) and the length of dφ(x), that is,

t+(x) = N + 1 and t(x) = N + N ′ + 1.Proposition 4.11. Let p, q ∈ Zφ with p > q > 0. Let λ = [p
q
]φ.15



1. One has t(λ) = t(p) − t(q) + 1 or t(p) − t(q).2. If dφ(λ) admits 0 as a su�x, then t+(p − λq) 6 t(q).3. If dφ(λ) admits 1 as a su�x, then t+(p − λq) 6 t(q) − 1.Proof. For p and q ∈ Z+
φ , the relations φt(p)−1 6 p < φt(p) and φt(q)−1 6 q < φt(q) hold. Thus,

φt(p)−t(q)−1 < p
q

< φt(p)−t(q)+1, hene t(p) − t(q) 6 t(λ) 6 t(p) − t(q) + 1, whih proves the�rst assertion.If 0 is su�x of dφ(λ), then, due to Proposition 2.6, one has sφ(λ) = λ + 1. Sine 0 6
p−λq

q
< 1, we get t+(p − λq) 6 t(q).Suppose now that 1 is a su�x of dφ(λ). Due to Proposition 2.6, sφ(λ) = λ + φ−1. Thus,

λ 6
p
q

< λ + φ−1. Sine 0 6
p−λq

q
< φ−1, we get t+(p − λq) 6 t+(qφ−1). As we have also

t+(qφ−1) = t(q) − 1, then t+(p − λq) 6 t(q) − 1.Let (p, q) be a φ-frationary expansion of x. Then, due to Proposition 4.11, one gets thefollowing relation, where M is set at step 2 of the algorithm A:
t(A(p, q)) 6 2M − 1 + |dφ(q)| + |dφ([p − [

p

q
]φq]φ)|

6 2M − 1 + 2|dφ(q)|

6 2M − 1 + |dφ(p)| + |dφ(q)| − (|dφ(p)| − |dφ(q)|)

6 2M + t(p, q) − |dφ([
p

q
]φ)|.Hene t(A(p, q))− t(p, q) depends on [p

q
]φ; more preisely, the quantity t(A(p, q))− t(p, q) maybe non-negative in only a small number of ases. The following proposition starts the studyin a more preise way.Remark 4.12. Starting from now on, we use some spei� properties of φ. If we replae φ byany number whih satis�es the �niteness property (F), it is still possible to de�ne the algorithm

A, introdued in Setion 4.2. In this ase, (2) beomes t(A(p, q)) 6 t(p, q)+2(L⊕+L⊗), where
L⊕ and L⊗ respetively denote the maximal possible length for the β-frational part of thesum, or of the produt, of two β-integers. There is still a �nite number of ases for whih thequantity t(A(p, q)) − t(p, q) may be positive, but the study of this set of possibilities is moreompliated than the present study performed in the Fibonai ase. In partiular, we do notknow for whih numbers β the result provided by Theorem 5.3 holds, or even for whih numbersthe weaker result that, for any p, q ∈ Z+

β with q > 0, the ontinued β-fration of p
q
is either�nite or ultimately periodi, holds.Remark 4.13. Note that, when β satis�es dβ(1) = 0.41, then β = φ3. Sine φ = φ3 − φ − 1,one has φ = β−1

2 , hene Q(β) = Q(φ). We hek that the ontinued β-fration of φ orrespondsin this ase to the lassial ontinued fration of φ, that is, φ = [1; 1∞]. Hene Theorem 5.3does not hold for the numeration system de�ned by dβ(1) = 0.41.Proposition 4.14. Let p, q ∈ Z+
φ , with p > q > 0. Let λ = [p

q
]φ.1. If dφ(λ) = (10)k with k ∈ N∗, then t+(p − λq) 6 t(p) − t(λ).2. If dφ(λ) = (10)k1 with k ∈ N, then t+(p − λq) 6 t(p) − t(λ) − 1.16



Proof. Assume that dφ(λ) = (10)k. Sine t(λ) = 2k, t(p) − t(q) = 2k or 2k − 1 aording toProposition 4.11. If t(p) − t(q) = 2k, then, sine t+(p − λq) 6 t(q), t+(p − λq) 6 t(p) − 2kholds, and we get the required inequality. Otherwise, suppose that t(p)− t(q) = 2k − 1. Sine
t+(p− λq) > t(p)− 2k, we get t+(p− λq) = t(q) = t(p)− 2k + 1. Moreover, λq =

k
∑

i=1
φ2i−1q =

q(φ2k − φ−1). Let t(q) = n. Then q > φn−1 by de�nition of t. Hene λq > φn+2k−1 − φn−2.Sine t(p−λq) = t(q) = n, p−λq > φn−1 and p > φn+2k−1, whih implies t(p) > n+2k. Thisontradits the relation t(p) − t(q) = 2k − 1.The seond assertion an be proved in the same way. If dφ(λ) = (10)k1, then t(λ) = 2k+1,thus t(p) − t(q) = 2k + 1 or 2k, using the �rst point of Proposition 4.11. Sine 1 is a su�xof dφ(λ) = (10)k1, we get t+(p − λq) 6 t(q) − 1, using the seond point of Proposition 4.11.Thus, we need t(p) − t(q) = 2k and t+(p − λq) = t(q) − 1 to ful�ll the relation t+(p − λq) >
t(p) − 2(k + 1). However we prove, as in the �rst assertion, that t(p) = t+(p − λq) + 2k + 2,whih ontradits t(p) = t+(p − λq) + 2k + 1. Hene t+(p − λq) 6 t(p) − 2(k + 1).Proposition 4.15. Let p, q ∈ Z+

φ , with p > q > 0. Let λ = [p
q
]φ. Let r = p − λq.1. If dφ(λ) = 1,10 or 100, then t+(r) 6 t(p) − 2.2. If dφ(λ) = 1000, then t+(r) 6 t(p) − 3.3. In all other ases, t+(r) 6 t(p) − 4.Proof. Sine t(q) > t+(r), we assume that t(p) − t(q) 6 3, otherwise t+(r) 6 t(p) − 4 holds.Using the �rst point of Proposition 4.11, we get t(λ) 6 4. Hene the only possible values for λare 1, φ, φ2, φ2+1, φ3, φ3+1 and φ3+φ. The ase where dφ(λ) belongs to {1, 10, 101, 1010} is apartiular ase of Proposition 4.14. We get the inequalities t+(r) 6 t(p)−2 for dφ(λ) ∈ {1, 10},and t+(r) 6 t(p) − 4 for dφ(λ) ∈ {101, 1010}. Assertions 1 and 2 of Proposition 4.11 providethe inequalities t+(r) 6 t(p) − 2 when dφ(λ) = 100, and t+(r) 6 t(p) − 3 when dφ(λ) = 1000.Finally, if dφ(λ) = 1001, then t(q) 6 t(p) − 3 aording to the �rst assertion of Proposition4.11. Using the seond assertion of this proposition, we dedue t+(r) 6 t(p) − 4.Corollary 4.16. Let p

q
∈ Q+

φ , λ = [p
q
]φ and (p′, q′) = A(p, q). Then t(p′, q′) > t(p, q) an onlyhold in the following ases:1. dφ(λ) ∈ {1, 10, 100, 1000} and τ(p − λq) ∈]φ, φ2 + φ−1[,2. τ(p − λq) ∈] − φ2 − 1,−φ2[, and, either t(λ) 6 5, or t(λ) = 6 with 0 su�x of dφ(λ).Proof. If τ(p−λq) ∈]−φ2, φ[, then t(p′, q′) 6 2+t(p−λq, q) 6 2+t+(p−λq)+t(q) 6 t(p)+t(q),where the last inequality follows from Proposition 4.15. We dedue that t(p′, q′) > t(p, q) onlyholds when τ(p − λq) /∈] − φ2, φ[. This is possible when either τ(p − λq) ∈] − φ2 − 1,−φ2[ or

τ(p − λq) ∈]φ, φ2 + φ−1[.First, note that p − λq > 0 by de�nition of λ. Sine τ(x) = −φ2 or τ(x) = φ impliesrespetively x = −φ−2 or x = −φ−1, then τ(p − λq) annot be equal to −φ2 or φ.If τ(p−λq) ∈]φ, φ2 +φ−1[, then, using Corollary 3.9, φ2(p−λq) ∈ Z+
φ , hene p′

q′
= φ2q

φ2(p−λq)
,and t(p′, q′) − t(p, q) 6 4 + t+(p − [p

q
]φq) − t(p). If dφ(λ) /∈ {1, 10, 100, 1000}, then, using thethird point of Proposition 4.15, we get the relation 4 + t+(p − λq) − t(p) 6 0. In this ase,

t(p′, q′) > t(p, q) an only our when dφ(λ) ∈ {1, 10, 100, 1000}.17



If τ(p − λq) ∈] − φ2 − 1,−φ2[, we get t(p′, q′) − t(p, q) 6 6 + t+(p − λq) − t(p). UsingPropositions 4.11, 4.14 and 4.15, this proves that t(p′, q′) − t(p, q) > 0 an only our wheneither t(λ) < 6, or t(λ) = 6 with 0 su�x of dφ(λ).5 Proof of Theorem 5.3The proof of Theorem 5.3 onsists of two steps. First, we prove that the ontinued φ-frationof any x ∈ Q(φ)+ is either ultimately periodi or �nite. Sine an ultimately periodi ontinued
φ-fration ours only if the algorithm A produes a sequene of φ-frations of bounded length,this means that there exist yles in the automaton whih represent the ation of the algorithm
A. Then, we ompute these yles, and we hek that they orrespond to quadrati numbersover Q(φ) whih do not belong to Q(φ) itself.5.1 Ultimately periodiity of the ontinued φ-fration of x ∈ Q(φ)+When p and q are φ-integers, any pair (τ(p), τ(q)) belongs to ] − 1, φ[×] − 1, φ[. We de�ne asubdivision of ] − 1, φ[×] − 1, φ[ into three parts E1, E2 et E3 in the following way:

E1 =] − 1, φ−1[×] − 1, φ−1[,

E2 =] − φ−1, φ−1[×]φ−1, 1[,

E3 is the omplement of E1 ∪ E2 in ] − 1, φ[×] − 1, φ[.Let us note that, using Proposition 3.4, it is possible to give a symboli de�nition of the setsof pairs (p, q) of non-negative φ-integers suh that (τ(p), τ(q)) ∈ E1, E2 or E3. We do not givethis de�nition, sine we do not need it in the following.Remark 5.1. The study of t(A(p, q))−t(p, q) needs to de�ne an appropriate partition of T ×Tin the general ase of a number β whih satis�es the �niteness property (F). Let us remindthat the Rauzy fratal T is partiularly easy to desribe in the ase of the Fibonai numerationsystem, sine T is then the interval [−1, φ]. The partition (E1, E2, E3) is partiularly well �ttedfor the omputations performed in this setion; however we do not know whether it is possible,given β whih satis�es the �niteness property (F), to onstrut a anonial partition of T ×Tsuited for the study of t(A(p, q)) − t(p, q).Proposition 5.2. Let p
q
and p′

q′
be two φ-frations suh that (p′, q′) = A(p, q). Then:1. (τ(p′), τ(q′)) /∈ E1;2. if (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2, then t(p′, q′) 6 t(p, q) + 2;3. if (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E2, then t(p′, q′) 6 t(p, q);4. if (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) 6 t(p, q);5. if (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) 6 t(p, q) − 2.
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Proof. The �rst assertion is a onsequene of the de�nition of M at step 2 of the algorithm
A, and of Remark 4.9.Let (p, q) be a pair of φ-integers. Let (p′, q′) = A(p, q). We prove now, �rst that t(p′, q′) 6

t(p, q) + 2, seond that t(p′, q′) > t(p, q) implies (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2.Let λ = [p
q
]φ. Using Corollary 4.16, t(p′, q′) > t(p, q) may hold only in one of the twofollowing ases:1. when τ(p − λq) ∈ (−φ)2]φ−1, φ[ and t(λ) 6 4;2. when τ(p − λq) ∈ (−φ)3]φ−1, φ[ and t(λ) 6 6.1. The �rst ase an only our when dφ(λ) ∈ {1, 10, 100, 1000}. Then, τ(λ) ∈ [−φ−1, 1],and it follows that τ(p − λq) < φ2. Hene τ(p′) ∈]− φ−2, φ−1[, and τ(q′) ∈]φ−1, 1[, thatis, (τ(p′), τ(q′)) ∈ E2. We remark that τ(−λq) < 1 and τ(p−λq) > φ imply τ(p) > φ−1,hene (τ(p), τ(q)) ∈ E3.Sine τ(p − λq) ∈ (−φ)2]φ−1, φ[, step 2. of the algorithm A sets M = 2. Hene we getthe relation t(p′, q′) − t(p, q) = t(p′) + t(q′) − t(p) − t(q) = 4 + t+(p − λq) − t(p) 6 2.2. In the seond ase, step 2. of the algorithm A sets M = 3. Then, we dedue τ(p′) ∈

]−φ−2, φ−3[ and τ(q′) ∈]φ−1, φ−1+φ−3[, hene (τ(p′), τ(q′)) ∈ E2. Moreover, τ(p−λq) <
−φ2 with τ(p) > 1 implies τ(−λq) < −φ, hene τ(q) > 1 and (τ(p), τ(q)) ∈ E3.Sine τ(p − λq) ∈] − φ2 − 1,−φ2[ implies τ(−λq) < −φ, we dedue τ(λ) > 1 and
λ /∈ {1, φ, φ2, φ3}. Hene t+(p−λq) 6 t(p)−4, using the third point of Proposition 4.15.Thus, if t(p′, q′)−t(p, q) > 0, then (τ(p), τ(q)) ∈ E3 and (τ(p′), τ(q′)) ∈ E2. Hene t(p′, q′)−

t(p, q) 6 2, whih proves the seond, the third and the fourth assertion of the theorem.We prove now the last point. Suppose that (τ(p), τ(q)) ∈ E2. We distinguish the twofollowing ases: dφ(λ) ∈ {1, 10, 100, 1000} and dφ(λ) /∈ {1, 10, 100, 1000}.1. If dφ(λ) ∈ {1, 10, 100, 1000}, then τ(λ) ∈ [−φ−1, 1], so τ(p − λq) ∈] − φ, 1 + φ−3[.Sine t+(r) 6 t(p) − 2 always holds, the relation t(p′, q′) = t(p, q) only holds when thevalue M omputed at step 2. in the algorithm A satis�es M 6 1. In the ase M = 1and τ(p − λq) ∈] − φ,−1[, one has τ(q′) ∈]φ−1, 1[ and τ(p′) ∈] − φ−1,−φ−2[, hene
(τ(p′), τ(q′)) ∈ E2. Thus, when dφ(λ) ∈ {1, 10, 100, 1000}, then, either p−λq ∈ Z+

φ , and
t(p′, q′)− t(p, q) = t+(r)− t(p) 6 −2, or M = 1 and (τ(p′), τ(q′)) ∈ E2. We have proventhat (τ(p′), τ(q′)) ∈ E3 an only our when p − λq ∈ Z+

φ , with t(p′, q′) − t(p, q) 6 −2.2. If dφ(λ) /∈ {1, 10, 100, 1000}, then, sine τ(p) ∈] − φ−1, φ−1[ and τ(q) ∈]φ−1, 1[, we getthe relation τ(p− λq) ∈]− φ− φ−1, φ[. This means that φ(p − λq) ∈ Z+
φ , and we obtain

t(p′) + t(q′) 6 2 + t+(r) + t(q). Using the third point of Proposition 4.15, we dedue
t(p′, q′) − t(p, q) 6 2 + t+(r) − t(p) 6 −2.We have proven that, when (τ(p), τ(q)) ∈ E2 and (τ(p′), τ(q′)) ∈ E3, then t(p′, q′) −

t(p, q) 6 −2 holds, whih proves the �fth assertion of the theorem.It is interesting to give a representation of these omputations using a graph G. The vertiesof G are the subsets Ei, and the set of edges of G is de�ned as follows: the edge (Ej , Ek),indexed by i ∈ Z, belongs to G if, for any pair of φ-integers (p, q) suh that (p′, q′) = A(p, q),19



(τ(p), τ(q)) ∈ Ej and (τ(p′), τ(q′)) ∈ Ek, the relation t(p′, q′)− t(p, q) 6 i holds. The graph Gis depited in Figure 4, δi denoting the index of the assoiated edge, that is, the upper boundfor the quantity t(pi+1, qi+1) − t(pi, qi).
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Figure 4: Partition of I2
ε and upper bound for t(A(p, q)) − t(p, q)We dedue from Proposition 5.2 that, starting from a φ-frationary expansion (p0, q0)of x ∈ Q(φ)+, the algorithm A produes by iteration a sequene (pi, qi)i∈N of pairs of φ-integers whih satisfy for all i ∈ N, t(pi) + t(qi) 6 t(p0) + t(q0) + 2. This implies that, forall i ∈ N, pi and qi are φ-integers less than φt(p0)+t(q0)+2. Hene there exist m, i ∈ N suhthat Am(pi, qi) = (pi, qi). This proves that any x ∈ Q(φ)+ an be represented by a ontinued

φ-fration that is either eventually periodi or �nite. We prove in the next paragraph that theeventually periodi ase is not possible.5.2 Finiteness of the ontinued φ-fration of x ∈ Q(φ)+Aording to the last remark, if x ∈ Q(φ)+, then the algorithm A onstruts by iterationa sequene of pairs of φ-integers (pi, qi)i, either �nite or eventually periodi. It is lear thatthe sequene of partial φ-quotients is also respetively �nite or eventually periodi. Assume20



that this sequene is in�nite, and let (pi, qi)i∈N be the sequene of the pairs of φ-integersonstruted by A. Sine the lengths of the φ-frations onstruted are integers, the sequene
(xi)i∈N an only be in�nite when the inequalities of Proposition 5.2 beome equalities from aertain index on. Then, there are four possible ases:1. (τ(pi), τ(qi)) ∈ E2 and (τ(pi+1), τ(qi+1)) ∈ E2 with t(pi, qi) = t(pi+1, qi+1) ,2. (τ(pi), τ(qi)) ∈ E3 and (τ(pi+1), τ(qi+1)) ∈ E2 with t(pi, qi) = t(pi+1, qi+1) + 2 ,3. (τ(pi), τ(qi)) ∈ E3 and (τ(pi+1), τ(qi+1)) ∈ E3 with t(pi, qi) = t(pi+1, qi+1) ,4. (τ(pi), τ(qi)) ∈ E2 and (τ(pi+1), τ(qi+1)) ∈ E3 with t(pi, qi) = t(pi+1, qi+1) − 2 .We see below that the study of suh possibilities an be represented by a graph G′. Theverties of G′ de�ne a partition of ] − 1, φ[×] − 1, φ[. The set of edges of G′ onsists of theedges (Ej , Ek) that are indexed by i ∈ Z suh that, if (p, q) is a pair of φ-integers suh that
(τ(p), τ(q)) ∈ Ej and (τ(p′), τ(q′)) ∈ Ek, where (p′, q′) = A(p, q), then t(p′, q′) − t(p, q) 6 i.We show that there is no in�nite path in G′ that uses the allowed edges de�ned by therelations 1., 2., 3., 4., whih proves the following result:Theorem 5.3. The ontinued φ-fration of x is �nite if and only if x ∈ Q(φ)+.In the following omputations, we use for onveniene the notation λi = [pi

qi
]φ. We assoiategraphs to the omputations, where the verties are subsets of ]− 1, φ[×]− 1, φ[, and the edges

(Ej , Ek) are now indexed by the possible values for λi suh that A(pi, qi) = (pi+1, qi+1),
(τ(pi), τ(qi)) ∈ Ej and (τ(pi+1), τ(qi+1)) ∈ Ek.Proof. The proof is based on a loser study of the four ases 1., 2., 3., 4. that are de�nedabove.1. Suppose that (τ(pi), τ(qi)) ∈ E2, (τ(pi+1), τ(qi+1)) ∈ E2 and t(pi, qi) = t(pi+1, qi+1).Sine τ(pi) ∈] − φ−1, φ−1[ and τ(qi) ∈]φ−1, 1[, we get τ(pi − λiqi) ∈] − φ − φ−1, φ[. If

τ(pi − λiqi) ∈] − 1, φ[, then, sine (pi − λiqi, qi) ∈ (Z+
φ )2, t(pi+1, qi+1) = t(pi, qi) is notpossible, and t+(r) 6 t(p) − 2 implies t(pi+1, qi+1) − t(pi, qi) = t+(r) − t(p) 6 −2.Thus, τ(pi − λiqi) ∈] − φ − φ−1,−1[. In this ase, the step 2 of the algorithm A sets

M = 1. Hene t+(r) = t(p) − 2, whih implies, due to Proposition 4.15, λi ∈ {1, φ, φ2}.However, τ(λi) 6 φ−2 implies τ(λiqi) < φ−2 and τ(pi − λiqi) > −1. This ontradits
τ(pi − λiqi) ∈] − φ − φ−1,−1[. We dedue that τ(λi) > φ−2, hene λi = 1.We have shown that Case 1. an only our when λi = 1.We additionally remark that, sine τ(qi) ∈]φ−1, 1[, then τ(pi+1) ∈]− φ−1,−φ−2[. More-over, if τ(pi− qi) ∈]−φ,−1[, then τ(pi) < 0. The graph assoiated to Case 1. is depitedin Figure 5.2. Suppose that (τ(pi), τ(qi)) ∈ E3, (τ(pi+1), τ(qi+1)) ∈ E2 and t(pi, qi) = t(pi+1, qi+1)+2.Due to Corollary 4.15, one of the two following possibilities ours:(a) τ(pi − λiqi) ∈]φ, φ2 + φ−1[ with λi ∈ {1, φ, φ2};(b) τ(pi−λiqi) < −φ2, with λi ∈ {1, φ, φ2, φ2 +1, φ3, φ3 +1, φ3 +φ, φ4, φ4 +φ, φ4 +φ2}.21
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τ(pi) > φ−1 and τ(−λiqi) ∈]0, 1[. We thus have τ(qi) > 0 and τ(pi+1) ∈]0, φ−1[.iii. If λi = φ2, and if τ(pi) 6 1 holds, then, sine τ(−λiqi) ∈] − φ−1, φ−2[, thisimplies τ(pi − λiqi) < φ, whih ontradits τ(pi − λiqi) ∈]φ, φ2 + φ−1[. Thus,
τ(pi) > 1. As in the ase 2(a)i., we dedue from τ(pi − λiqi) > φ the relations
τ(qi) ∈] − 1, 0[, τ(pi) > φ−1 and τ(pi+1) ∈] − φ−2, 0[.(b) Consider now that τ(pi − λiqi) ∈] − φ2 − 1,−φ2[. This implies τ(pi) < 0 and

τ(−λiqi) < −φ, hene τ(qi) > 1 and τ(λi) > 1. We dedue that the only possibilityfor λi is λi = 1 + φ2. Moreover, sine τ(−λiqi) ∈] − φ − φ−1, 1 + φ2[, we get
τ(pi) < −φ−2. 22



The possibilities related to the ases studied in 2(a)i., 2(a)ii., 2(a)iii. and 2b. show thatCase 2. an only our when one of the following onditions holds:(a) λi = 1, with τ(qi) < 0, τ(pi) > φ−1 and τ(pi+1) ∈] − φ−2, 0[;(b) λi = φ, with τ(qi) > 0, τ(pi) > φ−1 and τ(pi+1) ∈]0, φ−1[;() λi = φ2, with τ(qi) < 0, τ(pi) > 1 and τ(pi+1) ∈] − φ−2, 0[;(d) λi = φ2 + 1, with τ(pi) < −φ−2, τ(qi) > 1 and τ(pi+1) ∈] − φ−2, 0[.We note that, if λi = φ, the relations τ(pi) < 1 and τ(qi) < 1 annot both hold, sinethis would ontradit τ(pi − λiqi) > φ. The set of the four edges is depited in Figure 6.

−1 1

−1

0

0

1

PSfrag replaements

τ(p)

τ(q)

λ = 1

λ = 1

λ = φ

λ = φ

λ = φ2

λ = φ2 + 1

−φ−1

−φ−2

φ−1

φ−1

φ

φFigure 6: Graph assoiated to Case 2.3. Suppose that (τ(pi), τ(qi)) ∈ E3, (τ(pi+1), τ(qi+1)) ∈ E3 and t(pi, qi) = t(pi+1, qi+1). Wehave to distinguish three following possibilities:(a) τ(pi − λiqi) ∈] − φ2,−1[ and λi ∈ {1, φ, φ2},(b) τ(pi − λiqi) ∈]φ, φ2 + φ−1[ and λi ∈ {1, φ, φ2, φ2 + 1, φ3, φ3 + 1, φ3 + φ, φ4, φ4 +
φ, φ4 + φ2}, 23



() τ(pi − λiqi) ∈] − φ2 − 1,−φ2[.(a) Suppose that τ(pi − λiqi) ∈] − φ2,−1[ and λi ∈ {1, φ, φ2}. This implies τ(qi+1) ∈
]φ−1, φ[ and τ(λi) ∈ [−φ−1, 1]. Additionally, sine τ(pi) ∈] − 1, φ[, the relation
τ(pi − λiqi) < −1 implies τ(−λiqi) < 0.If λi = 1, then τ(qi) > 0 and τ(pi) < φ−1. But (pi, qi) /∈ E1 implies τ(qi) > φ−1.Thus, we have additionally the onditions τ(pi) < φ−1, τ(qi) > φ−1 and τ(pi+1) ∈
] − 1,−φ−2[.If λi = φ, then τ(−λiqi) ∈] − φ−1, 1[, so τ(pi − λiqi) ∈] − φ,−1[. This implies
τ(qi) < 0 and τ(pi) < 0, hene (τ(pi), τ(qi)) ∈ E1, whih is impossible. Thus,
λi 6= φ.If λi = φ2, then τ(−λiqi) ∈]−φ−1, φ−2[, whih implies τ(pi − λiqi) ∈]−φ,−1[. Wededue τ(qi+1) ∈]φ−1, 1[, τ(pi) < −φ−2 and τ(−λiqi) < 0. Thus, τ(qi) > 0, andsine τ(pi) < φ−1 and (τ(pi), τ(qi)) /∈ E1, we dedue τ(qi) > φ−1. Moreover, τ(qi) ∈
]φ−1, φ[ implies τ(pi+1) ∈] − 1,−φ−2[. But (τ(pi+1), τ(qi+1)) /∈ E2 and τ(qi+1) ∈
]φ−1, 1[ implies τ(pi+1) ∈] − 1,−φ−1[, that is, τ(qi) ∈]1, φ[.(b) Suppose that τ(pi −λiqi) ∈]φ, φ2 +φ−1[ and λi < φ5. This implies τ(pi −λiqi) > φ,hene τ(pi) > 0 and τ(−λiqi) > 0. Then, τ(pi+1) ∈ (−φ)−2] − 1, φ[⊂] − φ−1, φ−1[and τ(qi+1) ∈ (−φ)−2]φ, φ2 + φ−1[⊂]φ−1, φ[. Sine (pi+1, qi+1) /∈ E2, we have addi-tionally τ(qi+1) > 1, whih implies τ(pi −λiqi) > (−φ)2. We dedue that τ(pi) > 1and τ(−λiqi) > 1. This inequality only holds when τ(λi) and τ(qi) are suh that oneof them belongs to ] − 1,−φ−1[ and the other one belongs to ]1, φ[. This onditiongives the set of possible values for λi as well, that is, λi ∈ {φ2 + 1, φ3 + φ}.() Suppose that τ(pi −λiqi) ∈]−φ2 − 1,−φ2[. This implies τ(pi −λiqi) ∈]φ2 − 1,−φ2[implies τ(pi) < 0, τ(qi) > 1 and τ(λi) > 1. Hene τ(pi+1) ∈] − φ−1, φ−1[ and
τ(qi+1) ∈]φ−1, 1[. This means that (τ(pi+1), τ(qi+1)) ∈ E2, whih ontradits thehypothesis (τ(pi+1), τ(qi+1)) ∈ E3, thus this possibility do not our.We have shown that Case 3. an only our when one of the following onditions issatis�ed:(a) λi = 1, with τ(pi) < φ−1, τ(qi) > φ−1 and τ(pi+1) ∈] − 1,−φ−2[;(b) λi = φ2, with τ(pi) < −φ−2, τ(qi) ∈]1, φ[, τ(pi+1) ∈] − 1,−φ−1[ and τ(qi+1) ∈
]φ−1, 1[;() λi = φ2 +1, with τ(pi) ∈]1, φ[, τ(qi) ∈]− 1, 0[, τ(pi+1) ∈]−φ−1, φ−1[ and τ(qi+1) ∈
]1, φ[;(d) λi = φ3 + φ, with τ(pi) ∈]1, φ[, τ(qi) ∈]0, φ[, τ(pi+1) ∈] − φ−1, φ−1[ and τ(qi+1) ∈
]1, φ[.The set of these onditions is depited in Figure 7.4. Suppose that (τ(pi), τ(qi)) ∈ E2, (τ(pi+1), τ(qi+1)) ∈ E3 and t(pi, qi) = t(pi+1, qi+1)− 2.We distinguish two possibilities:(a) τ(pi − λiqi) ∈] − 1, φ[ and λi ∈ {1, φ, φ2},24
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]φ−1, 1[.If λi = 1, then τ(−λiqi) ∈] − 1,−φ−1[. Sine τ(pi) ∈] − φ−1, φ−1[, we have τ(pi −
λiqi) ∈] − 1, 0[. This implies τ(pi) > −φ−2 and τ(qi+1) ∈] − 1, 0[.If λi = φ, then τ(−λiqi) ∈]φ−2, φ−1[, thus τ(qi+1) = τ(pi −λiqi) ∈]−φ−3, 1+φ−3[.Moreover, if τ(pi) > −φ−2, then τ(pi − λiqi) = τ(qi+1) > 0.If λi = φ2, then τ(−λiqi) ∈] − φ−2,−φ−3[, hene τ(qi+1) ∈] − 1, φ−2[.(b) Suppose that τ(pi−λiqi) ∈]−φ2,−1[ and λi < φ5. This implies τ(pi) ∈]−φ−1, φ−1[and τ(qi) ∈]φ−1, 1[. Hene τ(pi − λiqi) ∈] − φ − φ−1,−1[. Sine τ(pi) > −φ−1, wehave τ(−λiqi) < −φ−2. Thus, τ(λi) > φ−2

τ(qi)
> φ−2. The only possible values for λithat ful�ll this inequality and belong to [1, φ4 +φ2] are 1, φ2 +1, φ3 +1 and φ4 +φ2.Additionally, if τ(λi) 6 1, then τ(λi) ∈ [φ−2, 1], hene τ(−λiqi) ∈]−1,−φ−3[. Thus,

τ(pi − λiqi) ∈] − φ,−1[, and τ(qi+1) ∈]φ−1, 1[. Sine τ(qi) ∈]φ−1, 1[, τ(pi+1) ∈
] − φ−1,−φ−2[, we get (τ(pi+1), τ(qi+1)) ∈ E2. This ontradits the hypothesis
(τ(pi+1), τ(qi+1)) ∈ E3. Thus, τ(λi) > 1, and this implies λi = 1 + φ2. Then,
τ(−λiqi) ∈] − 1 − φ−2,−φ−1 − φ−3[, hene τ(pi − λiqi) ∈] − φ − φ−2,−1[ and
τ(qi+1) ∈]φ−1, 1 + φ−3[.Moreover, τ(pi+1) ∈] − φ−1,−φ−2[ and (τ(pi+1), τ(qi+1)) /∈ E2 implies that therelation τ(qi+1) ∈]φ−1, 1[ annot hold. Hene τ(qi+1) ∈]1, 1 + φ−3[; this implies
τ(pi − λiqi) < −φ and τ(pi) < −φ−3.25



We have proven that Case 4. an only our when one of the following onditions issatis�ed:(a) λi = 1, with τ(pi) ∈] − φ−2, φ−1[, τ(pi+1) ∈]φ−1, 1[ and τ(qi+1) ∈] − 1, 0[,(b) λi = φ, with τ(pi+1) ∈]φ−1, 1[, and τ(qi+1) < 0 implies τ(pi) < −φ−2,() λi = φ2, with τ(pi+1) ∈]φ−1, 1[,(d) λi = φ2 + 1, with τ(pi) < −φ−3, τ(pi+1) ∈]− φ−1,−φ−2[ and τ(qi+1) ∈]1, 1 + φ−3[.The set of these onditions is depited in Figure 8.
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verties are the intersetion of the verties of the graphs depited by Figures 5, 6, 7 and 8.The edges of G′ are obtained by splitting the edges in any of these Figures, that is, if thereexists an edge (Ej , Ek) indexed by λ in any of the graphs depited by Figures 5, 6, 7 or 8,and if {Fh, h ∈ [[1, . . . , Nj ]]} and {Fl, l ∈ [[1, . . . ,Nk]]} are respetively partitions of Ej and
Ek whih onsists of verties of G′, we reate in G′ the edges (Fh, Fl) indexed by λ for any
(h, l) ∈ [[1, . . . , Nj]] × [[1, . . . , Nk]]. We gather then all possible edges, removing some of themthanks to the following remarks.1. For any vertex of G′, there may exist at least one inoming edge and one outgoing edge.Otherwise, this vertex annot be used by any yle. Thus, we remove the verties of G′that are not used in any onneted subgraph, and we remove the edges that use any ofthese verties as well.2. Due to Lemma 4.3, if dφ(λi) admits 1 as a su�x, then λi+1 > φ. This means that thereis no yle in G′ onstituted by two onseutives edges (Vi, Vi+1) and (Vi+1, Vi+2) suhthat sφ(λi) = λi + φ−1 and λi+1 = 1.It is possible to remove other edges in G′. For instane, we note that the onditions
τ(pi+1) ∈] − 1,−φ−2[ and τ(qi+1) ∈]1, φ[ may be satis�ed in only two ases:1. (pi+1, qi+1) = A(pi, qi), with λi = φ2 + 1 and (pi, qi) ∈ E2;2. (pi+1, qi+1) = A(pi, qi), with λi = 1 and (pi, qi) ∈ E3.1. If (pi+1, qi+1) = A(pi, qi), with λi = φ2+1 and (pi, qi) ∈ E2, then τ(pi+1) ∈]−φ−1,−φ−2[and τ(qi+1) ∈]1, 1 + φ−3[.2. If (pi+1, qi+1) = A(pi, qi), with λi = 1 and (pi, qi) ∈ E3, then (τ(pi), τ(qi)) ∈] −

1,−φ−1[×]φ−1, 1[ implies τ(pi−λiqi) ∈]−φ−φ−2,−1[. Thus, we get τ(qi+1) ∈]1, 1+φ−3[and τ(pi+1) ∈] − φ−1,−φ−2[.However, if τ(pi+1) ∈]−φ−1,−φ−2[ and τ(qi+1) ∈]1, 1+φ−3[, then, with λi+1 = φ2+1, weobtain τ(pi+1−λi+1qi+1) > −φ−1− (1+φ−3)(1+φ−2). Thus, τ(pi+1−λi+1qi+1) > −φ2.We have proven that the edge indexed φ2 +1, having its initial vertex in ]−1,−φ−2[×]1, φ[annot be preeded by any edge among the remaining ones. Thus, this edge annot be usedin any yle.Using the same method, we remark that the subset de�ned by (τ(p), τ(q)) ∈]φ−1, 1[×]0, φ[ontains only one initial vertex among the remaining edges, and this vertex is inluded in fat in
]φ−1, 1[×]1, φ[. Sine any pair of φ-integers (pi, qi) satisfying τ(pi) ∈]− φ−2, 0[, τ(qi) ∈]φ−1, 1[and τ(λ) ∈ [−1, 1] is sent under the ation of the algorithm A on (pi+1, qi+1) suh that
τ(qi+1) < 1 holds, we get another simpli�ation of possible edges. Thus, there are only threepossible yles, depited in Figure 9.There exists three possible yles that may represent the iteration of A starting from a
φ-frationary expansion (p0, q0) of x ∈ Q(φ)+. Among these yles, one of them is assoiatedto a sequene of partial φ-onvergents (λi)i∈N suh that, from an index N on, the value of
λi is alternately 1 or φ2. This sequene provides the ontinued φ-fration of the positive realnumber y whih satis�es y = φ2 + 1

1+ 1
y

. However, y is quadrati over Q(φ) but does not belongto Q(φ). The two remaining yles de�ne ases for whih (λi)i∈N is stationary. However, one27
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i0 suh that pi0 = 0. This ends the proof of the theorem.Remark 5.4. Let us detail the ation of the algorithm A on a partiular ase for the numera-tion system introdued in Remark 4.13, that is, when dβ(1) = 0.41. As we have seen, the on-tinued β-fration of φ is in this ase the lassial ontinued fration [1; 1∞]. It means that thereexists a sequene of pairs of β-integers ((pi, qi))i∈N suh that φ = p0

q0
, A(pi, qi) = (pi+1, qi+1)for all i ∈ N, and [pi

qi
]β = 1 for all i ∈ N.We hek that the following relations hold:

3β + 1 = (2β) × 1 + β + 1,

2β = (β + 1) × 1 + 3 + β−1 = β−1((β2 + β) × 1 + 3β + 1),

β2 + β = (3β + 1) × 1 + 2β. 28



This means that A(3β+1, 2β) = (2β, β+1), A(2β, β+1) = (β2+β, 3β+1) and A(β2+β, 3β+
1) = (3β + 1, 2β). The assoiated values for M , whih are set at step 2. of the algorithm A,are respetively 0, 0 and 1, sine one has to multiply the elements of the pair (β + 1, 3 + β−1)by β to get a pair of β-integers. For all these ases, the orresponding value of λ = [p

q
]β is 1.Hene the orresponding yle represent 3β+1

2β
= 2β

β+1 = β2+β
3β+1 = φ, whose ontinued β-frationis [1; 1∞]; one may de�ne either (p0, q0) = (3β +1, 2β), (2β, β +1) or (β2 +β, 3β +1) to obtaina sequene of pairs of β-integers whih produes the ontinued β-fration of φ by iteration ofthe algorithm A. Note also that φ does not admit an unique redued β-frationary expansion,introdued in De�nition 1.5, sine t(3β + 1, 2β) = t(2β, β + 1) = 3.AknowledgementsI would like to express my sinere gratitude to Valérie Berthé and Pierre Arnoux for theiradvies and orretions. I thank the members of the team DAC (Institut de Mathématiquesde Luminy) and Shigeki Akiyama for their enouragements, and the referee for his worthwhileremarks and orretions.Referenes[1℄ S. Akiyama. Self a�ne tiling and Pisot numeration system. In Number theory and itsappliations (Kyoto, 1997), volume 2 of Dev. Math., pages 7�17. Kluwer Aad. Publ.,Dordreht, 1999.[2℄ S. Akiyama. Cubi Pisot units with �nite beta expansions. In Algebrai number theoryand Diophantine analysis (Graz, 1998), pages 11�26. de Gruyter, Berlin, 2000.[3℄ S. Akiyama and T. Sadahiro. A self-similar tiling generated by the minimal Pisot number.Ata Math. Inform. Univ. Ostraviensis, 6(1):9�26, 1998.[4℄ P. Arnoux. Some remarks about Fibonai multipliation. Appl. Math. Lett., 2(4):319�320, 1989.[5℄ P. Arnoux. Reoding Sturmian sequenes on a subshift of �nite type haos from order:a worked out example. In Complex systems (Santiago, 1998), volume 6 of NonlinearPhenom. Complex Systems, pages 1�67. Kluwer Aad. Publ., Dordreht, 2001.[6℄ J. Bernat. Frations ontinues et numération en base de Fibonai. Aepté par DisreteApplied Mathematis: ombinatorial algorithms, informatis and omputational sienes,to appear, 2005.[7℄ A. Bertrand. Développement en base de Pisot et répartition modulo 1. C. R. Aad. S.,385:419�421, 1977.[8℄ Y. Bugeaud. On a property of Pisot numbers and related questions. Ata Math. Hungar.,73(1-2):33�39, 1996.[9℄ �. Burdík, C. Frougny, J. P. Gazeau, and R. Krejar. Beta-integers as natural ountingsystems for quasirystals. J. Phys. A, 31(30):6449�6472, 1998.29



[10℄ �. Burdík, C. Frougny, J.-P. Gazeau, and R. Krejar. Beta-integers as a group. In Dy-namial systems (Luminy-Marseille, 1998), pages 125�136. World Si. Publishing, RiverEdge, NJ, 2000.[11℄ V. Canterini and A. Siegel. Automate des pré�xes-su�xes assoié à une substitutionprimitive. J. Théor. Nombres Bordeaux, 13(2):353�369, 2001.[12℄ V. Canterini and A. Siegel. Geometri representation of substitutions of Pisot type.Trans. Amer. Math. So., 353(12):5121�5144 (eletroni), 2001.[13℄ J.-M. Dumont and A. Thomas. Systèmes de numération et fontions fratales relatifs auxsubstitutions. Theoret. Comput. Si., 65(2):153�169, 1989.[14℄ S. Fabre. Substitutions et β-systèmes de numération. Theoret. Comput. Si., 137(2):219�236, 1995.[15℄ S. Fabre. Dépendane de systèmes de numération assoiés à des puissanes d'un nombrede Pisot. Theoret. Comput. Si., 158(1-2):65�79, 1996.[16℄ C. Frougny. Con�uent linear numeration systems. Theoret. Comput. Si., 106(2):183�219,1992.[17℄ C. Frougny and B. Solomyak. Finite beta-expansions. Ergodi Theory Dynam. Systems,12(4):713�723, 1992.[18℄ P. J. Grabner, P. Liardet, and R. F. Tihy. Odometers and systems of numeration. Ata.Arith., 70.2:103�123, 1995.[19℄ L.-S. Guimond, Z. Másáková, and E. Pelantová. Combinatorial properties of in�nitewords assoiated with ut-and-projet sequenes. J. Théor. Nombres Bordeaux, 15:697�725, 2003.[20℄ G. H. Hardy and E. M. Wright. An introdution to the theory of numbers. The ClarendonPress Oxford University Press, New York, �fth edition, 1979.[21℄ A. Y. Khinhin. Continued frations. Dover Publiations In., Mineola, NY, russianedition, 1997.[22℄ M. Lothaire. Algebrai Combinatoris On Words. Cambridge University Press, 2002.[23℄ W. Parry. On the β-expansions of real numbers. Ata Math. Aad. Si. Hungar., 11:401�416, 1960.[24℄ N. Pytheas Fogg. Substitutions in Dynamis, Arithmetis and Combinatoris (Berthé V.,Ferenzi S., Mauduit C. and Siegel A.). Springer Leture Notes in Mathematis, 1794,Berlin, 2002.[25℄ G. Rauzy. Nombres algébriques et substitutions. Bull. So. Math. Frane, 110(2):147�178,1982.[26℄ A. Rényi. Representations for real numbers and their ergodi properties. Ata Math.Aad. Si. Hungar, 8:477�493, 1957. 30



[27℄ K. Shmidt. On periodi expansions of Pisot numbers and Salem numbers. Bull. LondonMath. So., 12:269�278, 1980.[28℄ W. P. Thurston. Groups, tilings and �nite state automata. Summer 1989 AMS Collo-quium letures, 1989.[29℄ Workshop on Periodiity and Quasiperiodiity. Open problems, Rényi Institute, Budapest,2002.

31


