GEOMETRIC AND PROJECTIVE INSTABILITY FOR
THE GROSS-PITAEVSKI EQUATION

by Laurent Thomann

ABSTRACT. — Using variational methods, we construct approximate solutions for the
Gross-Pitaevski equation which concentrate on circles in R3. These solutions will help
to show that the L2 flow is unstable for the usual topology and for the projective
distance.

1. Introduction
In this paper we deal with the equations
ihdyu + h*Au — |z)?u = aph?|u*u, (t,2) € RT3,

(1) u(0,z) = ug(x) € L*(R?),

where h > 0 is a small parameter and a; a constant which depends on h, that
can be either positive (defocusing case) or negative (focusing case). In all the
paper we assume that there exists a constant A > 0, independent of h, such
that |ap| < A.

This equation appears in the study of Bose-Einstein condensates; for more
details see [7].

In the following we will refer to the definitions:
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DEFINITION 1.1. — (Geometric instability) We say that the Cauchy problem
is geometrically unstable if there exist u},, ui € L*(R?) solutions of with
initial data u},(0),u?(0) € L*(R3) such that ||u},(0)| 12, [|u?(0)||r2 < C where
C is a constant independent of i and t; > 0 such that

(u — i) (tn)ll 22

102 = u)O)]e

DEFINITION 1.2. — (Projective instability) We say that the Cauchy problem

is projectively unstable if there exist u}” ui € L*(R3) solutions of (1)) with

initial data uj,(0),u?(0) € L*(R®) such that ||u},(0)| 12, [|u}(0)||r2 < C where
C is a constant independent of h and t; > 0 such that

dpr (i, (th), uj (th))

dor (20,41 (0))

Here dy, denotes the complex projective distance defined by

— 400 when h — 0.

— 400 when h — 0.

|(v1,v2)]

— ==l ) for vy, € LA(RY).
[[o1]l 2 [lval 2

dpr(v1, v2) = arccos <
NOTATIONS 1.3. — In this paper ¢, C' denote constants the value of which may
change from line to line. These constants will always be independent of h. We
use the notations a ~ b, a < b, a 2 b, if%bgang,ang,bgCa
respectively. We write a < b, a > b if a < Kb, a > Kb for some large
constant K which is independent of h.

The first result of this paper is

THEOREM 1.4. — Let h=! € N. In each of the following cases, there exist cy >
0 and u},,ui € L*(R3) solutions of with initial data ||u? (0)|| L2, ||lu},(0)| 2 —
K such that if |ap|k? < co, we have:

(i) Assume a is independent of h and k|alt > 1,

[[(uf, = us) ()] 22
(i, = ui)(0)]] 22

(i1) Assume |ap|t, — +00 when h — 0 with t;, < log +, then

2 |alkt.

sup [|(up —up)(®)llz2 2 1,
0<t<ty,

but
[l (uj, = up)(0)]| 2 — 0.

In particular, the Cauchy problem 18 geometrically unstable
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Denote by z = (21, z2, z3) the current point in R3. In cylindrical coordinates
(x1 = rcosf,zo = rsinf,x3 = y), the functions considered in Theorem
take the form

1 k2 -k y
2 up(0,2) = K h= 3 e Oy (- =)
(2) 1(0,2) h 0( Vi \/E)
where k € N, vy € L?(R?) and
(3) up(t, ) = up (0, x)e” M 4wy, (t, 2),

with wy, a small error term in L?(R?), at least for times when instability effects
occur.

The Ansatz shows that the function w in will concentrate on the circle
(22 + 23 = k?, 23 = 0) in R3.

To prove Theorem |1.4] we consider two initial data of the form associate
with x and &’ such that |k’ — k| is small, and therefore the initial data are close
in the L2-norm, but we will see that the solutions do not remain close to each
other after a time ¢.

The construction of two solutions to of the form , which concentrate
on disjoint circles yield the following result

THEOREM 1.5. — Let h™' € N. There exist co > 0 and u},u} € L*(R3)
solutions of with initial data ||u? (0)|| L2, ||luj,(0)| 2 — & such that if |ap|k? <
co and |ap|th — 400 when h — 0 with t;, < log %, we have

sup - dpy (ujy (8), up (1)) 2 1,

OStSth

but

Ay (12(0), L (0)) — 0.
In particular, the Cauchy problem is projectively unstable.

The part (7) of Theorem shows that there is no Lipschitz dependence be-
tween the solutions of equation and the initial data in the regime kat > 1,
whereas the part (i7) and Theorem assert that the dependence is not contin-
uous, but for larger times. Both types of instabilities are nonlinear behaviour,
but the first one is weaker than the second.

The instability results of Theorem [1.4] are not new in the case a > 0. R. Carles
[3] shows the instability, for finite times, of the equation

ihdw + h?Av — |z)?v = f(R*|v[*)v, (t,z) € R,
whenn >2, 1<k <mn,and f € C®(R,R) with f/ > 0.

In [1], N. Burq, P. Gérard and N. Tzvetkov have pointed out geometric instabil-
ity for the cubic Schrédinger equation i9;u + Ag2u = alul?u on S when a > 0.
This phenomenon doesn’t occur on L?(R?) for the equation i0;u+ Au = alul?u
in L?(R3), it is therefore strongly related to the geometry of the operator and



4 LAURENT THOMANN

of the manifold we work on. Here there is no semiclassic parameter in the
equations, but we could obtain similar results in this latter case with a scaling
argument, as these instability effects are local. There are stronger instability
phenomenona in H® norm, for 0 < s < % or for s negative, for more details see
[5] or [4] for the one dimensional case.

In [2], N. Burq and M. Zworski prove Theoremin the case a > 0. To obtain
geometric instability, they expand the solution on the Hilbertian basis given by
the eigenfunctions of —h?A + |z|2. The nonlinear term in induces a phase
shift in time for the groundstate and this yields the result. We will give a more
precise description of the solution by solving a pertubated eigenvalue problem
for the harmonic oscillator and this will also treat the focusing case. They also
obtain projective instability for the equation

ihOyu + h*Au — V(x)u = ah?|u|u,

where V is a cylindrically symmetric potential with respect to the variable
y = x3, but they have to add the following assumption: Denote by r =
2?4+ 22 then the function (r,y) —— V(r,y) + r=2 has two distinct abso-
lute non-degenerate minima (7;,y,),j = 1,2, and its Hessian at (rj,y;) are
equal. We use a variational method to construct quasimodes which are local-
ized on circles in R3, which allows to remove such an hypothesis. This idea
comes from an unpublished work from N. Burq, P. Gérard and N. Tzvetkov.

Thanks to the form F(Jul*)u of the nonlinearity in (1), we look for a solu-
tion u which writes u(t,x) = e~ f(z). Then f has to satisfy

(=R?A +|z)?) f = hAf — anh®| fI*f.

In the case ap, = 0, f is an eigenvector of the operator —h?A + |z|? associate
with the eigenvalue h\. In the general case, the term ajh?|f|?f will be treated
as a perturbation of the linear problem

(=h*A + |z|?) f = hAS.
In fact, we will find a development in powers of h of hA and f
WA~ phF, f ey foh®,
k>0 k>0

by solving a cascade of equations. This will be done in cylindrical coordinates:
Write = (21, z2, 23) and make the cylindrical change of variables 21 = r cos 6,
ry = rsinf and x3 = y with (r,0,y) € R x [0,27[xR. Then the Laplace
operator takes the form

1 2 2 1 2
A= 505+ + 0+
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Let x be a positive constant and k a positive integer, we want to find a solution
of of the form

. L2
(4) = mh_%e_”‘te’%%(r, y, h),

where X is a constant to be determined, and v a real function which therefore
has to satisfy

4
1
—h?(0} + 02)0 + (% + 172 +yH)0 = AhD — aph*K20° + hZ;aﬂv.

Notice that we have to choose h=! € N so that makes sense for all k£ € N.
We try to construct © which concentrates exponentially at the minimum of the
potential V = f—; + 72+ 92, ie. at (r,y) = (k,0).

Thus we make the change of variables r = k+v/hp, y = Vho and set o(r,y, h) =

r—k y
’U( Vi’ ﬁa h)

We write the Taylor expansion of V in h:
k4 4 3
—— 4 (k+Vhp)? + ho? =2k + (4p> + 0*)h — —p°h>
(k +Vhp)? k

5
+ﬁp4h2 + R(p, h)h3.

Then v has to be solution of

1 4

Ah — 2k 3
> P \/Ep(')pv—i- P v)

Eq(v) :== Pyv — -

1
v+ apk?v® — h2(

(5) —|—%p4hv —h3iRv =0,

where Py = —(97 4 02) + (4p* + o). Now, write

v(p,o,h) = vo(p,0) + h3u, (p,0) + hva(p,0) + h%w(p, o,h)
Ah — 2k2
h
By identifying the powers of h we obtain the following equations:

= Eo+ h2Ey + hBs + h E5(h).

(6) P()UQ = Eovo — ahKJQUog,

1 4
(7) Pyvi = Egvy + Eyvg — 3ah/£2’l}021)1 + Eap’l}() + E,OBUQ,
1
Pyve = Eguy + Eqv1 + Eovg — 3ahm2(v0202 + Uovf) + Eapvl

4 1
(8) +%p3v1 — ﬁpapvo — ﬁp%o-
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REMARK 1.6. — In the sequel we only mention the dependence in k, x and a
of the v; and F; when necessary. Moreover we write a = ap,.

2. Construction of the quasimodes

PROPOSITION 2.1. — There exists a constant co > 0 such that if |a|k® < co,
there exist Ey > 0 and vy € L*(R?) satisfying vo > 0 and ||v|2r2) = 1, which

solve @

For ¢ € 8'(R?), denote by 1) its Fourier transform, with the convention
90 = [ e ian,
R2

for ¢ € LY(R?).
We use a variational method based on Rellich’s criterion.

PROPOSITION 2.2. — ([8], p 247) The set

S = 2dr = 2 24 2\1(O) 2 d
{z/)l/]Rz ()] de 1,/Rz(1+\m| ()| xSl,/Rz(l—H(\ Yih(C)[2de < 1}7
is a compact subset of L?(R?).

Proof of Proposition — We minimize the functional

1
J(u,a) = / <|Vu2 + (4p% + o) |ul* + 2cm2u|4> ,

on the space
H= {u € H'(R?), (p* + 0%)3u € L2(R?), |jul 12 = 1} .
Now, on H we have the inequality
lullzs < Cllull,y < CllullfVulf2 < CVul 7.
Thus, there exists ¢y > 0 such that
%anQ / |u|4 < %/|Vu|2,

as soon as |a|k? < ¢g, which we suppose from now.
Let (upn)n>1 be a minimizing sequence. First, we can choose u, > 0, because
|t | is also minimizing, as |V|u,|| < [Vu,|. We have

/ <;|Vun|2 + (4p* + az)u%> < J(un,ar?) < C,
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with C independent of a, x and n. We are able to apply Rellich’s criterion:
there exists vg € H with vg > 0 such that, up to a subsequence, u,, — wvg,
and the lower semi-continuity of J ensures

J(vo, ar?) = in}f{ J(u,ark?).

ue

Then there exists a Lagrange multiplier Ey such that
Pyvg = —(02 + 85)’00 + (4p° 4 0?)vg = Egvg — ak’v®,
and FEj is given by
Ey) = / (IVool® + (4p* + 0)vg + arvo*) .
O

PROPOSITION 2.3. — Let |a|k? < co. There exist constants C,c > 0 indepen-
dent of a, k such that for 0 < j <2

(9) (I — A)dwg(p,0)| < ceelel+loh,

Proof. — We denote by £ = (p, o), and we define p.(§) = eT+=T. The function
@, is bounded and

(10) Vel < e ace.
We multiply @ by ¢.vp and integrate over R?:
[ V) Tunt [ ol < B [ o +lali? [ gt
We compute V(p:v9) = voVe + v Vg, and use to obtain
Jtoetvenl + eulePid) < o [ o+ lale? [ gt + [ gevnlVul.
1
We set wg = ¢ vg, then
1 _3 1
(11) Vwy = 1%e Vpevg + 02 Vg,
From the Gagliardo-Nirenberg inequality in dimension 2

lwol| 7+ < Cllwol[72[IVewollZ,

together with we deduce

/(pav0<0/<pgv0 /<p5 (vg 4 [Vug|?).
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As [v§ =1 and [ |Vug|? < C, Jensen’s inequality gives

[eat<c(]f %vé)é ([ et + 19)”

(12) Lpa\Vv0|2+C/<p€vg.

<
- 1660

We also have

1
(13) /g@sv0|V1}o| < Z/cps\va\erC'/gasvg.

Now, write for R > 0

1
Joat= [ pai+ [ eapzet [ [P
l€l<R [€I=R

and deduce that for R big enough, independent of ¢, there exists a constant C'
independent of ¢ satisfying

[ vl +lerd) < .
Letting ¢ tend to 0 yields
(14) G%VUO e L? and e%mvo c L2
With the help of equation @, compute
A (UOE%(p—M)) - (m%gei(pﬁha) +(4p® +0” — Eo)”oe%(p"”’)
+%(1, 1) - Vige: o) + 1*1611013%(’”").

According to , each term of the right hand side is in L2, excepted maybe
the first one. But denote by @ = voe12(#+?) then shows that 7y € H'(R?)
and consequently vy € L°(R?).

Hence, with the inequality ||w]|?e < [Jw| r2]|Aw]||z2 applied to w = voed (o)
we deduce vy < Ce1(P+o),

The same can be done with o replaced with —o or p by —p. Therefore vy <
Cealleltlol), Equation @ and the previous estimate give

|Avg(p,0)| < Ce—clpl+lol)

To obtain the last estimation of Proposition [2.3] use the interpolation inequality
[Vwl|7e < Jlwllpe=[|Aw] Lo,

applied to w = vge(FrEr) O

We are now able to describe the behaviour of Fy(ax?) and vg(ax?) when

ak? — 0:
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PROPOSITION 2.4. —

1

21

vo(ak?) — —le_(p%r%”?) in L*(R?) when ak?® — 0,
T2
and
2
(15) FEo(ak?) = 3 + £cmz + o(ax?).

21

\»—A‘ ENE

Proof. — The function uy = —(P*+39%) is the unique positive element in

e
T2
H that realises the infimum of J(u,0), and is the first eigenfunction of Py =
—A+(4p%+0?) associate with the eigenvalue Ey(0) = 3. See [6], p 7 for details.
For |a|k? < ¢y we have

(16) vo(ak?)||z2 = 1, ||[Vvo(ar?)||2 < C, and ||€vo(ar?)|| 2 < C.
By Rellich’s criterion, (v(ak?))q|n2<c, is compact in H; let A be its adherence

set. If u € A, there exists a sequence b, = a,x2 — 0 satisfying vo(b,) — u

in L2. As vo(b,) realises the infimum of J(v,b,):
1
T(00(bn)ba) < J(1to,b) =3+ by / o4,
therefore, J(u,0) < 3. As u > 0, we conclude u = ug, i.e. A= {ug} and

2

vo(ak?) — ug in L*(R?) when ax? — 0.

Moreover |v(ax?)|,|ug| < C, then the convergence in also in L*.
Now, the self-adjointness of Py gives

0= ((Py — 3)ug, v(ar?)) = (Eg(ar®) — 3) /v(a)uo - ch/v?’(a)uo7

then from [v(ar?)ug — [u2 = 1 and [wv(ar?)3uy — [ul = L we con-

2
clude Ey(ak?) = 3 + 2—‘/3%;2 + o(ak?). O
PROPOSITION 2.5. — Let |ak?| < ¢g. There exist By, FEy € R and vi,vy €

L%(R?) satisfying vi,v2 > 0 and |[v1]|2r2), [[v2|L2r2) ~ 1, which solve (7)

and .

Moreover there exists ¢ > 0 such that for | =1,2 and 0 < j <2
a7 (1= &)tup,0)| < Cemetiobtion,
Proof. — Equation (7)) writes
(P(ar?) — Eo) v1 = (—(82 4 92) + V) v1 = Eqvg + %@)vo + %p&uo,

where we denote by P(ax?) = Py + 3ak?v? and V = 4p? + 02 + 3ak>vy? — Ej.
The potential V' is so that V' — oo as |(p,0)] — oo, then the spectrum
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o(P(a)) of P(ax?) is purely discrete and the eigenvalues are given by the min-
max principle (see [§] p. 120).
The first eigenvalue of P(ak?) is therefore given by

polar?) = ing/ (IVul® + (4p* + 0)u® + 3ar*viu®) — Eo(ar?),
ue
and there exists wy € H with wy > 0 satisfying
(P((mQ) - EO) wo = (Po — Eo(ak?) + 3al-£21102) wo = po(a)wo,

and one shows, as in the proof of (2.4) that wy — ug in L2 N L*.
Multiply @ by ug and integrate

3a/€2/v02w0u0 +(3-— Eo(ch))/wOuo = ,uo(ch)/wouo,

then according to , po(ar?) ~ %alf when ax? — 0. If a > 0 and ax? is
small enough we can conclude that 0 € o(P(a)).

Let’s look at the case a < 0:

According to the min-max principle, the second eigenvalue of P(ak?) is

p(ak?) = ef}an_ / (IVul® + (4p* + 0)u® + 3ar*viu®) — Eg(ar?),
u ,ulwo
and let wj realise the infimum.
We also have
. 2 2 2y, 2 .

5 o uEI;I,LfLuO/ (|VU| + (4p to )U ) o uel}ftfluo J(U7O)’
realised for uy, the second normalised Hermite function. Now, define . =
aw +Pwo with a, 8 such that ||a||2 = a?+5% = 1and « [ wiug+3 [ wiug = 0,
then @ € H and @ L ug. Notice that [a] — 1 and 3 — 0 as ak? — 0.
One has 5 = J(u1,0) < J(@,0), then we obtain 5 < uj(ax?) + e(ax?) with
e(ak?) — 0 as ak® — 0, therefore ui(ax?) > 4 for a small enough, and
0 & o(P(ar?)).
As a conclusion, for each choise of Fy, equation admits a solution v; € L?
as the second right hand side f is in L2. However, if we choose E; so that
f L vg, we also have |lv1||pz < C uniformly in |a|x? < o, as the eigenvalue
Ey(ak?) is simple.
The estimations are obtained as in the proof of Proposition
By the same argument we infer the existence of vy and Fs which solve equation
and satisfy the estimates (17). O

Eo + h2 Ey + hEs, and define
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. L2
(18) Uapp = Kh™3e Mol 05,
Recall that, according to ,
V2

FEo(ak®) =3 + ﬁch + o(ar?).
PROPOSITION 2.6. — The function uqp, defined by satisfies
(19) ihOpUapp + B Atapy — |22 ttapp = ah® [tapp|*Uapp + R(R)
with
(20) [ + DRIz 17 and  |AR()|z2 < h*.

Proof. — By construction, w = vy + h2vy + hv, satisfies Eq(w) = h2 Ry (h)
where Eq is defined by , and according to Propositions and

1
Ri(h)| < (+ pB) o—erloiloh,
B (Bl (k + vVhp)? o
and
1
21 ARy (h §(+ 3) e—c2(lpl+lol)
Now,

Eq(v) = Eq(x(Vhp)w
= x(Vhp) Eq(w
+ax(x* — w?
= ¥ x(Vhp)R1 + Ry + Ry + Ry := R(h).
Set I = [%, g] U[2, 2] and observe that suppy’ C I, suppx” C I,

102
suppx(x? — 1) € I and if vVhp € I we have

)
) — hx" (Vhp)w — 2h% X' (Vhp)d,w

[w], [9,w] S e~/ VeI,
then it follows
(22) AT Ry || 2 S e/,
forall 0 < j <1 and 2 < p < 4. According to we also have

IX(Vhp)Rall72 S /(1 + |p|f)e2erlielHloh < ¢,

5

Therefore, coming back in variables (r,y, ), ||R(h)||2 < hz. Because of the
fast decay of w we also have ||(r2+y2)R(h)||2 < h?, hence ||(|z|2+1)R(h)| > <
h3.
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Differentiating wuqp, costs at most h~', then together with and we
obtain ||AR(R)| > < h?. O

PROPOSITION 2.7. — Let |a|x® < ¢y fized, let uqp, be given by and let u
be solution of

(23) ihdyu + h*Au — |z)?u = ah?|ul?u,
(0, ) = Ugpp(0, ),

then ||(w — uapp) (tn)| 2 — O with t, < log(3), when h — 0.

Proof. — Denote by w = u — gy, and by f = ah?g + R(h) with g = |ugp, +

w[* (Uapp + W) — [Uapp|*Uapp, then

(24) ihOyw + h?Aw — |z|*w = f.

We define

(25) B0) = [ (Glel + Dl + 1w ).

— Multiply by 2(|z|* + 1)w, integrate and take the imaginary part:
1.d 1
26) —h— | =
(26) 2 dt 2<
— Multiply A by h*Aw, integrate and take the imaginary part:
1.d
(27) iy r*|Aw|* = h*Im / AfAW — 2h*Tm / AwaVw.

With an integration by parts, we can show that

2 / 22| Vf? < / 2l uwf? + bt / Awp,

1
|z|* + 1)|w|? :Im/§(|x\4+1)fﬁ+2h2lm/|x|2@a:Vw,

therefore

(28) h?‘/m?mvu}‘ §h/|x\4|w|2+h3/|m|2|Vw|2 < hE,
and

(29) hﬂ/wavﬂ < h5/\Aw\2 +h3/|x\2|Vw|2 < hE.
Then the inequalities — yield

(30) h%E(t) < Im/ (;(|x|4 + 1) fw + h?|z|*V VW + h4Awa> +hE.

Using the expression of gy

HuappHL2 S, H“appHL“’ S h™3
3
5

(31) ”VUaMDHL2 S ht, ||Vuapp||L°° Shz,
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and by definition of £

(32) leVulle SBTE?, Awllp: S hT2ER,

and the Gagliardo-Nirenberg inequalities in dimension 3 yield
lwls SAIEZ, |Vl B TE?,

(33) lwlle S wlli|Aw|i, S h 3 ES,

— First, the estimates (20) on R(h) give

|/ (3(21* + D R(h)w + h*AR(h) Aw) |
S (2 + )RR 2 B2 + h2|AR(R)|| 2 E*
(34) <hiEz.
— Then, as g = |uapp + W|* (Uapp + W) — |Uapp|*Uapp, and according to

and

i [ el 0| < [ el 1) (Pl + gy
S ltaple(ltaml = + =) B
(35) <h 'E+h2E3.

— Compute

|1Agl < ‘uapp|2|Aw| + [Uapp || Vttapp| [ Vw| + ‘Vuapp|2|w|
+ttapp|| Attapp|[w] + [ Atapp|w]* + [w]*| Aw] + |w]| Vw]?,
hence
189122 S NuappllZee [ Awll L2 + Ntapp | Loe | Vitapp | o< [ Veo] 2
+||Vuapp||2L°°||w||L2 + [[wapp | Lo | Attappl| oo [ w]| £2
HAtapp || Lo [w]|Zs + [w]|Foe | Aw] 22 + [|w]| 22]| Ve 2

ShPE + R E+hOE?,

then
2yl AgAw‘ < W Agl 2 | Au]| o
(36) <h 'E+h2E% + h 3B
Putting the estimates , , and together with , we obtain

d _—
(37) hg E(t) S hiE +hE+E? + h'E2
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Set F = E2, then F satisfies F(0) = 0 and
d

(38) g F(H) < h3 +hF + F2 4+ h ' F?,

As long as h ' F3 < hF, i.e. for times such that F < h, we can write
d 3
—F(t) <h2 +F.

Using Gronwall’s inequality, F' < h2eCt. The non linear terms in can be
removed with the continuity argument for times ¢, such that e“*» < h_%, ie.
tn < log(+) and one has F(t,) — 0 when h — 0, hence the result. O

We are now able to prove Theorem and Theorem

3. Geometric instability

Let |a|x? < ¢g. Consider the function ugp, defined by associate with x
with k =1 (k will be equal to 1 in all this section).

1 vt il
Uapp = KA~ %€ Aty

Similarly, let the function wuy,,, defined by associate with k' = k + h=.
Then there exists M € R and o' € L?(R?) such that

0.

Uppp = (K + h%)h_%e_i/\/tei%ﬁ’.
define the functions f, f’ € L(R?) by
(39) f=h"%chn, f=h iRy

Notice that by construction, ||f|lrz, [|f'|lLz ~ 1.
We now need the following

LEMMA 3.1. — The functions defined by satisfy
(40) 15" = fllze S R,

Proof. — To construct f/, we have to solve the system (6])-(8) with ' = K+h.
We reorganize this system by identifying the powers of h, and as equation @
remains the same, we deduce . O

Proof of Theorem[1.J) (i). — Denote by u (resp. u') the solution of with
initial condition gy, (0) (resp. ul,,(0)). We have

app
(" = w)(0) 2 = [|(ulyy — ) (0)]| 22
(41) < K|If = flloz + wh2 (||| 2 < whE,

by Lemma The triangle inequality gives
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i\ — 1
N1 [ lla = RIS = Flla = khE S o

gV =Nt 1‘ — Ckh?.

[(wapp = ttapp) (D)2 = &

(42) >k

As (N = Nt ~ ga ((Iﬂ? +h7)? — /{2) t~ ?(mth%, with we obtain, when
lalxt > 1
1
[(Uapp — Uapp) ()22 = clals®thz,
hence, using
[(w = w) (@) >
[[(u" = u)(0)]| 2
which was the claim. O

2 |a|kt.

Proof of Theorem[1.]] (ii). — First notice that every parameter or function in-
volved in this part depends on h even though we do not write the subscripts.
We define

uyy = (K + en)h e N i i
(43) = (k4ep)e N
with €, — 0 when h — 0, and denote by u” the solution of with initial

condition wuy,,,(0). Then

(" —w)(0)]lz2 = [[(uapy, — tapp)(0) L2
(44) < &7 = fllee + wenll f7llze-

The right hand side of tends to 0 with h because ||f” — f|z> — 0 and
Ilf”|lz2 ~ 1. But when h is small enough

1(upp = Uapp) (B)l| 2 = &

1
(45) > §f€

. 1"
e P e PP 1

RICNES N 1‘ .

Now use (' =M\)tp, ~ V2 ((/i +en)? — /~€2) tn, ~ Coaktpey. Takeey, = (Coraty) /2

Yiq
2m
which tends to 0, then if h < 1, |\’ — AJtp, > 7 and

sup H(ugpp - Uapp)(t)”Lz > K.
0<t<t

Now, according to Proposition which can be used as we assume t < log %,
we have for h small enough

sup ||(u" —u)(t)||zz > &.
0<t<tp

This last inequality together with proves the second part of Theorem
L4 O
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4. Projective instability

We conserve the notations of the previous section, but here f; and f]’ are
constructed with k_: J in . 4 N 4
Define Ugpp = ke ™Mt fy + ke ™2t fo and U, = (k4 ep)e ™M f] + ket fo

LEMMA 4.1. — Let Vypp = Ugpp 07 Vapp = U,

app» and v be solution of

(46)

ihOwv + h2Av — |z[*v = ah?|v|?v,
v(0,2) = Vopp(0, ),

then ||(v — Vapp) ()|l 12 — 0 with t), < log(+), when h — 0.

Proof. — Write Vapp = vg,, + v2,, With v}, = ke e~ £ or Vipp = (K +
en)e Mt fl and v2,, = ke~™2! f,. As the supports of v}, and v2,, are disjoint
we have
2 2
Zhat( Vapp app) +h A( Vapp + Uapp) |!L‘| ( Vapp + Uapp)
=ah® (‘ruapp app + |vapp app) + Rl(h) + RQ(h)

= ahQ‘vapp + vapp| ( app + vapp) + Rl (h) + RQ(h>7
where for j = 1,2, R7(h) is the error term given by Proposition and therefore
satisfies ||(|z]2 + 1)RI (h)||> < h% and [|[AR?(h)| L2 < h2. We conclude with
the help of Proposition O

Proof of Theorem[I.5, — Consider the function u (resp. u' ) the solution of
equation with Cauchy data Uy, (0) (resp. UL, (0) ).

app
First notice that, for ¢ > 0, ||Vapp(t)[|32 ~ 2x2. Compute

(47) Uapp (1)U} (1) = k(5 + £3) fr Flel D12t 4 52| fo2,
Then for ¢t = 0 we have
/Uappm(O) ~ 2K2,
hence
dp: (u(0), 4 (0)) = dpr (Uapp(0), Ugyyp(0)) — 0.
Let t;, < log %, then as (A} — A1)ty ~ Coakeptp, we now choose
T
= Coarty’
then we have (\] — A1)t — m, as h — 0. Thus

/ app app 0;

e (Uapp(tn), UL (1)) — arccos (0) = g

and

app



INSTABILITY FOR THE GROSS-PITAEVSKI EQUATION 17

Finally, from Lemma [I.I] we deduce

dyr (u(th), Uapp(th)), dpr(u'(tn), Ugpp(tn)) — 0,

and therefore

on ((t), 0 (81)) 2 o (U (00), Uy () — (1), Vg )
_dpr(u/(th)7 Uz;pp(th))
>
— 4

for h < 1; hence the result. O

1]
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