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New decay results for a viscoelastic-type Timoshenko system with infinite memory
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Abstract. This paper is concerned with the following memory-type Timoshenko system

prow — K(pz + )z =0,
“+ o0

p2tt — bbza + K(px + 1) + / 9(8)za(t — s)ds =0,
0
with Dirichlet boundary conditions, where g is a positive nonincreasing function satisfying, for some nonnegative functions
¢ and G,
g'(t) < —EMG(g(t),  Vt=0.

Under appropriate conditions on £ and G, we establish some new decay results that generalize and improve many earlier
results in the literature such as Mustafa (Math Methods Appl Sci 41(1): 192-204, 2018), Messaoudi et al. (J Integral
Equ Appl 30(1): 117-145, 2018) and Guesmia (Math Model Anal 25(3): 351-373, 2020). We consider the equal speeds of
propagation case, as well as the nonequal-speed case. Moreover, we delete some assumptions on the boundedness of initial
data used in many earlier papers in the literature.
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1. Introduction

In this paper, we consider the following viscoelastic-type Timoshenko system:

p1¢ee — K(pz +1)s =

+

o0

P2t — by + K(pzr + ) + [ g(8)thee(t — s)ds = 0,

o

(1.1)
©(0,t) = (L, t) = 1(0,t) = ¢(L,t) =0,
o(x,0) = @o(x), ¢i(z,0) = ¢1(x),

Y(x,—t) = %(37 t), wt<x,0) = P1(z),
where (x,t) € (0, L) x (0, +00), L,b, K, p1, p2 are positive physical constants, ¢g, p1, %o, ¥ are given data
and g is a relaxation function satisfying some conditions to be specified in the next section.
In 1921, Timoshenko [4] introduced the following system of hyperbolic partial differential equations as a
model to describe the dynamics of a thick beam:

Pl¢tt - K(¢x + 1/))90 = 0 in (O7L) X (Oa +OO)7

,_\/—\

(1.2)
prtt - b¢zz + K(¢a: + 1/}) = 0 in (07 L) X (07 +OO)7
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where ¢ is the transverse displacement, 1 is the rotational angle of the filament of the beam and pq,
p2, b and K are fixed positive physical constants. For almost a century, a great number of researchers
have devoted a considerable amount of time an effort studying this model. As a product, many results
concerning the well-posedness and long-time behavior of the system have been established. For this matter
of various types of dissipation, such as boundary and/or internal feedback, heat or thermoelasticity,
infinite memory and Kelvin—Voigt damping have been utilized. See, for example, [5-17]. It is well known
that the exponential stability of system (1.2) is achieved in the presence of linear damping mechanisms
on both equations of (1.2) without imposing any condition on the speeds of wave propagation. But if
the damping effect is acting on only one equation, the system is exponentially stable if and only if it has

equal speeds of wave propagation, that is,

K b
—=— (1.3)
P1 P2
The reader is advised to consult the above-cited references for detailed discussion on the stability analysis
of Timoshenko systems.

1.1. Finite memory

Now, we concentrate on the stabilization of a viscoelastic-type Timoshenko system which is the main
topic of this work. Viscoelastic-type Timoshenko system had received a considerable attention since the
work of Ammar-Khodja et al. [18] in which the authors studied the following system:

p1¢tt - K(¢I + w)x = O in (Oa L) X (07 +OO)7
t
P2 — Dy + K (ug + 1) + /g(t — 8)ze(s)ds =0in (0, L) x (0, +00), (1.4)
0
6(0,1) = B(L, 1) = 6(0,1) = (L 1) = 0 for ¢ > 0,

where g is a positive nonincreasing differentiable L' function defined on R. They established the uniform
stability of the system if and only if identity (1.3) holds. For the rate of decay, they obtained exponential
and polynomial stability of the system for the relaxation functions g decaying exponentially and poly-
nomially, respectively. Guesmia and Messaoudi [19] proved the same decay result of [18] by weakening
some of the assumptions on g. Precisely, they assumed that g satisfies, for some constants kg > 0 and
1<p<3,

g'(t) < —kog"(t),  Vt=>0. (1.5)
Messaoudi and Mustafa [20] investigated the same system under the more general relation
g'(t) < —€M)glt), V=0, (1.6)

where £ is a positive nonincreasing differentiable function defined on R,. They proved for the first time
a general decay result from which the exponential and polynomial stabilities are only special cases.
The assumption (1.6) allows a wider class of relaxation functions. However, the “optimality” of the
polynomial decay is not guaranteed. Very recently, Messaoudi and Hassan [2] analyzed system (1.4)
under the following assumption on the relaxation function: for some 1 < p < % and for a £ a positive
nonincreasing differentiable defined function on Ry,

g'(t) < =€)g"(t),  Vt=0. (1.7)

They established more general decay results in the case of equal and nonequal speeds of wave propagation.
This class of relaxation functions includes those of Ammar-Khodja et al. [18], Guesmia and Messaoudi
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[19] and Messaoudi and Mustafa [20] as special cases. This latter result guarantees the optimal polynomial
decay result; that is, the rate of decay of energy is exactly the rate of decay of the relaxation function.

1.2. Infinite memory

Giorgi et al. [21] considered the following semilinear hyperbolic equation with linear memory in a bounded
domain Q C R?

+oo
uy — K(0)Au — / K'(s)Au(t —s)ds +g(u) = f in Q xRy, (1.8)
0

with K(0), K(+o0) > 0 and K’ < 0 and proved the existence of global attractors for the solutions. Conti
and Pata [22] considered the following semilinear hyperbolic equation:

“+o0
ur + aup — K(0)Au — / K'(s)Au(t —s)ds+g(u) = f in Q xRy, (1.9)
0

where the memory kernel is a convex decreasing smooth function such that K(0) > K(4o00) > 0 and
g : Ry — R, is a nonlinear term of at most cubic growth satisfying some conditions. They proved
the existence of a regular global attractor. In [23], Appleby et al. studied the linear integro-differential
equation

¢
g + Au(t) + / K(t —s)Au(s)ds =0 for t>0, (1.10)

and established an exponential decay result for strong solutions in a Hilbert space. Pata [24] discussed
the decay properties of the semigroup generated by the following equation:

+oo
g + aAu(t) + Pug(t) — / u(s)Au(t —s)ds=0 for t>0, (1.11)
0

where A is a strictly positive self-adjoint linear operator and o > 0,0 > 0 and the memory kernel p is a
decreasing function satisfying specific conditions. Subsequently, they established necessary as well as the
sufficient conditions for the exponential stability. In [25], Guesmia considered
+oo
ug + Au — / g(s)Bu(t —s)ds =0 for t>0, (1.12)
0
and introduced a new ingenuous approach for proving a more general decay result based on the properties

of convex functions and the use of the generalized Young inequality. He used a larger class of infinite
history kernels satisfies the following condition

+oo
90 g =9
0/ ERTE ) R e ) B (113)
such that
GO)=C'"(0)=0 and  lim C'(t) = +oc, (1.14)
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where G : Ry — R, is an increasing strictly convex function. Using this approach, Guesmia and Mes-
saoudi [26] later looked into

t +o0
Uy — Au + /g1 (t — s)div(ai (z)Vu(s))ds + / g2(s)div(az(x)Vu(t — s))ds = 0,
0 0

in a bounded domain and under suitable conditions on a; and as and for a wide class of relaxation
functions g; and g, that are not necessarily decaying polynomially or exponentially and established a
general decay result from which the usual exponential and polynomial decay rates are only special cases.
For Timoshenko systems with infinite memory, Rivera et al. [16] considered vibrating systems of Tim-
oshenko type with past history acting only in one equation. They showed that the dissipation given by
the history term is strong enough to produce exponential stability if and only if the equations have the
same wave speeds. In the case that the wave speeds of the equations are different, they showed that the
solution decays polynomially to zero if the corresponding system does not decay exponentially as time
goes to infinity, with rates that can be improved depending on the regularity of the initial data. Guesmia
et al. [10] have adopted the method introduced in [25] with some necessary modifications to establish a
general decay of the solution for a vibrating system of Timoshenko type in a one-dimensional bounded
domain with an infinite history acting in the equation of the rotation angle. Guesmia and Messaoudi
[27] discussed a Timoshenko system in the presence of an infinite memory, where the relaxation function
satisfies (1.6) and established some general decay results for the equal and nonequal speed propagation
cases. Recently, Guesmia [3] adapted the approach of [1] to two models of wave equations with infinite
memory and proved, under (2.2) (below) relations between the decay rate of solutions and the growth
of g at infinity. Al-Mahdi [28,29] also adapted the approach of [1] to some viscoelastic plate equations
with relaxation functions satisfy the condition (2.2). The results of [3,28,29] improved and generalized
the ones of [25,30-33] by getting a better decay rate and deleted some assumptions on the boundedness
of initial data.

In the present work, we study the asymptotic behavior of solutions of (1.1) under the general assumption
(2.2) (below) instead of the once in [25,30-34]. Furthermore, our class of admissible initial data is larger
than the one considered in [25,31-34] because we do not assume any boundedness condition on g, by
adapting the arguments of [1,3] to the case of Timoshenko system (1.1).

The rest of this paper is organized as follows. In Sect. 2, we present some assumptions and material
needed for our work. Some technical lemmas are presented and proved in Sect. 3. Finally, we state and
prove our main decay results and provide some examples in Sect. 4.

2. Preliminaries

In this section, we present some materials needed for the proof of our results and state the existence
result of the problem. We use the standard Lebesgue space L?(0,L) and Sobolev space H{ (0, L) with
their usual scalar products and norms and assume the following hypotheses

(A) g: Ry — Ry is a C'! nonincreasing function satisfying, for some 3y > 0,
+o00

— Bog(s) < g'(s), g(t) >0and b— / g(s)ds :=€>0, (2.1)
0

and there exists a C'! function G : R, — R which is linear or it is strictly increasing and strictly
convex C? function on (0,7] for some r > 0 with G(0) = G’(0) = 0, lims_ 4o, G'(s) = +00, 5
sG/(s) and s — s(G')"" (s) are convex on (0,r]. Moreover, there exists a positive nonincreasing
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differentiable function £ such that

—+o0
where ¢ is satisfying [ £(s)ds = +oo.
0

Remark 2.1. [1] If G is a strictly increasing and strictly convex C* function on (0, 7], with G(0) = G'(0) =
0, then it has an extension G, which is strictly increasing and strictly convex C? function on R, . For
instance, if G(r) = a,G'(r) = b and G”(r) = ¢, we can define G, for ¢t > r, by

G(t) = gtz +(b—cr)t+ (a + g’/‘2 - br) . (2.3)
For simplicity, in the rest of this paper, we use G instead of G

Remark 2.2. [1] Since G is strictly convex on (0,7] and G(0) = 0, then
G(0z) <0G(z), 0<0<1and z e (0,r]. (2.4)

Remark 2.3. [1] For any 0 < « < 1, we define the following

+oo

s ) o
Ca_o/ozg(s)—g/(s)d d  ht)=ag(t) —g'(t). (2.5)

Using the fact that % < g(s) and recalling the Lebesgue dominated convergence theorem, we
can easily deduce that
“+o0

Y B C)
aCy = / ag(s)—g’(s)d 0 0. (2.6)

For completeness, we state, without proof, the global existence and regularity result which can be
established by the semigroup theory (see [10,27] where some arguments of [35] are used).

Proposition 2.4. Let (o, 1), (¥o(.,0),%1) € HE(0, L)xL?(0, L) be given. Assume that g satisfies hypothe-
sis (A). Then, problem (1.1) has a unique global (weak) solution o, € C(Ry; Hi(0, L))NC(Ry; L*(0, L)).
Moreover, if (¢o,%1), (¥o(.,0),%1) € (H(0,L) N HE(0,L)) x HY(0,L), then the problem has a unique
classical solution o, € C(Ry; H2(0, L) N Hg(0,L)) N CY(Ry; HY(0, L)) N C?*(Ry; L%(0, L)).

We introduce the “modified” energy associated to problem (1.1)

1 1
E(t) = 5 (pulltlla + pallWlla + AI¥zl 2 + Kll(ps + $)%|l2) + 5(9 0 %) (®), (2.7)
where || - [|2 = || - ||12(0,1) and for any u € L? (Ry; L*(0, L)),
+oo
(gou)(t) = / 9(s)lult) — u(t - 5)|[3ds.
0

Direct differentiation, using (1.1), leads to

E'(t) = %(g’oww)(t) <0, Vt>0. (2.8)
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3. Technical lemmas

In this section, we state and establish several lemmas needed for the proof of our main result. We assume
that (A) holds and take (¢o, 1), (¥o(.,0),%1) € HE(0,L) x L?(0, L).

Lemma 3.1. There exists a positive constant My such that

+oo

/ 9(3)[1a(t) — alt — 5)|2ds < Moho(t), (3.1)
and

+oo

/ 9() [he(t) — thue(t — $)|13ds < Myha (1), (3.2)
where ho(t Ofoo 5) (14 [[v0z(s)|[?) ds and ha(t Ofm (t+5) (1+[|toze(s)]|?) ds

Proof. The proof of (3.1) is identical to the one in [3]. Indeed, we have

+o00 +o00 +oo
/ a() (1) — alt — 9)]3ds < 2{Jba(0)|? / g(s)ds +2 / o(s) bt — 5)|2ds
t . . t t
<2sup 10, [ gt 9)ds+2 [ g+ 9llva(-s) s
4E( ) —+00 ’ —+o00 ’
STS/ (t+s)ds+2/g(t+s)||w0w(s)||2ds (3.3)
0
+oo
< 1EO) / HSds+2/g<t+s>||%<s>||2ds

gMo/g(t—i—s) (1 + [[dboe (5)]]%) ds
0

where My = max {2, 4EE(O)

}. To prove (3.2), we use the same arguments in the proof of (3.1). O

Lemma 3.2. The following functionals

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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400

L
—p2 | e P(t) = P(t — 5))dsdz,
A
I(t) = (t)+Iz()+Is()

L
- /(Pl%ﬁt + p2ip)y)da
0

L L L
bp1
I(t) = pa | Yu(pe +)do + —= [ @ithpdr — ), (t — s)dsdu,

and
L
= /(mwsot + parpify)da
0

satisfy, along the solution of (1.1), the following estimates

L
F'(t) < —pa(b—1— 6/¢t2dx+5K/(<Pz+¢)2d$
0 0

+6/w2dx+ S(Ca+ (R0 b)),

L L
K
5/%+w x—clpl/sa?dx
0 0
L L
—|—cp2/1/1t2dx+c/1/1id:r
0 0

L

b
+c(Cq + 1) (hotb,)(t) + <;? - pz) /SOtT/thd%
0

and

Co

L
J'(t) < 50p1/ 2dx + pz/l/l /de + Q—Z(howx)( ), Veo>0.
0 0

Proof. The proof of this lemma can be done by following the calculations in [2].

Lemma 3.3. [2] There exist strictly positive constants N, N1, Na and € such that the functional
L(t) = NE(t) + N1 F(t) + I1(t) + N2J (1)

satisfies, for allt € Ry,
L~EFE,

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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and X
L'(t) < - 7 (e + )2 — 7||§0t”2 - 7H¢t||2 —4(b = D[22

. (3.8)

L
+ —(gos)(t) + <b}? - Pz) /sotwmtdx, Vit >0,
0

=~

Proof. 1t is a routine computation to establish that L(t ) E(t). To prove (3.8), combining (2.8), (3.4),

(3.5), (3.6), recalling that ¢’ = ag — h and setting § = 4N , we obtain, for all ¢t > g,

L
K
L'(t) < —*/ Qo + 1)z — (c1 — Nago)p1 /%Qdﬂf
0

[b €N1——c<1+€10N2)]p2/Lwt2dx
~(5m-- >/¢2dx+ SN (o))

[2 C(AN? +1) - C, <2lN2+c+4cN1>] (hoe)(t)

+ (b[p(l - Pz) /sat%tdm.

0
We start by choosing N» large enough so that

l 1
§N2—Z—C>4(b_l),

then pick g9 so small that
1
— NQ€0 > Z
Next, we select Ny so large that

1 1
(b—0)Ny — Y (1 + - Nz)

»MH

ag?(s)

As —————— < g(s), it follows from the Lebesgue Dominated Convergence Theorem that
ag(s) —g'(s)
2
lim aC, = lim L(S)ds =0.
a—0+ a—0t | ag(s) — ¢'(s)
0

Consequently, there exists 0 < ag < 1 such that if o < «ag, then
1
8 [3 N2 +c(1+4NE)]

aCy, <

Now, choose N large enough so that

1
N 4c(4N? +1), —
- atavt <0, )

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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and set
1
o= —.
2N
So
=N — (4N} 4+1) >0 and a:i<a
1 oN 0
This gives
1 2 1 2 1 2
§N —c(4N7 +1) - C, ZNQ +c(1+4N7)| > §N —c(AN7 4+ 1) — %o
1
= N- c(4N? +1) > 0.
Hence, we arrive at the required estimate. O

Lemma 3.4. The functional

N(t) = / Dt — 5)1a ()] 3ds,
0

satisfies, along the solution of (1.1), the estimate

+oo

Nj(t) £ ~3(g00)(0) + 30 - Ole®lide + 5 [ 9la() —iat - 9liFds, (39)

t

+o00
where p(t) = [ g(s)ds.

t

Proof. In fact, we have the following

Now, direct differentiation of N3 leads to

t

N3 (t) = p(0)[|vs ()13 + /p'(t = 8)|[v(s)[[3ds
0

= p(O)] [ (1) 3 / ot — )lla(s)|Bds

0
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t

= p(0)|[vs (D13 — /g(t = 8)|[va () — ¥ (t) + ¥ (1)][3ds

0
t t

:p(O)Ilwz(t)llg*/g(t*S)wa(S) —Ya ()l *2/g(t*8)\|wx(8) = Y ()ll2][¢2(t)] 2

0 0
t

f/yaf@wmwﬁﬁ

0
t t

:p(t)Iwa(t)llg+2/g(t—8)||¢x(t) = ¥u(8)ll2l 2 (B)]]2 —/g(t—8)||¢x(t)|\§ds

0

0
gmmwam@—/ﬁu—@www@@
0

jg )ds ¢
200 = Ol 01 + S [ a(t = 9l1v(®) ~ b (5) s
0

< 30— OlIa(0 = [ glt = 9l1a(t) — wa(o)lfids + 5 [t = 5)2(0) (o) Bas(a.11)
0 0

l\.’)\»—t

t
< 3(b— 0)][(1)|I3 /gwwn% i (s)|2ds
0

SS@—MWANb—%

o —y

9(t = s)|[ea(t )—¢z(8)l|§d8+%/Q(t—S)H%(fJ —Ua(s)l3ds  (3.12)

o0

<30~ Ol (Ol ~ 5 (9062 (O +5 [ ot = Sllvalt) = vus) .

t

Then, (3.9) is established. O

Lemma 3.5. Assume that (1.3) holds. Then, the energy functional satisfies, for all t € RT and for some
positive constant m, the following estimate

t
/E )ds < mf(t) (3.13)
0

¢
where f(t) =14 [ ho(s)ds and hg is defined in Lemma 3.1.
0

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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Proof. As in [3], let F(t) = L(t) + N3(t); then using (3.8) and (3.9), we obtain, for all ¢t € R,

K 1
F(t) < = (60 + )2 = %||¢%||2 = B izlle = (b= DIzl = 5 (g0 )1

L +oco

/ / — Yt - 5))” dsda.

From (2.7) and (3.14), we obtain for all t € Ry,
1 i
F(0) < =m0 + 5 [ 9)llba(t) - valt - 93,
t
where m is some positive constant. Therefore, using (3.1), we obtain
t +oo

m/ )ds < F(0) — F(t)+%//g(7+s) (14 [tz0(s)|ds)? drds

0+ % [y

0

Hence, we get
t

/tE(s)ds < ? + % /tho(s)ds < m(1 + /ho(s)ds>,

0 0

F(0) Mo

where m = max{ prea i e

Corollary 3.6. There exists 0 < qgog < 1 such that, for all t > 0, we have the following estimate:

t

s < gt (100
0/g<s>||wz<> vt = 9)l30s < o (f(t) )

where G is defined in Remark (2.1),

u(t) = — / 6 (3 (1) — Yt — 5)||2ds < —cE'(2)
0

and

Proof. As in [3], using (2.7) and (3.13), we have

L t
wa % t_s ||§d 2 W’x | + W}ac(t_s)‘ )deJ7
/ [

IN
S|

0/ t) + B(t—s))ds

E(s)ds < %mf(t), VteR,.

IN
~| 00
o\

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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Thanks to (3.13), we have for all ¢ > 0 and for 0 < gy < min {1 £ },

) 8m
q(t) <1 and
t
alt) [ 102(0) ~ alt = 5) s < 1.
0
So, the proof of (3.17) can be archived as the one given in [1]. O

4. A decay result for equal speeds of wave propagation

In this section, we state and prove a new general decay result in the case of equal speeds of wave
propagation (1.3). As in [3], we introduce the following functions:
1

Gi(t) := / SG}(s)ds’ (4.1)
Ga(t) =tG'(1), Gs(t) =t(G)7' (1), Ga(t) = Gi(1), (4.2)

where G5 is the convex conjugate of GG3. Further, we introduce the class S of functions x : Ry — R%
satisfying for fixed ¢1, ¢z > 0 [should be selected carefully in (4.16)]:

x€C'(Ry), x<1, X' <0, (4.3)
and
oGy [2‘]@)}10(15)} <c <G2 (f:é?) — G ;C(;:)(t))) , (4.4)

where d > 0, ¢ is a generic positive constant which may change from line to line, hy and ¢ are defined in
Lemma 3.1 and Corollary 3.6 and

Gs(t) = G;l(cl /t g(s)ds). (4.5)
0

Remark 4.1. [3] According to the properties of G introduced in (A), G is convex increasing and defines
a bijection from Ry to Ry, Gy is decreasing defines a bijection from (0,1] to Ry, and G5 and G4 are
convex and increasing functions on (0, 7]. Then, the set S is not empty because it contains x(s) = eGs(s)
for any 0 < € < 1 small enough. From (4.1) and (4.5), we notice that (4.3) is satisfied. On the other hand,
we have ¢(t)ho(t) is nonincreasing, 0 < G5 < 1, and G’ and G, are increasing, then (4.4) is satisfied if

Nen [zqoho(o)} < ?(G’(i) - G’(l))

which holds, for 0 < &£ < 1 small enough, since lim;_, o, G'(t) = +o0.

Theorem 4.2. Assume that (A) and (1.3) hold, then there exists a strictly positive constant C' such that
the solution of (1.1) satisfies, for all t > 0,

CGs5(1)
B0 < a0

Remark 4.3. The stability estimate (4.6) holds for any x satisfying (4.3) and (4.4). But (4.6) does not
lead in general to the asymptotic stability lim; .., E(t) = 0 (like in case of the choice x = G5 indicated in
Remark 4.1, where (4.6) becomes just an upper bound estimate for E). The idea is to choose x satisfying
(4.3) and (4.4) such that (4.6) gives the best possible decay rate for E. This choice can be done by taking
X satisfying (4.3) and (4.4) such that the decay rate of the function in the right-hand side of (4.4) has

(4.6)
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the closet decay rate to the one of the function in the left-hand side of (4.4). So, such choice of x can be
seen from each specific considered functions g and g, (see the particular example considered below).

Proof. To prove Theorem 4.2, we start by combining (2.8), (3.1), (3.8), (3.17) and (1.3), then, for some
m > 0 and for any ¢t > 0, we have

—1 ((4@)p(t)
L(t) < —mB(t +CG1<q( + cho(1). 47
Without loss of generality, one can assume that E(0) > 0. For ¢y < r, let the functional F defined by
E(t)q(t)
F(t) =G Lt
(0= ¢ (22000 ) L),

which satisfies 7 ~ E. By noting that G” >0, ¢’ <0 and E’ <0, we get

7= T (2 B0 1 (210 1

£(0) E(0) E(0)
<-ms0 (27550 ) + 2656 («5m) ¢ (Y ) o
retn(nc (2000

Let G* be the convex conjugate of G in the sense of Young (see [36]), then
G*(s) = s(G")1(s) = G [(G’)*l(s)] , if s € (0,G'(1)] (4.9)
and G* satisfies the following generalized Young inequality

AB < G*(A)+G(B), if Ae(0,G'(r)], Be(0,r]. (4.10)

So, with A = G’ (50 E%gggt)) and B =G~ ( )‘(t)) and using (2.8) and (4.8)—(4.10), we arrive at

i (¢ () ()

(4.11)
[ E®q) E() [ B®at)) ()
< —mE)C < £(0) +“50E<0>G< £(0) )*( "0 >
+ Cho(t)G/ (60 Egzggt)

So, multiplying (4.11) by £(¢) and using (3.18) and the fact that e %zggt) < r and G’ (50 Egzggt)) =
G’ (s()%) give

EF (1) < —mEHE(NG (€0E<t>q<t>>

Et) ., (_ Et)q(t)
£(0) c€(t)eo G (50 )

' E(0) E(0)
+ cp(t)q(t) + c€(t)ho(t) G’ (50 Egzggt)

mE(0) E(t) E(t)q
= - 0t B ( i

< —eo(

~~ |~
-~ N——
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Consequently, recalling the definition of G5 and choosing ¢ so that k = (%0(0)

all t € Ry,
s (B (o4 i (20
()

k& (t
A (B0 comor (5050,

(t
where F; = {F + ¢E ~ E and satisfies for some aq, as > 0.
Oélfl(t) S E(t) S a2f1(t). (413)

Since G4 (t) = G'(t) +tG" (t), then, using the strict convexity of G on (0, 7], we find that G5(¢), Ga(t) > 0
n (0,7].

Using the general Young inequality (4.10) on the last term in (4.12) with A = G’ (50%> and

B = [5ho(t)], we have for d > 0

—¢) > 0, we obtain, for

Fi(t) <

(4.12)

i (o538 o) ¢ (+255)
<olo (Z0) o]
Sq?t("E g(t) G’( g(g§t>)+(t)a4 [Satyho(t)] .
< gt (5 )+t Lasomee]

Now, combining (4.12) and (4.14) and choosing d small enough so that k1 = (k —d) > 0, we arrive at

A<+, (EOE“E a(t )) + (“) G» (EOE“)W’) + B0, [Cawmot]

@\ e ) 50 ) o)
€0, (L B0AD)Y  dE) |
< h i (55 ) + g o [nom)].

Using the equivalent property in (4.13) and the increasing of Ga, we have

G (so Eféig?)) > G <d0]-'1(t)q(t)>.

Letting Fa(t) := doF1(t)q(t) and recalling ¢’ < 0, then we arrive at, for some ¢, co > 0,

Filt) < ~a€(Ga(Fo(0) + € (DG1 [ Salt)ho(t)] (416)

dpq(t) is nonincreasing. Using the equivalent property JF; ~ E implies that there exists by > 0 such that
Fa(t) > boE(t)q(t). Let t € Ry and x(¢) satisfying (4.3) and (4.4).

Tt
boa() E(t) < 2%’(? (4.17)
then, we have
Tt
bog(t) E(t) > 25310 (4.19)
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then, for any 0 < s < t, we get
boq(s)E(s) > 2

since ¢(t)E(t) is nonincreasing function. Therefore,
Gs(t)

.7:2(8) > 2 X(t) s

22

(4.20)

(4.21)

for any 0 < s < t. Recalling the definition of G, using the fact that Gy is convex, G2(0) = 0 and

0 < x <1, we have, forany 0 < s <tand 0 < e <1,

G2 (en9172(s) — aGs(s)) < ) (F2ts) - 20

5)
/ G5(5) v [ Gs()
< ()76 (£(0)) —ants Eler (EL),
Now, we let
F3(s) = erx(s)F2(s) — e1Gs(s),
where €1 small enough so that F5(0) < 1. Then, (4.22) becomes, for any 0 < s < ¢,

67000 ) < eantGa(72(9)) - e ZE).

Further, we have
Fy(t) = erX' () Fa(t) + e1x(s)Fa(t) — e1Gy(t).
Since x’ < 0 and using (4.16), then for any 0 < s <t, 0 < ¢; < 1, we obtain
F3(t) < exx(s)Fa(t) — exGi(2)
c
< —crer(t)x(t)Ga(Fa(t)) 4 caer€(t)x(s) Gy [EQ(t)ho(t)} — e1Gy(t).

Then, using (4.4) and (4.24), we get

Fy(t) < —c1€(t)Ga(Fa(t)) — Clelg(t)x(t)GQ(GE’)(S))

x(s)
+ 2 (OX()Ca | GaOho(t)] - 1G5 (1),
Thus,
Fi(t) < ~a€(OG2(F5(1) + exer€ (G [Sa(t)ho ()]
—aa(t)x(t)G: (G5(8)

—e1GL(1).
x(s) ) 1Gs(0)
From the definition of G; and G5, we have

G1 (Gs(s)) = e / £(r)dr:
0

hence,

GI5(5) = —c1§(5)G2 (G5(s)) -
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Now, we have

atOx(G: [Satho(t)] - cratx6 (iff) G4
= et OX(1)Cs [Sa(tho()] &) i(() ) FeaE(HGa (Gs(t)  (430)

= e &(t)x(t) <02G4 {gq(t)ho(t)} _ ClGQ( (S)) te Go ;?;)(ﬂ))

Then, according to (4.4), we get

600 (6 [aomte] - ei6a(F7) -0 G ) <o

Then, (4.28) gives

F5(t) < —ar€(t)Ga(F5(1)). (4.31)
Thus, from (4.31) and the definition of G and G2 in (4.1) and (4.2), we obtain
(6170 = et (4.32)
Integrating (4.32) over [0,t], we get

0
Since G is decreasing, F3(0) < 1 and G;(1) = 0, then

t) <Gyt <cl /tf(s)ds> = G5(1). (4.34)
0

Recalling that F3(t) = e1x(t)F2(t) — e1G5(t), we have
(1+e)Gs(t)

Folt) < : 4.3
() < O (4.35)
Similarly, recall that F»(t) := doF1(t)q(t), then
(I+e) Gs(t)
Fi(t) < : 4.36
0= e Bl o
Since F; ~ E, then for some b > 0, we have E(t) < bF;, which gives
1
By < MLte) G0 (437)
doer  x(t)q(t)
From (4.18) and (4.37), we obtain the following estimate
Gs(t) >
Et)<c , 4.38
<o ( 3G )
where ¢3 = max{2, b(;;:l) }. O

Ezample 4.4. [3]: Let g(t)

€(t) =va~ and G(t) =
such that
v+1

Gg(t) = (lgtV—H, G4(t) = a4t v, Gg(t) = a2

= (pft)p, where v > 1 and 0 < a < v — 1 so that (A) is satisfied. In this case
vl .
(i =1,...,5) depending only on a,v

LGty =ar(t7 —1), Gs(t) = (ast +1)7".  (4.39)
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We will discuss two cases:

Case 1 If

mo(1+1)" <1+ [[hoe]|* < ma(1+1)" (4.40)
where 0 < r < v —1 and mg, my > 0, then we have, for some positive constants a;(i = 6, ...,9) depending
only on a, v, mg, my,r, the following:

ag(14 )7V < ho(t) < ag(14¢) VT (4.41)
1+In(l+t), v—r=2
D> e 2, V1> (4.42)
q(t) (14+t) 72 1<v—r<2.
1+In(l+t¢t), v—r=2
D g9 2, vor>2 (4.43)
q(t) (141642 1 <y—r<2

We notice that condition (4.4) is satisfied if

N

(t+ 1) a(t)ho(DX () < (1 ~ W) ) (1.44)

where a9 > 0 depending on a, v, c¢; and co. Choosing x(t) as the following
_ I+t P, p=r+1 v—r>2
X(t)_/\{(1+t)p, p=v—1,1<v—r<2.

so that (4.3) is valid. Moreover, using (4.41) and (4.42), we see that (4.44) is satisfied if 0 < A < 1 is
small enough, and then (4.4) is satisfied. Hence (4.6) and (4.43) imply that, for any ¢ € Ry

(4.45)

E(t) <an (4.46)

(1+t)-w=—r-1 v—r>2;

1+1In(1 +t)>(1 + 1)~y e =2
, l<v—r<2

(14 )~0=r=D

Thus, estimate (4.46) gives lim;_, 1o, E(t) = 0. We notice that estimate (4.46) extends and improves the
decay rate (¢ + 1)P (for some 0 < p small enough) obtained in [30] for v > 2.
Case 2 if mg < 1+ ||t0:||> < m1. That is, r = 0 in (4.40) (as it was assumed in [25,31-33], then (4.46)

holds with » = 0, which gives a better decay rate than the ones (1 4+ ¢)™? (for any 0 < p < ”T_l),

—I/2—V

(14 ¢)~P(for some 0 < p small enough) and (1 +1¢)— » ~ obtained in [25,31-33], respectively.

5. A decay result for nonequal speeds of wave propagation

In this section, we give an estimate to the decay rate in the case of nonequal speeds of wave propagation.
We start by stating, under assumption (A) and for (o, ¢1), (¥o(.,0),%1) € HE(0,L) x L?(0, L), some
lemmas that are necessary for the proof of our second main result.

First, we introduce the second energy functional

1 1
E.(t) =5 (prlleinll3 + pal 03115 + IZ15 + K11 (0 +90)%) 115+ 5 (9 0 ) (0)- (5.1)

Then, we have the following lemma.

Lemma 5.1. [37] Let (p,v) be the strong solution of (1.1). Then, the second energy functional satisfies,
for allt >0,

BL(t) = 3o o) <0 (5.2

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



22 Page 18 of 24 A. M. Al-Mahdi et al. ZAMP

and
E.(t) < E.(0). (5.3)

Next, we have the following estimate for the last term in the right-hand side of (3.8).

Lemma 5.2. [37] Let (p, 1) be the strong solution of (1.1). Then, for any ¢ > 0, we have

L
(F}l{b B p2> /%%gtdx <eBE(t) + g((g 0 Yt ) (1) — El(ﬂ), vt > 0. (5.4)
0

Proof. For any ¢t > 0, we have the following

00N e L) [T o
( Pz) /wthtdx /apt/g(s) (e (t) — that (t — 5)) dsda
0o 0

K 0 Zog(s)ds
5.5
(%b - Pz) 7 by )
+ - /Lpt/ (8)ae(t — s)dsdx
gg(s)ds 0 0
By exploiting Young’s inequality, we get for all € > 0 and ¢ > 0, the following estimates
p1b L 00 L
K P
(52> [t [ 966) (uatt) = att = s asdo < § [ o+ S g0
g’g(s)ds 0 0 0 (5.6)
< SE0 + (90 bar).
On the other hand, by using the fact 1. (t — s) = —wm (t— s) and integrating by parts, we obtain
(%b _ p2> L 00 pib p2 L 0o
e [ [ 906) (e = s dsdte = -5 [ / ) (et — 5)) sl
bfg(s)ds o 0 J g s)ds 7§
1b L 00
K P
) fo o o] Jaronte- oas)a
{g(s)ds 0 0
0 pib L L L [>'s)
= g()ooKm)/spth(t)daj— Of /gpt/g )dsdx (5.7)
bfg(s)ds 0 Jg s)ds
0 p1b L 00
RUICRID Jorl [a6) wat =9 - vatenas)as
({g(s)ds 0 0
29(0) (22 — p2) ¢ oab—p) F T
B0 (e [ ottt (=) Joul [46) 0t =9 - vutenas)as
Ofg(s)ds 0 Ofg(s)ds 0 0
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Using Young’s inequality, we get for all e > 0 and ¢ > 0,

€ ¢
<-E({t)—--(¢
< E@®) = - (g o),
and
L L L
€ 2 ¢ 2
¢ | pi.(t)da < 5 | i dz + B Yide
0 0 0
Combining (5.8) and (5.9), (5.4) is established.

Lemma 5.3. We have the following estimate:

t

s - - 3|3 - —5)|13)ds 1 g
0/ 6) (1600 = (e = 1B + ur(0) -~ vt = S)B)ats < —67*

for any t >0, where v(t) :== 2%, v € (0,1), and

t

0(t) == — /g’(S)(Ili/fz(t) = W (t = $)II3 + [1Woe (1) — Yue(t = s)l[3)ds < e (B'(t) + EL(t)) -

0

Proof. Let us define the following functional:

t
/ o (t) — it — )12+ b () — thurlt — )[Z)ds, ¥t > 0.
0

The use of (2.7), (2.8), (5.1) and (5.3) gives for any ¢ > 0,

t

/n% (b — 8|2+ [ar(t) — b (t — )[|2)ds
0

<29(0) [ (1O + Ialt = ) + [0t 1B + st~ 9]} s
0

<0 [ (B0 + B -5+ B0 + .t - 9)ds
0

< B0 150+ c(E.0)]as
0

< 8% [B(0) + ¢(E.(0))] < +00, V>0
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This allows us to pick 0 < 79 < 1 such that n < 1. Thus, using Jensen’s inequality and (5.12), we obtain,
for any t > 0,

t

o(t) =—ﬁ/ ()9 () (192 (t) = o (t = $)3 + [[owe (£) — Yt (t = 5)II3)ds

% / n(t () (I (8) — Wt = )3+ b (8) — et — ) 3)ds
0
> 40 / G ([4(2) = it = )18 + [Whar(t) — et = 9)[3)ds (514)
0
> ¢ (j G (v ) (1452 () = ¥t — )13 + W (t) = haet — s)lié)ds)
5(j G(v 9(s) (Il (t) — wz<t—s>||§+||¢m<t>—wm<t—s>||%)ds),
Then, (5.10) is established. O

Theorem 5.4. Let (o, 1), (Yo, ¥1) € (H?(0,L) N HE(0,L)) x Hg(0,L). Assume that (A) holds and the
relation (1.3) is not satisfied, that is,

L P2
K b’
Then, there exist a positive constant C such that the solution of (1.1) satisfies, for all t > 0,

E(0) C+f§ )G4 [Cr(s)ha(s)] ds,
E(t) < CTGgl : (5.15)

Ofg(s)ds

where v, h1,Go and G4 are functions defined earlier in this paper.

Proof. Combining (3.8) and (5.4), we have, for some m > 0,

L'(t)

IN

—mE(t) + c(g o ¥, (t) + (p}l{b - Pz) /L%Ot%tdx

0
< —(m = €)B(t) + e(g 0 2)(1) + = (g 0 vne(t) = E'(1)), VE20.
After fixing € small enough, we arrive at
L'(t) < —mE(t) + c¢(g oty + gotbe)(t) — cE'(t), Vt=>0,
where m; is a fixed positive constant. By setting I’ := L + cE ~ E, we obtain, for any ¢ > 0,
F'(t) < —miE(t) + c(g 0 ¢z + g 0 tut) (2). (5.16)
Combining (3.2), (5.10) and (5.16), we have

/ € o (2R
F(t)g—mlE(t)+7(t)G < 0 >+ hi(t), Yit>0. (5.17)
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Let 0 < €1 < 7, then define a functional F; by

Ft) =G (51 Eg)(g)(t)> F(t), Vit > 0.

Then, estimate (5.17) together with the facts that E’ < 0, G’ > 0 and G” > 0 leads to
Fi(t) < =mBMG (212530 ) + o6 (a1 2050 ) ma (1)

@10\ -1 (20
5 ( E(0) )G ( £ ) vt > 0. (5.18)

Let G* be the convex conjugate of G as in (4.9), set

A= (62000 and  B=gt (200
= 50) (&)

E(0) £(6)()
Combining (4.9), (4.10) and (5.18) and selecting ; small enough, we obtain, V¢ > 0 and mg > 0,

/ Et) ., (_ E)y() o(t)

Fi(t) < _sz(O)G (51 E(0) ) —l—c@
B0 o1

+CGI (81 E(O) > hl(t)
Multiplying both sides of (5.19) by £(¢) and using slg((é)) < r and inequality (5.11), we arrive at
SR < -mas) 56 (gl ) ool + 6 (212 ) ctm
< —mat) g6 (a2t ) < (B + £1(0) (5.20)
e’ (51 Eg)(g)(t) ) cOhi(t), V>0

Thus, by setting Fy = £Fy+c¢(E+ E.) and noting that 0 < G’ (51 . %’g)@) < G'(e1) and 0 < £(t) < €(0),

we deduce that F» > cE, > cE and because ¢ is nonincreasing, the estimate (5.20) becomes,

, E®) (. E{)y(@) (. E)()
Fz(t) S —mgf(t) E(O)G (El E( ) > +C§(t)G (81 E(O) ) h1(t)
__m BUOY o (o EEA(E

Since G4(t) = G'(e1t)+e1tG" (e1t), then, using the strict convexity of G on (0, 7], we find that G5 (¢), Ga(t) >
0 on (0, 1]. Using the generalized Young inequality (4.10) on the last term in (5.21) with B = $h(t) and

A= G’( %),Wehave

o (G (ElEg)(g)(t)> 'ygt t (E;() E(t dﬂ* c
S’y(t) 3( (51 E(0) )) 0N on
e () lsone

0
gi ( )(t>+ G4L§7t (t)}.

(5.21)
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Now, combining (5.21) and (5.22) and choosing d small enough, we arrive at

Fi(t) < —m» §(t) e <51E(t)v(t)) L ) Gy (glE(tMt)> L %) c (%(t)hﬂt))

=Tmm) @\ E0) )50 50 )50 523
£(t) E(t)y()\ |, () ¢ '
<o (275 ) + S 6 (rom).
Since £’ < 0 and 7/ < 0, then Go (Egg%:&)) is decreasing functions. Hence, for 0 < ¢t < T, we have
E(T)y(T) E(t)y(t)
G2 <€1E(O)> S GQ (61 E(O) > . (5.24)
Combining (5.23) with (5.24) and multiplying by ~(¢), we get
SR + 501Gz (2 ZTHT ) < )6 (S (0m). (5.25)
since ' < 0, then
(7(1?)F2> (t) + c£(1)GC (E(]%T)) < €64 (a0 ) (5.26)
Integrating (5.26) over [0, 7], we have
T T
E(T)y(T) F5(0)7(0) c
Go (61 E(O) ) O/f(t)dt < f =+ 0/£(t)G4 (g’y(t)hl(t)) dt, (527)
and then
RO | - c
G (6 E(T)’)/(T)) _ c + {f(t)G4 (d’Y(t)hl (t)) dta (5 28)
g’ E(t)de
Thus,
T
FZ(O) G q 1 )
ElE(T)v(T) e - " ofg(t) s (DR (1)) dt (5.20)
o) [ efeya
0
Then, we obtain
By | O E0e o)
E(T)<C @ Gyt L , (5.30)
! [ €ar
where C’:max{l, FQC(O),ﬁ,i O

Remark 5.5. We notice that, for any g, estimate (5.15) does not lead to any stability estimate. In this
case, (5.15) becomes just an upper bound estimate for E. However, estimate (5.15) is obtained without

the boundedness condition on ty,; assumed in the literature such as the one concerned with Timoshenko
in [27].
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