A short proof of a theorem of Camacho and

Sad

by Matei Toma

In [2] Camacho and Sad answer a long standing open question by proving
the following

Theorem: Any holomorphic vector field defined in a neighborhood of the
origin in C? admits an invariant complex curve passing through 0 € C2.

The interesting case is of course when the vector field has an isolated zero
at the origin. It defines then a singular holomorphic foliation around 0 &
C? and the looked for invariant curve C' (which we assume irreducible) has
the property that C'\{0} is a leaf of this foliation. Alternatively, one may
consider a holomorphic 1-form w inducing the same foliation. Then for C
to be invariant means i*w = 0 where ¢ is the inclusion map of C' into some
neighborhood of 0 € C2.

The proof given in [2] relies on a reduction theorem for the singularities of a
vector field and on the introduction of an index of a foliation at a singular
point with respect to an invariant curve.

In this note we shall combine these ingredients with the negativity of the
intersection form (which we introduce in an elementary way) on the com-
ponents of the exceptional divisor of a sequence of blow-ups to give a short
proof of the above theorem. (A different use of the intersection form is made
in [1] in order to generalize the same theorem, as was pointed to us by the
referee.)

We begin by recalling the reduction theorem and the definition of the Camacho-
Sad index and refer the reader to [2] for more details on these points.

Let U be an open neighborhood of 0 € C? and suppose that there is a
holomorphic 1-form w on U vanishing only at 0 € C? and defining our singular
foliation F. Further let U be the complex surface obtained by blowing up
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0eUandr:U — U the projection. The 1-form 7*w vanishes on the
exceptional divisor F 2 P{ but after dividing m*w locally by a sufficiently
high power of the defining function of £ we obtain a 1-form with isolated
zeros only. This induces a foliation F on U. It is clear that F | g\ 18 the

same as F |¢\ {0y and that F has finitely many singularities all located on F.

We may assume that E is an invariant curve of F. Otherwise the projection
of an invariant curve of F passing through a non-singular point on E would
be a solution to our problem.

We recall the following:

Definition: With respect to local coordinates (z,y) around 0 one writes
w(z,y) = —B(x,y)dr + A(z,y)dy. Then we say that the point 0 € U is an
irreducible singularity for F if the associated variational matrix at 0 € U
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has eigenvalues \i, Ay with either

A1 A

() M #0, M #0and T, 22 ¢ N
Ao’ Aq

or

(**) )\1#0,)\2:001')\1:0,)\2#0.

(The definition is independent of the local coordinates used. In fact A;, Ag
are up to a factor invariants of the foliation).

For irreducible singularities there exist normal forms due to Dulac (cf. [4]).
In particular, this means that one can always find a holomorphic change of
coordinates such that in case (k)

w(z,y) = —yh(z,y)dr + zg(z,y)dy



and in case (%) when \; # 0 and Ay =0

w(z,y) = —yh(z, y)dr + Mz +yg(z, y))dy
for suitable holomorphic functions g and h.

Hence one sees that in case (x) F admits two smooth invariant curves C; =
{y = 0}, Cy = {x = 0} tangent to the eigenspaces associated to A;, Ag
respectively, and in case (%) one invariant curve C; = {y = 0} tangent to
the eigenspace associated to Ay # 0. In case (x*) F admits a second formal
invariant curve (associated to Ay) which is in general not convergent.

Reduction Theorem (cf. [4]): After a finite number of blow-ups all sin-
gularities of the induced foliation are irreducible.

Definition: Let C' be a smooth invariant curve of a foliation F on U and
0 € UNC'. Suppose that local coordinates are chosen such that C' = {(x,y) €
U |y =0} and let w(z,y) = —B(x,y)dz + A(x,y)dy be a holomorphic 1-
form which induces F. Then the Camacho-Sad index of F at 0 € U with
respect to C' is defined by

0 (B

It is not difficult to prove that the definition doesn’t depend on the choice of
w and local coordinates (cf. [3] for a generalization).

Notice that the index vanishes if 0 is non-singular for . Using the normal
forms for irreducible singularities one sees immediately that

CS(F,C1,0) = % #0,CS(F,Cs,0) = % # 0 in case (*)
1 2

and
CS(F,C1,0) =0 in case (x*) when \; # 0, Ay = 0.

The main property of the Camacho-Sad index is that in some sense it localizes
the self-intersection of a compact invariant curve at the singular points of
the foliation ([2], Appendix). We choose here to remain elementary so we
shall use this property only for the components of the exceptional divisor
appearing after a sequence of blow-ups of smooth points. In this case this
will be a consequence of the following two easy Lemmata which are proven
in [2]:



Lemma 1 : If the exceptional curve E of the blow-up of a singular point of
a foliation F s invariant for the induced foliation F then

> CS(F,E,P)=-1.

PeE

Lemma 2 : Let C' be a smooth invariant curve for F passing through 0 € U,
C the strict transform of C' after blowing up 0, F the induced foliation and
E the exceptional curve of this blow-up. Then

CS(F,C,CNE)=CS(F,C,0) —1.

Consider now the components C1, . . ., C,, of the exceptional divisor appearing
after a sequence of n blow-ups of an isolated singularity of a holomorphic
foliation in dimension 2 and suppose that each C; is invariant for the induced
foliation F. We define then the following “intersection” matrix:

1, when i # j and C; N C; # 0

0, when i # j and C;NC; =0
aij =

S CS(F,C;, P), wheni=j

PeC;

One checks immediately by induction on n and using the Lemmata that

(aij)1<ij<n is integer valued and negative definite. Indeed, suppose that a

blow-up occurs at a point P of C, and let 2’ € R",z = (2/,2,41) € R"™.

If we denote by < a’,2' >:= > a;;x;z; the old intersection form and by
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< x,x > the new one, we get

<z,x>=<2,2 > -1l + 22,8041 — 2oy =<2, 2" > —(T, — Tnt1)’
in case P didn’t belong to another curve C;,1 <i <n —1 and

<z, x> = <20 > -1l — 1l |+ 20T + 2T 1Tpg — 2TpTpyg — 5 =
_ ! 2
= <22’ > —(rpn+xh 1 — Tps1)

in case P =C,, N C,_1.
We can now give the

Proof of the Theorem Let F be a holomorphic foliation having an isolated
singularity at the origin of C?. Suppose that there is no invariant curve
passing through 0 € C2.



By the Reduction Theorem after finitely many blow-ups, say n, all the singu-
larities of the induced foliation F on the exceptional divisor D = C1+...+C,
will be irreducible. The components C1, ..., C, have to be invariant for F.
Their intersection points C; N C; are singularities of F which are either of
type () or of type (#*) with two invariant curves. Since an invariant curve
for F transverse to the exceptional divisor would give by projection an in-
variant curve for F through 0, any singularity P lying on some C; and not an
intersection point C; N C; has to be of type (s*) with C; as unique invariant
curve (associated to the non-zero eigenvalue). Thus for such a singularity P

one has C'S(F,C;, P) = 0.

Take now an intersection point P, = C;, N C},, 11 # ji which is a singularity
of type (%) and suppose that C;, is tangent to the eigenspace belonging
to the non-zero eigenvalue of the variational matrix at P;. Then P; splits
the exceptional divisor into two connected parts, D = D;, + D;, such that
D;, contains C;, and Dj, contains C;,. We retain D;, as interesting for our
argument. If P, is an intersection point C;, NC}, on D;, of type (**) we split
D;, into D;, + Dj, and so on. We end up with a connected part D;, of D
such that all intersection points of components of D;, are of type (*) and for
any other singularity P of F lying on an irreducible component C; of D;,
one has

CS(F,C;,P) =0.

By renumbering we can assume that

We construct now an eigenvector o = (a, ..., o) € C™ of (a;5)1<ij<m With
ap ..y, #£0.Set ap =1and if CyNC; # 0 for 2 <i<nlet

a; == —ay CS(F,Cy,CLUC)).
Continue by putting

a; = —o;CS(F,Cy, C; U CY)
for C;NC; # 0 and j #14,1 < j <n, etc..

Since Dj;, is connected and contains no cycles we get the desired vector o.



The scalar product of o with the j-th column of (a;;)1<; j<m 18

DL = ot Y iaq =
i=1 1<i<m
vy
= Oéj(z CS(]:,C],P)—F Z —):
PEC; 1<i<m @
i)
CJTC;’#@
- o L osF G- T CsFEC.anG)) -
Pec, 1<i<m
i)
CJTC]'#@

=0
so 0 is an eigenvalue of (a;;)1<ij<m-

But (aij)1<i j<m s negative definite since (a;;)1<i j<n Was so, hence a contra-
diction.
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