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Introduction

Irreducible Hermite-Einstein (or equivalently, stable) holomorphic vector bundles over a
Kéhler compact manifold admit analytic moduli spaces (cf. [I1],[Kim], [Kob], [L-O], [F-
S1],...). These were endowed with a natural Kéhler metric by Atiyah and Bott ([A-B])
when the base is a Riemann-surface, by Itoh ([I2]) for a 2-dimensional base, and in higher
dimensions by Kim ([Kim]) and Kobayashi ([KKob]).

On the other side for polarized non-uniruled compact Kahler manifolds moduli spaces
have been constructed in [F2] and [S1]. Generalizing the Petersson-Weil metric on the
Teichmiiller space Koiso introduced in [K] a Ké&hler metric on the moduli space of Kéhler-
Einstein manifolds.

In this paper we consider the same problems for pairs of polarized compact Kéhler
manifolds and stable holomorphic vector bundles (see the main text for the definitions).
In fact we prove:

Theorem 1 Non-uniruled polarized Kahler manifolds equipped with isomorphism classes
of stable holomorphic bundles admit coarse moduli spaces.

Theorem 2 There exist a natural Kdhler metric (Petersson-Weil metric) on the regular
part of the moduli space of polarized pairs of Kihler-Einstein manifolds (under extracon-
ditions when ¢y > 0) and projectively flat vector bundles.
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1 Deformation theory

Definitions We denote by (X, E) a pair consisting of a compact complex manifold of

dimension n, X, and a holomorphic vector bundle on X of rank r, E.
An isomorphism of the pairs (X, E’), (X7, E’) is a pair of maps (¢, ) such that ¢ :

X — X’ is an isomorphism of complex manifolds and & : E—E' is an isomorphism of
holomorphic vector bundles over ¢, i.e. we have a commutative diagram

~

E 2 F
! !
X 2 X

The notation E will be used for the isomorphism class of E.

A family of pairs over a reduced analytic space with distinguished point (S, 0) is a pair
(X, E ) consisting of a reduced complex space X and a holomorphic vector bundle Eon X
together with a smooth (i.e. open and with smooth fibers) morphism f : X — S. If its
central fiber (f~1(0),& |-1(0)) is isomorphic to a given pair (X, E) then (X, &, 5,0) will
be also called a deformation of (X, E) We’ll denote this situation by a diagram

E — &
! !
X — X
l s
o — S

1.1 Infinitesimal theory

Let Yx denote the sheaf of infinitesimal automorphisms of the pair (X, E). It is the
middle term of the Atiyah sequence on X:

0—>5nd(E)—>2X—>@X—>O (1)

where Oy is the holomorphic tangent bundle of X (cf. [A; thm.1]). This can be described
as follows.

Let V be an open subset of X, and U = {U;}; an open covering of X such that F |,
are trivial.

Let f; : E ,— O, be trivializations and v;; = f; fj’1 u;; corresponding transi-
tion functions. Then an element in Y (V) is given by a family of pairs ((\;),v); €
End(Of, )(V NU;) x ©x(V) such that

Aj =7 Mg + Vi (dyeg U o) (2)
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where U denotes contraction.
A similar law holds for elements in AP(V, Xx).

A C*-connection of E gives a C* splitting of (1) since in the given trivializations it
is expressed by a family (w?); € A'(End(O},)) satisfying

W = 5wy + 5 dy.

Thus we associate to a given element (()\;),v); € AP4(V,X) as above
(ie. A € APV, End(Of ) (V NU;)), v € APY(V,Ox) such that (2) holds) a pair
(1,v) € APV, End(E)) x AP4(V,Ox)) where p; := fiuf; * satisfy

i =X —wUw (3)

Conversely one can start with (i, v) satisfying (3) to get ((\;),v) with (2).
The element (f;'dyi;fi)i; € ZH (U, Q(End(E))) gives a cohomology class in

J

H"“'(X,&End(E)) which we denote by Q(E). Now (2) implies

Proposition 1 a) The equivalence class of the extension (1) is
Q(E) € HY(X,QYEnd(E))) =2 Ext'(X; Ox, End(E)).

b) The edge homomorphisms of the long exact sequence associated to (1),
07 : HY(X,0x) — HT(X, End(E))
are giwen by the cup product with Q(E).

Consider now a deformation situation:

E — &
] 1
X — X
) s
0o — S

and define ¥y /g := Ker(Xx — f*Og). Then we get a commutative diagram with exact
rows and columns:

0 0
L b
End(€) = End(€)
l !
0 — Xxi — Xy — [fOg — 0 (4)
! ! |
0 — Oy — ©Oxr — [fBOsg — 0
! !
0 0



We can describe now the Kodaira-Spencer map
p: TS — H'(X,Xx)

in the usual way: take a local section of Og, lift it to Oy (when dealing with Kéhler-
Einstein manifolds this will be done in a canonical way, see §3), then to Xy differentiably
in the middle column of (4), apply 9 and get a closed form in A% (3 /s) which restricted
to X gives us the wanted cohomology class in H'(X,Xx). (Thus p is the restriction to X
of the natural map f,f*©g — R'f,Xx/s). For the space of infinitesimal deformations
of (X,E), H'(X,Xx), we have:

0 — H'Y(X,End(E))/H(X,0x) — H'Y(X,Sx) —

— Ker(0' : H(X,0x) — H*(X,End(E))) — 0

where H' (X, End(E))/H°(X, ©x) describes the infinitesimal deformation space of £ mod-
ulo Aut(X) and Kerd! the space of infinitesimal deformations of X which come from
deformations of the pair (X, E).

For the automorphism space of the pair (X, E), H*(X,Xy), we have:
0 — HYX,End(E)) — H*(X,Xx) — Ker(6° : H'(X,0x) — HY(X,End(E))) — 0.

In paticular this shows that if E is simple and H°(X,0x) = 0 then h°(X,¥x) is con-
stant in a family hence any versal deformation of the pair (X, F) is universal since the
Schlessinger conditions are satisfied in this case. &

1.2 Existence of versal deformations for pairs (X, E)

Although this has been proved in [B] and [S-T| we give here an argument based on results
of Flenner.

For a given pair (X, E) we consider the trivial extension space Y := X[E]. Then there
exists a versal deformation of the sequence of natural maps X — Y — X, (cf. [F]), which
we represent by

X — X1
a | e
Y — Y,
G| e
X — X1
! l
0 — Sl

The equation (Bi0a4) |x, ,= idx, , determines a subspace S, C S; and an induced diagram



X — XQ

i I
Y — Y,

! L B
X — XQ

! l

0 — SQ

for which (35 o iy = id. Now if Z is a subspace of a complex space @ such that J2 = 0
then there is an extension of sheaves of C-algebras:

0 — Tz — 09 —0z;—0

and this is trivial if and only if there is a morphism ¢ : ) — Z such that o |z= idz. So
we look at the subspace S of S, where J3, |y,= 0 for s € S. This exists and has the
natural universal property by [P], Prop. 1.

We get in the end

X — X
! o
Y :X[E]—> Yy
! !
X — X
! !
0 — S

with Oy = 0y/J and J? =0, hence Oy = Oy[€] is the trivial extension of a coherent
sheaf £ which can be assumed locally free for S small. Thus

gives us the versal deformation of the pair (X, E).

2 Families of pairs of polarized compact Kahler man-
ifolds and stable vector bundles

Definitions We consider pairs (X, E) consisting of polarized compact Kéhler manifolds
(X,)), (ie. X is a Kéhler manifold and A is a fixed Kéhler class in H?(X,R)), and
isomorphism classes E of stable vector bundles on X with respect to this polarization.
Recall that E is stable with respect to A if for any coherent subsheaf 7 C E with 0 <
rank F < rank £ we have

Cl(f) U )\n—l < 01<E) U )\n—l
rank F rank &/




where n = dim X. From now on we shall not mention the polarization A when it is
understood. An isomorphism of such pairs (X, F), (X', E’) comes down to an isomorphism
of polarized Kahler manifolds ¢ : (X, ) — (X', X'), (¢*A" = A), such that p*E' = E.
Hence in the moduli space of the pairs, (X, E) and (X, ¢*E) will be identified for ¢ €
Aut(X, ).

A holomorphic family of pairs of polarized compact Kahler manifolds and isomorphism
classes of stable vector bundles will be a family (X,&,S,0) as in 1 §1 together with the
prescription of an element A € R2 J«R such that all restrictions A x,€ H*(X,,R) are
Kahler classes on X, (thus (X — S, \) is a polarized family) and that E, are stable with
respect to ;.

For S small around 0, ) is constant and moreover there exists a locally 00-exact real
(1,1)-form wy such that its restriction to each fiber wy := wyx |, are Kéhler forms of class
As (see [F-S2]).

An isomorphism of families of pairs as above over S is given in a natural way by a
commutative diagram

E — &

! !

X — X'

N /
S

which also preserves the polarizations.

In order to get the existence of versal deformations for pairs of polarized compact
Kéhler manifolds and stable vector bundles out of that for pairs as in §1 we need the
following stability property.

Theorem 3 Let (X — S, 5\) be a polarized family of compact Kdhler manifolds and £ a
holomorphic vector bundle on X such that & = & |x, is stable for 0 € S. Then there is
a neighbourhood U of 0 in S such that for all s € U, E; := E | Xy are stable.

For the proof we shall rephrase Theorem 3 in terms of Hermite-Einstein vector bundles.

Definition If X is a compact Kéhler manifold with K&hler metric g and (E,h) a holo-
morphic Hermitian vector bundle with (2 and R associated curvature form and tensor of
the Hermitian connection, then (E, h) is called Hermite-Einstein if

V—1AQ = ¢ - 1dg (5)

le. )
9*"R,5=c-1dg

with respect to local coordinates (2%) on X, where c is a real constant; (the sumation
convention is used). If, moreover, (E, h) admits no orthogonal holomorphic direct sum
decomposition it is called irreducible Hermite-FEinstein.

By the solution of the Kobayashi-Hitchin conjecture there is a 1-1 correspondence
between stable and irreducible Hermite-Einstein bundles. Thus we get the following
equivalent statement:



Theorem 4 Let (X — S,wyx) be a holomorphic family of compact complex manifolds with
wy a locally 00-exact (1,1)-form such that wyx |x, is a Kdihler form on X, for all s € S.
Let £ be a holomorphic vector bundle on X such that & admits some metric hg making
it an irreducible Hermite-Finstein bundle for 0 € S. Then there exist a neighbourhood U
of 0 in S such that for all s € U, & are irreducible Hermite-Einstein for suitable metrics

hs.

Proof. We can restrict ourselves to the case when S is smooth by passing to a resolution
of singularities for instance.

Let A”(s) : A°(&) — A%Y(E,) be a family of integrable semiconnections on the un-
derlying C*°-complex vector bundle E corresponding to the holomorphic structures &
(see [Kob] for the definitions). One can get such a family by extending the metric hyg
smoothly to the whole £ and then considering the induced Hermitian connections on
(Es, hs). We denote by Q(A"(s)) € AV1(X,, End(E,)) the associated curvature forms of
these connections.

Assume A”(0) is irreducible Hermite-Einstein. Then & is simple i.e. any holomorphic
endomorphism is a constant multiple of the identity. By semicontinuity this is also true
in the neighbouring fibers. So it will be enough to show that the Einstein condition (5)
holds for suitable connections on &;.

The idea of finding such connections is standard: one replaces the given connections
using the action of the gauge group. Let GL(E) be the group of C' vector bundle
automorphisms of E. GL(E) acts on the space of integrable connections

(A" )= A = fro Ao f= A"+ f1Oanf

such that two integrable connections induce isomorphic holomorphic structures on E
if and only if they lie in the same orbit of GL(FE).

Consider the subgroup of GL(FE) consisting of constant multiples of the identity and
let G := GL(FE)/C*-id. We get an action of G on the space of connections.

Take the map
d : GxS — AY(X, End(E))
(f5) — VoIAQA"(s)) —c-id

where

AY(X, End(E)) = {p € A%X, End(E)) | / trp gdv = 0} (6)

is the space of "™ endomorphisms of E of trace zero, ¢ is the constant given by the
Einstein condition (5) for A”(0), and the curvatures Q(A”(S)/)) are taken with respect
to the hermitian connections given by A”(s)/ and h,.

Now both the Kahler class of X, and the first Chern class of £ are constant in s so
firstly one can take the volume element gdv = w?/n! in (6) with respect to any of the
metrics ws, and secondly the constants needed for the Einstein condition for A”(s) will
be the same c.

Thus we have to solve the implicit function equation
®(f(s),s) = 0.
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The tangent space at id in G is naturally identified to AJ(X, End(E)) and we get the
following first partial derivative

D1¢)|s:0
f=id

ANX,End(E)) — AJ(X,End(E))

3 — 0 03=08

(see [Kob],ch.VII§4, for related computations in the absolute case), which is bijective since
&y is simple. Extending now ® to the Sobolev completions we apply the implicit func-
tion theorem in this context and remark that the solution is smooth since the linearized
equation is elliptic.

Corollary There exist versal deformations of pairs of polarized compact Kdahler manifolds
and stable vector bundles.

We define in the usual way the isomorphism functor Isomg((X, ), (X', &) of two
families over S of pairs of polarized compact Kéhler manifolds and isomorphism by asso-
ciating to each (reduced) analytic space S” over S the set of isomorphisms of the pull-backs
of the families to S’.

Using the representability of the isomorphism functor Isomg(X, X”) of the under-
lying polarised families (and also for pairs of spaces (X, X[£]), [F1]) one gets that
Isomg((X, &), (X', E")) is representable by an analytic set Isomg((X,E),(X’,E’)) over
S.

For the existence of the moduli space of pairs of polarized non-uniruled compact Kéahler
manifolds and isomorphism classes of stable vector bundles it is now enough to show that
Isomg((X,E), (X', E")) is proper over S, by a general criterion, cf.[S3].

Proposition 2 For two families over S of pairs of polarized non-uniruled Kdhler mani-
folds and isomorphism classes of stable vector bundles (X,€), (X',E") the natural map,

a: Isoms((X,€), (X' &) — S

1S proper.

Proof. One has a factorization of «

Isoms((X, &), (X', )L Isomg(X, X') 258
where v is known to be proper (see [F2], [S1]).

Let now (s,), be a sequence in S converging to 0 € S and let ¢, : X, —&! be
isomorphisms such that &, = ¢} £, . Since v is proper, a subsequence ,,) converges to
some g : Xp— ;. Take Hermite-Einstein connections w,, w/, on &, and &, respectively.
Then piw!, = w,, (W), converges to wy on &) and (w,), converges to wy on & by the
uniqueness of the Hermite-Einstein connections. Hence we have

P R 2
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and
@;m)wly(u) = Wy(p) — Wo ,for n — 0Q.
Thus @{w) = wy showing that & = ¢i&) and proving the claim.

Theorem 1 is now proved. &

3 Representatives in terms of Kahler-Einstein and
Hermite-Einstein metrics for the Kodaira-Spencer
map

We recall that a Kédhler compact manifold (X, g) is called Kdhler-Einstein if its tangent
bundle with the metric g is Hermite-Einstein i.e.

Ric(g) = k - wx
where B
Ric(g) = v —1001g(det(g,3))
is the Ricci form of g, wx the Kahler form and k some real constant.

Taking cohomology classes this gives

2mcy (X) = kAx

where A = A\x = [wx]. kK may be normalized to £1 or 0, and as such we have the cases:

a) ¢1(X) negative definite, (k = —1), i.e. the canonical bundle Kx is ample. For
canonically polarized manifolds moduli spaces were constructed from Hilbert
schemes. Also the existence and uniqueness of a Kéahler-Einstein metric was
proved.

b) ¢1(X) = 0, (k = 0). The construction of the moduli space of polarized
such manifolds is based upon Yau’s solution of the Calabi problem. (For
the Petersson-Weil metric in this case cf. also [S2]).

¢) ¢1(X) positive definite (k = 1). According to [F-S2| there exist moduli spaces
of Kahler-Einstein manifolds with positive curvature whose automorphism
groups are finite. For the existence of Kéhler-Einstein metrics cf. [Siu], [T1],

T2).

Suppose now (X — S, ) is an effective polarized family of Kihler-Einstein manifolds.
Then one gets a natural Kéhler metric (Petersson-Weil metric) on the regular part of S
by taking the inner product of harmonic representatives of Kodaira-Spencer classes. This
can be visualized in the following way.

First one has locally with respect to S a real (1 — 1)-form wy on X inducing the
Kéhler-Einstein forms when restricted to the fibers, wy |x,= ws. For k # 0 one just takes
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=1 _
Wy = Taxax log g,

where g = g(s) = det(g,3(s))az. (We denote by (s');, (2*)q local coordinates on S,

and on the fibers, respectively).

Then one lifts tangent vector fields di € @(S) horizontally with respect to wy to

O(X). Locally the lifts have the form 3ot a®-2., with a® = af = —glﬁgﬁo‘ where (%) is

7 82047
the inverse of (g,5)a. Let A = A = 57 -9 (a2) |x,- Then Aaﬁa—a ® dz’ € A% (X, 04,)
will be the harmonic representatlve for the Kodaira-Spencer class p( ) € H'(Xy,0,,).
Let’s compute now the representatives for Kodaira-Spencer classes in H*(X,Xy) for
an effective local family of pairs (f : X — S, &) of polarized Kéahler-Einstein manifolds and
Hermite-Einstein bundles, in terms of these metrics. Let wy, he be global metrics inducing

(S), its

horizontal lift

0 0
o5 T W g € 1Y)

with respect to wy, and then the lifting to X in (4) of §1, given by the splitting induced
by the associated holomorphic connection of hg, (w\);, for a covering (U;); of X. In the
notations of §1 we get a family

v, =

(A7), vi) € AU, Oy ) x A'(X, Ox)

where

A=wD Uy =0 + a0 W

by (3), since we want i = 0. Applying O to this element and restricting to the central
fiber X = X, we get the element

o _
QU; AU, A3~ @ d2°
( U|X+<ﬂ w) 56204@2)
in A»(X,Yy), where 2 denotes now the curvature form of the holomorphic connection
(wW); on & associated to h.

Using the C*°-splitting again this is identified to the pair

QU |y, Aaaa 9 d=7) € AV (X, EndE) x A" (X, Ox)

which represents p(:2) € H'(X,Xx).

Its norm with respect to kg and wy gives the looked for expression of the Petersson-Weil
metric:

0 N 5
I 55 a F ow=l A5 ©d" | + || (Rig + af Rag)d=" || . (7)
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4 Kahler property of the Petersson-Weil metric

In this paragraph we prove theorem 2.

We consider simple projectively flat hermitian vector bundles of rankr, (E, h), on a
polarized n-dimensional Kéhler manifold (X, \), (i.e. the associated projectified bundle
P(FE) is induced by an irreducible representation m(X) — PU(r) :=U(r)/U(1)I,)

Definition In the above situation (X, A\; E, h) shall be called a polarized pair (with factor
¢) if moreover

27;”01(@ Y (8)

for some (real) constant c.

Proposition 3 Let (X, \; E, h) be a polarized pair with factor c and wx = /—1g,53dz* A
dz? representing the polarization A of X. Then a conformal change of h will be Hermite-
Einstein with respect to w and in this case the associated curvature is expressed locally

by
C

RaB - g L Idg (9)

Proof. Since (E,h) is projectively flat the curvature tensor associated to its hermitian
connection has locally the form

RaB = @aBIdE .

h will be adapted to be Hermite-Einstein by the following standard argument.
A conformal change of h, i.e. replacing h by A’ = a - h for a positive smooth function

a, induces a corresponding curvature tensor

2

Rl ;=Ryg+———
of of F 02002°

(log a)ldp =: go/aBIdE :

hence go‘féw’ag = gaBgoaB + Ologa.

How (8) implies fX(c—go‘B@ag)gdv = 0 which shows that there is a solution of Ologa =
¢ — g*P¢p,5. For such an a we have g’ 5 = ¢ showing that (E, /') is Hermite-Einstein.

In order to prove (9) remark that by (8) the forms ny/—1¢] zdz* A dz? and ¢ - wy are

cohomologous and hence they differ by a dd-exact (1,1)-form. There exists thus a real
C® function x on X such that

82
ro_ _
napag_c-gaﬁ—i—azaazgx .

Taking trace with respect to g we get Oy = 0 and hence (9).
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In proving the Kahler property for moduli spaces of pairs of polarized Kéahler-Einstein
manifolds and stable holomorphic bundles we shall have to restrict ourselves to isomor-
phism classes of polarized pairs as above.

Remark that these form an open and closed subset in the whole moduli space since they
can be described by topological conditions. For this, recall that a Hermite-Einstein vector
bundle E of rankr is projectively flat if and only if [2rcy(E) — (r — 1)ci (E)?] U A2 =0
where A is the Kéhler class of the polarized manifold. (cf.[Kob]).

Remark also that for the Riemann surface case the whole interesting range will be still
covered.

For the proof of theorem 2 we consider (X L5 , &) an effective local family of polarized
pairs of Kéahler-Einstein manifolds and simple projectively flat vector bundles. We use
the conventions and notations of §3.

For % € O5(5) and v; = % + a‘i’% its horizontal lift, set

m =1 UQ = (Riz + af R,5)d2" + (Rij + af Ryy)ds’

and 7, == (1;)* =" (7).

Since the Kahler property is known for the contribution in the X-direction of the
Petersson-Weil metric (i.e. for the first term of its expression (7)), we only have to deal
with the £-contribution which is

o 0
PW o N ) * n—1
G () = (Gsi’ 8Sj)pw : /X/S tr(n Any) Awy

These integrals are
IV (s) = [ g™ (nip A ) gdv

We shall compute %Gij— with respect to Lie derivatives L,, in the vj-direction. First
we need some lemmas. The semi-colon stands for covariant derivative in fiber direction.

Lemma 1 L, (v;) =0

Lemma 2 L, (v}) = —(vk,vj)ggﬁai _ (Uk,vj);agﬁa%

: 525 i local coordinates on X .

Proof. Since coordinate fields on S commute we will have only fiber direction components

for L, (vi) = [vg, vi] and Ly, (v}) = [, v5]. For simplicity we denote 0; := 2 Oa = 5,

LUIc (Ul) = [8145 + agaaa a’t + agaa] =
= {0k(a)) + aro(a]) — Bi(af) — a}0x(a) | Os-
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Now

O(af) = 0Ok(9g™air) =
= _:qTVigucrak (gﬂﬂ) . +:9708k(aﬁ) _
= gTMgVJGM (a/k:ﬁ) Qs — gTUak (gﬁ) —

M o

= Ay, — gmau(gﬁa)akﬂ ©Qir — gﬂ’@k(gﬁ)

where the last term is symmetric in 4 and k. Thus 0y (a7) —0;(af) = a; -af., —aj-af,
which replaced in the expression of L,, (v;) proves Lemma 1.

2. We compute the - component the other one being similar.

Lo (0)? = [0+ 07050, + a70r] =

= 3k(a§-§) +af-al, =
= (9% az) +af -}, =

= 9747, a5 — §70k(907) + a7 - a

8
7,0
= _gﬁo— * Gkg0 + az;ﬁ * Q30 + az— : aja;ﬁ -

—gi"” + (af - azo)”
On the other side
(vg,v;) = (O + af&,_, J5+a30;) = )
= k7t ke + ag - Goy + 0705 gor =
= gky — Q5 — Qpa50 + Qpra; =

= Gk — Q05

proving the claim of Lemma 2.
Lemma 3 L, (Q2) = 0(v, UQ)

Proof. We show the equality for the o/3-component since the others follow in the same
way. We now use covariant derivative with respect to the hermitian connection of £.

[U"”R]aﬁ = [8k —|—aZ@mR]a3 =
= R + @i Rogie + Bopai =
= (Rkﬁ + agRaﬁ)§0¢ =
= (nkﬁ);a

Lemma 4 v; U L, (Q) = v, U L,,(2)
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Proof. We use "=" for an equality holding modulo symmetric terms in ¢z and k.
v, UL, (Q) = (0;+aj0,)Udn, =
= Mg + G Mo =
= Ryp, + (a7 Rop)i + +a] Rupo + alayRyg, + afai Ryg =
= 0i(af)Ryp + (a{ Ropy + a7 Rogy) + afag, Ry =
= 0,(¢9"7) - arz Ry + 97 0i(anz) Ry + a;’a;me =
= aj,ayRy5+aj Ry =
0
Lemma 5 (L, (wx))as =0
Proof.

Ok + @705, 905 = OkGap + a7.05(9ap) + 9op0a(ar) =
= Oa(—ar) + 0a(90507) =
= 0
Lemma 6 0, = 0*(v; UQ) =0

Proof. Here we shall make use of the Einstein property.

In the following computation w will denote the connection form of £.
0 = ai(QBaRaB> =
= 09" Rag + 970 (Ro5) =
= 9742, Rz + 97 (Rop; — |wi, Rag) =
= ¢%a%,Ry5+ 9" Rige =
= ¢"(Ripo + aloRop+ alRopy) =
= QBQ(R@B + @gRoB);a =
= =0

Proof of Theorem 2. We need to show that the following partial derivative is symmetric
in ¢ and k.

KGiyls) = O /X/S (0 UQ) A (03 UR)] Aw ! =
. /X e (Lo, (v) U /\(q;;fug)} Al

/X/Str [@%‘Uka( (v} UQ}

/X/Str (v; UQ) A }

/X/Str (1 UQ) A (1) U Ly, ()] Aw

/X/S tr _(Ui U Q) A (U;‘ U Q)] A Ly, (wn_l)_
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Now the first and last terms are zero by Lemmas 1 and 5 respectively, while the second
one is symmetric by Lemma 4.

For the fourth term we need the (1,0)-component of

v; UL, () = v;Ud(v, UQ).
(v, UQ) = 8(77k5d25 + nk[dsl) =
= Megadz® N 4z’ + M ds™ A dz’ + Mig.adz® N ds' + Mg ds™ N ds!
So
(VU Ly (2)a = Mhga + nkf;aa}:— =

= (nkj + nk?a;);a = Nz - Ajfa =

= (vpUuv;UQ).q — Mpr - Ajfa

Now the fourth term equals at s, using Lemma 6

/ tr[(v; UQ) A (v Un; UQ) Awh ' — /X tr(n;5 - nkf)AjfB ~gdv =

= —/tr(ma e) AT gdv
This is symmetric since A;B = AJ—B?.
For the third term we need the (1,0)-component of L,, (v;) U Q. This is
Lyp(v;) UQ)y = — [((vi,vj);af)a + (v, vj)”gﬁg) U QL = (v, v;)7 Ror.

Then our third term equals at s
- /X o1 [0 - (k- 07):0977 97 Rz | gdv = / 60 750 (U - 07) - Rarg®?g°7 | gdv.

At this point we need the assumption that (X, &) is a polarized pair in order to apply
relation (9) and make this last term also vanish.

This ends the proof. &
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