ON RANDOM WEIGHTED SOBOLEV INEQUALITIES ON R¢Y AND
APPLICATIONS

by

Didier Robert & Laurent Thomann

Abstract. — Our aim in this paper is to give an overview of recent results concerning randomization
methods applied to Schrodinger equations obtained in [31), B0}, [33]. We focus here on properties of the
harmonic oscillator and Hermite functions for simplicity.

The general idea is that several well known deterministic results like Sobolev type inequalities are im-
proved in a large extent by introducing some randomness. This is very useful in particular for N.L.S with
supercritical initial data.

1. Introduction

We present here the results we have obtained in [30, B1] in collaboration with Aurélien Poiret
and the results of [33]. Using ideas of Shiffman-Zelditch [35] and Burg-Lebeau [6] who developed a
randomisation method based on the Laplace operator on a compact Riemannian manifold, we give
a randomisation method on L?(R?) associated with the Laplace operator with confining potentials.
We are able to construct probability measures on L? (]Rd), on the support of which a typical function
enjoys better Sobolev estimates than expected. These measures and estimates have an interest in
themselves, but we can moreover use them to

e construct orthonormal bases of L?(R%) of Hermite functions which enjoy good L> bounds. These
bounds are shown to be optimal ;

e prove quantum ergodicity results ;

e show a.s. local and global well-posedness results for supercritical nonlinear Schrédinger equations
with quadratic potential ;
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e show a.s. global well-posedness results for supercritical nonlinear Schréodinger equations (without
potential).

To simplify the exposition, we will focus on estimates in the Sobolev spaces based on the harmonic

oscillator in L?(RY)
d

H=-A+z] =) (-0} +a3).
j=1

We get optimal stochastic weighted Sobolev estimates on R? using the Burq-Lebeau method. In [6],
the construction of the measures relied on Gaussian random variables but it is possible to consider
general random variable which satisfy concentration of measure estimates (like Bernoulli random
variables). However, the optimal estimates (including lower bounds) are obtained only for the Gaussian
law.

Let us emphasis here that even if there exist many similarities between the spectral properties of the
Laplace operators a compact Riemannian manifolds and Schrodinger Hamiltonians with a confining
potential on R, there exists a big difference due to the complex behaviour at high energy of the
spectral function on a non-compact configuration space.

In [33] we prove that most of the results can be extended to more general Schrodinger Hamiltonians
—A + V(z) with confining potentials V.

2. Spectral estimates and harmonic Sobolev spaces

Let us recall the well known spectral analysis of the quantum harmonic oscillator H on R?. This
is explained in many text books on quantum mechanics. For mathematical details, we refer to Helffer
[18] or to the course of Ramond [32].

The operator H is self-adjoint on the Hilbert space L?(R?), and has the discrete spectrum {2n + d},en.

e For d = 1 each eigenvalue is simple, Hh,, = (2n + d)b,, where b,, is the n'® Hermite function.
e For d > 2, an orthonormal basis is obtained by tensor products.
Let o = (a1, -+ ,aq) €N © = (z1,--- ,24) € RY,

(2'1) boz(x) :hal(xl)"'had($1)a ay+ -+ oag=n.

It is sometimes convenient to use different notations. Any orthonormal basis of ker(H — (2n + d))
can be denoted by {¢n i }t1<k<m,, so that Hep, = (2n 4+ d)@, k. In the sequel, {)A;}jen denotes
the non-decreasing sequence of eigenvalues where each eigenvalue (2n + d) is repeated according its
multiplicity, such that Hy; = \jp; where {¢;};>0 is an orthonormal basis of L?(R?).

By the multiplicity of the eigenvalue 2n + d is of order n?~!, therefore Aj is of order j 1/d,

The scale of harmonic Sobolev spaces is defined as follows: s > 0, p > 1.
(2.2) WP = WHP(RY) = {u € LP(RY), H**u € LP(R?)},
HE = HA(RY) = W2,
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The natural norms are denoted by ||u|[yys.» and up to equivalence of norms we have (see [41], Lemma 2.4])
for 1 <p < +o0

lullwsr = [H* 2l = (=) ull o + |[(2)*ul| 1o

For s > 0, H*® is the domain of the self-adjoint operator H*/? and we have

M= {ue LR, Y X[(g;,u)]* < +o0}
>0
and
2 2
(A PP HIEIRI
320
In the sequel we fix d > 2. Let us consider spectral windows I, depending on a small parameter
h > 0 (this notation is convenient to make use of semiclassical results here and in the more general
setting considered in [33]).

Let us denote by Ij, = [, %[ and assume that a;, and by, satisfy, for some a,b, D > 0,4 € [0, 1],

(2.3) limap =a, limb,=b 0<a<b and by, — ap, > DAY,
with any D > 0 if § < 1 and D > 2 in the case § = 1. This condition ensures that N, the
number (with multiplicities) of eigenvalues of H in Ij, tends to infinity when h — 0. Indeed, we can
check that Nj, ~ ch*d(bh — ap), in particular lllin% Np = 400, since d > 2. In the sequel, we write
Ap, ={j>1, \j € I} and &, = span{yp;, j € Ay}, so that N}, = #Aj = dim &),. Finally, we denote
by Sp = {u € &, : |lu]| =1} the unit sphere of &, (which is a complex linear space of dimension Ny).

A very useful tool to get local and global estimates in the deterministic setting as well as in the
probabilistic setting are LP estimates of spectral projectors and of their kernels, the so-called spectral
function. On compact manifolds this is obvious in [36] for example.

The spectral function is then defined as

TNz y) = Y ei(@)ei(y)

A5 <A

(recall that this definition does not depend on the choice of {¢;,j € N}). When the energy A is
localized in I C R* we denote by Iy (I) the spectral projector of H on I. The range Eg(I) of (1)
is spanned by {y;;\; € I'} and II (/) has an integral kernel given by

ma(Lz,y)= Y wi(x)e;().
[: A €]

We will also use the notation Eg(A) = Ex ([0, A]), Ng(A) = dim[Ex(N)].
The relationship between Sobolev type estimates and the spectral function is illustrated by the fol-

lowing elementary result:

(2.4) u(@)] < (ra (L, 2)) 2|l p2ray.
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We have the following uniform estimate:
ra(Nx,x) < CoAT0/2(2) =0,
where Cy depends only on 6 > 0. Now using we get (with the semiclassical parameter h = A™1)
() Ph O ()| < Collull ey, Yo € En(h).

For smaller spectral windows like I}, we need more accurate estimates on the spectral function

b a
€x = wH(ﬁhv xz, x) - ﬂ-H(ﬁha Zz, l‘)
For any 6 > 0 there exists Cy > 0 such that
(2.5) (z)0e, < CyN,h=0)/2,

where Cyp depends only on 6 > 0. Using (2.4)) and interpolation inequalities we get Sobolev type
inequalities for u € &,, 0 > 0, p > 2

3 1/2
(2.6) lllgoessaqeety < € (Nah072) " ull agpay,
which in turn implies using interpolation
11
(2.7) [l Lrow/2-1) ey < C (Nhh<d-9)/2) 5P ull 2 gray

The previous inequality can be written as

d+6
lall ot gay < Clon —an)? #h™ G0 )| o(ga), Vp € 2,400, VO € [0,d].

We shall see that these Sobolev type inequalities in a large extent can be improved in a random sense
that we shall explain now.

3. Probabilistic weighted estimates for frequency localized functions

3.1. Probabilistic setting. — Let us introduce now our probabilistic setting. Consider a prob-
ability space (2, F,P) and let {X,, n > 1} be a sequence of i.i.d random variables, centered and
normalized following a law v. We assume for simplicity in all this paper that v is either the stan-
dard complex Gaussian N(0,1) or the Bernoulli law 5_1 + 30 (see [31] for more general laws
satisfying a concentration of measure property).

Let 7 := (7n)nen be a sequence of complex numbers and define the random vector in &,

(3.1) vy (W)= Y 1 Xj(w)es.

JEAL
The probability law of v, is denoted by v,. We define a probability measure P, on the sphere S;, by:
for all measurable and bounded function f : S, — R,

_ vy (W) w
&ﬂWPWM—AfQMMWHW)&N)
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It is not difficult to see that in the isotropic case (y; = ﬁ for all j € Ap) and when X; ~ Ng(0,1),

then P, is the uniform probability on the sphere Sj.

For more general sequences v we need to assume the following squeezing conditions. There exists
Ky > 0, K; > 0 such that
Ko
(3.2) [V[loo (ay) < \/T—hH’YHz?(Ah), Vh €]0,1].

We also need the stronger condition

(3.3) Vh €]0,1],V] € Ap,.

gy <l < 2y
\/]Th Y C2(Ap) = Vil = m Y 2(Ap)>
Notice that

E(HWH%%W)) = Z ‘%”2 = M??(Ah)'

JEAR
Let us comment now our assumptions.
Remark 3.1. — (i) Assumptions (3.2]) and (3.3) mean that in the index set A;, the sequence 7 is

almost constant. In applications it is useful to be able to modify the ;. By considering two
sequences -, 0 and using the Kakutani theorem we can construct mutually singular probability
measures [i, itz on the Sobolev space H* (see [31], Section 2.2]). In particular this gives larger
sets of initial data for solutions of NLS (see Section[6.2] of this paper).

(ii) Assumptions and are very useful to be able to use the accurate spectral estimate (2.5))
as we have shown in [31] Section 3]. This condition allows to normalize the H*-norm of v,.
Moreover it is compatible with the Lévy contraction principle (see [20] for details).

(iii) It is possible to avoid assumption at the price of introducing new weighted Sobolev spaces
(see the definition of the space Z in [20]).

(iv) The Gaussian complex law is natural because it gives the uniform probability measure on the
sphere Sy, but in this case the H*-norm of v, depends on w. This is not the case if v
is a centred Bernoulli law. Moreover the probabilistic information we get clearly depends on v
and it may be interesting to consider also discrete probability laws. Actually, our results are
proven under the assumption that the family (V®N RN )n>1 satisfies the concentration property
of measures. Finally, we point out that the results of Section [f] hold true under the weaker
assumption that v is subgaussian: there exists ¢ > 0 such that

o2
/ e dv(z) < e=% VseR.
R
For a discussion about these conditions we refer to [31] Section 2.1].

A very useful tool here is a measure concentration property satisfied by the probability P, proved
by P. Lévy for the uniform law. For a study of this notion, we refer to the book [23].
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Proposition 3.2. — Suppose that Assumption (3.3)) is satisfied. Then there exist constants K > 0,
k > 0 such that for every Lipschitz function F : S, — R satisfying

|F(u) = F(o)| < [|Fl[Lipllv = vll2(ra),  Yu,v € Sh,

we have
K,Nh’V‘Q

(3.4) PW[uESh:\F—Mﬂ >r} < Ke "in vrso0, heo,1],

where Mp is a median for F.

Recall that a median M for F' is defined by

PV[uESh:FzMF]>%, P,JueSy,: F< Mp]>

| =

The factor N, in the exponential of r.h.s of (3.4) is crucial in applications to get large deviation
estimates.

3.2. L? bounds, 2 < p < 40o0. — The following result shows that for § = d the Sobolev esti-

11
mate (2.7)) is improved by the factor N} * for u in a set of probability close to 1.

Theorem 3.3 ([31], Theorem 4.7). — Let p > 2. Denote by M, a median of ||u||jp.ap/2-1). As-
sume condition (3.2) and let 6 € [0,1]. Then there exist 0 < Cy < C1, K >0, ¢; >0, hg > 0 such
that for all r € [2, K|logh|] and h €]0, hg] such that

(3.5) P, [ueSy: ’Hunm,d@/%l) - Mp’ > A] < 2exp (- eN/PA%).
Moreover if condition (3.3)) is satisfied and if 6 € [0,2/3], then we have
Covp < M, <Ciy/p, Vp € [2,Klog Ny).

This result shows that ||u||;p.am/2-1) has a Gaussian concentration around its median. The first part
of the theorem is a direct application of Proposition [3.2|to F'(u) = ||u||;p.aw/2-1). The estimate of M,
is more involved and needs the following estimate for the spectral function.

Lemma 3.4 ([31], Lemma 4.9). — Let § € [0,2/3] and —d/(p —1) < 0 < 1. There exist 0 < Cy <
C1 and hg > 0 such that

d—=0

1/p _
CoNph' = (73) < (/ (z)P Ve dx) < Nk ),
Rd
for every p € [1,00[ and h €]0, ho.

Let 0 < n < 1, then we are able to precise the concentration estimate (3.5) in the regime
p~ |Inh[*™". Assume that for all j € Ay, 7; = Nh_l/2 and that X; ~ Nc(0,1), so that P := P, is

the uniform probability on Sy,.
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Theorem 3.5. — Let 6 € [0,2/3], 0 < n < 1 and set p, = |Inh|'=". Then there exists constants
Cy = Cy(d) and ¢ > 0 such that for all € > 0 there exists hg > 0 so that for all h €]0, ho]

P, [u €8Sy ‘HuHLph,d(ph/QA) — C*\/ph‘ > a/ph] < 9e—ce’ |kl

We give the main lines of the proof in the appendix.

3.3. L*° bounds. — The next result shows that for § = d the Sobolev estimate ({2.6)) is improved

_1
by the factor N, *|logh| for u in a set of probability close to 1. We suppose that (3.2) and || with
0 < § <1 are satisfied.

Theorem 3.6 ([31], Theorem 4.1). — There exist hy €]0,1], c2 > 0 and C > 0 such that if ¢, =
d(1+d/4), we have

P, [u €Sn: W T Jull poeosomay > A] < Ch=@e=" YA > 0, Yh €]0, ho).

We can deduce probabilistic estimates for the derivatives as well. Recall that the Sobolev spaces
WHP(R?) are defined in (2.2). The following result say that Theorem is sharp for large enough

spectral windows.

Theorem 3.7 ([31], Theorem 1.1). — Let d > 2. Assume that 0 < § < 2/3 in (2.3) and that
condition (3.3) holds. Then there exist 0 < Cy < C1, ¢1 > 0 and hg > 0 such that for all h €]0, ho].

P,y [u € Sy : Cy|logh|V/? < [wllyar2.00 may < Ci|log h\lﬂ} >1—he.

It is clear that under condition (3.3, there exist 0 < Cy < Cj, so that for all u € Sy, and s > 0
Cah ™% < ||ullpgs(may < C3h™*/2,

since all elements of S, oscillate with frequency h~/2. Thus Theorem shows a gain of d/2
derivatives in L*°, and this induces a gain of d derivatives compared to the usual deterministic Sobolev
embeddings. This can be compared with the results of [6] where the authors obtain a gain of d/2
derivatives on compact manifolds: this comes from different behaviours of the spectral function, see
Section [2 Notice that the bounds in Theorem (and in the results of [6] as well) do not depend
on the length of the interval of the frequency localisation I, (see ), but only on the size of the
frequencies. This is a consequence of the randomisation, and from the bound .

In our works we give estimates for the eigenfunctions in the configuration space, while Feng, Shiffman
and Zelditch [35], 17] give similar estimates in the Bargmann representation for holomorphic fields.

We now state a result which gives optimal L* bounds in the general case 0 < ¢ <1

Theorem 3.8. — Let d > 2. Assume that 0 < 6 < 1 in (2.3) and that condition (3.3) holds. Then
there exist 0 < Cy < C1, ¢1 > 0 and hg > 0 such that for all h €]0, ho].

P, [u €Sy : Collogh|'? < B~ 4[| poo gay < C1|log hyl/z} >1—ho,
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We will give the main lines of the proof of this result in the Appendix [B] The key obervation is that
the estimates of the LP norm of the spectral function (which are not optimal when ¢ is close to 1),
become optimal in the regime p = pp, ~ ¢|Inh|.

4. Hermite functions estimates

In this section the previous results are applied to obtain L° estimates for Hermite functions.

Theorem 4.1 ([31], Theorem 1.3). — Let d > 2. Then there exists an orthonormal basis of
L*(R%) of eigenfunctions of the harmonic oscillator H denoted by {gp%}nzl such that HgongLz(Rd) =1
and so that for some M >0 and alln > 1,

_d
(4.1) b | oo (may < MAn* (1 +log Ap)'/2.

In other words, all elements of this basis are decreasing in L*°(R?) norm.
Let us compare (4.1) with the general known bounds on Hermite functions. We have Hp,, = \,¢p,
with A\, ~ en!/?, therefore ([.1)) can be rewritten
(4.2) ”SOBLHLOO(Rd) < Mn~Y4(1 4+ logn)'/2, vn > 0.,

For a general orthonormal basis of Hermite functions, with d > 2, Koch and Tataru [21] (see also [22])
prove that

N

a_
[onllpeo@ay < CAn 2,

which shows that (4.2]) induces a gain of d — 1 derivatives compared to the general case.
Notice that for the tensorial Hermite basis b, (), using the bound for d = 1 [40}, 21] we have

_1
||ba||LOO(Rd) < C)\n 12, for ar+---Fag= )\n

Observe also that the basis of radial Hermite functions does not satisfy (4.1) in dimension d > 2, as
we have recently proved in [20]. We will see in Theorem that the log term in (4.1)) can not be
avoided.

Theorem is a consequence of a more powerful result, obtained following an idea in [43]. Here
we follow the main lines of |6, Section 3]. In this part the upper bounds estimates of Section [3| are
used in their full strength.

Firstly, we assume that for all j € Ay, v; = Nh_l/2 and that X; ~ Ng(0,1), so that P := P, is the
uniform probability on S;. We set hy, = 1/k with k € N*, and

Qh,, =2+ dhy, bhk =2+(2+d)hk.
Then ([2.3) is satisfied with § = 1 and D = 2. In particular, each interval

_ [ane by _
I, = [ e [_[2k+d,2k+d+2[
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only contains the eigenvalue 2k + d with multiplicity Nj, ~ ck?1 and &n, is the corresponding
eigenspace of the harmonic oscillator H. We can identify the space of the orthonormal basis of &,
with the unitary group U (N, ) and we endow U(Np, ) with its Haar probability measure p;. Then
the space B of the Hilbertian bases of eigenfunctions of H in L?(R?) can be identified with

(4.3) B = XpenU(Np,),
which can be endowed with the measure
(4.4) dp = Qken dpk.

Denote by B = (‘Pk,é)keN,Ze[[l,Nhk]] € B a typical orthonormal basis of L?(R?) so that for all & € N,
(¢k7g)ge[[1,Nhk]] € U(Np,) is an orthonormal basis of &, .

Then the main result of the section which implies Theorem is the following.

Theorem 4.2 ([31], Theorem 5.1). — Let d > 2. Then, if M > 0 is large enough, there exist
c¢,C >0 so that for all v > 0

2
p| B = (ero)ken e, 1 € B : 3k, 6 llorellyerzoo may = M(log k)2 4 7“} < Ce .
The previous result relies on the following proposition
Proposition 4.3 ([31], Proposition 5.2). — Let d > 2. Then, if M > 0 is large enough, there
exist ¢,C' > 0 so that for all r >0 and k > 1
Pk [Bk = (Ye)een,n,, ) € UNh,) : 3 € [1, Ny J; 1ellyarzcomay = M(log k)2 4+ 7“}
< Ck 2",
Let us show how this result implies Theorem We set
Frer = {Bk = (wf)ée[[l,Nhk}] € U(Np,) : YVl e [1, Ny, I; ||¢€||Wd/2,oo(Rd) < M(log k)1/2 + T},
and F, = Mg>1Fk,. Then for all » >0
p(fﬁ) < Zpk( lg,r) < Czk_Qe_CTZ = C/e—cr2’
k>1 k>1

and this completes the proof.

Then from the Borel-Cantelli Lemma we get

Corollary 4.4 ([31], Corolllary 5.3). — For p-almost all orthonormal basis (Sok,f)keN,ée[[l,Nhk]] of
etgenfunctions of H we have

(i) For 2 <p < 400

~$G3-1)

| okell Lr(ray < Cpk™ 2 , VkeN, Vle[l,Ny,]
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(ii) For p =400
||90k,e||L°°(Rd) < (M + 1)k_d/4(1 + IOg k)1/2) VEk e Na Vi e [[]-aNhk]]
We now state a result we shows that the log factor in the previous bounds is optimal

Theorem 4.5. — Let d > 2. Then for all M >0

_ TN : /4 _
p[B = (k0 ken, ce[1,n,, ] € B %Tigé:f?{mk [pkell oo (may < M | = 0.

This means that, from an orthonormal basis, one cannot extract a subsequence which satisfies better
bounds than in Corollary [.4]

This result is a consequence of Theorem . For the proof, we can follow the main lines of [6]
Théoréeme 8] where an analogous result for the spherical harmonics is proven.

5. Application to Quantum ergodicity

Recall that ”quantum ergodicity” for a quantum Hamiltonian H usually means that in some semi-
classical regime almost all eigenfunctions of H are distributed according to an invariant measure with
a support equal to the classical energy shell.

Assume that I, =]ay, by] is such that

bp, — ap,

lim ap, = fllir% bpb=m>0 and lim = 400.

h—0 h—0

The Liouville measure L, associated with the classical Hamiltonian He(x, &) = |z|? + [£[? is here
the uniform probability on the sphere /5 S2d=1 We define the class of symbols

S(1) = {A € C®(R™), Va,¥3, sup |0507 A(z,€)| < +oo},
(z,€)

and S(1,1) C S(1) the class of symbols such that A € C*°(R??) and A is homogeneous of degree 0
outside a small neighbourhood of (0,0) in R% ng: A(Ax, XE) = A(x,§) for every A > 1 and |(z,§)| > e.
For A € S(1) let us denote by A the Weyl quantization of A (here h = 1). Notice that if [Jup|| 2(gay = 1
then A — (uy,, Auyp,) defines a semiclassical measure on VI S?1 (see e.g. [B]).

Then we have

Theorem 5.1 ([33], Theorem 1.4). — Assume that we are in the isotropic case (v; = ﬁ for all
j € Ap). Then there exist ¢,C > 0 so that for all>1 and A € S(1,1),

(5.1) Pyl ue Sy [(u, Au) — L,(A)] > r} < Ce v €)o, 1),

This result can be related with quantum ergodicity (see [42] 39, 19, 24] and the book [46], Chapter
15] for an introduction to this subject) which concerns the semi-classical behavior of (yp;, Ap;) when

the classical flow is ergodic on the energy hyper surface HC_Zl(n). Then, for ”almost all” eigenfunctions

©;, we have (p;, Ap;) It L,(A). The meaning of Theorem is that we have (u, Au) =0 L,(A)
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for almost all u € Sy, such that all modes (p;);eca, are “almost uniformly distributed ” in u. For
related results on compact manifolds see Zelditch [44].

As a consequence of Theorem [5.1] we get easily that almost all bases of Hermite functions is Quantum
Uniquely Ergodic (see Theorem for a precise statement). In [43] the author proved that on the
standard sphere a random orthonormal basis of eigenfunctions of the Laplace operator is ergodic.

Burg-Lebeau [6, Théoreme 3] obtained a similar result for the Laplacian on a compact manifold. A
modification of their proof allows to consider more general random variables satisfying the Gaussian
concentration assumption instead of the uniform law.

From we directly deduce that there exists C' > 0 so that for all p > 2 and h €]0, 1],

| (u, Au) — LU(A)HL%h < ON; V2 5.
Therefore, if one denotes by
1
up = X(W)QD j 5
h m jg\: J J
h

then we have (us, Aug) st L,(A) in LP(Q)-norm with a remainder estimate.

1

For example taking the Bernoulli law for the X then uj = — Z (—1)%@p; where {g;};51 are
N JEA B

i.i.d Bernoulli variables.

We are also able to prove that a random orthonormal basis of eigenfunctions of the Harmonic oscil-
lator H is Quantum Uniquely Ergodic (QUE, according the terminology used in [44] and introduced
in [34]).

Recall the definitions and of B and p. Denote by B = (goj,g)jeN,ge[[l,Nhj]] € B a typical
orthonormal basis of L?(R?) so that for all j € N, (¢j¢)eepi,n, | € U(Na,) is an orthonormal basis
of &p;. Then ’

Theorem 5.2 ([33], Theorem 1.6). — For B € B and A € S(1,1) let us denote by

D;(B) = 1;&%@ |(j.0, Apje) — Ly(A)).

Then we have
lim D;(B)=0, p—ason B.

j—+oo

In other words, p-almost all orthonormal basis of Hermite functions is QUE.

Using estimates proved in [6], an analogous result to Theorem can be proved for the Laplace
operator on Riemannian compact manifolds with the same method. This holds true in particular for
the sphere in any dimension d > 2 and more generally for Zoll manifolds (in this last setting a random
orthonormal basis of quasi-modes is obtained).
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For Schrédinger operators with super-quadratic potentials a similar result can be obtained (see [33]),
considering orthonormal basis of quasi-modes (approximated eigenfunctions) satisfying the conclusion
of Theorem (.11

6. Application to supercritical nonlinear Schrodinger equations

6.1. Construction of measures on L?(RY) and Strichartz inequalities. — For j > 1 denote
by

J)={neN, 25 <\, <20 +1)}.
Observe that for all j > d/2, I(j) # 0 and that #I(j) ~ cqj¢ " when j — 4oo. It might also
be noticed that I(j) corresponds to exactly one eigenvalue \,, of H, with multiplicity #1(j), where
Ap =27 if d is even and A\, =25 + 1 if d is odd.
Let us consider any fixed orthonormal basis (¢n)n>0 of eigenfunctions for the harmonic oscillator H.
Let s € R, then any u € H*(R%) can be written in a unique fashion

(6.1) u= Z > cagn,

J=1nel(j)

and we make the following condition on the coefficients (this is actually condition (3.2)))

Z lcal?, VK€ I(j), Vj>1.

TLEI(]

(62) ol < s

We then define the random variable u“ by

“+o0o
:Z Z Xn(w)cn‘;pna

J=1nel(j)

where { X, },>0 is a sequence of i.i.d random variables, following either the standard complex Gaussian
law Nc(0,1) or the Bernoulli law 35_1 + 361.

Remark 6.1. — Here condition (6.2]) allows us to use the optimal estimates on the spectral func-
tion e, (see Lemma and inequality (6.3) below). This will induce a gain of Sobolev regularity
for the random series u“ as it is stated in Proposition compared to the deterministic Strichartz

estimates (/6.4)).

We then have the following probabilistic improvement of the Strichartz estimates.

Proposition 6.2 ([30], Proposition 2.1). — Let s € R and let u € H*(R?) as in (6.1). Assume
that (cn)nen satisfies (6.2). Let 1 < g < 400, 2 <p < +o0, and set a« =d(1/2—1/p) if p < +o0 and
a < d/2 if p=+oo. Then there exist ¢,C > 0 so that for all T € R

ck?

; 72/4)u)2
. —i(t+7)H ) w 5 (RA
Plw: He U HL?OT]WS‘*“’“P(R‘Z) > K| < C GO
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The first key ingredient in the proof is the Khinchin inequality (see e.g. [9, Lemma 4.2] for a proof):
There exists C' > 0 such that for all real k > 2 and (a,,) € (*(N)

I ZXN(W) anHLﬁg < Cﬁ(Z ’an|2>é.

n>0 n>0

The second key ingredient in the proof is the L°° estimate of the spectral function given by
Thangavelu/Karadzhov (see [31 Lemma 3.5]) which reads for d > 2

(6.3) sup Z lon(2)|* < 054271,
nEI

and which does not depend on the choice of the (@5 )n>1-

Let us recall the deterministic Strichartz estimates for the harmonic oscillator, which can be estab-
lished using the Mehler formula (see [8, Lemma 5.1] for the argument in 1D which can be extended).
We say that a couple (g,p) € [2,+00]? is admissible if

2 d d
-4+ —-=—- and (d,q,p 2,2, 400).
S 0= G and (dap) £ (22 +)
Then for all T > 0 there exists C > 0 so that for all ug € H*(R%) we have
(6.4) le™ flixs < Collf 1345 mays
where
X5 = N L([=T, T); WP (R?)).

(g,p) admissible
When p is close to 400, the result of Proposition expresses a gain P—a.s. of almost d/2
derivatives in space compared to the bound (6.4)).

Before we state our well-posedness results, we need to define the measures on the space of initial
conditions. We define the set A, C H*(R?) by

—+00
As = {u = Z Z Cnon € HS(Rd) s.t. condition (/6.2 holds for some C' > 0}.
Jj=1nel(j)

Let v € A;. We define the probability measure ., on H® via the map

Q — Hs(Rd)
w — Z Z cnXn(W)Pn,
Jj=1nel(j)

in other words, p, is defined by: for all measurable F': H* — R

[ P = [ Fo*)dee),
Hs (R4) Q
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In particular, we can check that u., satisfies

o If v € H¥\'H*", then p(H*1e) = 0.
e Assume that for all j > 1 such that I(j) # () we have ¢; # 0. Then for all nonempty open subset
B C H?, py(B) > 0.

Finally, we denote by M?* the set of all such measures

M = U {nq}-

’YE-AS

For more properties of these measures, we refer to the introduction of [30].

Each element v € A, defines a probability measure p,. We will see in the next section that for a
typical ug € H® in the support of p, the nonlinear Schrédinger equation with initial condition wg is
well-posed.

By the Kakutani theorem (see also Rema]rk7 the space M?® contains mutually singular measures,
and this extends the set of initial conditions for which we are able to solve NLS.

6.2. Application to NLS. — We now consider the Cauchy problem for nonlinear Schrédinger
equations, where the initial condition is random. We apply the estimates developed in the previous
sections, in particular Proposition [6.2] in order to show local and global well-posedness results, for
problems with Sobolev supercritical regularity.

Much work has been done on dispersive PDEs with random initial conditions since the papers
of Burq-Tzvetkov [9, 10]. In these articles, the authors showed that thanks to a randomisation of
the initial condition one can prove well-posedness results even for data with supercritical Sobolev
regularity. We also refer to [11), [38, 8l 29], 28, 387, [7, 27, 25] and references therein for further
developments.

Let us consider nonlinear Schréodinger equation with harmonic potential

0
(6.5) za—? + Au—|z]Pu = tuPtu, (t,z) € R x RL
u(0) = up,

with d > 2, p > 3 an odd integer. This is a model used in the description of the Bose-Einstein
condensates.

Before we state our results, let us recall some facts concerning the deterministic study of the
nonlinear Schrodinger equation . We say that is locally well-posed in H*(R?), if for all
initial condition uy € H*(R?), there exists a unique local in time solution u € C([-T, T]; H*(R%)), and
if the flow-map is uniformly continuous. We denote by

d 2
Sc = 2 p-1
the critical Sobolev index. Then one can show that NLS is well-posed in H*(R?) when s > max(s.,0),
and ill-posed when s < s.. We refer to the introduction of [38] for more details on this topic.
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6.2.1. Local existence results. — We are now able to state our first result on the local well-
posedness of (6.5)).

Theorem 6.3 ([30], Theorem 1.1). — Let d > 2, p > 3 an odd integer and fix p = p, € M°.
Then there exists ©. C L*(R?) with (L) = 1 and so that:

(i) For all ug € X there exist T > 0 and a unique local solution w to (6.5)) with initial data ug
satisfying
(6.6) u(t) — e Huy € C([-T,T); H* (RY)),

d
fm“some§——<s<2

(i) More precisely, for all T > 0, there exists Yp C X with
/‘L(ET) >1- C’exp ( - CT_6||’7HZ22(R2))7 Ca ¢, 6> 0)

and such that for all ug € X the lifespan of u is larger than T.

[e.@]
Denote by v = Z cnn(x), then ug = Z gn(w)cnen(x) is a typical element in the support of p..

Another way to state Theorem @ is : for ¢ any T > 0, there exists an event Q7 C Q so that
IPy(ng) Z 1 - Cexp(_CTiéufY”ZQ(Rd))’ 07076 > 07

and so that for all w € Q7, there exists a unique solution of the form (6.6 to (6.5 with initial data wg.

The key argument in the proof is the use of Proposition which yields a gain of d/2 derivatives
compared to the deterministic theory. To prove Theorem we only have to gain s, = d/2 —
2/(p — 1) derivatives. The solution is constructed by a fixed point argument in a Strichartz space
X35 C C([-T,T); H*(RY)) with continuous embedding, and uniqueness holds in the class X3.

The deterministic Cauchy problem for was studied by Oh [26] (see also Cazenave [14], Chap-
ter 9] for more references). In [38], Thomann has proven an almost sure local existence result for
in the supercritical regime (with a gain of 1/4 of derivative), for any d > 1. This local existence result
was improved by Burg-Thomann-Tzvetkov [8] when d = 1 (gain of 1/2 derivatives), by Deng [16]
when d = 2, and by Poiret [29] 28] in any dimension.

6.2.2. Global existence and scattering results for NLS. — As an application of the results of
the previous part, we are able to construct global solutions to the non-linear Schrédinger equation
without potential, which scatter when t — +o00. Consider the following equation

ou
i— + Au = +|ulP~ u, (t,z) € R x R%

(6.7) ot ful (t,2)

u(0) = up.

The well-posedness indexes for this equation are the same as for equation (6.5). Namely, (6.7)) is
well-posed in H*(R?) when s > max(s,,0), and ill-posed when s < s..
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Then we can prove
Theorem 6.4 ([30], Theorem 1.3). — Let d > 2, p > 3 an odd integer and fix p = p, € MO,
Then there exists ¥ C L?(RY) with () > 0 and so that:
(i) For all ug € ¥ there exists a unique global solution u to (6.7) with initial data ug satisfying
u(t) — ety € C(R; HS(Rd)),
d 2

d
forsomei—ﬁ<s<§.

(i) For all ug € ¥ there exist states fy, f— € H*(R?) so that when t — o0
Ju(t) — €% (ug + fi)HHs(Rd) —0.
(iii) If we assume that the distribution of v is symmetric, then
M(Uo € L*(R%) : the assertion (ii) holds true ‘ [uoll L2 (ray < 77) — 1,
when n — 0.

We can show [29, Théoréme 20], that for all s > 0, if ug ¢ H?(R?) then p(H°(R%)) = 0. This shows
that the randomisation does not yield a gain of derivative in the Sobolev scale; thus Theorem gives
results for initial conditions which are not covered by the deterministic theory.

There is a large literature for the deterministic local and global theory with scattering for (6.7]). We
refer to [2), 12] for such results and more references.

One of the key points in the proof is to use the lens transform % defined as

)

d/2 )
1 arctan(2t) x iz?t
u(t,x) — Lult,r) = | —— u( , )e1+4t2
t2) ¢2) (\/1+4t2> 2 V1 + 4t?
which permits link equation (6.7) to equation (6.5). In particular, local in time results for (6.5)) on
the time interval [—m /4, 7 /4] imply global in time results for (6.7]).

In Theorem [6.4] we assumed that d > 2 and p > 3 was an odd integer, so we had p > 1+ 4/d, or
in other words we were in a L?-supercritical setting. Our approach also allows to get global in time
results in an L2-subcritical context, i.e. when 1+ 2/d <p <1+ 4/d.

Theorem 6.5 (|[30], Theorem 1.4). — Letd =2 and 2 < p < 3 and fir = p, € M. Then there
exists ¥ C L2(R?) with u(X) > 0 and so that for all 0 < e < 1

(i) For all ug € ¥ there ezists a unique global solution u to (6.7) with initial data ug satisfying
u(t) — etPug € C(R;Hl_E(Rz)).
(i) For all ug € X there exist states fy, f— € H'75(R?) so that when t — +o0

Ju(t) — € (ug + fi)HHl—f(]RQ) — 0.
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(iii) If we assume that the distribution of v is symmetric, then
,u(uo € L*(R?) : the assertion (ii) holds true uoll 2 m2) < 77) — 1,
when n — 0.

In the case p < 1+ 2/d, Barab [3] showed that a non trivial solution to (6.7 never scatters,
therefore even with a stochastic approach one can not have scattering in this case. When d = 2,
the condition p > 2 in Theorem is therefore optimal. Usually, deterministic scattering results in
L2-subcritical contexts are obtained in the space H! N F(H'). Here we assume ug € L?, and thus
we relax both the regularity and the decay assumptions (this latter point is the most striking in this
context). Again we refer to [2} [1] for an overview of scattering theory for NLS.

6.2.3. Global existence results for NLS with quadratic potential. — We also get global
existence results for defocusing Schrédinger equation with harmonic potential. For d = 2 or d = 3,
consider the equation

ou

— — Hu = |u®u, (t,z) € R x RY,
(6.8) igy u=|ul*u, (t ) X

u(0) = uyp,

and denote by E the energy of , namely

1
E(“) = Huug—(l(ﬂ{d) + 5”“”%4@@-
Deterministic global existence for has been studied by Zhang [45] and by Carles [13] in the case

of time-dependent potentials.

When d = 3, our global existence result for is the following

Theorem 6.6 (|30], Theorem 1.5). — Letd=3,1/6 < s <1 and fix pp = py € M?*. Then there
exists a set ¥ C H*(R3) so that () = 1 and so that the following holds true

(i) For all ug € X, there exists a unique global solution to which reads
u(t) = e Hug +w(t), weCl(R,H(R?)).
(i) The previous line defines a global flow ®, which leaves the set ¥ invariant
O(t)(X) =%, forall teR.
(11i) There exist C,cs > 0 so that for allt € R,
E(w(t)) < C(M + [t])*T,

where M is a positive random variable so that

CI((S

s /3 I
plug € H*(R?) : M > K) < Ce = H®),
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Here the critical Sobolev space is H'/2(R?), thus the local deterministic theory combined with the
conservation of the energy, immediately gives global well-posedness in H!(R?). To prove Theorem
we use the high/low frequency decomposition method of Bourgain [4, page 84]), which relies on the
almost well-posedness result of Theorem and the global well-posedness in H!(R3). As a result,
we get a global well-posedness result in a supercritical context. This strategy has been successful in
different contexts, and has been first used together with probabilistic arguments by Colliander-Oh [15]
for the cubic Schrédinger below L2(S!) and later on by Burq-Tzvetkov [11] for the wave equation.

With a similar approach, in dimension d = 2, we can prove the following result

Theorem 6.7 ([30], Theorem 1.6). — Letd =2, 0 < s <1 and fix p = py € M*. Then there
exists a set ¥ C H*(R?) so that (X) = 1 and so that for all ug € X, there exists a unique global
solution to which reads

u(t) = e Mug +w(t), weC(RH (R?)).
In addition, statements (it) and (iii) of Theorem are also satisfied with cs = 1=5.

S

Here the critical Sobolev space is L?(R?), thus Theorem shows global well-posedness for any
subcritical cubic non linear Schrodinger equations in dimension two.

Appendix A
Proof of Theorem [3.5]

Lemma A.1. — Let 0 <n <1 and set p, = |Inh|'=". Then there exists a constant Cy = Cy(d) such
that

(A1) (C. — £/2)y/pn < My, < (Ca+€/2)y/pr,
for h > 0 small enough.

Proof. — In the sequel, write p = pp,. As in the proof of [31, Theorem 4.7], we denote by A, =
Er (||| ppa/2-1))/P. Then from [3T], estimate (4.14)] we have

Ay — M| < CNTVPp < emdhl”

hence it is enough to prove estimate (A.1)) for A,. The proof then consists in tracking all the constants
in [31] and to show that they are optimal. We do not write all the details, but we give the main steps.
Let us recall [31], estimate (4.12)]

coN
(A.2) Cyp(etN)7P/2 < /R d<x>d<’z’1>eg/2dx> /O PP lem dt < AP <

< Cop(eaN)7P/?

VRS

/R ) <m>d<é’—1>eg/2dm> L (p/2).
Then for € > 0
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e With an inspection of the proof of [31, Theorem 2.6, (2.11)] and in [31, Lemma 2.11] we can
show that we can take in the previous line

1/2—¢/8<ca<ec1 <1/24¢/8.
e We can construct the parametrix in [31, Lemma 4.9] in such a way that

/p
(VC* —£/8)VN < </ (z) Mz ep/2 dx)l < (VC* +¢/8)VN,

Rd
where C* is a constant which only depends on the dimension.
e With the Laplace method, we can show that for p > 2 large enough

(1-/8)y/5 < (/OCOth/Q_le‘t dt)l/p < (Dp/2)"" < (1 + 5/8)\/1.

(§]

Putting the previous estimates together with , we get
(Cr —€/2)\/p < A, < (Cru+¢/2)/p,
with C, = (C*/(2¢))Y/?, which was the claim. O
We are now able to complete the proof of Theorem By Lemma for p > 2 large enough
[l gpaorss — vl > evBy  {|Iull s — M| > Sy},
and an application of Theorem gives the result.

Appendix B
Proof of Theorem [3.8|

Assume here that § = 1 (the general case 0 < § < 1 can be treated in the same way). To begin
with, we state an estimate of ||u .

Theorem B.1. — Let 2d/(d — 1) < r < oo and denote by M, a median of ||u||L-. Then there exist
0<Cy<Ci, K>0,c >0 and hy > 0 such that for all r € [2, K|loghl|] and h €]0, ho| such that

P, p|ues,: ‘HUHU — M,

> A} < 2exp ( — CQN}?/T}Z—%(1+%)A2).
and where
(B.1) Cov/rhiHD) < M, < C1/rh10-0) Yr € [2, K| log h|].

This is a result similar to [31, Theorem 4.7] in which we made the restriction ¢ < 2/3. However,
the price to pay, is that the estimate (B.1]) is no more optimal. The reason is that, in this case we
prove the following estimate on the spectral function when p > d/(d — 1) (here r = 2p)

1/p
(B.2) Con' 2073 < </ e dx) < o' 20,
Rd
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Let us prove (B.2). The upper bound is the same as in Lemma and is proved using (2.5)) (see
also [33] Appendix A.5] for more general results). To get the lower bound, we oberve that among the
family (¢;);eca, there exists a radial function ¢,qq 4 and which satisfies Hppqqp ~ %gomd,h. Therefore

ex:= ) leil® 2 loraanl”
JEAR
Now we invoke the sharp LP bounds of radial Hermite functions, proved in [20, Proposition 2.4] which
imply the result. Finally, to prove Theorem we proceed as in the proof of [31 Theorem 4.7,

using the estimate (B.2)).

The proof of Theorem is analogous to [31], Corollary 4.8]. Roughly speaking, the L®> norm is
reached in the regime r = 7, = ¢|Inh| and h < 1. In this regime, the estimate (B.1)) becomes optimal,
since he/Th ~ Co.
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