NON-LINEAR ROUGH HEAT EQUATIONS
A. DEYA, M. GUBINELLI, AND S. TINDEL

ABSTRACT. This article is devoted to define and solve an evolution equation of the
form dy; = Ay dt + dX(y:), where A stands for the Laplace operator on a space of
the form LP(R™), and X is a finite dimensional noisy nonlinearity whose typical form is

given by X;(¢) = Zf\; z! fi(p), where each z = (), ..., ™)) is a y-Holder function
generating a rough path and each f; is a smooth enough function defined on L?(R™).
The generalization of the usual rough path theory allowing to cope with such kind of

system is carefully constructed.

1. INTRODUCTION

The rough path theory, which was first formulated in the late 90’s by Lyons [33], [32]
and then reworked by various authors [18, 20], offers a both elegant and efficient way of
defining integrals driven by some irregular signals. This pathwise approach enables to
handle the standard (rough) differential system

dyt = J(yt> dl‘t ) Yo = a, (1)

where x is a non-differentiable process which allows the construction of a so-called rough
path x, morally represented by the iterated integrals of the process (see Definition
for a 2-rough path). The method also applies to the treatment of less classical (rough)
finite-dimensional systems such that the delay equation [36] or the integral Volterra
systems [12, [13]. In all of those situations, the pathwise interpretation of the associated
stochastic system (for a random z) then reduces to the construction of a rough path x
above x, which is now well-established for a large class of stochastic processes that for
instance includes fractional Brownian motion (see [I8] for many other examples).

In the last few years, several authors provided some kind of similar pathwise treatment
for quasi-linear equations associated to non-bounded operators, that is to say of the
rather general form

dy; = Ay, dt + dXi(ys), te[0,T] (2)
where T is a strictly positive constant, A is a non-bounded operator defined on a (dense)
subspace of some Banach space V' and X € C([0,7] x V; V) is a noise which is irregular
in time and which evolves in the space of vectorfields acting on the Banach space at
stake. Their results apply in particular to some specific partial differential equations
perturbed by samples of (infinite-dimensional) stochastic processes.

To our knowledge, two different approaches have been used to tackle the issue of giving
sense to (2)):
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(i) The first one essentially consists in returning to the usual formulation by
means of classical transformations of the initial system . One is then allowed
to resort to the numerous results established in the standard background of
rough paths analysis. As far as this general method is concerned, let us quote
the work of Caruana and Friz [5], Caruana, Friz and Oberhauser [6], Friz and
Oberhauser [19] as well as the promising approach of Teichmann [45].

(ii) The second approach, contained in [25], is due to the last two authors of the
present paper, and is based on a formalism which combines (analytical) semi-
group theory and rough paths methods. This formulation can be seen as a
“twisted” version of the classical rough path theory. The key ingredients of the
standard theory of SPDEs, namely the stochastic integral and the stochastic
convolution, are here replaced with a couple of operators, the so-called stan-
dard and twisted increment operators, together with a suitable notion of infinite-
dimensional rough path.

Of course, one should also have in mind the huge literature concerning the case of
evolution equations driven by usual Brownian motion, for which we refer to [9] for
the infinite dimensional setting and to [§] for the multiparametric framework. In the
particular case of the stochastic heat equation driven by an infinite dimensional Brownian
motion, some sharp existence and uniqueness results have (for instance) been obtained in
[39] in a Hilbert space context, and in [4, 3], 27, 53] for Banach valued solutions (closer to
the situation we shall investigate). In the Young integration context, some recent efforts
have also been made in order to define solutions to parabolic [35, 24] or wave type [42]
equations. We would like to mention also the application of rough path ideas to the
solution of dispersive equation (both deterministic and stochastic) with low-regularity
initial conditions [22].

The present article goes back to the setting (ii), and proposes to fill two gaps left
by [25]. More specifically, we mainly focus (for sake of clarity) on the case of the
heat equation in R™ with a non-linear fractional perturbation, and our aim is to give a
reasonable sense and solve the equation

dyt = Ayt dt + dXt(yt)7 (3)

where A is the Laplacian operator considered on some LP(R™) space (with p chosen large
enough and specified later on), namely

A: D(A) C LP(R") — LP(R™).

Then the first improvement we propose here consists in considering a rather general noisy
nonlinearity X evolving in a Hélder space CY(LP(R"); LP(R™)), with v < 1/2, instead
of the polynomial perturbations studied in [25]. A second line of generalization is that
we show how to apply our results to a general 2-rough path, which goes beyond the
standard Brownian case.

As usual in the stochastic evolution setting, we study equation in its mild form,
namely:

t
v = Sio + / Sy sdX,(ys), (4)
0
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where S; : LP(R™) — LP(R") designates the heat semigroup on R”. This being said, and
before we state an example of the kind of result we have obtained, let us make a few
remarks on the methodology we have used.

(a) The main price to pay in order to deal with a general nonlinearity is that we only
consider a finite dimensional noisy input. Namely, we stick here to a noise generated

by a y-Hélder path z = (2, ..., 2(™) and evolving in a finite-dimensonal subspace of
C(LP(R™); LP(R™)), which can be written as:
N
Xi(p) =Y 7ifi(p), (5)
i=1

with some fixed elements { f;}i=1,. n of C(LP(R™); LP(R™)), chosen of the particular form
fi(@)(§) = a:(&, (§))

for sufficiently smooth functions o; : R x R — R.

Note that the hypothesis of a finite-dimensional noise is also assumed in [5] or [45].
Once again, our aim in [25] was to deal with irregular homogeneous noises in space,
but we were only able to tackle the case of a linear or polynomial dependence on the
unknown. As far as the form of the nonlinearity is concerned, let us mention that [5]
deals with a linear case, while the assumptions in [45] can be read in our setting as: one
is allowed to define an extended function f;(t, @) := S_, fi(Syp), which is still a smooth
enough function of the couple (¢, p). As we shall see, the conditions we ask in the present
article for f; are much less stringent, and we shall recover partially the results of [45] at
Section [Bl

(b) In order to interpret , the reasoning we will resort to is largely inspired by the
analysis of the standard rough integrals. For this reason, let us recall briefly the main
features of the theory, as it is presented in [20]: the interpretation of [ ysdz, (with
a finite-dimensional irregular noise) stems from some kind of dissection process of the
usual Riemann-Lebesgue integral [y di, when Z is a regular driving process. This work
appeals to two recurrent operators acting on spaces of k-variables functions (k > 1): the
so-called increment operator § (see ) and its potential inverse, the sewing map A,
the existence of which hinges on some specific regularity conditions. If y is a 1-variable
function, then § is simply defined as (dy)s := y; — ys, while if z;5 = fst(yt — Yy) ATy, then
(02)tus = 2ts — Ztu — Zus = (0Y)1 (0 )ys. With such notations, one has for instance

/: Yu dTy = (/t dfcu) Ys + /:(yt — Yu) dT,, = (/t dgzu) ys + (67 ((6y)(6))),, -

Of course, the latter equality makes only sense once the invertibility of 6 has been
justified, which is the main challenge of the strategy.

During the process of dissection, it early appears, and this is the basic principles of
the rough path theory, that in order to give sense to [ ys dx, for a large class of Holder-
processes y, it suffices to justify the existence of the iterated integrals associated to x:
xl = [ldv,, x2 = ['dz, ["dz,, etc., up to an order which is linked to the Holder
regularity of z. If x is v-Holder for some y > 1/2, then only x' is necessary, whereas if
v € (1/3,1/2), then x2 must come into the picture.
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Once the integral has been defined, solving the system

@M—/dwwu,%—m (6)

where o is a regular function, is a matter of standard fixed-point arguments.

(c) As far as is concerned, the presence of the semigroup inside the integral prevents
us from writing this infinite-dimensional system under the general form @ Ifyisa
solution of (suppose such a solution exists), its variations are actually governed by
the equation (let s < )

s t
(5y)t5 =Yt —Ys = Styﬂ - Ssyo + / [Stfu - szu] qu(yu) + / Stfu qu(yu)7
0 s

which, owing to the additivity property of the semigroup, reduces to

t
(5y>ts - atsys+/ St—uqu(yu), (7)

where a;s = S;_s — Id. Here occurs the simple idea of replacing § with the new operator
 defined by (0y)ss := (0y)ss — assys. Equation @ then takes the more familiar form

<®m:/&ﬁwmm, %o = ¥. @)

In the second section of the article, we will see that the operator 5 , properly extended
to act on k-variables functions (k > 1), satisfies properties analogous to d. In particular,
the additivity property of S enables to retrieve the cohomology relation i) , which is at
the core of the most common constructions based on §. For sake of consistence, we shall
adapt the notion of regularity of a process to this context: a l-variable function will be
said to be v-Holder in the sense of 6 if for any s, t, |(5y)ts| < c|t — s|”. Tt turns out that
the properties of ) suggest the possibility of inverting ) through some operator A, just
as A inverts 0. This is the topic of Theorem (3.6 -, which was the starting point of [25]
and also the cornerstone of all our present constructions.

(d) Sections 3 and 4 will then be devoted to the interpretation of the integral appearing
in (8)). To this end, we will proceed as with the standard system @, which means that
we will suppose at first that X is regular in time and under this hypothesis, we will look
for a decomposition of the integral in terms of "iterated integrals” depending only on
X. For some obvious stability reasons, it matters that the dissection mainly appeal to
the operators 6 and A.

However, in the course of the reasoning, some intricate interplay between twisted and
non-twisted increments will force us to analyze the spatial regularity of some terms of
the form a;,ys, where y is the candidate solution to . This can be achieved by letting
the fractional Sobolev spaces come into play. Namely, we set B, = LP(R") and for
a € [0,1/2), we also write B, for the fractional Sobolev space of order a based on B,
(the definition will be elaborated on in Section [3)). One can then resort to the relation

ifp € Bap, llawsplls, < clt — s [¢lls.,-

Of course, we will have to pay attention to the fact that this time regularity gain occurs
to the detriment of the spatial regularity. It is also easily conceived that we will require
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B, to be an algebra of continuous functions, which explains why we work in some L?
spaces with p large enough.

These additional terms of the form a,y, are specific to the non-linear case, for which
Taylor type expansions are required, and explain a part of the technical difficulties we
have met in the current article. If the vector fields {f;};=1.. n are linear, then we don’t
need any recourse to the Taylor formula and the decomposition of the candidate solution
can be written thanks to 4 and A only. This particular case has been dealt with in [25],
as well as the polynomial case, for which specific and individual treatments based on
trees-indexed integral [21) 23] are suggested. In our situation, we shall see that the
landmarks of the construction, that is to say the counterparts of the usual step-2 rough
path ([ dz, [[ dx ® dzx), are (morally) some operators acting on B, defined as follows:
for ¢, 9 € B, set

st’l(@) = / Stu(gp) dxz ) thfsa7i(gp7w) = / Stu [aus<50) ’ ¢] diBZa (9)

.. t . .
X22(p) = / Suuli) S, da, (10)

fori,j =1,..., N, where -1 is the pointwise multiplication operator of ¢ by ¢. In some
way, it is through those three operators that the (stochastic) convolution mechanisms
commonly used in the treatment of SPDEs (see [9]) will appear.

In a quite natural way, the results established in Section by using expansions at
first order only, will be applied to a y-Holder process « with v > 1/2. The considerations
of Section [, which involve more elaborate developments, will then enable the treatment
of the case 1/3 <y <1/2.

It is also crucial to see how our theory applies to concrete situations. To this purpose,
using an elementary integration by parts argument, we will see in Section [0] that in
order to define the operators given by @ and properly, the additional assumptions
on x reduce to the standard rough-paths hypotheses. In this way, the results of this
article can be applied to a N-dimensional fractional Brownian motion x with Hurst
index H > 1/3, thanks to the previous works of Coutin-Qian [7] or Unterberger [49] (see
Remark . This also means that in the end, the solution to the rough PDE is a
continuous function of the initial condition and x*,x2, which suggests (as [6], 45] does)
that one can also solve the noisy heat equation by means of a variant of the classical
rough path theory. However, we claim that our construction is really well suited for
the evolution equation setting, insofar as the arguments developed here can be extended
naturally to an infinite dimensional noise, at the price of some more intricate technical
considerations. We plan go back to this issue in a further publication.

With all these considerations in mind, we can now give an example of the kind of
result which shall be obtained in the sequel of the paper (given here in the first non
trivial rough case for X, that is a Hélder continuity exponent 1/3 <~ <1/2):

Theorem 1.1. Let X be a noisy nonlinearity of the form (@, where:
(i) The noisy part x is a N-dimensional Hélder-continuous signal in C7([0, T]; RY) for
a given v > 1/3. Moreover, we assume that x allows to define a Levy area x* in the

sense given by Definition [6.9
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(ii) Each nonlinearity f; can be written as [f;(p)](§) = 0:(&, 0 (€)), where the function
o; : R" x R — R satisfies both conditions (C1) and (C2) of Definition for k= 3.

Then for any couple (k,p) € (%, ~v) x N* such that v—k > 357 and any initial condition
Yo in the fractional Sobolev space B, , (see Notation , equation admits a unique
solution y € C*(B,.,p) on an interval [0,T], for a strictly positive time T which depends
on x, X% and yq.

Furthermore, the Ito map (yo,x,x2) w y is locally Lipschitz: if y (resp. §) denotes
the solution of the equation on [0,T] (resp. [0,T]) associated to a driving path (z,x?)
(resp. (7,%2)) and an initial condition yo (resp. o), then

Ny = 5;C5((0,T7]: Bip)] < oo {190 — dolls., + Iz — Tl + Ix* =22y}, (11)
where T* = inf(T,T) and
Cagango = CUWolBey: G0l Il 121y, 35|y, [137]|2)

for some function C': (RT)® — RT growing with its arguments.

Some additional comments spring from Theorem [I.1}

(1) As the reader may have noticed, only local solutions are obtained in the general
case, due to the fact that our nonlinearity cannot be considered as a bounded function
on the Sobolev spaces B, ,. However:

e We do obtain a global solution in the case of a Holder continuity exponent v € (1/2, 1].
We shall also introduce a smoothing procedure for the nonlinearity which induces a global
solution at Section [Bl

e When z is a N-dimensional Brownian motion, the identification of our solution with the
one obtained by Ito integration also yields a global solution, as detailed at Section 6.2}
As an immediate consequence of the procedure, we retrieve an original (to the best of our
knowledge) continuity statement for the Brownian solution with respect to the initial
condition (Corollary @D, which gives an idea of other possible spins-off of the rough
paths approach to (3)).
e The changes of variables extensively used in [19] have a nonlinear counterpart, as
recently pointed out in [I4]. This additional information certainly opens the door to a
global solution to equation in the next future.

(2) As mentioned before, we have sticked to the case of the Laplace operator A in our
presentation of equation , for sake of clarity. However, our algebraic and analytic
setting only relies on a set of abstract assumptions on the semigroup S;. As we shall see
at Section these conditions are still met for a fairly general second order differential
operator A given in divergence form.

In conclusion, the current paper has to be understood as a general approach to a rough
path analysis of SPDEs, which can be generalized and improved in several different
directions.

Here is how our paper is structured: In Section [2] we fix the general framework of our
study and put together a few basic facts about fractional Sobolev spaces and the heat
semigroup. Section [3]is then intended to recall the main features of algebraic integration
with respect to a semigroup of operators, taken from [25]. As a first illustration of our
method, we deal with the easy case of Young integration at Subsection [3.2 The first
nontrivial rough case, that is a Holder continuity exponent v € (1/3,1/2], is handled at
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Section [l Observe that the abstract results obtained there are expressed in terms of
the operators X*, X** and X** defined at equation @ and . Section |5 shows that
considering a smoothed version of the nonlinearity, a global solution to equation (4)) can
be constructed. Section [6] is then devoted to the application of the abstract results to
concrete (stochastic) situations. The case of a standard Brownian motion is discussed at
Subsection [6.2], and a few words are finally said about possible extensions of our results
to more general elliptic operators at Section [6.3]

2. ASSUMPTIONS AND SETTING

For sake of clarity, we shall start with labelling the assumptions evoked in the intro-
duction as far as the linear operator and the perturbation term are concerned. We also
take profit of this section to state a few preliminary results that will be at the core of
our method.

2.1. Assumptions. Let us first rewrite the equation in the general abstract form:
Yo = 77Z), dyt = Ayt dt + dXt(yt)a te [0, T] (12)

All through the paper, we will stick to the framework delimited by the two following
assumptions:
Assumption A. We focus on the heat equation case on the whole Euclidean space R”,
and we try to interpret and solve the equation in LP(R™), for some integer p that will
be precised during the study. In this context, remember that the Laplacian operator
A=A,:D(A,) C LP(R") — LP(R") generates an analytic semigroup of contraction S,
explicitly given (independently of p) by the convolution formula

2 e lé1?/2t (13)

Sip=gi*xp , with gt(f):W

Assumption B. The perturbation term can be decomposed as
N
Xip = Z file) x4, (14)
i=1

with, for each i = 1,..., N, ' : [0,T] — R a scalar process and f; : LP(R") — LP(R"™).
Moreover, we assume that each f; is given as a Nemytskii operator: there exists a
mapping o; : R” x R — R such that, for any function ¢,

fi(@)(€) = 0i(&, ¢(§))- (15)

With the above assumptions in mind, the aim of our study is to find a reasonable
interpretation of the following mild formulation of :

N t
=S+ /0 Siufily) dely £ € (0,7, (16)
=1

where 1 is an initial condition living in a functional space that will be specified later
on, and 7T is a finite horizon. The additional assumptions relative to the driving process
x will stem from our analysis of (Hypothesis , and it would be futile and non
pedagogical to remove those assumptions of their context. At this point, let us just



8 A. DEYA, M. GUBINELLI, AND S. TINDEL

have a mind that x should morally admit some v-Hélder regularity, v € (0,1). Some
applications to concrete (stochastic) processes will anyway be provided at Section @

Let us now anticipate a little bit the next sections by introducing in a more precise
way the class of vector fields that will allow a reasonable interpretation of the equation:

Definition 2.1. For k > 1, we define X}, as the set of vector fields f whose components
can be written as in , for some mappings o; : R" xR —-R (1 =1,..., N) such that:
(C1) o; is of uniformly compact support in the first variable, ie o;(-,n) = 0 outside of
a ball Bgn (0, M), independently of n € R.
(C2); the following inequality holds:

b max, Vi€l + max | IVeVioi€n)] < +oc.
Remark 2.2. In the above definition, condition (C1) is essentially designed to make up
for the non compacity of the space setting. In particular, if ¢; is also uniformly bounded
in its second variable, then f; is uniformly bounded as a map from LP(R") to LP(R™).
Perhaps this hypothesis could be retrieven by working with weighted LP-spaces, as in
[39]. The strategy would however require a careful adaptation of the properties exhibited
in the next subsection, and for sake of conciseness, we leave this analysis in abeyance.
As far as condition (C2) is concerned, it is a quite standard hypothesis in the context
of a rough paths type procedure (see [32]).

2.2. Preliminary results. As pointed out at point (d) of the introduction, the inter-
play between the linear and the non-linear part of the equation will invite us to let the
fractional Sobolev spaces come into the picture:

Notation 2.3. For any o > 0, for any p € N*, we will denote by B,, the space
(Id—A)~*(LP(R™)), endowed with the norm

1180, = llpllo@n) + 1(=A) | Lr@n). (17)
Set also B, = By, = L*(R") for any p € N* U {oo}.
The space B, is also refered to as the Bessel potential of order (2¢,p). Adams ([1])

or Stein ([43]) gave a thorough description of those fractional Sobolev spaces. Let us
indicate here the two classical properties that we will resort to in the sequel:

e Sobolev inclusions: 1f 0 < p < 200 — g, then the following continuous embedding
holds
Ba, C COH(R™), (18)

where C%#(R") stands for the space of bounded, pu-Holder functions.
o Algebra: If 2ap > n, then B,, is a Banach algebra with respect to pointwise
multiplication, or in other words

1 PllBa, < N1@lBa, ¥l - (19)

The general theory of fractional powers of operators then provides us with sharp
estimates for the semigroup S; (see for instance [40] or [15]):

Proposition 2.4. Fiz a time T > 0. S; satisfies the following properties:
o Contraction: For allt >0, a > 0, S; is a contraction operator on B, .
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e Regularization: For allt € (0,T], a >0, S; sends B, on B,, and

15¢lBa,, < cart™[lells,. (20)

o Holder regularity. For allt € (0,T], ¢ € Bap,
1St — ¢llB, < cart®|@llBa,- (21)
|ASsells, < cart™ T (l¢lls.,- (22)

At some point of our study, the interpretation of the integral f; St dxt f;(y,) will
require a Taylor expansion of the (regular) function f;. As a result, pointwise multipli-
cations of elements of B, are to appear, giving birth to elements of By, k € {1,...,p}.
In order to go back to the base space B,, we shall resort to the following additional
properties of Sy, which accounts for our use of the spaces B, (p > 2) instead of the
classical Hilbert space Bs:

Proposition 2.5. For allt >0, k € {1,... ,p} @ € By, one has

15l < crnt™ HsOHBp/k, (23)

1ASils, < cont ™5 [¢lls, .- (24)

Proof. Those are direct consequences of the Riesz-Thorin theorem. Indeed, for any
2 € Bp/k7

||St(p||l3 <llgs * #lls, < ||gt||Bp/(p k+1)||90||3p/k < Crnl

p/k’

The second inequality can be proved in the same way, since AS;p = (dst) © = Ogy *
©.

Let us finally point out the following result of Strichartz [44], which will be one of the
cornerstones of our fixed-point arguments through its immediate corollary:

Proposition 2.6. For all a € (0,1/2), for allp > 1, set

1119 = </olr_1_4a [ Aﬂgl [f(&+rn) = J(©)] dnr dr) 1/2.

Then f € Bayp if and only if f € B, and T,,f € B,, and
1 118as ~ I fllB, + | T f |5, -
Corollary 2.7. If f € &), then for any ¢ € By, f(p) € Ba,p and
NIf(9); Bapl < ¢ {1+ Nl Bayl}- (25)

3. ALGEBRAIC INTEGRATION ASSOCIATED TO THE HEAT SEMIGROUP

As in [25], our interpretation of the equation will be based on a preliminary dissection
procedure that appeals to a particular coboundary operator 6 as well as its inverse A.
This section is meant to remind the reader with the definition and main properties of
those two tools. As an illustrative example, the treatment of the Young case is also
provided here.
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3.1. The twisted coboundary 5. Notice that we shall work on n'" dimensional sim-
plexes of [0, T, which will be denoted by

8’?:{(517...,5n)€[07T]n; 51§S2<...Sn}_

We will also set C,, = C,(S7, V) for the continuous n-variables functions from S} to V,
for a given Banach space V. Observe that we work on those simplexes just because the
operator S;_,, is defined for ¢t > u (i.e. on §%) only.

Let us recall now two basic notations of usual algebraic integration, as explained in
[20] and also recalled in [25]: we define first an coboundary operator, denoted by 0,
which acts on the set C,, = C,,(S}, V') of the continuous n-variables functions according
to the formula:

n+1

0:Cn—=Cost1 s (6D)ttn = D (=100 i1 (26)

=1

where the notation f; means that this particular index is omitted. In this definition, V'
stands for any vector space. Next, a convention for products of elements of C, is needed,
and it is recalled in the following notation:

Notation 3.1. If g € C,(L(V,W)) and h € C,,,(W), then the product gh € Cyin—1(W)
1s defined by the formula

(gh)tlmtm#»nfl = gtl-ntn htnn-thrmfl :

In point (b) of the introduction, we (briefly) explains why the standard increment §
was not really well-suited to the study of . We will rather use a twisted version of ¢,

denoted by 4, and defined by:
Definition 3.2. For any n € N*,y € C,(B,,), for allt, < ... <t,i,
(5y)tn+1...t1 = (5y)tn+1...t1 = Oty 1ty Yty b1 with ais = Si—s — Id si s < t. (27)

The operator a : (t,s) — a;, is only defined on the simplex {t > s}. As a consequence,
we will have to pay attention to the decreasing order of the time variables throughout
our calculations below. Note that we will often resort to the notation Sy, for S;_;, so as
to get a consistent notational convention for the indexes.

The rest of this subsection is devoted to the inventory of some of those results. The
associated proofs can be found in [25].

Let us start with the fundamental property:

Proposition 3.3. The opemtorg satisfies the cohomolgical relation 66 = 0. Besides,
Kerdic, ,1(Ba,) = IMOic, (Ba.p)-

Now, let us turn to a more trivial result, which will be exploited in the sequel. Re-
member that we use the notational convention [3.1] for time variables.

Proposition 3.4. If L € C,,_1(V) and M € Co(L(V)), then
S(ML) = (6M)L — M(SL). (28)

The following result is the equivalent of Chasles relation in the 4 setting. It is an
obvious consequence of the multiplicative property of S.
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Proposition 3.5. Let x a differentiable process. If y;, = f: Siudxy fu, then (Sy)tus =0
forall s <u <t.

From an analytical point of view, the notion of Holder-regularity of a process should
be adapted to this context, and thus, we define, for any a € [0,1/2), p € N*, k € (0, 1),

. 0Y) s
Ci(Bayp) :=1{y € C1(Bap) : sup % < oo} (29)

s<t ’t - 3‘

Let us take profit of this subsection to introduce the Holder spaces commonly used in
the k-increment theory. They are the subspaces of C;(V'), Co(V') and C3(V') respectively
induced by the norms (V' stands for any Banach space):

0Y)ts . .
Ny G (V)] = SUP%, Ny €5 (V)] += sup 12l

s<t s<t |t —s|™’

N[yacg7p<V)] = sup Hytus“V

scu<t |t —ul™ |u—s

Nly; C5 (V)] := inf {ZN[@/;C?“_“(V)] Ly = Zy} :

Now, let us state the main result of this subsection, which allows to invert the twisted
coboundary operator B by means of a map A. This inversion operator is the convolutional
analog of the sewing map A at the core of the standard rough paths constructions
contained in [20].

"

Theorem 3.6. Fix a time T" > 0, a parameter Kk > 0 and let p > 1. For any h €
C5([0,T7; Byp) N Kerdje,(s,.,). there exists a unique element

Ah e ﬂae[o,#)cg‘“([(), T]? Bfﬁ-i-oz,p)

such that 5(Ah) = h. Moreover, Ah satisfies the following contraction property: for all
a € [0,p),

N[Ah, CY ([0, TT; Butap)] < capr Nh;CL([0,T]; By p)l- (30)

The analogy between A and A is made even clearer by the following result (compare

with [20, Proposition 1]), which will also enable to make the link with a more classical
formulation of the rough integration theory by means of Riemann sums.

Proposition 3.7. Let g € Cy(By,) such that 6g € C4(By,) with i > 1. Then the
increment 0 f = (Id—Ad)g € Co(B,,) satisfies

(5f = lim Z Sttk+1gtk+1tk in BK,p?

11 —)0
Tt | e,

for all s <'t.
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3.2. Example: the Young case. In order to illustrate in a simple setting the adap-
tation of the dissection method to the convolutional context, let us have a look in this
subsection at the so-called “Young case’, which refers to the fact that only expansions
at first order will be involved here. Observe that this kind of considerations has already
been explored in [24] under more general hypotheses concerning the spatial regularity
of the noise. We will see in Section [f] that the general result of Theorem [3.10] can be
applied to a noise generated by a (finite-dimensional) y-Hélder process x, with v > 1/2.
This is an improvement with respect to [25], where the unnatural condition v > 5/6
had to be assumed. Throughout this subsection, we fix a parameter v € (1/2,1), which
(morally) represents the Holder regularity of x.

The aim here is to give an interpretation of the twisted Young integral fst St ATy 2

in terms of ¢, 6 and A. To this purpose, we follow the same reasoning as in [20, 25):
we assume first that = and z are smooth processes, and obtain a decomposition of the
integral f; St dxy 2, = fs K Stu 2,2y du in terms of § and A in this particular case. This
allows then to extend the notion of twisted integral to Holder continuous signals with
Hoélder continuity coefficient greater than 1/2.

Thus, assume, at first, that z is real valued and regular (for instance lipschitz, or even
differentiable) in time, as well as the integrand z, and look at the decomposition

¢ ¢ ¢
/ Stu Ay 2y = (/ Stu dxu) Zs +/ St Ay (02) ys- (31)

If we set 1, = fst Sty dxy, (02)ys, it is easily seen that

t t u
(07)pus = / Sty dxy (02)ps — / Sty dxy (02)py — Stu/ Sew dTy (62) s,

u

which, using the fact that S;,S,, = Sy, reduces to

() 1us = ( / S dxv) (62)us- (32)

This first elementary step lets already emerge the object which plays the role of the a
priori first order increment associated to the heat equation, namely

t
T4 i
th —_— / St'l) dZL',U.
S

We are then in position to invert 6 in thanks to Theorem . Indeed, one easily
deduces, owing to the regularity of x and z,

X7(82) € C3(Byyp) for some a € [0,1/2).

Consequently, we get
t
/ Spudry 2y = X520+ Ny (X” 5zi) ) (33)

As in the standard case algebraic integration setting in the Young setting, we now
wonder if the right-hand-side of remains well-defined in a less regular context:
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e From an analytical point of view. The regularity assumption of Theorem
imposes the condition: for alli € {1,..., N},

X5z € C(Byy) with a € 0,1/2) and p > 1.

Therefore, we shall be led to suppose that 2% is k-Holder (in the classical sense),
with values in B, ,, or in other words z* € Cf(B,,,), and we will also assume that
X%t e CY(L(Bayp, Bayp)), with £+~ > 1.

e From an algebraic point of view. We know that A is defined on the spaces
C4(Bap) N Ker 0. This constrains us to assume that (X dz") = 0, which, by
, is satisfied once we admit that 6 X® = 0.

Let us record those two conditions under the abstract hypothesis:
Hypothesis 1. From x, one can build processes X*' (i € {1,...,N}) of two variables
such that, for all i:
e For any a € [0,1/2) such that 2ap > 1, X®* € CJ(L(Ba.p, Bap))
e The algebraic relation X* = 0 is satisfied.
Remark 3.8. Actually, the additional condition 2ap > 1 could have been skipped in

the latter hypothesis. We have notified it so that Hypothesis [1| meets the more general
Hypothesis [ of Section [

We are then allowed to use expression for irregular integrands:

Proposition 3.9. Under Hypothesis we define, for all processes z such that z* €
CU(B.,)NCi(B,),i=1,...,N, with s <~ and k + > 1, the integral

Tis(d 2) = X520+ Ay, (X™162). (34)
In that case:

o J(dz z) is well-defined and there exists an element 2 € C](By.,) such that 6% is
equal to J(dx z).
e [t holds that

N['%; CAY(BRJJ)] < {N[z, C?(Bn,p)] +N[z; Cf(Bp)]} ) (35)
with
¢ < AN[XTCI(L(By, By))] + N[X7;Co (L(Byps Bip)l} (36)
e The integral can be written as
Tis(022) = lim (;);A Sty X0yt 2 (37)

where the limit is taken over partitions Ay of the interval [s,t], as their mesh
tends to 0. Hence it coincides with the Young type integral fst St dxy, 2.

Proof. The fact that jts(dx z) is well defined is a direct consequence of Hypothesis ,

and the Chasles relation 6.7 (aAla: z), which accounts for the existence of Z, can be shown
by straightforward computations using .
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For the second point, notice that, thanks to Hypothesis [I} one has
N[T (dx 2); €3 (By)]
< NIX" CHL(By s Brp) I N2 CL By p)] + NA(X™ 62°);CF (B,
since X™% 82" € C7"(B,). By the contraction property of A, we then deduce
NA(X™ 52);C3(Byp)] < e NIX55C3(L(By, By) N2 CF (B,
which completes the proof of . According to Proposition is a consequence

of the reformulation . . o
J(dz 2) = (Id — Ad)(X ™20, (38)
O

Using the above formalism, we can show the existence and uniqueness of a global
solution to the equation. In the following statement, remember that the spaces X have
been introduced in Definition 2.1l

Theorem 3.10. Assume Hypothesis[{with~y > 1/2, and assume also that f = (f1,..., fn)
with f; € X5 fori=1,...,N. For any k <y such that v+ > 1 and 25p > n, consider
the space Cy*([0,T), Be,p) = C([0,T], Br.,) N CH([0,T), By,), provided with the norm

N CP™([0,T), Byp)] = N[ ([0, T, Byp)] + N[5 € (0,71, By p))-
Then the infinite-dimensional system

(0y)es = Tes(dz f(1)) & Yo =1 € By, (39)

interpreted with Proposition admits a unique global solution in CA?”{([O,T],BW).
Besides, the Ité map (v, X™') — y, where y is the unique solution of (@), 15 locally
Lipschitz.

Remark 3.11. In the last statement, we consider the operators X®! as elements of the
incremental space Cy (L(By, By)) N Cy (L(Byp, By p)). The regularity of the Ité map with
respect to X®* is then relative to the norm

N5CL P = N CH(L(By, By))] + N5 C3 (L(Brp, Brep))l-
The following notation will be used in the proof, and also in the sequel of the paper.

Notation 3.12. Let A, B be two positive quantities, and a a parameter lying in a certain
vector space V.. We say that A <, B if there exists a positive constant c, depending on
a such that A < c,B. When we don’t want to specify the dependence on a, we just write
A < B. Notice also that the value of the constants ¢ or ¢, in our computations can
change from line to line, throughout the paper.

Proof. 1t is a classical fixed-point argument. We will only prove the existence and
uniqueness of a local solution. The reasoning which enables to extend the local solution
into a solution on the whole interval [0, 77 is standard; some details about the general
procedure can be found in [20] (in a slightly different context).

We consider an interval I = [0, 7] with 7, a time that may change during the proof,
and the application I : CA?:Z(I, B.,) — é?:{;([, B,.,) defined by T'(y)o = 1 and (3T(y))ss =

Tis(dz f(y)).
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Invariance of a ball. Let y € CA?V’Z(I, B.,) and z = I'(y). By , we know that

Nz CE(TLByyp)] < e [T ANTfi(y): CE(L By)] + N fi(y); €U (Bip)l} - (40)

Recalling our convention in Notation [3.12] the assumption f; € A} is enough to guar-
antee that the following bounds holds for fi: Nfi(p) — fi(¥); B,] <S¢ N — ¢; B, and
N1fil); Bepl Sp 1+ Np; B,y (see Corollary for arbitrary test functions ¢, . So

we have
Nlfi(y);Ci(1,B,)] <5 Ny Ci(1,By)]
Sr Ny CUILBey)] + Ny Ci (1, By )]
<r Ny G (1, By,

where, to get the second inequality, we have used the property of the semigroup.
We get also Nfi(y); C)(Bryp)] Sp 1+ Ny; CY(B,,)], which, going back to (40), leads to

Nz L Bep)) S M {14+ Ny C2°(1, By }
Besides, z, = (52)50 + S51, hence, since S is a contraction operator on B, ,,

Nz CUI, Byy)] < " Nz G (1, Bey)] + 1¥]]5,.,.
Finally,

N2 C(1, Byp)] < [l + e [T {1+ My G251, By}
Then we choose I = [0, 73] such that ¢, 77" < 1 to get the invariance by I" of the balls
Bf = {y € CY"([0. T, Brp) = o =, NTy;C™([0,To], Biy)] < R},
for any Ty < Ty, with (for instance) R = 14 2[|¢|5, -
Contraction property. Let y,y € (fi’g(], B.,) and z =I'(y),Z =T'(y). By ,
Nz — 2;(?'1“6([5,.;@)] <
e | 1" AN i) = fil@); G (Bep)] + Nfily) = fi@); CT(By)]} - (41)

In order to estimate the Holder norm N|[fi(y) — fi(9); C¥(B,)], we rely on the decompo-
sition

Ui(é? yt(g)) - Ui(§7 gt(&)) - 07?(57 ys(é)) + O-i(é-v gs(g))
— 5y — D) / dr 0! (€, y(€) + 1 (69)eul€))

+ (69)es(8) /O dr {o7(&,ys(&) +1(0y)es(§)) — 0i(&, s (§) + 7(7)es(€)) } -
Therefore,
Nfily) = fi(9); CF (Bp)]
< ¢ {N[y - CA%R(BH,Z))] +N[ﬂ; é?ﬁ(lgn,p)] N[y - ¥; C?(BOO)]} .
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Remember that we have assumed that 2kp > n, so that, by the Sobolev continuous
inclusion By, C B , Ny — 7;CY(Bso)] < Ny — 4;CY(B,,)] and as a result

NIfly) — 1@ CEB) < eNy — 56 (Bey)) {1+ N C(B.,)]

The same kind of argument easily leads to

N[fi(y) - fi(g);c?(Bmp)]
< eNTy = 5GP (Bug)] {14 Nys €0 (Bop)] + N 6 (Bp)] |

A

The last two estimations, together with , provide a control of N[z — Z;CF(B,,)] in
terms of y,y. Moreover, as zg = 2y =

Nz — %€ (B )]<|I| Nz = 2.Cf (Bep)].

Now, if ¢,y both belong to one of the invariant balls Bﬁ w» with To < T3, the above
results give

Nz = 2C(10,Ty], Bep)] < &g~ {1+ 2R} Ny — §;C*(10, Ty, Byp)]-

It only remains to pick Ty < T} such that ¢, 77" {1+ 2R} < 1, and we get the contrac-
tion property of the application I' : BR Tow — BR . This statement obviously completes

the proof of the existence and uniqueness of a Solutlon to (39) defined on [0, Tp).
O

Remark 3.13. When the driving process x is smooth, X* is implicitly defined by the
(Lebesgue) integral f; Sy dx,, = fst Sy x), du and the above construction has been done
in such a way that the solution y given by Theorem coincides with the (usual)
solution of the mild form of :

t
=9 € Bn,p y Yt = St¢ + / Stu f(yu) .77; du.
0

In this case, it may be worth noticing that if in addition the initial condition ) belongs to
the domain B; , of A, then y is also the strong solution of . This is a consequence of
[40, Theorem 6.1.6], owing to the Lipschitz continuity (in both variables) of the mapping
(u, ) — f(p)x, from [0,T] x B, to B,.

4. ROUGH CASE

The aim now is to go one step further than the Young case. We would like to conceive
more sophisticated developments of the integral so as to cope with a v-Holder driving
process, with v € (1/3,1/2).

4.1. Heuristic considerations. The strategy to give a (reasonable) sense to the inte-
gral fst Sp dx f;(y,) will be largely inspired by the reasoning followed for the standard
integral fs ! Yu Az, explained in [20, 25]. Thus, let us suppose at first that the process
x is differentiable, and divide the procedure to reach a suitable decomposition of the
integral into two steps:

o Identify the space Q of controlled processes which will accomodate the solution
of the system.
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e Decompose fst Stu dz!, fi(y,) as an element of @ when y belongs itself to Q, until
we get an expression likely to remain meaningful if x is less regular.

This heuristic reasoning essentially aims at identifying the algebraic structures which
will come into play. The details concerning the analytical conditions will be checked
a posteriori. Remember that Assumption B still prevails, which means that the noisy
nonlinearity is given by

N

Xi(p) =Y aifi(e), with  fi()(€) = 0:(&,9(9),

i=1
and we shall see that o; has to be considered as an element of X, (according to Definition
21).

Step 1: Identification of the controlled processes. The first elementary decomposition
still consists in:

/St St dy, fiyu) = (/St Stu d:c;) filys) + /: St A S(fi(y))us. (42)

It is then natural to think that the potential solution of the system is to belong to a
space structured by the relation

t
(0y)es = ( / St de) Yo 4yl

with 3 admitting a Hélder regularity twice higher than y. For the solution itself, we
would have 4™ = fi(ys), Yfs = [. Studw’ 6(fi(y))us- Hence the potential algebraic
structure of the controlled processes

t
Q={y: by =X y™ 4+ yL}, with X' = / Sty dizy,.
Remember that the latter operator satisfies the algebraic relation

dX™ = 0. (43)

Besides, it will turn out useful in the sequel to write X% as
¢
X% = X% 4 5" with X7 = / Qg ', (44)
S

Morally, X% admits a higher Holder regularity than x owing to the property
of the semigroup. We will go back over the usefulness of this trivial decomposition in
Remark [4.3] In the following we will sometimes omit the vector indexes 4, j, ... whenever
the contractions are obvious.

Step 2: Decomposition of fst St dxy, fi(yy) when y € Q. Going back to expression 1'
we see that it is more exactly the integral fst St dxy, 0(fi(y))us that remains to be

dissected when y € Q, that is to say when the d-increment of y can be written as
(0y)es = Xo'y™* + yfs. To this purpose, let us introduce a new notation which will
appear in many of our future computations:
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Notation 4.1. For any f € X, (see Definition , we set
[ (@)](€) = Vaa (&, (),

where Vy stands for the derivative with respect to the second variable. The function f'
is understood as a mapping from B, to B, for any p > 1.

Using this notational convention, notice that
1

O(fi(y))es = (0Y)ss - fi(ys) +/0 dr [fi(ys +7(0y)ss) — fi(ws)] - (0y)ss

= (atSZ/S) : f{(ys) + (&J)ts : f{(ys) + fz<y)§;1 (45)
= (assys) - fi(ys) + (XETy29) - fllys) + Fiw)i + fi()id

= (arsys) - f1(ys) + (507 )us -y - fi(ys) + Fily)E + L) + Fiw)iy,
where we have successively introduced the notations

fih = /0 dr [fi(ys +7(09)is) — Fiw)] - O0)is 5 [ =yl - fl(ys),  (46)

73 ) j B j

Fi)id = (XEy7) - filys). (47)
Observe that, in the course of those computations, we have used some additional

conventions that we make explicit for further use:

Notation 4.2. Let ¢, be two elements of B,. Then ¢ -1 is the element of B,/ defined
by the pointwise multiplication [¢ - ¥](&) = @(&)Y(§). If we assume furthermore that
M, N are two elements of L(B,;B,), then the bilinear form B(M,N) is defined as:

B<M7 N) : Bp X BP — Bp/% (¢:¢) = [B(Ma N)](%?ﬂ) = M(SO) ’ N(w)
We will also make use of the standard product notation

M X N : By, x By = By x By, (p,9) = [M x Nl(p,¢) = (M(), N(¥)).

With this convention in mind, the algebraic decomposition (45]) of f;(y) can now be
read as:

S(fi())es = Blas, 1) (y, F1())s + (627 )5 - 427 - fL(ys) + fi(y)Ss. (48)

If we analyze the regularity of the terms of this expression, it seems reasonable to
consider the first two terms as elements of order one and f;(y)* as an element of order
two. Let us make two comments about this intuition:

(a) To assert that B(as,Id)(y, fi(y))s admits a strictly positive Holder regularity,
otherwise stated to retrieve increments |t — s|* from the operator a;s, we must
use the property of the semigroup. It means in particular that a change of
space will occur: if y, € B,,, then B(ay, 1d)(y, f/(y))s will be estimated as an
element of B,. This remark also holds for f;(y)* = (X2 y3) . f!(ys).

(b) The term f;(y)*! is considered as a second order element insofar as it is easily
(pointwise) estimated by (a constant times) |(dy)s]?. However, as far as the
spatial regularity is concerned, this supposes that f;(3)*! has to be seen as an
element of By, if y € B,. To go back to the base space B,, we shall use the
regularization property of the semigroup, through the operator X* (see (60))
in Hypothesis [2)).
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Now, inject decomposition into to obtain
t
/ Stw Az, fi(yu) = X5 fi(y)s + X5 (y, fi(y)s + X7 (6™ - £i(y))s

t
ﬁ/&M%ﬁ@%(@)

where we have introduced the following operators of order two (which act on some spaces
that will be detailed later on):

¢ ¢
sta’z:/ Sy dz’ B(ays,1d) and Xff’”:/ Sy dz’ (027) ys. (50)

A little more specifically, those operators act on couples (¢,%) in some Sobolev type
spaces, and

t t
XMM%/%MmmwamﬁWWJ%MW%M

Then, since we have assumed that f;(y)* admitted a ”double” regularity, we can see
the residual term r;; = fs ’ Stu dxi fl(yu)ﬁ as a third order element, whose regularity is
expected to be greater than 1 as soon as the Holder regularity of = is greater than 1/3.
Thus, we are in the same position as in , and just as in the latter situation, r will
be interpreted thanks to A.

In order to compute 57“, rewrite r using :

t
Tis = / Study, fi(ya) — X5 filys) — Xi (s £i(y)s — X7 (Y™ - £i(y))s-
Therefore, with the help of the algebraic formula , we get

(07 ) tus = X5 0(Fi(0))us — (OX™ N eus(ys FLY))s + X0 5y, F1(Y))us
— (OX™™ ) (Y™ - f1(y))s + XS (y™ - FLY) )us-

Going back to the very definition of X*%* and X*®%¥ it is quite easy to show that the
following relations are satisfied whenever x is a smooth function:

(OX ™) s = X5 (ays x 1d) + X5 B(ays, 1d), (51)
(5X:m’ij)tus = dez((s'rj>us <52>
By combining these two relations together with , we deduce
(67) s = X (Fi)he) + Xit ((59)us, £1(ys)) + Xoo (g (] (1) us)
+ X6 (Y us = Jruse (53)

All the terms of this decomposition are (morally) of order three. Now, remember that
we wish to tackle the case 3y > 1, so that it seems actually wise to invert ¢ at this point,
and we get

t . . .. . ~
/ St d), fiya) = X5 filys) + X (v, £iW))s + XiV (W™ fi(W))s + Aes(T), - (54)
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where J;,s is given by . Notice once again that we have obtained a decomposition
valid for some smooth functions x and y, but this decomposition can now be extended
to an irregular situation up to vy > 1/3.

In a natural way, we will use as the definition of the integral in the prescribed
context of a y-Hélder process with v > 1/3. To conclude this heuristic reasoning, let us
summarize the different hypotheses we have (roughly) raised during the procedure:

e The process = generates four operators X%, X X** and X**, which satisfy
the algebraic relations , and . As for the Holder regularity of those
operators, X* admits the same regularity as z, X** twice the regularity of x, just
as X% and X" (even if one must change the space one works with, according
to the above point (a)).

e The increments (0y),s can be decomposed as (8y),, = XZy® + yi,, where y¥ is
twice more regular than y. Besides, according to (a) again, the process y must
evolve in a space B, p, with o > 0. These remarks will give birth to the spaces
Qli

° The functions f; belong to A5.

Remark 4.3. If one has a look at the constructions established in [25], it seems more
natural, at first sight, to search for a decomposition of the integral based on the (twisted)
iterated integral

X = / Sy dx’ B(X®7 1d) = / Sy, d’, B( / Swd:c{,ld), (55)

rather than on the area X* we have introduced in (50). In a way, the definition of
Xff is actually more consistent with the general iteration scheme of the rough path
procedure. Nevertheless, when it comes to applying the results to a fBm z (with Hurst
index H € (1/3,1/2)) for instance, it seems difficult to justify the existence of the
iterated integral . According to our computations, this difficulty is due to a lack
of regularity for the term S, in (55). Indeed, if one refers to [2], the definition of the
integral would require a condition like

N[Suv - Suua ‘C(Ba,mBa,pﬂ S |u - U|V

for some v > 0, but this kind of inequality cannot be satisfied in this general form, since
the Holder property (21]) of the semigroup requires a change of space. This is why we
have turned to a formulatlon with X7%*) which is made possible by the introduction of
the operator X/* (defined by (44 . in decomposition . As we shall see in Section @,
the definition and the estimation of the regularity of X** are much simpler, since this
can be done by means of an integration by parts argument.

4.2. Definition of the integral. In this subsection, we will only make the previous
assumptions and constructions more formal. From now on, we fix a coefficient v > 1/3,
which (morally) represents the Holder regularity of the driving process x. The definition
of the rough path above x associated to the heat equation is then the following:

Hypothesis 2. We assume that the process x allows to define operators X, Xt
Xrer o X (5 €{1,...,N}), such that, recalling our Notation .'

(H1) From an algebraic point of view:

X =0 (56)
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X7 = X0ty 5 (57)
OX™ = X*i(q x Id) + X™ B(a, Id) (58)
OX T = X (§ad). (59)
(H2) From an analytical point of view: if 2ap > n, then
X"t € CJ(L(By, B,)) N CH(L(Bays Bay)) NC (LB, B,)) (60)
X0 € CIT(L(Bay, By)) (61)
X € €3 (L (Bay X By, By)) M3 (L(Bap X By Bay)) (62)
X4 € Cy(L(By, By)) NC (LB Bap)) N €y (L(Bayps By)). (63)

We will denote by X = (X*, X* X X*) the path so defined. X belongs to a
product of operators spaces, denoted by CLY™P, and furnished with a natural norm build
with the norms of each space.

The formal definition of controlled process takes the following form:
Definition 4.4. For all a € (0,1/2), k € (0,1), we define
QAZ,p - QAZ,p([(L T]) - {y S éf([07 T]7 Ba,l’) : <3y) - X;;Zy:fz + ygsu
Y™ € C1([0,T], Bay) NCE([0, T, B,), ¥ € C3([0,T], Bay) N C3([0, 71, B,)}-

We will call Qg,p the space of k-controlled processes of B, together with the norm

Nly; Q5 ) = Ny: Ci (Bap)] + Z {Ny" C(Bap)] + Ny™'; Cr(B,)] }

+ Ny C3 (Bay)] + Ny C3(B,)],
where the time interval [0,T] is omitted for sake of clarity.

Observe that, in what follows, we will only consider the spaces OF  with 2kp > 1.

H’p’
We can now show how nonlinearities of the form given in Assumption B act on a
controlled process.

Lemma 4.5. Assume that f; € Xy fori=1,...,N and let k € (1/3,7). Ify € QAQW
admits the decomposition 53/ = X@iy®i b then the increment §f;(y) can be written as

S(fi(w)hs = Blaws, 1)y, f{(v))s + (627 )15 - (v™ - f1(y))s + Fi()is, (64)

with fi(y)f = fi(y)P + fi(y)5? + fi(y)*>, where the elements f;(y)** are given by (46)
and . Moreover, one has

N ()5 3 (Byyo)] < enx {NTys € (Buy)? + Nys Q5,1 (65)

NIfi() 3 (B,)] < cpxNy; Q) Nfily)*C37(B,)] < cpx Ny Q). (66)
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Proof. This refers to decomposition (45). The estimate of f;(y)"? is obvious, while the
estimate of f;(y)*® stems from the hypothesis . As for f;(y)*!, notice that

’1 I
£ )i 18, . S crll@9)lls, e S N6w)slE, S 1009)usllB, + llawsysllZ,.
and the result then comes from property .

We are now in position to justify the use of as a definition for the integral:

Proposition 4.6. Let y € szp([O,T]) admitting the decomposition by = Xiy™ + o,
with k € (1/3,7) and p € N* such that v — k > n/(2p). Assume that f = (f1,..., [n)
with f; € Xy fori=1,...,N. We set, for all s < t,

Tes(dr () = X5 filys) + X5 (0, F(@))s + X057 (6™ - i) + Aas(T), — (67)
where we recall our NOtationfOT fl, and with

Jtus = Xfuz(fz(y)is) + Xlita7i(((§y)us7 fz/(yS)) + X;a,i(yu’ 5(fz,(y))1w)
+ X5y L ())usy (68)
the term f(y)* being defined by decomposition . Then one has:

(1) J(dz f(y)) is well-defined and there exists =z € Qr ,([0,T7) such that 0z is equal

to the increment j(cfx f(y)). Furthermore, for any 0 < s <t < T, the integral

Jis(dz f(y)) coincides with a Riemann type integral for two reqular functions ©
and y.
(2) The following estimation holds true

Nz @ (10, T)] < epx {1+ Ny: CL(Beyp)* + TN y; Q717 (69)

for some a > 0.
(3) For all s < t,

o (tk) €A1
+ X W W)}, (70)

where the limit is taken over partitions Ay of the interval [s,t], as their mesh
tends to 0.

Proof. The fact that J,,(dz f(y)) coincides with a Riemann type integral for two regular
functions x and y is just what has been derived at equation . As far as the second
claim of our proposition is concerned, it is a direct consequence of Hypothesis 2] together
with the estimations of Lemma Let us check for instance the regularity of J:

o for X%¢(f;(y)*), we get, by and ([66)),
NIXP(fi)** + fi(y)™*); G (B,)] < epx Ny; Q).
while, owing to and ,
NIX fily) 532 (B,)] < g {NTy: CUBL ) + Ny 5, )}
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o for X*i((5y), f!(y)), we use to obtain
NIX™(By). () €377 (B,)] < ex Ny G (Bp)] < epx Ny: O
o for X% (y 6(f!(y))), one has, by again,
NIX(y 8(fi())): €37 (B,)
< orx Ny C(Bip)INTy: € (By)]
< e N OB {N Ty By + Nys @,
o for X*@4§(y™ - fl(y)), we deduce from that
NIXH5(y™ - f1(y)); €377 (B,)]
< opx AN y™i CF(By)] + Ny™; Y (Bey) N Ty: CF (By)] }
< e {14 Ny CBL) P + Ny O,

Moreover, thanks to the algebraic relations stated in Hypothesis [2| and decomposi-
tion ((64)), it is easy to show that

J = =6 (X fily) + X7y, f1(y) + X8 (- fl(y)) .

Therefore, J € Kerd N CE(B,), with i = v+ 2k —n/(2p) > 1, and we are allowed to
apply A. Besides, using the contraction property , we get

NTAQ); €3 (B,)] < e {1+ Nys By + Ny: 05,1}
and also
NTAW) O (By,)] < e {14+ Ny C B, + Nys O,

The regularity of the other terms of can be proved with similar arguments. As for
the expression , it is a consequence of Proposition [3.7, since one can write

I (dw f(y)) = (14 =R3) (X" (fily) + X"y, Fi(y)) + X" (5" - fi(y)) -

o)

O

Once our integral for controlled processes is defined, the existence and uniqueness of
a local solution for our equation is easily proved:

Theorem 4.7. Assume that f = (f1,..., fy) with f; € X3 fori=1,...,N. For any
pair (k,p) € (1/3,7) x N such that v — k > n/(2p), there exists a time T > 0 for which
the system

(69)is = Tos(dz f(4))  yo =1 € By, (71)
interpreted with Proposition admits a unique solution y in Qy ([0,T]).
Proof. As in the proof of Theorem [3.10, this local solution is obtained via a fixed-

point argument. The invariance of a well-chosen ball of Q7 ([0,T]) is easy to establish
from ([69), once one has noticed that the latter estimate entails (with the notations of

Proposition
Nz Q5 ([0, TD] < e {1+ 01, + T°Nys @5, (D]} (72)
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for some parameter o > 0.

As for the contraction property, it stems from long but elementary computations, es-
sentially similar to the estimates of the proof of Theorem Write for instance, if

Y,y € Q” L(I) (I =10,T7) are such that yo = 7o = ¥,
Xe y, Fl)s = X (@, F(0))s = X5 (y — 3, FLw))s + X5 (@, fL(y) — f1(@))s
Then by (62 .,
NIXi(y — g, fi(y);Cy T (1, B,)]
< exNy — 3;C01; By I (1); CL(Bp)] < ex s TNy — 5 Qi (1)),
while
NX™(, fl(y) — F@):6 (1 B,)]
ex NG CL B p)IN Ty — 3 CU(T; B )]
ex T {1+ Ng; Qr (D]} Ny — 55 Qi (1))

By following the same lines with the other terms of the decomposition of

3z = 2) = 7 (dv [f(y) = F@)])

<
<

we deduce
Nz =295 (] < ex TNy — 5; Qi (DI {1+ Ny; Qi (DI + N1g; Q5 (1))}

for some A > 0, which allows to settle the expected fixed-point argument on a small
enough interval [0, T7.
O

As an almost immediate consequence of this rough paths approach, we get the follow-
ing continuity statement for the solution:

Proposition 4.8. Assume that the three pammeters (7, k,p) are chosen as in Theorem
. Then the Ito map associated to equation is locally Lipschitz in the following
sense: ify (resp. §) denotes the solution on [0,T] (resp 0, T 1) of (71 (.) given by Theorem
. for a driving process x (resp. &) satisfying Hypothesis @ and with initial condition

Y (resp. V), then
Ny = 5:CH(0. T Bup)] < ex s {10 = Blis., + NX - e}, (73)
where T* = inf(T,T) and X (resp. X) stands for the path above = (resp. &) described
by Hypothesis . As for the constant in , it can be written as
Cx x5 = CN[XCLPLN[XCL™ P, 0], [19]15.,)
for some function C': (RT)* — R growing with its four arguments.

Proof. The strategy is exactly the same as in the standard diffusion case: for any interval
I contained in [0, T*], we introduce the quantity

Ny — 5 Q5 ()] = Ny — 5;:C1 (I; Beyp)] + Ny™ — §°;C5(I; B,) N CY(I; Byy)]
+ NTyf — 3% C3°(1; B,) N CI(I; By,
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and then we show from the decomposition of 8(y —§) = J (da' f;(y)) — T (dZ f;(§)) that
if I =If = [ke, (k+ 1)g],

Nly —5; Qv (1})]
S%xm{wa—@%ﬂﬁﬂ+Nm—thmﬂ+Mm—%mmﬁ'
By taking € small enough, we deduce, for any k,
Nly —5; Qv (I})]
S X Rud {N[X — X;CL") 4 [lyke — ??kEHBW}

k-1
S XXy {N[X = X;CL ) [ = P, +7 Y Ny —§; Qi”i(ff)]} :
=0

Inequality is then a consequence of Gronwall Lemma, together with the obvious
control Ny — 7;C7([0, T*]; Bep] < SNy Ny — §; Q5%(I7)], where N, is the smallest
integer such that N, -e > T™. O

5. GLOBAL SOLUTION UNDER STRONGER REGULARITY ASSUMPTIONS

The aim of this section is to show that a regularization in the nonlinearity involved
in our heat equation can yield a global solution. Specifically, this section is devoted to
the proof of the existence and uniqueness of a global solution to the (slightly) modified
system

t
wwm=/5@m9&ﬁwg, % = ¥, (74)

where f; € &3, ¢ € B, for some a > 0 to be precised, and ¢ is a strictly positive fixed
parameter. Owing to the regularizing effect of S., we will see that such a system is much
easier to handle than the original formulation ([71)).

Note that we have chosen a regularization by S. in in order to be close to Teich-
mann’s framework [45]. However, it will be clear from the considerations below that an
extension to a convolutional nonlinearity of the form

)€ = | KEn) fily)mdy, &eRr,

RTL
with a smooth enough kernel K and f; € A3, is possible. The technical argument which
enables to extend the local solution into a global one are taken from a previous work of
two of the authors [L3].

5.1. Heuristic considerations. The regularizing property of the semigroup 5. al-

lows us to turn to a decomposition of fst Stu dxff ) S. fi(y,) similar to the finite-dimensional
case, or otherwise stated written without the help of the mixed operator X*®. Indeed,
let us go back to decomposition (45)):

&mm%zwwwfﬁ@9+owﬁ@>

i filys) + (XY - fi(y,) +/0 dr [fi(ys +r(0y)es) = fi(ys)] - (0y)es | (75)
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but this time, let us consider the whole term into brackets as a remainder term evolving
in B, (or maybe B,/2), and denote it by fi(y)*. This point of view is for instance justified
if we let the process y evolve in By ,, insofar as, for any s,t € I,

2 1-2
lassys - fi(Ws)lls, S 1t = sl filloollysllz, S 16— ™ LI (1 fillscllyslls, -

For obvious stability reasons, the strong assumption y;, € B;, then implies that the

residual term steming from the decomposition of fst Stu dng ) S. fi(y,) should also be seen
as an element of By ,. This is made possible through the action of S.. Indeed, owing to

, one has

||Ss(f(y)ﬁ)|]3w <cet ||f(y)ﬁ||3p, for some constant ¢ > 0.

5.2. Definition of the integral. According to the above considerations, only the pro-
cesses X%, X% and X*%¢ will come into play. Therefore, let us focus on the following
simplified version of Hypothesis [2}

Hypothesis 3. We assume that the process x allows to define operators X=%, Xt
Xw (1,5 € {1,...,N}), such that, recalling our Notation .'

(H1) From an algebraic point of view:
0X" =0
D
OX T = X(§d).
The operators X™* and XY commute with S..

(H2) From an analytical point of view:

X% e CJ(L(B,, B,)) NCI(L(Byiy, Byy)) N C;*"/@p)(ﬁ([y’p/g, B,)) (80)
X € CI(L(Byy, By)) (81)
X1 € CF(L(By, B,)) (1€ (£(Brp, Byy)). (82)

Remark 5.1. The assumption ([79) is trivially met when =z is a differentiable process and

X®i g defined by X' = fst Sy dz'?. It will remain true in rough cases, following the
constructions of Section [0 This commutativity property will be resorted to in the proofs

of Propositions [5.3] and

The notion of controlled processes which has been introduced in Definition [4.4] can
also be simplified in this context:

Definition 5.2. For any k < v, let us define the space
Quw = {y € CUBL) () = X2+ v™ € CH(BL) NCUBL). o € G (B}
together with the seminorm

Ny; Qupl = NTy™; €U (Bry)] + Ny™5 CF (Buy)] + Ny G5 (B ).

With this notation, one has Ny; C} (Bi,)] < ca Ny; Qrp)-
In the following two propositions, let us fix an interval I = [a, b] and denote |I| = b—a.
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Proposition 5.3. Let y € Q,{,p(l) with decomposition 0y = X%y™ + y, for some
(k,p) € (1/3,7) x N* such that v — k > n/(2p) and initial value h =y, € By,. For any
Y € By, define a process z by the two relations: z, = and for any s <t € I,

(52)155 = syts(d$(i) Safi(ys)) - XtJ;iSafi(ys) + Xzsz7ijsa(y?j : fz/(ys»
+ Mg (XS fi(y)" + X9 8.6(y™ - fi(y))

where fi(y)* stands for the term into brackets in . Then:

e 2 is well-defined as an element of Q,{yp(f).
o The following estimation holds:

Nz Qup(D] < e {14 1P Ny Qup (P + TP i3, b (89)

for some constant ¢ > 0.
o Forany s <t eI, (0z), can also be written as

(02)s = lim > {XEL S filyn) + X054, S (0 - filwn)) ) in Brye (84)

|P[Sﬂt] |_>0 tkE'P[s’t]

Proof. Let us focus on the estimation of the residual term
2l = XSS Fl(0a) + Aus (XS Fiw)* + XT9S5.0(y™ - fi(y)))

First, using and , we get

IXEY S F D, < colt = s eIy - fi(yo)lls,
< elt—s7e 1||ysjl|slp
< Gt s e Ny Qup(D)).
Secondly, write fz( ) = fily ) ( )“ with fi(y)i = awsys - f1(ys) + i - f1(ys) +
(XEy2t) - filye) Fw)E2 = fy d +7(0y)is) = fi(ys)] - (6y)is, and notice that

X0 S fi(y)is I

S =l e AW s,

S 1t =l e (s - ), + XY - S, + ke - £10s) s, )
— 1

S =l e {Ju = sl s, + o= s/ 2 s, + 16k s,

< [t —ul e flu = 5P N QuplD)] + [u— sl {N Ty Qup (D) + 1B, } |
2k _— 1—-2k

S [t = s e Wl Qup(1)] + 11 1hlls,, b
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while, owing to ((79)),
XS )il = 15X0 fiw)idlls,,,

S =l fiw)ils,,

S =l Gyl

S ==l L GyasllE, + NowsyslE, |

< = L s A Qup (D + = s {NTy: Qe (D + 1A, 1)
S e = s Ny Qup (1) + 1P R, b

Even more simple estimations based on give

X2 S0(y™ - £1(y))us 1,
S e = s 1+ Ny Qup (DI + 11 Ny Qupl(1)] - [l }
Thanks to the contraction property , we now easily deduce

N (D] < ee™ {14 1P Ny; Qup (DI + 1P 10, |-

The estimation of N[z CY"(I; By )] can be established along the same lines. As for
, it is a consequence of (3.7)), together with the reformulation
bz = (Id—A8)(X™S.fiy) + X™IS.(y™ - fi()).
[

In order to settle an efficient fixed-point argument in this context, the following Lip-
schitz relation is required:

Proposition 5.4. If y,§ € Qup(I) with yo = §a, and if we denote by z,% the two
processes in Q. (1) such that

20 =20 =1yo and 5z = j(ch(i) Sefi(y)) , 0z

T (d® 5. £i(7)),
then
Nz = 2 Qup(D)] < co e [T Ny = §; Quep(1)]
{14 1P (N s Qup (D) + Ny QDI + 11707 113, - (85)
Proof. One has, for any s,t € I,
5(2 — Z)is = Xta;’iss(fi(%) — fi(s)) + thsx’ijss(y?j - filys) — ij fi(9s))
+ Avs (XPS:(fil)! = Fi@)F) + X™98(y™ - fily) = 577 - £1(5))) -

Let us only focus on the more intricate term, that is to say X®'S.(fi(y)»2 — fi(9)?),
where, according to the notations of the proof of Proposition

filp)e = / dr [f:(ys + 1(59)1s) — £2(5)] - (59)es

0
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Write

F — @ = / 0 [ (e + 1(69)es) — L1(52)] - 6y — D
+(5ﬂ)ts : 5(?4 - ?j)ts : /(; dTT/O dr’ fi//<ys + TT’(5y)ts)

1 1
(692 / drr / 0 [ (s + 77 (0y)s) — £ Gis + 777 (63)0s))

In this way,

)i = £ s, e S 18y = Dslls, {11009)es s, + 1(67)esl, }
+ 1109 esllz, Ulys = Fsllse + llye — Gells }-

Now
16(y = Deslls, S 19y = Desllsa, + 18 = sl 15 = Fe) = Ssala — Fa)llss,
<t sl My — 5 QD).
while
16y)islls, < 1Gy)ilan, + lloss(By)aalls, + lausSiabls,
< = s {10 Ny Qup (D] + 11 s, )
and finally

”ys - gSHBOO S Hys - gSHBl,p 5 Hys - gs - Ssa(ya - gQ)HBl,p
S O HITTTNy = 55 Qep(D)]-

This easily leads to
NP = f(0) C3(Byy)] S I Ny = §; Quep(1)]
{14120 Ny QDI + NG QDI ] + 1P 111,

Inequality now follows from standard computations based on Hypothesis .
O

We are now in position to prove the expected global result:

Theorem 5.5. Let fi € X3, for i € {1,...,N}. Under Hypothesis [3, let (k,p) €
(1/3,7) x N* such that y—k > n/(2p). For anyT > 0, for any 1) € By, the differential
system

(&y)ts = qus(dI(Z) SEfz(y)) y Yo = ¢7
interpreted with Proposition admits a unique global solution in QW,([O, T)).

Proof. The strategy of the proof has been extensively developped in [I3] in a similar
background suitable to Volterra systems. The key point is to control both the norm

of the local solution y* and the norm of the initial condition ?/z(,f) on each successive



30 A. DEYA, M. GUBINELLI, AND S. TINDEL

1
M+k>

intervals IM = [I}f, 11 ,], where the sequence [}/ is such that [}t — [} =

M > 1 is a well-chosen fixed parameter. More precisely, we consider the sets
By ={y e Qs (IM): Yo = Yr, y;’%} = Scfi(tn), Ny Qi (1) < (M + k)23,

where v is such that |||/, , < (M + k)**, and prove the statement: there exist two
parameters oy, @y > 0 and an integer M such that for any & > 0, the (usual) map I is
a strict contraction on the invariant set B}fk and the following property holds

and

(H)  Ify e By, then Nype ;Bip) < (M +k+ 1)

As in the proof of Theorem if y € B}f’“, z = I'(y) is defined as the unique element
in Q ([}") such that zu = 4 and for any s,t € I}, (02)s = Tis(dz® S_fi(y)).
The patching argument that leads to a global solution is then easily settled thanks to
Property (H).

With the view of proving the above assertion, observe that if y',y? € B}fk, then by
(with obvious notations)

N5 Q8 (I < cpye {1 + (M + k) 2OINy; QF (I + (M + k)‘m‘*’”)llwll?ﬁ,p} :

< cope {U O 1) 2 (0 20 0
while, owing to (85)]),
Nt — 2% Q;p(féu)] < copeduniN Y — v Q:,p<lliw)]7 (87)

where J, = k=075 4 =30—m)+202 4 p=(y—rt2(1=r))+2e1 - Ag far as Property (H) is con-
cerned, write, if y € B;f’“,

Y = SlM lM¢k + (&U)IM M = SZM 1M¢k + Xlazjv’; lMszi(’@Z}k) + ylﬁM M)
k+1'k k+1'k

k+1 k+1°k kE+1"k k+1"k

which entails

lypr Nlg, < (M + k)™ + cppe(M + k)77 + (M + k)72 (88)

k+1

From 1@) the three expected properties (stability of B}f‘“, contraction, (H)) are
then readily translated as a system for oy, as. One can finally check that if those two
parameters are picked such that

3k —27v<as <7y , l1l—9<a<l+ay+v—3k,

then there exists a sufficiently large M for which the assertion is verified.

6. APPLICATIONS

We now intend to apply the previous abstract results to concrete N-dimensional pro-
cesses x. To this end, we know that it suffices to be able to construct, from x, a path
X = (X7, X X% X*¥) which satisfies Hypothesis . Indeed, the latter assumption
clearly covers Hypothesis[I[] We first study the general case of a 2-rough path, and then
focus on the Brownian case, for which a comparison with the existing result of It6 theory
is established.



NON-LINEAR ROUGH HEAT EQUATIONS 31

6.1. The case of a 2-rough path. As usual in this paper, we shall proceed in two
steps: we first work at a heuristic level, that is with smooth processes, and try to obtain
an expression which can be extended to irregular situations. We then check directly
Hypothesis [2] on the expression obtained in the heuristic step.

Assume for the moment that z is a smooth R¥-valued function. Then the operators
X* X X% and X* are defined by the formulae

X2 (p)(€) = / Sul(@)©)dr, | XE(p)(E) = / an(@) () di,  (89)
X290, ) (€) = / Suul(aus) - 1)(€) dt’, (90)

X224 (p)(€) = / Suu(0) (€) der, (527 (91)

s

Set now x2 = f dx, ® (0)us. Then a straightforward integration by parts argument
yields the following expression for the increments introduced above:

xXnt = (5xi)ts+/tASw(5xi)usdu (92)
X = / tAStu(éxi)usdu (93)
Xpet = / thfB(ASus,Id)du (94)
X = x2 gy tAsmxgg'f du. (95)

S

These are the expressions that we are ready to extend to irregular processes. Let us only
elaborate on how to get . Actually, it suffices to notice that

/ Sl (@) - ) / Ou(X) (usi) - ),

where, in the last integral, the partial derivative d, only applies to the operator thf.
Then

/ Ou(XE) () - ¥) = [~ XE((ausg) )] + / du XZ (Ou(ausp) - 1)

— / du X5 ((ASus) - 1b).

Remark 6.1. At this point, it is not clear that the integral expressions fs ‘ ASp (62" s du,...
give rise to operators defined on B, ,. For the moment, we only consider those expres-
sions as operators acting on C°. The extension to any space B,, will stem from a
continuity argument (see the proof of Proposition .

According to the above considerations, in order to extend expressions — to a
Holder path z, one is led to suppose that this process generates a standard 2-rough path,
in the following sense (see [32] for further details on k-rough paths, k > 2):
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Definition 6.2. For any x € C](RY) (v > 1/3), we call Lévy area above x any process
x2 € C'(RYN @ RY) such that 6x® = dx ® dx, or in other words

(6x37) 15 = (021 (027 ) s, 4,5=1,...,N. (96)
The couple (x,%x2) is referred to as a 2-rough path above x.

Once endowed with a Lévy area above x, we are in position to extend the three
expressions —. Together with Theorem the following statement completes
the proof of Theorem [1.1]

Proposition 6.3. Let v > 1/3. If v € C{(RY) allows the construction of a Lévy area
x2, the operators X%, Xt X@ai X% defined by (99)-(95), can be extended to a
path X which satisfies Hypothesis @ Moreover, if (Z,%x?) is another 2-rough path, to
which we associate a path X, the following control holds:

NIX — X;CL"P] < ez ANz — & C](RV)] + N[x® — %%,C7(RY @ RV}, (97)

with ¢,z = C (Nz; C] (RN)], N[2;C](RY)]), for some growing function C'. Remember
that the normed space CLY™P has been introduced in Hypothesis [ and plays a part in
the continuity statement .

Proof. We have to check both the algebraic and analytic assumptions.

Algebraic conditions. The verification of {D is a matter of elementary calculations.
For instance, let us have a look at relation (59)). For all s < u < t, one has

t
S Y TTig _ 2] 2,ij 2,ij 2.ij 2,ij
(5X ])tus =Xy T Xy T Stuxusj +/ Astv(xvs] - Xvuj) dv.
u
Then, by , this expression reduces to
(6er,m)tus

¢
= (Id —Stu)xijjj + (5$i)tu(5:ﬂj)us +/ AStU(Xi’;j + (5xi)vu(5xj)us) dv

u

¢
- [(5xi)tu+/ AStv(éxi)mdv} (627) s = Xff(5xj)us.

Analytical conditions. Let us examine the regularity of each operator individually.

Case of X*'. The norms at stake here are

N[Xma C;(’C(an Bp))] (98)
N[Xx7i§ C;(E(B,{,p, Bmp))] (99)
NIX®C3 7 (L(Bya, By))]. (100)

In order to establish those regularity results, let us first rewrite as

Xé’z = St5(6$z)t5 — / AStu((sl'Z)tu du

S
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Then one has, for any x € [0,1),

X5 (O, < 11S1s(9)]] 8, | (02715 +/ [ASw(#) 15, | (02" ) | du

t
< lells el (|t —sfr [ - m—l%) < lglls el = I
S

which gives both (98]) and (99). Along the same lines, in order to prove (100]), we use the
g g p
fact that ||Sis()lls, S llls,, [t — s/7/?P and that [|AS(@)lls, S l@lls, .|t =71/
Then we obtain .

IX5 ()8, S lllls, o2l ]t — s~/
for all p such that v —n/2p > 0. Those estimations give the required bound ((100)).

Case of X', We should now check that is verified in our setting. To this aim,
write X9¢ as

t
ng’l = ats((sxi)ts — / AStu((Sl'l)tu du.
Then .
1XE ()15, = llats (@) lls,1(627)s +/ 1ASw(0)l5, ] (02" euldu

and using the semigroup estimates
laes()lls, S ll¢lls. ft = sl [1ASw(P)lls, < Nels.,lt —ul~"

we easily conclude that

NIX LBy By)] < [t — 877, (101)
which is the expected regularity result.
Case of X*®, Going back to , one must prove that the following norms are finite:

N[X#t et (LB, x By, By))], and  N[X*% CI(L(Brp X Bryp, Bep))]. (102)

To do so, write X"*" as
t
XE = X Bl 1)~ [ S0 X5 B(AS,.1) du

We deduce
NIXZ (0,0); By) S NXP5C PP (LB, Bo)IN [(arsp) - 13 Byyo)

t
X LBz, B [ i s N((ASusi) - 05 Byl
where S

Nl(aws@) - ¥; Bpjo] S Nlavssp; BN [0 By| S [t — s|" N3 By p N1 By

and

N[(ASuSSO) 1#7 p/Z] S N[Asus()ov ] W, ] ~ |u - SlilJmN[SO; Bn,p]N[w; Bp]
This allows to conclude that
NIXE (0,9); By
S NIXGC LBy, By)IN T3 Bog VT3 Byt — s[5/,
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and the first of the required bounds in ((102)) follows. For the second one, we have
N[Xfia’i(%?ﬂ); Bipl S N[XMSC;(ﬁ(Bﬁ,paBn,p))]N[(atSSO) ~ 5 By
t
N X5 CHEB g Bry))] [ u = S N(ASusp) - 5Byl
and using the algebra property of B, ,, we get
Nl(awsp) - ;5 Bipl S Np; B pl N1 By )]
and

N(ASusp) - 03 Biop) S NASus0; B p) N[5 By ) < u— 8| 7' N s B pl N [0; By )
so that

NXE (9. 0): By)
t
SNX™, C3 (L(Brep: Brp)) IN [0 B p N[00 By (|t — s + / u— s|"" du).

The second estimate follows.
Case of X**% . We must estimate the norm

N[Xm’ij§c227(£(8p7 Bp))]v (103)

and also N [X %%, C3V(L(Bap, Bayp))] and N (X545 C37(L(Bap, By))]. We focus on ,
the others terms having similar behavior using the algebra property of B,, and the
Sobolev embedding B, , C Bx.

First, write X" as

t ) ) )
X g, X2 / ASp X3 1 (827627 u] du.

From this expression, we immediately get
NIXi5 (0); By

t
< o {N[sts«a);spw — s+ [ NIASW() Bl —uf + =l - smdu}

IN

t
Co {N[SO; Bylllt — s + Nlg; By) / TN L Sl”l]dU}

< o Nlp Bt — s>

This gives the expected conclusion N[ X*%4;C57(L(B,, B,))] < co.

The continuity statement is easily proved with the same arguments.
O

Remark 6.4. As recalled in the introduction, it is a well-known fact that one can con-
struct a 2-rough path (in the sense of Definition above a N-dimensional fractional
Brownian motion B with Hurst parameter H > 1/3 (see e.g. [7, I8, 36, 49]). Theo-
rem can thus be applied in order to handle the heat equation driven by such a
process. To the best of the authors’ knowledge, this is presently the only method that
provides an interpretation and a solution to the equation when H € (1/3,1/2). We
are actually able to extend the strategy to the case H > 1/4 by injecting third-order
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developments of the vector fields in the procedure described at Section [d For sake of
conciseness, we have preferred not to include all the technical details behind this slight
improvement. What is really lacking now is a more general formulation that would allow
to cope with rough paths of any order.

6.2. The Brownian case. When x = B is a standard N-dimensional Brownian motion,
the mild equation can also be understood in the It6 sense, and the existence and
uniqueness of a (global) solution is in this situation already well-established, even for
small p (the main reference we have in mind here is [4], but similar results can be found
in [3, 27, 53]). In what follows, we mean to show that under the hypotheses of Theorem
, the two notions of solution (rough paths and It6 sense) actually coincide. To this
end, we shall lean on the two following lemmas, borrowed respectively from [25] and [4].

Lemma 6.5. Fiz a time T > 0. For every o, 3 > 0, p,q > 1, there exists a constant c
such that for any R € Co([0,T; Bayp),

NIR; C([0,T); Bay)) < ¢ {Upo2 4 (R) + NOR; €510, T)s Byl

q 1/q
RUU
/ —H HBC%’” dudv .
0<u<o<T \ U — ul

Lemma 6.6. For every p > 2, the Burkholder-Davies-Gundy inequality holds in B,. In
other words, for any T > 0, if B is a one-dimensional Brownian motion and H is an
adapted process with values in L*([0,T]; B,), then for any q > 2, there exists a constant

¢ independent of H such that
t T q/2
E{Sup H/ H,dB. (/ ||Hu||§3pdu) ] (104)
o<t<T 1 Jo 0

Remark 6.7. 1t is readily checked from the very definition of ||.||5., that B, can be
replaced with any B, , in (104]).

where

Uﬁ,qya,p(R) =

]SCE

q
By

From now on, we fix three parameters (7, k, p) that satisfy the assumptions of Theorem

[4.7] namely

n
1/3<k<y<l1/2 — K> —.
[B<kr<y<1l/2 |, v—K o

We also fix f; € &3 (i = 1,...,N) and we denote by Y the (continuous, B, ,-valued)
solution to the equation

N t
YE) - ¢ € Bﬁ,p 5 Y;g - Sﬂﬂ + Z/ St—u dB; fz(Yu) 5 t € [0, T], (105)
i=1 70

where the integral is understood in the It6 sense and the initial condition v is assumed to
be deterministic, for more simplicity. As announced earlier, the existence and uniqueness
of Y is for instance proven in [4].

Proposition 6.8. With the notations of Section Y almost surely belongs to Qyx ([0,T7),

where, in the definition of the latter space, the operator-valued process th’i = fst S;_udB,
15 understood in the Ito sense.
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The proof of this proposition relies on two preliminary results.

Lemma 6.9. For every q > 2, s <t e [0,7],
B 160V )ulh,, | < conrlt—si. (106)

Proof. From the equation ([105)) itself, we first deduce

t qa/2
E[mls,] < cq{uwna,pw ([ 15w, o) ]}
t a/2
< chw{l—l—(/ It — u| " du> } < Cq T
0

Then, since ( f St_ufi(Yy) dW? one has
. t a/2
E[n(aY)tsn%W} < cE < / ||fi<Yu>||%K,pdu) ]
t qa/2
< c{\t—sz (/ HYuH%N,pdu) ”

t
< C{’t—S|Q/2+ ‘t—8|q/21/ E [HYuHQB,{,p} du} < C|If—5‘f1/27
S

where, to get the second inequality, we have used the estimate given by Corollary[2.7 O

Lemma 6.10. The operators XP, XoB XBa XBB defined in the Ito sense by formulas
-, satisfy the conditions of Hypothesis @

Proof. Observe ﬁrst that formulas — remain true for those operators, thanks to
[to’s formula. is for instance obtained by applying [t6’s formula to the product
S; B2 where B2 i stands for the semimartingale B2 = [*dBi (6B7),,, which gives

) g d ’
SuBy” — SiBLY = / S dBZY + / —-(Su) BE du,

or otherwise stated X257 = B4 4 f AS;, B2 du. Once endowed with those expres-
sions, it suffices to follow the hnes of the proof of Proposition 0

Proof of Proposition[6.8 One can of course write (§Y ),y = X'V 4V with B =
fi(Y,) and Y} = fst S dBL 6(fi(Y))us- By applying Lemma to the process 0Y, we
easily deduce from Y € C}(B,,) as., and accordingly Y2 € CF(B,)NCY(B,,) a.s.
As for Y*, one has (0Y%)ss = X2'6(f;(Y))us, which a.s. entails N[0Y?;C2(B,)] < oo
and also N[0Y*; CJ(B,,)] < co. Besides, some estimates similar to those of the proof of
Lemma [6.9] show that for any ¢ > 2,

2 [Ilﬁ’ill%w] <clt—s"? and E [||ytg||ggp} < et — 5|21/

We are thus in position to apply Lemma to Y*, which yields Y* € C2¢(B,) NCJ(B..,)-
This completes the proof of the proposition. O



NON-LINEAR ROUGH HEAT EQUATIONS 37

Proposition 6.11. The [to integral fst S dB! fi(Yy) coincides with the rough paths

integral jts(ciBi fi(Y) built via Pmpositionfmm the processes X P, X B XBa XBB

Consequently, Y 1is also solution to the equation in the rough path sense.

Proof. Decomposition |D remains clearly true for fst Sy dB: fi(Y,), that is to say (with
) [ Sy, dBY fi(Y,) = My, + R, where

the notations of Section s

My, = X, fi(Y,) + X2 (y, fi(Y))s + X7V (V9 f(Y), Ry, =/ St-udB,, fi(Y )i

s

It is also easily seen, with the help of Lemma , that for any ¢ > 2, F [||R}s||q3p} <
clt — s|" with p > 3k. This allows to apply Lemma to R' and assert that R' €
C3%(B,) a.s., the control of N[0RY;C3*(B,)] = N[0M;C3"(B,)] being established in
Proposition [4.6]
On the other hand, we know (see Proposition again) that Ji,(dB’ fi(Y)) = My, + R,
with R, = Ay(J) € C3%(B,). As a consequence, R' — R?* € Kerdic,(g,) N C5"(B,) and
since 3k > 1, this readily entails B! = R? a.s. O
As a spin-off of this identification procedure, we can apply Proposition to equation
(105) and retrieve the following continuity statement:

Corollary 6.12. Assume that (k,p) € (1/3,1/2) x N* are such that 1 — k > a5+ Then

the Ito map ¥ — Y associated to equation is locally Lipschitz: if Y (resp. 17)
stands for the solution to the equation with initial condition ¢ (resp. ¥), then

NIY = Y;C([0,T]: Beyp)] < ¢y gl — ¥,
where ¢, ; = C([[Y]5,,, Hz/NJHBW), for some growing function C(R*)? — R*.

6.3. Extension to more general elliptic operators. The strategy we have developed
all through the paper for the heat equation can actually be applied to a more general
class of operators on R" for which the properties exhibited in Section [2.2{remain (almost)
true. More precisely, those properties hold for any operator of the form

A= 0 (ay(€)0,) —1d,
ij=1

where the coefficients a;; satisfy the following conditions:
(H1) For any £ € R", a;;(&) is a real symmetric matrix,
(H2) For all 4,5 =1,...,n, a;; is smooth, bounded, with bounded derivatives,
(H3) There exists ag > 0 such that for any £ € R™ and any |v| = 1, a(§)v-v > ay,
(H4) For all4,j = 1,...,n, there exists aff and a € (0, 1) such that lim¢| o a;;(§) = af
and |a;;(€) — afy| < clé]™ for any [¢] > 1.
Let us only sketch out the arguments that indeed lead to statements similar to those of
Propositions and —:

e According to [10, Theorem 1.8.1], A is the generator of a symmetric Markov
semigroup and consequently ([L0, Theorems 1.4.1,1.4.2]) the generator of an an-
alytic semigroup of contraction .S, which allows to adapt Proposition to this
context.
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e The domains of the fractional powers of A, coincide with the spaces L?**P =
[LP, WW?P], obtained by complex interpolation of LP with the usual (integer)
Sobolev space WP, This can be easily deduced from the association of [34]
Theorem 11.6.1] and [41l, Theorem C], both theorems holding true under (H1)-
(H4). The precise definition and properties of L?**? can be found in [I, Chapter
7]. It is in particular proven that and remain valid for those spaces.

e The regularizing properties and of the semigroup from LP/* to LP can
be shown with the same arguments as in the proof of Proposition [2.5] thanks
to the Gaussian estimates for the fundamental solution associated to A (see [17,
Chapter 9,Theorem 8§]).

e Finally, the control is immediate once we have noticed the identification (see
[T, Sections 7.63]) of L?*? with the space W?2*P defined by the norm

P p [p(€) — ()
¥ ap — ||¥ +/ dé- dT] n+2a :
Ilfys =Nl + [ d€ | dn =™ 5o

Now, observe that if one wishes to study the following extension of

|p

N n

i=1 ij=1

one must first write the system as

Yo =1, dy, = Ay, dt +

N
Ye dt + Z dry fi(yt)] ;
i=1
and then apply the strategy displayed in Sections[d}} taking the whole term into brackets
as the perturbation term. For sake of clarity, we have preferred not to include those
considerations in the development of our method. However, it is easy to realize that the
additional term y, dt doesn’t raise any new technical difficulty in the reasoning, so that
our main Theorem remains true when replacing A with the above A.

Theorem 6.13. Assume that x is a y-Hélder process with vy > 1/3, which in addition
allows the construction of a 2-rough path x. Assume also that the coefficients a;; satisfy
(H1)-(H4), and that the vector field o; satisfies both conditions (C1) and (C2)s.
Then for any couple (k,p) € (%,7) x N* such that v — k > 2%, and any initial condition
Y € By, the equation

n N

vo=0 , dy(€) = Oelai - 0eu) (&) + > on(&u(€))drf , R, (108)
ij=1 k=1

understood in the mild sense via Propositions [{.6 and admits a unique solution

y € C*(B,p) on an interval [0,T], for a strictly positive time T which depends on x, x*

and 1. Moreover, the continuity property remains true for the solution of .

To conclude with, it may be worth mentioning that the rough paths approach often
gives rise to (time-)discretization schemes for the solution without much additional effort.
In the infinite-dimensional background at stake here, some space-discretization has to
be performed, too, so as to retrieve an efficient scheme, following Galerkin’s method
for instance. The interested reader is refered to [I1] for a detailed examination of some
possible schemes derived from the constructions of this paper.



[1]
2]

NON-LINEAR ROUGH HEAT EQUATIONS 39

REFERENCES

R. A. Adams. Sobolev spaces. Academic Press, 1975.

X. Bardina and M. Jolis. Multiple fractional integral with Hurst parameter less than % Stochastic
Process. Appl. 116 (2006), no. 3, 463-479.

Brzezniak, Zdzistaw On stochastic convolution in Banach spaces and applications Stochastics
Stochastics Rep., 61(3-4): 245-295, 1997.

Brzezniak, Zdzistaw and Peszat, Szymon. Space-time continuous solutions to SPDE’s driven by a
homogeneous Wiener process Studia Math., 137(3):261-299, 1999.

M. Caruana and P.Friz. Partial differential equations driven by rough paths. Journal of Differential
Equations Volume 247, Issue 1, 1 July 2009, Pages 140-173.

M. Caruana, P. Friz and H. Oberhauser. A (rough) pathwise approach to a class of non-linear
stochastic partial differential equations Preprint arXiv:0902.3352 [math.AP] (2009).

L. Coutin and Z. Qian. Stochastic rough path analysis and fractional Brownian motion. Probab.
Theory Relat. Fields 122:108-140, 2002.

R. Dalang. Extending martingale measure stochastic integral with applications to spatially homo-
geneous S.P.D.E’s, Electron. J. Probab. 4, Paper No.6, 29 p., 1999 (electronic).

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions, volume 44 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

Davies, E. B., Heat kernels and spectral theory, volume 92 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 1990.

A. Deya Numerical schemes for the rough heat equation. Preprint arXiv:1003.0587 [math.PR]
(2010).

A. Deya and S. Tindel. Rough Volterra equations 1: the algebraic integration setting. Stochastics
and Dynamics 9:437-477, 2009.

A. Deya and S. Tindel. Rough Volterra equations 2: convolutional generalized integrals. Preprint
arXiv:0810.1824 [math.PR] (2008).

J. Diehl and P. Friz. Backward stochastic differential equations with rough drivers. Preprint
arXiv:1008.0290 [math.PR] (2010).

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations, volume 194 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

H. O. Fattorini. Infinite-dimensional optimization and control theory, volume 62 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1999.

Friedman, Avner. Partial differential equations of parabolic type, Prentice-Hall Inc., Englewood
Cliffs, N.J., 1964.

P. Friz and N. Victoir. Multidimensional dimensional processes seen as rough paths. Cambridge
University Press, 2010.

P. Friz and H. Oberhauser. Rough path stability of SPDEs arising in non-linear filtering. Preprint
arXiv:1005.1781 [math.AP] (2010).

M. Gubinelli. Controlling rough paths. Jour. Funct. Anal. 216:86-140, 2004.

M. Gubinelli. Ramification of rough paths. Preprint arXiv:math.CA/0610300 (2006), to appear in
J. Diff. Eq.

M. Gubinelli. Rough solutions for the periodic Korteweg-de Vries equation. Preprint
arXiv:math/0610006 (2006).

M. Gubinelli. Abstract integration, Combinatorics of Trees and Differential Equations. Preprint
arXiv:0809.1821 (2008). To appear in the Proceedings of the Conference on Combinatorics and
Physics, MPI Bonn, 2007.

M. Gubinelli, A. Lejay and S. Tindel. Young integrals and SPDEs Pot. Anal. 25:307-326, 2006.
M. Gubinelli and S. Tindel. Rough evolution equations. Preprint arXiv:0803.0552 [math.PR]
(2008), to appear in Ann. Prob.

F. Hirsch. Lipschitz functions and fractional Sobolev spaces. Potential Anal., 11 (1999), 415-429.
Krylov, N. V. An analytic approach to SPDEs Stochastic partial differential equations: siz perspec-
tives, Math. Surveys Monogr, 64:185-242, Amer. Math. Soc., Providence, RI, 1999



40

28]
[29]
[30]
[31]

[32]
[33]

[34]

A. DEYA, M. GUBINELLI, AND S. TINDEL

A. Lejay. An introduction to rough paths. In Séminaire de Probabilités 37, volume 1832 of Lecture
Notes in Mathematics, pages 1-59. Springer-Verlag Heidelberg, 2003.

M. Ledoux, T. Lyons, and Z. Qian. Lévy area of Wiener processes in Banach spaces. Ann. Probab.,
30(2):546-578, 2002.

J. Ledn and J. San Martin. Linear stochastic differential equations driven by a fractional Brownian
motion with Hurst parameter less than 1/2. To appear in Stoch. And Stoch. Reports.

S. Lototsky and B. Rozovsky. Wiener Chaos Solutions of Linear Stochastic Evolution Equations.
Annals of Probability 34, 2006.

T. Lyons and Z. Qian. System control and rough paths. Oxford University Press, 2002.

T. Lyons. Differential equations driven by rough signals. Rev. Mat. Iberoamericana, 14(2):215-310,
1998.

C. Martinez Carracedo and M. Sanz Alix. The theory of fractional powers of operators. North
Holland, 2001.

B. Maslowski and D. Nualart. Evolution equations driven by a fractional Brownian motion. J.
Funct. Anal., 202(1):277-305, 2003.

A. Neueunkirch, I. Nourdin, S. Tindel (2007): Delay equations driven by rough paths. Electronic
Journal of Probability.

D. Nualart. Malliavin calculus and related topics. Springer, 1995.

V. Pérez-Abreu and C. Tudor. Transfer principle for stochastic fractional integral. Bol. Soc. Mat.
Mexicana 8:55-71, 2002.

S. Peszat and J. Zabczyk: Nonlinear stochastic wave and heat equations. Probab. Theory Related
Fields 116 (2000), no. 3, 421-443.

A. Pazy. Semigroups of linear operators and applications to partial differential equations, volume 44
of Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

J. Priiss and H. Sohr. Imaginary powers of elliptic second order differential operators in LP-spaces,
1993. Hiroshima Math. J. 23 (1993), no. 1, 161-192.

Ll. Quer and S. Tindel. The 1-d stochastic wave equation driven by a fractional Brownian motion.
to appear in Stoch. Processes Appl.

E. M. Stein. Singular integrals and differentiabilty properties of functions Princeton University
Press, Princeton, New Jersey, 1970.

R. Strichartz. Multipliers on fractional Sobolev spaces. J. Math. Mech., 16 (1967), 1031-1060.

J. Teichmann. Another approach to some rough and stochastic partial differential esquations.
Preprint arXiv:0908.2814 [math.PR] (2009).

S. Tindel and I. Torrecilla. Some differential systems driven by a fBm with Hurst parameter greater
than 1/4 Preprint arXiv:0901.2010 [math.PR] (2009).

S. Tindel, C. A. Tudor, and F. Viens. Stochastic evolution equations with fractional Brownian
motion. Probab. Theory Related Fields, 127(2):186-204, 2003.

S. Tindel and J. Unterberger. The rough path associated to the multidimensional analytic fbm
with any Hurst parameter. Preprint arXiv:0810.1408 [math.PR] (2008).

J. Unterberger. Stochastic calculus for fractional Brownian motion with Hurst exponent H > 1/4:
a rough path method by analytic extension. To appear in Ann. Prob.

J. B. Walsh. An introduction to stochastic partial differential equations. In Ecole d’été de proba-
bilités de Saint-Flour, XIV—1984, volume 1180 of Lecture Notes in Math., pages 265—439. Springer,
Berlin, 1986.

L. C. Young. An inequality of Holder type, connected with Stieljes integration. Acta Math., 67:251—
282, 1936.

M. Zéhle. Integration with respect to fractal functions and stochastic calculus. I. Probab. Theory
Related Fields, 111(3):333-374, 1998.

Zhang, Xicheng LP-theory of semi-linear SPDEs on general measure spaces and applications J.
Funct. Anal., 239(1):44-75, 2006.



NON-LINEAR ROUGH HEAT EQUATIONS 41

(A. Deya, S. Tindel) INSTITUT ELIE CARTAN NaNcy, UNIVERSITE DE NANCY, B.P. 239, 54506
VAND@UVRE-LES-NANCY CEDEX, FRANCE
E-mail address: deya@iecn.u-nancy.fr, tindel@iecn.u-nancy.fr

(M. Gubinelli) CEREMADE, UNIVERSITE DE PARIS-DAUPHINE, 75116 PARIS, FRANCE
E-mail address: massimiliano.gubinelli@ceremade.dauphine.fr



	1. Introduction
	2. Assumptions and setting
	2.1. Assumptions
	2.2. Preliminary results

	3. Algebraic integration associated to the heat semigroup
	3.1. The twisted coboundary 
	3.2. Example: the Young case

	4. Rough case
	4.1. Heuristic considerations
	4.2. Definition of the integral

	5. Global solution under stronger regularity assumptions
	5.1. Heuristic considerations
	5.2. Definition of the integral

	6. Applications
	6.1. The case of a 2-rough path
	6.2. The Brownian case
	6.3. Extension to more general elliptic operators

	References

