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Spectral renormalization group: general
strategy

Problem and general strategy

e Want to study the spectral properties of some given Hamiltonian H acting
on a Hilbert space H

e Construct an effective Hamiltonian Heg acting in a Hilbert space with fewer
degrees of freedom, such that Hes has the same spectral properties as H

e Use a scaling transformation to map Heg to a scaled Hamiltonian H®©
acting on some Hilbert space Ho

e Iterate the procedure to obtain a family of effective Hamiltonians H("
acting on Hp

e Estimate the “renormalized” perturbation terms w appearing in H™ and
show that W vanishes in the limit n — co

e Study the limit Hamiltonian H(>)

e Go back to the original Hamiltonian H using isospectrality of the
renormalization map
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Physical system and model

Physical System

e Non-relativistic matter: atom, ion or molecule composed of non-relativistic
quantum charged particles (electrons and nuclei)
e Interacting with the quantized electromagnetic field, i.e. the photon field
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Physical system and model

Physical System

o Non-relativistic matter: atom, ion or molecule composed of non-relativistic
quantum charged particles (electrons and nuclei)
e Interacting with the quantized electromagnetic field, i.e. the photon field

Model: Standard model of non-relativistic QED

e Obtained by quantizing the Newton equations (for the charged particles)
minimally coupled to the Maxwell equations (for the electromagnetic field)
e Restriction: charges distribution are localized in small, compact sets.
Corresponds to introducing an ultraviolet cutoff suppressing the interaction
between the charged particles and the high-energy photons

e Goes back to the early days of Quantum Mechanics (Fermi, Pauli-Fierz).
Largely studied in theoretical physics (see e.g. books by Cohen-Tannoudji,
Dupont-Roc and Grynberg)
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Description of the atomic system (1)

Simplest physical system

e Hydrogen atom with an infinitely heavy nucleus fixed at the orign
e Spin of the electron neglected
e Units such that h=c =1
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Description of the atomic system (1)

Simplest physical system

e Hydrogen atom with an infinitely heavy nucleus fixed at the orign
e Spin of the electron neglected
e Units such that A =c =1

Hilbert space and Hamiltonian for the electron

e Hilbert space
Ha = LA(R®)

e Hamiltonian

2
Pel (64
Ha = + Va(xa), Vo(Xel) = ———
€ 2mel a( (‘)/ 0‘( (‘) ‘Xe]‘v
where pe) = —iV,, me is the electron mass, and o = €’ is the fine-structure

constant (o &~ 1/137)
o H, is a self-adjoint operator in L?(R?) with domain

D(Ha) = D(pl) = H*(R®)
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Description of the atomic system (Il)

Spectrum of Hg

e An infinite increasing sequence of negative, isolated eigenvalues of finite
multiplicities {E;}jen

e The semi-axis [0, 00) of continuous spectrum
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Description of the atomic system (Il)

Spectrum of Hg

e An infinite increasing sequence of negative, isolated eigenvalues of finite
multiplicities {E;}jen

e The semi-axis [0, c0) of continuous spectrum

Bohr's condition

e According to the physical picture, the electron jumps from an initial state of
energy E; to a final state of lower energy Ef by emitting a photon of energy
Ei — Ef

e To capture this image mathematically, we need to take into account the
interaction between the electron and the photon field

e The ground state energy Eg is expected to remain an eigenvalue (stability of
the system)

e The excited eigenvalues Ej, j > 1, associated with bound states are expected
to turn into resonances associated with metastable states of finite lifetime
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Description of the photon field: n-photons
space

n-photons space
e Hilbert space for 1 photon
b =L*(R® x {1,2})
Notations: R® = R® x {1,2}, K = (k, A) € R?,
(r.g)= [ F(R)g(k)aK = 3 [ 7k Vgl )k
R3 R3
R A=1,2
e Hilbert space for n photons
FO(h) = Sa @1 b,

where S, is the symmetrization operator. Hence a n-photons state is
associated to a function

o (Ki, ..., Kn) € LA((R®)"),

such that ¢(")(K1, ..., Kn) is symmetric with respect to Ki, ... K,
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Description of the photon field: Fock space

Fock space

e Hilbert space for the photon field = symmetric Fock space over b,
+o0
Hon = Fs(b) = P F"(h), A”=C
n=0

e ® € Hyp can be written as
o =( 00 oW(Ky), 0P (K, K2),...)
N—— —— ——
eC €L2(R%) €L2((R%)?)

e Scalar product
+oo
_ (n) y(n)
<¢1\U>’th - Z;<¢ 7“] >-7'_5(")(h)

e Vacuum
Q=(1,0,0,...)
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Description of the photon field: second
quantization (I)

Second quantization of an operator

For b an operator acting on the 1-photon space fj, the second quantization of
b is the operator on Hpn defined by

dr(b)|c =0,

dr(b)l pm =b®1® - @1+18b®-- @1+ +1®---@1®b

If b is self-adjoint, one verifies that dI'(b) is essentially self-adjoint. The
closure is then denoted by the same symbol
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Description of the photon field: second
quantization (I)

Second quantization of an operator
For b an operator acting on the 1-photon space fj, the second quantization of
b is the operator on Hpn defined by

dr(b)|c =0,

dr(b)|f(n) =bR1® --L1+1®bR--- L+ ---+1R---LK®b

If b is self-adjoint, one verifies that dI'(b) is essentially self-adjoint. The
closure is then denoted by the same symbol

Examples

e Number of photons operator

N=dr(), DN)={®€Hpm, Y r’[6"|m < +oo},
neN
For all n € N, No™ = nd(" and the spectrum is given by

o(N) = opp(N) =N
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Description of the photon field: second
quantization (1)

Examples
e Energy of the free photon field

Hf = dl'(w),
where w is the operator of multiplication by the relativistic dispersion relation
w(k) = ||

For all n € N,
(Hf¢)(n)(Kl7"'7 = (Z“( |) Kl,...,K)

Spectrum
o(Hr) =[0,00), opp(Hr) = {0}
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Description of the photon field: creation
and annihilation operators (1)

Creation and annihilation operators

e For h € b, the creation operator a*(h) : Hpn — Hpn is defined for ® € Fn
by
a“(h)® =+vn+1S,.1h® o

e The annihilation operator a(h) is defined as the adjoint of a*(h)
e a"(h) and a(h) are closable, their closures are denoted by the same symbols
e Other expressions for a*(h) and a(h) are

(a(h)®) " (Ki, ..., Ky) = \/n—i—l/ h(K)®" (K, Ky, ..., K,)dK,
RS
* n 1 4 n— >
(3" (D) (Ki, ..., Ky) = ﬁZh(Ki)cb( DKy, .. Ky Ky,
i=1

where R,- means that the variable K; is removed
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Description of the photon field: creation
and annihilation operators (Il)

Canonical commutation relations

[a(f), 2" (&)] = [a(f), a(g)] = O,
[a(f), 2" (g)] = (f, &)y
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Description of the photon field: creation
and annihilation operators (Il)

Canonical commutation relations

[a(f), 2" (&)] = [a(f), a(g)] = O,
[a(f), 2" (g)] = (f, &)y

Physical notations

e We will use the following notations

a*(f)z/R3 f(K)a*(K)dK, a(f):/Rs f(K)a(K)dK

(where a*(K) and a(K) can be defined as operator-valued distributions)
o Likewise, we can write, for instance

N = /R3 a*(K)a(K)dK, Hy= /R3w(k)a*(K)a(K)dK
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Description of the photon field: field
operators

Field operators
For h € b, the field operator ®(h) is defined by

1
®(h) = —=(a"(h) + a(h
(h) ﬁ( (h) + a(h))
One verifies that ®(h) is essentially auto-adjoint, its closure is denoted by the
same symbol
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Standard model of non-relativistic QED:
the Hamiltonian

Hilbert space for the electron and the photon field

H = Het ® Hpn = LA(R®; Hpn)




Spectral
RG and
resonances
Jérémy
Faupin

The model

Standard
model of
non-
relativistic
QED

Spectral

renormaliza-

tion
group

Resonances
and lifetime
of
metastable
states

Standard model of non-relativistic QED:
the Hamiltonian

Hilbert space for the electron and the photon field

H = Ha @ Hpn = L*(R*; Hpn)

Pauli-Fierz Hamiltonian

1
2’nel

Ha = (pcl - a%A(Xcl))z aF Va(Xcl) “F Hf

where, for all x € R3,

_ XO‘/\(k) * —ik-x Hkosz
A(x)—/RS \/m&\(k) (a (K)e ™ + a(K)e* )dK

In other words, for all x € R3, A(x) = (A1(x), Ax(x), As(x)) where A;(x) is
the field operator given by

Ai(x) = (hi(x)),  hi(x,K) = xaA(k)EM(k)e_ik.X

VIKI




Spectral
RG and
resonances
Jérémy
Faupin

The model

Standard
model of
non-
relativistic
QED

Spectral

renormaliza-

tion
group

Resonances
and lifetime
of
metastable
states

Standard model of non-relativistic QED:
coupling functions

Polarization vectors
The vectors ex(k) = (ex,1(k), ex2(k),ex,3(k)), for X € {1,2}, are polarization
vectors that can be chosen, for instance, as
ko, —k1,0 k —kuks, —koks, k2 + K2
:(2212)’ sg(k):—/\sl(k):( 1ks 2ks, ki 5)
VK + K VK + VK + K+ K

Ik
(The family (k/|k|,e1(k),e2(k)) is an orthonormal basis of R® for all k # 0)

El(k)

v




Spectral
RG and
resonances
Jérémy
Faupin

The model

Standard
model of
non-
relativistic
QED

Spectral

renormaliza-

tion
group

Resonances

and lifetime

of
metastable
states

Standard model of non-relativistic QED:
coupling functions

Polarization vectors

The vectors ex(k) = (ex,1(k),ex2(k),ex,3(k)), for A € {1,2}, are polarization
vectors that can be chosen, for instance, as

_ (k2a _klao)
NCEY R

(The family (k/|k|,e1(k),e2(k)) is an orthonormal basis of R® for all k # 0)

(—k1k37 —koks, k12 + k22)
VK + IB\/KE + k3 + k3

ea(k) = & Aey(k) =

e G

Ultraviolet cutoff
The function xana is an ultraviolet cutoff at energy scale a/A that can be
chosen for instance as 5

K
Xan(k) = e a?n2,

where A > 0 is arbitrary large. Thanks to Xaa, the coupling functions hj(x)
belong to h and hence the Hamiltonian is well-defined
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Standard model of non-relativistic QED:
small coupling regime

Scaling transformation

e Fine-structure constant « treated as a small coupling parameter

e To treat the interaction (electron)-(transverse photons) as a perturbation,
useful to apply a certain scaling transformation (corresponds to conjugating
the Hamiltonian H, with a unitary transformation). One then arrives at the
new Hamiltonian (still denoted by H,)

1 3
Ho = =—(per — a3 A(axa))? + V(xa1) + Hy
2me1

where, for all x € R3,

and
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Standard model of non-relativistic QED:
spectral problems (1)

The non-interacting Hamiltonian Hy

e For a = 0, we obtain

2
Ho = 2L g V(xe1) + Hr = Hel ® 14

= 1 H,
2ma + Ly, ® Hr

ph

e Spectrum: o(Hp) = o(He1) + o(Hr)
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Standard model of non-relativistic QED:
spectral problems (1)

The non-interacting Hamiltonian Hy

e For o« = 0, we obtain

+ 1y, ® Hr

2
Hy = el + V(Xe1) + Hf = Hei @ 14

2me) wh

e Spectrum: o(Hp) = o(He1) + o(Hr)

Main problems concerning the spectrum of H,,

e The full Hamiltonian H,, is decomposed as
Ha S HO A Wa

e Aim: behavior of the unperturbed eigenvalues E; as the perturbation W, is
added. One expects that

[1] The lowest eigenvalue Ep remains an eigenvalue, giving the existence of a
(stable) ground state for Ha

[2] Excited eigenvalues E; turn into resonances associated to metastable states
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Standard model of non-relativistic QED:
spectral problems (I1)

Results

e Problem [1] can be solved in various ways [Bach-Frohlich-Sigal CMP’99],
[Griesemer-Lieb-Loss Inventiones'01], [Bach-Frohlich-Pizzo CMP'07]. In fact
one can show that for arbitrary «,

E, = info(Ha),

is an eigenvalue of H, [Griesemer-Lieb-Loss'01]

e Up to now, Problem [2] (existence of resonances) is only solved using the
Bach-Frohlich-Sigal spectral renormalization group [Bach-Frohlich-Sigal
Adv.Math.'98], [Sigal JSP'09]
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Standard model of non-relativistic QED:
spectral problems (I1)

Results

e Problem [1] can be solved in various ways [Bach-Frohlich-Sigal CMP’99],
[Griesemer-Lieb-Loss Inventiones'01], [Bach-Frohlich-Pizzo CMP'07]. In fact
one can show that for arbitrary «,

E, = info(Ha),

is an eigenvalue of H, [Griesemer-Lieb-Loss'01]

e Up to now, Problem [2] (existence of resonances) is only solved using the
Bach-Frohlich-Sigal spectral renormalization group [Bach-Frohlich-Sigal
Adv.Math.'98], [Sigal JSP'09]

In these talks

e We describe the BFS spectral renormalization group, applying it to obtain
the existence of a ground state (Problem [1])

e We explain the modifications used to prove the existence of resonances
(Problem [2])
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Spectral renormalization group
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General strategy

General strategy

e Construct an effective Hamiltonian Heg acting in a Hilbert space with fewer
degrees of freedom, such that H.g has the same spectral properties as H,

e Use a scaling transformation to map Heg to a scaled Hamiltonian H®
acting on some Hilbert space Ho

o lterate the procedure to obtain a family of effective Hamiltonians H("
acting on Hp

e Estimate the “renormalized” perturbation terms W™ appearing in H” and
show that W) vanishes in the limit n — oo

e Study the (unperturbed) limit Hamiltonian H(>*)

e Go back to the original Hamiltonian H,, using isospectrality of the
renormalization map
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The Feshbach-Schur map (1)

Abstract setting

e H complex, separable Hilbert space

e H, Hp closed operators on H such that H = Ho + W, D(H) = D(Ho)
e Assumptions:

a) (“Projections”) x, X bounded operators on H such that
[)(7 jZ] =0= [)(7 }10] = [5&7 }10]7 )(2 + 562 =1

(Typically, x, x are spectral projections of Hp)
b) (Invertibility assumptions) Let

Hyz = Ho + xWx

The operators Hy, Hy : D(Ho) N Rany — Rany are bijections with bounded
inverses. Moreover, the operator

YHZ 'xWx : D(Ho) — M

is bounded
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The Feshbach-Schur map (I1)

Main properties

e Under the previous hypotheses, H is invertible with bounded inverse iff the
Feshbach-Schur operator F, (H, Ho) : D(Ho) N Rany — Rany defined by

Fy(H, Ho) = Ho + xWx — xWxHg 'xWx

is invertible with bounded inverse. In this case,

H™' = QXFX(H7 HO)_le + ngl)_Q

Fx(H, Ho)™ = xH™"x + XHq ' X,
where

Qu:x — XH'XWx,  QF =x—xWxH;'x
e The maps
x : Ker H — Ker F, (H, Ho), Qy :XKer F,(H,Hy) — Ker H

are linear isomorphisms and inverse to each other




Spectral
RG and

The Feshbach-Schur map (111)
o

The model

Spectral

enormalize-CONSEQUENCES

tion

group e Under the previous hypotheses,
Decimation

of the

degrees of

o A€o(H) < 0€o(H-))
< 0€a(F(H—XHo— 1))

o Likewise,

A € opp(H) <= 0 € opp(H—N)
< 0 € opp(Fx(H =X Ho — X)),

and if 1 is an eigenstate of F,(H — A, Ho — \) associated to the eigenvalue 0,

then Qy % is an eigenstate of H associated to the eigenvalue A

e The Feshbach-Schur operator Fy (H — X, Ho — ) is viewed as an effective
T Hamiltonian acting in the Hilbert space Rany.
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B The “projections”
Sl o Recall Hy = He1 + Hr, Ho = Ho + W,. Choose x = I @ xH,<,, where MM
renormalize: is the projection onto the (non-degenerate) ground state of Hei, and x.<, is a
group “smoothed out” characteristic function of the interval [0, p]
L

freedom/ )2 = rléi ® 1+ I-Iel & m

Hence [x, X] = 0 = [x, Ho] = [}, Ho] and x>+ ¥* =1
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Application to non-relativistic QED (1)

The “projections”

o Recall Hy = He1 + Hr, Ho = Ho + W,. Choose x = lMe1 ® XH,<p, Where MM
is the projection onto the (non-degenerate) ground state of Hei, and x.<, is a
“smoothed out” characteristic function of the interval [0, p]

e Let
- i
x:ﬂel®]l+r|el®\/]lfxf_,f§p.

Hence [x, X] = 0 = [x, Ho] = [}, Ho] and x>+ ¥* =1

The invertibility assumptions

e By definition of ¥, for A < Ey + p/2, Ho — A : D(Hop) N Ran(x) — Ran(x) is
invertible with bounded inverse
e Using the Neumann series decomposition

(Ha = N5 = (o= N3 (—Wai(to -0,

we see that (H, — A)x is invertible with bounded inverse for v < p and
A < Eo + p/2. Likewise, Y(Ho — X)X WaX is bounded
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Application to non-relativistic QED (11)

Feshbach-Schur operator

With the previous notations, the operator
Fr(Ha = A Ho = X) = Ho — A4 XxWax — XxWaX(Ha — N5 X Wax
= Bo — A+ Hr + xWax — XWaX(Ho — A)z X Wax
acting on Rany = Ran 1y,<, is isospectral to Hy in the sense that
A€ ou(Ha) <= 0€ 0u(F(Ha — A Ho — X)),

where o stands for o or opp
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Application to non-relativistic QED (11)

Feshbach-Schur operator

With the previous notations, the operator
Fr(Ha = A Ho = X) = Ho — A4 XxWax — XxWaX(Ha — N5 X Wax
= Bo — A+ Hr + xWax — XWaX(Ho — A)z X Wax
acting on Rany = Ran 1y,<, is isospectral to Hy in the sense that
A € 04(Ha) <= 0€ 04 (F(Ha — A Ho — X)),

where o stands for o or opp

Effective Hamiltonian

The effective Hamiltonian acting on Ran 1y, <, is thus

Her(A) = Fy(Ha — A, Ho — A)
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Expression of the interaction Hamiltonian

N

Interaction Hamiltonian
Recall that

1 3
Ha = 5 —(pa — a} Aaxa))? + V(xa) + He = Ho+ W,
el
with
W, = L (- 2a%pel - A(axel) + a3A(axel)2)
2 Me] ’
and

A = | ) (k) (2 ()e ™ 1 a(K)e ) ak

e V/2[k]
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Expression of the interaction Hamiltonian

)

Interaction Hamiltonian

The interaction Hamiltonian W, can be written under the form
Wa = Wl aF W2,

with

<
I

: (Gro(K) ® a"(K) + Go1(K) ® a(K))dK,

X
I

(Goo(K,K') ® a"(K)a"(K') + Go2(K,K') ® a(K)a(K")

3 % R3

T

Gii(K,K')® a*(K)a(K"))dKdK’

where G;j(K), Gij(K, K") are operators acting on Her
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Generalized Wick normal form (1)

Normal form
e Use the previous Neumann series decomposition
Heg()\) = FEy— \+ Hf
+ X Wax = XWaX(Ho = 2) 7Y (—XWa(Ho = ) ) XWax,
n>0

e Use the CCR
[a(K), a(K")] = 0 = [a"(K),a"(K")], [a(K),a"(K")] = 6(K — K'),

and the “pull-through” formula a(K)f(Hr) = f(Hr + |k|)a(K), to rewrite
Heg(X\) under the (generalized) Wick ordered form

Heff()\) =] Wo7o(>\, Hf Z XHf<P/ Ha K)

m+n>1

m-+n

Wann(X Hei Kty Knin) (] a(K9) X <pdKi - . K

Jj=m+1
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Generalized Wick normal form (I1)

Normal form

Heff()\) = w o(A Hf)+ Z XHf<p/ Ha (K)

m+n>1

m+n

Winn(X, Hei Kay o Kn) (T a(K9) xe<pd K - . dKimgn,
j=m+1

where B, = {K = (k,\) € R?, |k| < p}, and
Wm,n()‘v ) : [Ovp] X B£7+" —C

For instance,
woo(A, He) = By — A+ Hr + (- )
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Generalized Wick normal form (l11)

Example

Consider the term coming from x W, %(Ho — A)"*x Wy given by

(o) [ Gua(Ki)alKR(HO)(Ho — ) (H)
o Glyo(Kz)a*(Kz)dKldsz(Ho)
=x(H) [ GualKR(Ho + k(o + el = N K(Ho + k)
G1,0(K2)a(Ki)a"™ (K2)dKidKax(Ho)

*X(HO)/ Go.1(K1)X(Ho + [ku|)(Ho + [ki| — A) "% (Ho + k)

Glyo(Kz)((S(Kl — Kz) + a*(K2)a(K1))dK1dK2x(Ho)
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Generalized Wick normal form (l11)

Example

Consider the term coming from x W, %(Ho — A)"*x Wy given by

(o) [ Gua(Ki)alKR(HO)(Ho — ) (H)
o Glyo(Kz)a*(Kz)dKldsz(Ho)
=x(H) [ GualKR(Ho + k(o + | = N K(Ho + ko)
Gro(Ke)a(K1)a" (Ke)dKa dKox (Ho)

*X(HO)/ Go.1(K1)X(Ho + [ku|)(Ho + [ki| — A) "% (Ho + k)

Glyo(Kz)((;(Kl — Kz) + a*(K2)a(K1))dK1dK2x(Ho)
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Generalized Wick normal form (l11)

Example

Consider the term coming from x W, %(Ho — A)"*x Wy given by

X(Ho) [ Goa(Ka)a(K)R(HG)(Ho — X) ' R(H)
o Gi,0(K2)a" (Kz2)dKidKax(Ho)
=x(H) [ GualKR(Ho + k(o + el = N K(Ho + k)
Gi0(Kz)a(Ki)a™ (Kz2)dKidKax(Ho)

*X(HO)/ Go.1(K1)X(Ho + [ku|)(Ho + [ki| — A) "% (Ho + k)

Glyo(Kz)((S(Kl Kz) + a (Kg) (Kl))dKldK2X(Ho)
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of the X(Ho)/3 | Goa(K)X(Ho + lla])(Ho + k| = A) "1 (Ho + | k)
: R3xR

fr

Generalized

\rf‘é'rf::al Glyo(Kz)((S(Kl = Kz) == a*(Kz)a(Kl))dKldsz(Ho)
form

:Wywu‘\\wy :X(HO) /3 GO,I(KI)X(HO + |k1|)(Ho aF |k1| = )\)_1)2(/‘/0 4= |k1|)

Scaling R

GI,O(Kl)dle(Ho)

space of
Hamion +X(H0)/ Go,1(K1)a" (Ko)X(Ho + |ki| + |ka|)(Ho + [Ki| + |ka| — A) ™"
maizstion R3 xR3

X(Ho + |ki| + |ka|) Gro(K2)a(K1)dKid Kz x(Ho)

and lifetime

of

metastable
states
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Generalized Wick normal form (1V)

Example
X(l"’O)/]R3 - Go,1(K1)X(Ho + [ku|)(Ho + [ka] — A) "% (Ho + |k )
Glyo(Kz)((;(Kl = Kz) + a*(Kz)a(Kl))dKldsz(Ho)
=x(H) [ | Goa(Ka)(Ho + [l (Ho + ka] = 3)X(Ho -+ ]
G170(K1)dK1X(H0)

+x(Ho)

—

Go.1(K1)a"(K2)X(Ho + |ki| + |ke|)(Ho + [ka| + ke — X) ™
R3

X(Ho + | k1| + |k2|) G1,0(K2)a(K1)dKid Kox (Ho)
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Generalized Wick normal form (1V)

Example
X(l"/O)/]R3 - Go,1(K1)X(Ho + [ku|)(Ho + [ka] — A) "% (Ho + |k )
Glyo(Kz)((;(Kl = Kz) + a*(Kz)a(Kl))dKldsz(Ho)
=x(H) [ | Goa(Ka)(Ho + [l (Ho + ka] = 3)X(Ho -+ ]
G170(K1)dK1X(H0)

+x(Ho)

—

Go1(K1)a" (Ka)X(Ho + |ki| + |ke|)(Ho + [ka| + [k — X) 7
R3

X(Ho + [ki| 4 |k2|) Gro(K2)a(Ki)dKid Kax (Ho)
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Scaling transformation (1)

Scaling transformation

o Effective Hamiltonian Heg(\) acts on the Hilbert space Ran 1y, <, at
energy scale p. To obtain an Hamiltonian at energy scale 1 we use the unitary
scaling transformation

U, : Ranlly, <, — Ran Ty, <1 =: Ho,
(U, ) (K, ..., Ky) = p 2 0D ((pki, M), - - ., (pkns An))
e Note that the free photon field Hamiltonian is scaled as
U,Hr U, = pHr

o Define the new Hamiltonian Fleﬁ‘()\) acting on Ho by

Heg(X) = = (UpHeg(\) U + Eo — X)

_ 1
)
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Scaling transformation (1)

Scaling transformation

e In generalized Wick ordered form,

Heor(N) = Wo,0(\, Hr) + Z XH,:§1/

m+n>1 B
m+n
Won (N, Hei Ko, Kenin) (] a(K) X <1dKa -
Jj=m+1

where W o(\, He) = Hf +o>(---) and for m+n > 1,

Wim,n(X,+) 1 [0,1] x B{'t" — C

Wm,n(A, He; K1, ..., Ki) = p%(mﬂ)_lwm,,,(/\, pHr; pKa, . .

(=)

° o (1;<}n4—n7

. 7pK")
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Scaling transformation (1)

Scaling transformation

e In generalized Wick ordered form,

et (A) = Woo(X, He) + > XH,gl/
m+n>1 B

m+n

e

Wim,n( A, Hes K, Kmn) (] a(K)) xre<1dKi - .. dKimin,

Jj=m+1
where W o(\, He) = Hf +o>(---) and for m+n > 1,

Wim,n(X,+) 1 [0,1] x B{'t" — C

Wm,n(A, He; K1, ..., Ki) = p%(m+")7lwm7n(/\, pHr; pKa, . ..

7pK")

Remark: Infrared singularity

Consider a (coupling) function of the form f(K) = XA(k)/|k\%"‘. Then

P Upa(F)U; = pa( e )

|27
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Scaling transformation of the spectral
parameter

Scaling transformation of the spectral parameter

e Effective Hamiltonian Heg()\) acting on Ho is defined for A < Eo + p/2. To
obtain a family of operators defined on [-1/2,1/2], we consider the map

g P P _11]
Z“’)'[E" 2’E°+2]_’[ 2'2

1
A— —(\ — E
p( 0)

e For A € [-1/2,1/2], define the new Hamiltonian Hg)(\) acting on Ho by

H(O) (A) = Fleff(z(a)l (A))
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Scaling transformation of the spectral
parameter
Scaling transformation of the spectral parameter

e Effective Hamiltonian Heg()\) acting on Ho is defined for A < Eo + p/2. To
obtain a family of operators defined on [-1/2,1/2], we consider the map

J6-2E+P]o[-1 1}
Zo: [B- 5B+ 5] = [~ 53
1
A——(A—E
o )
e For A € [-1/2,1/2], define the new Hamiltonian Hg)(\) acting on Ho by

H(O)(A) = Fleff(Z(E)I(A))

Isospectrality
Using isospectrality of the Feshbach-Schur map, we obtain

11 B
A€ a(Hg(N) N [— > 5} = Zg'(\) €o(Ha) N [EO -l B+ g}
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Banach space of operators (1)

The function space ngo (relevant and marginal parts)

o Let
Wio = CH([0,1]:C), [lwooll = [wo,0(0)] + [|wo,0llso

e Can be decomposed into Wfo =Ce®7, 7T={wypc€ ngo, wo,0(0) = 0}
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Banach space of operators (I)

The function space Wg’fo (relevant and marginal parts)

o Let
Wio = CH([0,1]:C), [lwooll = [wo,0(0)] + [|ws,0llso

e Can be decomposed into W(fo =Ca®7, T={wypé€ Wg%o, wo,0(0) = 0}

The function space W ,, m+ n > 1 (irrelevant part)

e Let W/, , be the set of functions wm,, : [0,1] x B{""" — C such that

* For all w € [0,1], (K1, ... Kmtn) — Wmn(w, K1, ..., Kmin) is bounded and
symmetric w.r.t. (Ki,...,Kn) and (Kmt1,. .., Kn)

* For all (K1,...,Kmin) € B, w — Wi n(w, K1, ..., Kmin) belongs to
C*([0,1];C)
) ﬁ’,, is equipped with the norm (where p > 0 is related to the infrared
singularity of the model)

[Wm,all = [[wm,nlle + 1|0 wim,nl| .,

1_
Wl = sup |WmA,,(w, Kl,...,Km+,,)‘ H |ki|2 ="

t .
[0,1]x Bt j=1
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Banach space of operators (Il)

The Banach space W#

Let
W = P Wia llwl= > & wmal,

m+n>0 m+n>0

with the notation w = (wo0, wi,0, Wo1,...) € W# and where 0 < £ < 1is a
suitably chosen parameter
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Banach space of operators (Il)

The Banach space W#

Let
Wh= @ Win llwll= > & wmll,

m+n>0 m+n>0

with the notation w = (wo,0, Wi,0, Wo,1,-..) € W* and where 0 < £ < 1is a
suitably chosen parameter

Operators associated to elements of W#

e To w € W¥ we associate a bounded operator on Hy by letting

H(w) = woo(Hr) + Y XHfSI/ (12 (k)
Tl B iy
m+n
Winn(X, Hei K1y Kmin) (] 2(K)) xrp<1dKa . dKinin
Jj=m+1

e Forall x> 0and 0 <& <1, the map H: w — H(w) is injective and
continuous with ||H(w)|| < ||w||
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Banach space of operators (111)

Dependence on the spectral parameter

Let

W= ([~ 5). IwOn=

sup (N e

2’2]
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Banach space of operators (l11)

Dependence on the spectral parameter

Let
o[-l g N
w=c(] 2,2],W ). IwOl = s Wl

2’2]

The Banach space H(W)

The Banach space in which the renormalization map will be defined is

HOW) = {Hw() e ¢ ([ - 5, 5] HOVM) },

equipped with the norm

||H(ﬂ('))|| = N 5“5’ . ||H(ﬂ()‘))||3(ﬁo)

€l—3,3
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Sy A€[l=3.3]
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t for-
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Banach space of operators (IV)

A polydisc in W
Let

D(B,e) ={w() = (E(), T() Wma Dimiz1) € W,
sup |E(N)| <e,
AEl- 73]
sup  sup |8w T\ w) — 1| < B,
Ae[—%,%]weloyll

sup ||(Wm,n()\))m+n21HW# S 5}
Al b3

The initial Hamiltonian

Let B,e > 0. Let a? < p < & < 1. Then Hg)(-) € H(W), and, with

Ho)(-) = H(w ().
wo)(-) € D(B,¢)
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Renormalization map (1)

The renormalization map
e The renormalization map R, : H(W) — H(W) is defined by

Ry (W) = £ UpFry, <, (H((Z1 () = 27 (N,

E(Z7' )+ T2 ) = 271 W) U; + A
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Renormalization map (1)

The renormalization map
e The renormalization map R, : H(W) — H(W) is defined by

Ro(HO(N) = 2UpFay <, (H(w(Z7 () = 270
E(Z7'O0)+ T(Z 7)) = 271 ) U5 + A

e Decimation of the degrees of freedom. One verifies that for suitably chosen
p's, the Feshbach-Schur operator above is well-defined (use the C* property
“with respect to Hf")
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Renormalization map (1)

The renormalization map
e The renormalization map R, : H(W) — H(W) is defined by

UpFrpe, (HW(ZTH ) = Z7V),

E(Z7'0)+ T(Z 7 ) = 27 W) U; + A

Rxmmnnzi

e Decimation of the degrees of freedom. One verifies that for suitably chosen
p's, the Feshbach-Schur operator above is well-defined (use the C! property

“with respect to Hf")
e U, is a scaling transformation
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Renormalization map (1)

The renormalization map
e The renormalization map R, : H(W) — H(W) is defined by

Ro (V) = 2UpFan,<, (H(Z(0) = 27,
E(Z )+ T(Z ) = 27" ) U5 + A

e Decimation of the degrees of freedom. One verifies that for suitably chosen
p's, the Feshbach-Schur operator above is well-defined (use the C! property
“with respect to Hf")

e U, is a scaling transformation

e Z is a scaling transformation of the spectral parameter (use the C* property
with respect to \)

1 1}

z:{xe[- 55l P-EQI< 5} 52— 20— EON €[5,
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Renormalization map (1)

The renormalization map
e The renormalization map R, : H(W) — H(W) is defined by

Ry (M) = - UpFry <, (Hw(Z 7 (0) = 2701,
E(Z7' )+ T2 ) = 271 W) U; + A

e Decimation of the degrees of freedom. One verifies that for suitably chosen
p's, the Feshbach-Schur operator above is well-defined (use the C! property
“with respect to Hf")

e U, is a scaling transformation

e Z is a scaling transformation of the spectral parameter (use the C' property

with respect to \)

11

27 >3]

P 1
. — _ < - _ _ — _
z:{ne| J:x E(A)\_z}a)\ap(A E) € | S5
e Using Neumann series decomposition and generalized Wick ordered form,
R, (H(w(+))) is written as an element of H(W)
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Renormalization map (I1)

Perturbation decreases with application of R,

Leta<<p<l p>0 &=p"% Forall 0< g,e<p,

R, H(D(,2)) = H(D(B + 3, 5))
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Renormalization map (I1)

Perturbation decreases with application of R,

Leta<<p<l p>0 &=p"% Forall 0< g,e<p,

R, : H(D(B,e)) = H(D(B + %, 2))

Iteration
o et

H(’)() = RL(H(O)()) = H(E(/)()7 T(/)()7 (Wm n( ))m+n>1)

e Let Z) be the scaling transformation of the spectral parameter appearing in
the /™ application of R,
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Existence of a ground state

Existence of a ground state

The sequence Z(g)l o Z(I)l 0---0 Z(T)I(O) converges as | — co. The limit

] — 1 —
Eioe) = Jim Zgy © Zjy o+ Z;,(0)
is an eigenvalue of H, and
_P P
o(Ha) N | Eo 2,E0+2 CE(OO)-i-[O,l].

In particular H, has a ground state associated to the eigenvalue E()
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Existence of a ground state

Existence of a ground state
The sequence Z(g)l o Z(I)l 0---0 Z(T)I(O) converges as | — oco. The limit
E(oc) = Jim Ziy) 0 Zg) 0+ 0 Zj5'(0)
is an eigenvalue of H, and
o(Ha) N [Eo = 2, B0+ £] C By +[0,1]

In particular H, has a ground state associated to the eigenvalue E()

Algorithm to compute E()

e The method provides an algorithm to compute E(.) up to any order in «
e One can show [Halser-Herbst JFA'12] that E . is an analytic function of o
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Complex dilatations

Unitary scaling transformation of electron position and photon momenta

Recall H = L2(R%; Hpn). For 6 € R, let Up be the unitary dilatations operator
that implements the transformations

0 —0
Xel > € Xel, ke 'k

More precisely, for ® € H,

(Up®) ™ (xe1, Ki, . .., Kn) = € 20900 (%1 (e ki, A1), - ., (€ kny An))
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Complex dilatations

Unitary scaling transformation of electron position and photon momenta

Recall H = L?(R3; H,1). For 8 € R, let Us be the unitary dilatations operator
that implements the transformations

Xel — egxel7 k— e %k
More precisely, for ® € H,

(Up®) P (xe1, Ka, ..., Kn) = e 2900 (31 (e ke, A1), ..., (€ " kny An))

The dilated Hamiltonian
e For 0 € R, let Ha(0) = UpH. U, ", which gives

2
Ho(0) = Ha(0) + e Hr + Wa(0), Ha(0) = e_29% + V(")

e Using assumptions on the coupling function, we can define H. () by the
same expression, for 6 € D(0,0) C C, 6y sufficiently small. The family
0 — H.(0) is then analytic of type (A) in the sense of Kato
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Existence of resonances

Existence of resonances ([Bach-Frohlich-Sigal Adv.Math.'98], [F.
AHP'08], [Sigal JSP'09])

Let E; < 0 be a simple eigenvalue of Hci. There exists ac > 0 such that for all
0 < a < «a, there exists a non-degenerate eigenvalue Ej o of H.(0) such that
E;j, does not depend on @ (for @ suitably chosen) and

Eja —
a—0

The eigenvalue Ej o of Ha(0) is called a resonance of H,
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o AHP'08), [Sigal JSP'09])

R Let E; < 0 be a simple eigenvalue of Hci. There exists ac > 0 such that for all
and lifetime 0 < a < a, there exists a non-degenerate eigenvalue Ej o of H. () such that

of

metastable E;j,. does not depend on @ (for 0 suitably chosen) and
states

o

O?IStence Ejya s EJ

resonances a—0

Lifetime of

metastabl g .

states The eigenvalue Ej o of Ha(0) is called a resonance of H,

Perturbative expansion in «

Expansion in « can be computed up to any order; first terms:
Eio = E + d’co+ O(a?),

where Im ¢y < 0 (given by Fermi’s Golden Rule)
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Lifetime of metastable states

Estimation of the lifetime of metastable states ([Hasler-Herbst-Huber
AHP'08], [Abou Salem-F-Fréhlich-Sigal Adv.Appl.Math.’09])

e Let ¢; be a normalized eigenstate of H.i associated to E;

e Then p; ® Q (with Q the Fock vacuum) is a normalized eigenstate of Hy
associated to E;

e There exists ac > 0 such that for all 0 < « < ac and t > 0,
(p1©9,e Q) = e ™5 + 0(a)

e Consequence: for t < o3

1

’<(,OJ®Q e ’tHo‘tp ®Q>‘ tImc0+O(a)
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Infrared cutoff

Introduction of an infrared cutoff

Define the infrared cutoff Hamiltonian
Ha,o(0) = Ho(0) + Wa,»(0)

where the interaction between the electron and the photons of energies < o
has been suppressed in the interaction Hamiltonian W,(0). For 6 = 0, this
corresponds to replacing the electromagnetic vector potential A(x) by

Aq(x) = /33 Lik>o XA2(|IZ<)| ex(k) (a*(K)e_'k'X + a(K)e’k'x) aK
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Infrared cutoff

Introduction of an infrared cutoff

Define the infrared cutoff Hamiltonian
Ha,o(0) = Ho(0) + Wa,»(0)

where the interaction between the electron and the photons of energies < o
has been suppressed in the interaction Hamiltonian W,(0). For 6 = 0, this
corresponds to replacing the electromagnetic vector potential A(x) by

As(x) = /}R3 ﬂ\klzamex(k) (a*(K)e_'k'X 4 a(K)e’k'x) dK

V2K

Spectrum of the infrared cutoff Hamiltonian

e There exists a complex eigenvalue Eif of Ha,»(0) arising from Ej, but Eif
depends on 6

e When restricted to the Fock space of photons of energies > o, there is a
gap of order O(o) around Ej%a" in the spectrum of Hq. - (6)
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Hunziker’s method (1)

Relation between propagator and resolvent, Combes' formula

o Let W = ; ® Q. Let f € C5°(R) be supported into a neighborhood of
order O(o) of Ej, f =1 near E;
e Stone's formula

<\|J,—, ¢~ tHa f(Ha)\Uj>

o i —itz i _ o _ i1 _ . \—1 i
= 5||\n~5 i IRe f(z) <\IJJ, [(Ha z —ig) (Ho — z + i€) } \UJ> dz
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Hunziker’s method (1)

Relation between propagator and resolvent, Combes' formula

o Let W = ; ® Q. Let f € C5°(R) be supported into a neighborhood of
order O(o) of Ej, f =1 near E;
e Stone's formula

<\u,—, ¢~ tHa f(Ha)\Uj>

. 1 —itz f \— P\ —
:Eh\rrzJﬂ lR{e tf(z)<\llj, [(Ha—z—la) 1—(Ha—z+lz’;‘) 1}\Uj>dz

e Combes’ formula (first for 6 € R, then for 8 € C using analyticity)

<w,—,e*’f”a f(Ha)\uj>

= 5= [ @[ (w0, (@) - 2w, D))

" 2im

— (Wi(0), (Ha(0) = 2) " W;(0)) | 2
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Hunziker’s method (I1)

Infrared cutoff Hamiltonian

Approximate the resolvent of H. () by the resolvent of Ha,»(6)
(W, e F(Ha )W, )
_ i —itz . 0\ _ v .(n
= 57z & F@ (VO0), (oo = 2)710(0))

- <w,-(e‘), (Hao(6) = 2) " 05(6)) ] dz + Rem(a, 0)
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Hunziker’s method (I11)

Deformation of the path of integration

. Usmg the gap property for Ha o (0), deform the path of integration (with
o® < v < Co and f a suitable almost analytic extension of f)

/Re*'ﬁf(z)[...]dz:/w ef"tz?(z)[.l.]dz—&-/ e ZH(2)[. .. ]dz

»
+ // e_itz(ag?)(z)[. ..]dRe(z)dIm(z)
D(v)\Dp
supp(f)
f=1
Ej_] L [ C }‘Ej T 1 Ej+l
‘ N — i S ‘
Cp Y
2 T'(y) Dy

e Use Cauchy’'s formula and estimates of the resolvent of Hy,»(6)
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Continuation of the resolvent

Pole of an analytic continuation of the resolvent? ([Abou
Salem-F-Frohlich-Sigal Adv.Appl.Math.'09])
There exists a: > 0 and a dense domain D such that for all 0 < o < a. and
W € D, the map

2z Fy(z) = (W, (Ha — 2)7'W)

has an analytic continuation from C* to a domain Wj . related to Ej ., such
that

(W)
|Ejo — 2|%’
with 3 < 1, and where p(-), C(:) are bounded quadratic forms

Fod) = PV vy, ez w) <

Eja—2z
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Thank you!
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