
NEUMANN-BOUNDARY STABILIZATION OF

THE WAVE EQUATION WITH DAMPING

CONTROLS

Boumediène Chentouf∗ & Aissa Guesmia ?

∗ Department of Mathematics and Statistics, Sultan Qaboos University

P.O. Box 36. Al Khodh 123, Muscat, Sultanate of Oman.

E-mail: chentouf@squ.edu.om

? Metz Laboratory of Mathematics and Applications,

University Paul Verlaine-Metz. 57045 Metz, France.

E-mail: guesmia@univ-metz.fr

Abstract. This note is devoted to boundary stabilization of a non-homogeneous n-dimensional wave equation

subject to Neumann boundary conditions. Both linear and nonlinear feedback law involving only a damping term are

dealt with. Using a new energy norm, asymptotic convergence to an equilibrium position depending on the initial

data is proved for the solutions of the considered systems. The method presented can also be applied to a large class

of distributed parameter systems such as Petrovsky system, coupled wave-wave equations and elasticity systems.

1 Introduction

Let Ω be a bounded open connected set in Rn having a smooth boundary Γ = ∂Ω of class C2. Given a

partition (Γ0,Γ1) of Γ, consider the following wave equation

ytt(x, t)−Ay(x, t) = 0, in Ω× (0,∞) (1.1)

with either static Neumann boundary conditions and initial conditions
∂Ay(x, t) = 0, on Γ0 × (0,∞)

∂Ay(x, t) = U(t), on Γ1 × (0,∞)

y(x, 0) = y0(x) ∈ H1(Ω), yt(x, 0) = z0(x) ∈ L2(Ω),

(1.2)

or dynamical Neumann boundary conditions and initial conditions

m(x)ytt(x, t) + ∂Ay(x, t) = 0, on Γ0 × (0,∞)

M(x)ytt(x, t) + ∂Ay(x, t) = U(t), on Γ1 × (0,∞)

y(x, 0) = y0(x) ∈ H1(Ω), yt(x, 0) = z0(x) ∈ L2(Ω),

yt|Γ0(x, 0) = w0
0(x) ∈ L2(Γ0), yt|Γ1(x, 0) = w0

1(x) ∈ L2(Γ1),

(1.3)
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where A =
∑n

i,j=1 ∂i(aij∂j), ∂A =
∑n

i,j=1 aijνj∂j , ∂k = ∂
∂xk

, ν = (ν1, · · · , νn) is the unit normal of Γ

pointing towards the exterior of Ω and aij ∈ C1(Ω̄) such that there exists α0 > 0 satisfying

aij = aji, ∀i, j = 1, · · · , n,
n∑

i,j=1

aijεiεj ≥ α0

n∑
i=1

ε2i , ∀ (ε1, · · · , εn) ∈ Rn. (1.4)

Furthermore,  m ∈ L∞(Γ0); m(x) ≥ m0 > 0,∀x ∈ Γ0;

M ∈ L∞(Γ1); M(x) ≥M1 > 0,∀x ∈ Γ1.
(1.5)

and U is a feedback law depending only on a damping term, that is,

U(t) = −a(x) yt(x, t), (x, t) ∈ Γ1 × (0,∞); (1.6)

where the function a satisfies: a ∈ L∞(Γ1); a(x) ≥ a0 > 0,∀x ∈ Γ1. Note that Γ1 is supposed to be

nonempty whereas Γ0 may be empty.

Then, it is proved that the solutions of each of the above closed-loop system tend asymptotically to a

constant depending on the initial data y0 and z0. The nonlinear control is also treated in this note.

The stabilization problem of the wave equation has been extensively studied in the literature (see [1],

[3]-[5], [15], [17]-[21], [23]-[26] and the references therein). In all references cited above, the displacement

term y is present in the closed-loop system since the proposed energy-norm of the system is

E0(t) =
1
2

∫
Ω

 n∑
i,j=1

aij∂iy∂jy + |yt|2
 dx

which is only a semi-norm in our case. Note that J. Lagnese [16] has proved the energy decay of E0(t) in

the case when Γ0 = ∅ and aij = δij for the system (1.1)-(1.2) and (1.6). Nevertheless, the proof of this

result is very technical and requires a preliminary result (see Theorem 2 in [16]).

The main contribution of this paper is to provide an alternative proof of Lagnese’s result [16] by means

of a simple and direct method and extend the results of [8], where the one-dimensional equation is dealt

with. The key idea of the proof is to introduce a new energy associated to each system.

2 The Main Results

Consider the state space H = H1(Ω)× L2(Ω) equipped with the inner product

〈(y, z), (ỹ, z̃)〉H =
∫

Ω

 n∑
i,j=1

aij∂iy∂j ỹ + zz̃

 dx+ ε

(∫
Ω

z dx+
∫

Γ1

ay dσ

)(∫
Ω

z̃ dx+
∫

Γ1

aỹ dσ

)
,

where ε is a positive constant. Then, one can prove that H endoweded with this inner product is a Hilbert

space provided that ε is small enough. Next, the system (1.1)-(1.2) and (1.6) can be written as follows{
Φt(t) = AΦ(t),

Φ(0) = Φ0 = (y0, z0),
(2.1)

where A is an unbounded linear operator such that A(y, z) = (z,Ay) for any (y, z) in its domain

D(A) =
{

(y, z) ∈ H1(Ω)×H1(Ω);Ay ∈ L2(Ω); ∂Ay = 0 on Γ0; ∂Ay + az = 0 on Γ1

}
.
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The well-posedness result for the closed-loop system (2.1) can be easily proved by applying semigroups

theory of linear operators [22]. Moreover, one can establish that the canonical embedding i : D(A) → H
is compact, where D(A) is equipped with the graph norm. The first main result of this note is:

Theorem 2.1. For any initial data Φ0 = (y0, z0) ∈ H, the solution Φ(t) = (y(t), yt(t)) of (2.1) tends in

H to (C, 0) as t −→ +∞, where

C =
(∫

Γ1

a dσ

)−1(∫
Ω

z0 dx+
∫

Γ1

ay0 dσ

)
. (2.2)

Proof of Theorem 2.1. By a standard argument, it suffices to prove Theorem 2.1 for a smooth

initial data Φ0 = (y0, z0) ∈ D(A2). Then, let Φ(t) = (y(t), yt(t)) = S(t)Φ0 be the solution of (2.1). Since

the trajectory of solution {Φ(t)}t≥0 is a precompact set, one can apply LaSalle’s principle to deduce that

ω (Φ0) is non empty, compact, invariant under the semigroup S(t) and S(t)Φ0 −→ ω (Φ0) , as t → +∞
[13]. Let Φ̃0 = (ỹ0, z̃0) ∈ ω (Φ0) ⊂ D(A) and Φ̃(t) = (ỹ(t), ỹt(t)) = S(t)Φ̃0 ∈ D(A) the unique strong

solution of (2.1). Using the fact that ‖Φ̃(t)‖H is constant [13] and hence < AΦ̃, Φ̃ >H= −
∫

Γ1
a|z|2 dσ = 0,

it implies that z̃ = ỹt = 0 on Γ1. This yields ỹ ≡ constant and the desired result follows. �

Now, we treat the case when the boundary conditions are dynamical. First, the well-posedness of the

problem (1.1)-(1.3) and (1.6) can be proved on the state space Hd = H1(Ω) × L2(Ω) × L2(Γ0) × L2(Γ1)

equipped with the inner product

〈
(y, z, w0, w1), (ỹ, z̃, w̃0, w̃1)

〉
Hd

=
∫

Ω

 n∑
i,j=1

aij∂iy∂j ỹ + zz̃

 dx+
∫

Γ0

mw0w̃0 dσ +
∫

Γ1

Mw1w̃1 dσ

+ε
(∫

Ω

z dx+
∫

Γ0

mw0 dσ +
∫

Γ1

(Mw1 + ay) dσ
)(∫

Ω

z̃ dx+
∫

Γ0

mw̃0 dσ +
∫

Γ1

(Mw̃1 + aỹ) dσ
)
,

(2.3)

where ε > 0 is a small enough constant. Indeed, setting z = yt, w0 = z|Γ0 , w1 = z|Γ1 and Φ(t) =

(y(t), z(t), w0(t), w1(t)), the closed loop system can be written into the following form:{
Φt(t) = AdΦ(t),

Φ(0) = Φ0 = (y0, z0, w0
0, w

0
1).

(2.4)

Here Ad is a linear operator, which generates a C0 semigroup of contractions on Hd, and defined by

D(Ad) =
{

(y, z, w0, w1) ∈ H1(Ω)×H1(Ω)× L2(Γ0)× L2(Γ1); Ay ∈ L2(Ω), w0 = z|Γ0 , w1 = z|Γ1

}
,

Ad(y, z, w0, w1) =

(
z,Ay,− 1

m
∂Ay,−

1
M

(aw1 + ∂Ay)

)
, for any (y, z, w0, w1) ∈ D(Ad).

Then, using the same arguments as for Theorem 2.1, one can prove the second main result:

Theorem 2.2. For any initial data Φ0 = (y0, z0, w
0
0, w

0
1) ∈ Hd, the solution Φ(t) = (y(t), yt(t), w0(t), w1(t))

of (2.4) goes in Hd to (C, 0, 0, 0) as t −→ +∞, where C is given by (2.2).

We turn now to the case of dynamical boundary conditions with a nonlinear damping control. For sake
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of simplicity and without loss of generality, we shall consider the system with constant coefficients

ytt(x, t)−∆y(x, t) = 0, in Ω× (0,∞)

mytt(x, t) + ∂y
∂ν

(x, t) = 0, on Γ0 × (0,∞)

Mytt(x, t) + ∂y
∂ν

(x, t) = −f(yt(x, t)), on Γ1 × (0,∞)

y(x, 0) = y0(x) ∈ H1(Ω), yt(x, 0) = z0(x) ∈ L2(Ω),

yt|Γ0(x, 0) = w0
0(x) ∈ L2(Γ0), yt|Γ1(x, 0) = w0

1(x) ∈ L2(Γ1),

(2.5)

where f satisfies the classical assumptions, namely, f is a non-decreasing continuous function such that

f(0) = 0. Moreover, suppose that there exists a positive constant K such that |f ′(0)s− f(s)| ≤ Ksf(s),

for any s in some neighborhood of 0.

Let the state space Hd = H1(Ω)× L2(Ω)× L2(Γ0)× L2(Γ1) equipped with the new inner product〈
(y, z, w0, w1), (ỹ, z̃, w̃0, w̃1)

〉
Hd

=
∫

Ω

(∇y∇ỹ + zz̃) dx+
∫

Γ0

mw0w̃0 dσ +M

∫
Γ1

w1w̃1 dσ + ρ

∫
Γ1

yỹ dσ,

(2.6)

where ρ is any positive constant. Then, it is shown that the system is well-posed in the sense of semigroups

of nonlinear operators [2] and as t → ∞, the solution (y(t), yt(t), yt|Γ0(t), yt|Γ1(t)) of the system tends to(
C̃, 0, 0, 0

)
, where C̃ is given by

(f ′(0) |Γ1|)
−1
(∫

Ω

z0dx

)
+m

(∫
Γ0

w0
0dσ

)
+
∫

Γ1

(
Mw0

1 + f ′(0)y0
)
dσ+

∫ ∞
0

∫
Γ1

(f ′(0)w1(s)− f(w1(s))) dσ.

Remark 2.1. The method presented in this note can be applied for a large class of distributed systems

(where the classical energy defines only a semi-norm in the state space) to prove the convergence, as the

time goes to infinity, of solutions to an equilibrium point which can be determined. Indeed, applications

to Petrovsky system, coupled wave-wave equations and elasticity systems can be carried out.
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[20] A. Majda, Disappearing solutions for the dissipative wave equations, Indiana Univ. Math. J., vol. 24, pp.

1119-1133, 1975.

[21] C. S. Morawetz, Decay of solutions of the exterior problem for the wave equations, Comm. Pure Appl. Math.,

vol. 28, pp. 229-264, 1975.

[22] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag,

New York, 1983.

[23] J. P. Quinn and D. L. Russell, Asymptotic stability and energy decay rate for solutions of hyperbolic equations

with boundary damping, Proc. Roy. Soc. Edinburgh Sect. A, vol. 77, pp. 97-127, 1977.

[24] J. Rauch and M. Taylor, Exponential decay of solutions to hyperbolic equations in bounded domain, Indiana.

Univ. Math. J., vol.24, no. 1, pp. 79-86, 1974.

[25] D. L. Russell, Controllability and stabilizability theory for linear partial differential equations : Recent

progress and open questions, SIAM Review, Vol.20, no.4, pp. 639-739, 1978.

[26] Y. C. You and E. B. Lee, Dynamical boundary control of two-dimensional wave equations: vibrating mem-

brane on general domain, IEEE Transactions on Automatic Control, Vol. 34, no. 11, pp. 1181-1185, 1989.

Proceedings of the 5th  Asian Mathematical Conference, Malaysia 2009


