A PEDESTRIAN APPROACH TO THE INVARIANT GIBBS
MEASURES FOR THE 2-¢ DEFOCUSING NONLINEAR
SCHRODINGER EQUATIONS
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ABSTRACT. We consider the defocusing nonlinear Schriodinger equations on the two-
dimensional compact Riemannian manifold without boundary or a bounded domain in
R2. Our aim is to give a pedagogic and self-contained presentation on the Wick renormal-
ization in terms of the Hermite polynomials and the Laguerre polynomials and construct
the Gibbs measures corresponding to the Wick ordered Hamiltonian. Then, we construct
global-in-time solutions with initial data distributed according to the Gibbs measure and
show that the law of the random solutions, at any time, is again given by the Gibbs

measure.
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1. INTRODUCTION

1.1. Nonlinear Schrédinger equations. Let (M, g) be a two-dimensional compact Rie-
mannian manifold without boundary or a bounded domain in R%. We consider the defo-
cusing nonlinear Schrédinger equation (NLS):

{i@tu + Agu = [uf2u

(t,2) €R x M, (1.1)
u’t:() = Qsa

where A, stands for the Laplace-Beltrami operator on M, k = 2m > 4 is an even integer,
and the unknown is the function u: R x M — C.

The aim of this article is to give a pedagogic and self—containedlﬂ presentation on the
construction of an invariant Gibbs measure for a renormalized version of . In particular,
we present an elementary Fourier analytic approach to the problem in the hope that this will
be accessible to readers (in particular those in dispersive PDEs) without prior knowledge in
quantum field theory and/or stochastic analysis. In order to make the presentation simpler,
we first detail the case of the flat torus M = T2, where T = R/(27Z). Namely, we consider

. Au = k—2
{z@tu—i— u ="y (t,z) € R x T (1.2)

u|t=0 = ¢7

The equation ([1.2)) is known to possess the following Hamiltonian structure:

OH
ou = —i— 1.3
tu ? aﬂ 9y ( )
where H = H(u) is the Hamiltonian given by
1 1
H(u) = / |Vu|>dx + / lul*da. (1.4)
2 TQ k: TQ
Moreover, the mass
M(u) = / |u|?dx
T2
is also conserved under the dynamics of ([1.2)).
1.2. Gibbs measures. Given a Hamiltonian flow on R?":
. O0H
Pi = 34
{ Sy (1.5)
q.] - 8pj

with Hamiltonian H(p,q) = H(p1, - ,Pn,q1, - ,qn), Liouville’s theorem states that the
Lebesgue measure H?Zl dpjdg; on R?” is invariant under the flow. Then, it follows from
the conservation of the Hamiltonian H that the Gibbs measures e~ #H(¥:4) H?:l dpjdq; are
invariant under the dynamics of . Here, 8 > 0 denotes the reciprocal temperature.
NLS is a Hamiltonian PDE, where the Hamiltonian is conserved under its dynamics.
Thus by drawing an analogy to the finite dimensional setting, one expects the Gibbs measure

lwith the exception of the Wiener chaos estimate (Lemma .
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of the form{Z
“dP{*™ = 771 exp(—BH (u))du” (1.6)

to be invariant under the dynamics of (|1.2]) E| As it is, (1.6]) is merely a formal expression
and we need to give a precise meaning. From (|1.4]), we can write (|1.6) as

“dP2(2m) _ Z*lefﬁf|u|2md:p 77f|Vu| dz g, (17)

(2m)

This motivates us to define the Gibbs measure P, as an absolutely continuous (proba-
bility) measure with respect to the following massless Gaussian free field: dy = Z~!exp (—
% / |Vu]2dac) du. In order to avoid the problem at the zeroth frequency, we instead consider

the following massive Gaussian free field:
dy = Z—1,=% [IVulPda—} [|ul?de g, (1.8)

in the following. Note that this additional factor replaces —H (u) by —H(u) — M (u) in

the formal definition (|1.6) of P2(2m)' In view of the conservation of mass, however, we still
(2m) . . . . . (2m)
expect P, to be invariant if we can give a proper meaning to P,” .
It is well known that p in (1.8 corresponds to a mean-zero Gaussian free field on T2.
More precisely, u is the mean-zero Gaussian measure on H*(T?) for any s < 0 with the
covariance operator Qs = (Id—A)~!'*%. Recall that a covariance operator @ of a mean-zero

probability measure p on a Hilbert space H is a trace class operator, satisfying

/H (F e ) ygdia(as) = (QF By (L9)

for all f,h € H.
We can also view the Gaussian measure p as the induced probability measure under the

map{]

we Qr— u(x) = u(r;w) Z e, (1.10)

nez? Vv 1 + ‘n‘z

where {gn },ez2 is a sequence of independent standardﬂ complex-valued Gaussian random
variables on a probability space (2, F, P). Namely, functions under p are represented by
the random Fourier series given in . Note that the random function u in
is in H*(T?) \ L*(T?) for any s < 0, almost surely. Thus, p is a Gaussian probability
measure on H*(T?) for any s < 0. Moreover, it is easy to see that with H = H*(T?)

In the following, Z, Zn, and etc. denote various normalizing constants so that the corresponding mea-
sures are probability measures when appropriate.

3For simplicity, we set 8 = 1 in the following. See [33] for a discussion on the Gibbs measures and
different values of 8 > 0.

4Strictly speaking, there is a factor of (27)™! in . For simplicity of the presentation, however, we
drop such harmless 27 hereafter.

5Namely, g» has mean 0 and Var(g,) = 1.
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Qs = (Id — A)~1*3 5 < 0, follows from (1.10). Indeed, we have

[ Tttt =] 3 L) 5 Mo (o]

nez? mez2
- Z w =(Qsf, h)us. (1.11)
nez?

Here, () = (1+]- ])% Note that the second equality in holds even for s > 0. For
s > 0, however, i is not a probability measure on H*(T?). Indeed, we have u(L?(T?)) = 0.

The next step is to make sense of the Gibbs measure P2(2m) in . First, let us briefly
go over the situation when d = 1. In this case, p defined by is a probability measure
on H*(T), s < 3. Then, it follows from Sobolev’s inequality that [i|u(z;w)|*dz is finite
almost surely. Hence, for any k > 2, the Gibbs measure:

aP®) = z-temu Jelultdr g, (1.12)

is a probability measure on H*(T), s < %, absolutely continuous with respect to p. More-

), Bourgain [6] proved

over, by constructing global-in-time dynamics in the support of Pl(k
that the Gibbs measure Pl(k) is invariant under the dynamics of the defocusing NLS for

k > 2. Here, by invariance, we mean that
k k
PP (®(—t)A) = PP (A) (1.13)

for any measurable set A € Bys(my and any ¢t € R, where ®(t) : ug € H*(T) = u(t) =
O(t)ug € H*(T) is a well-defined solution map, at least almost surely with respect to Pl(k).
McKean [25] gave an independent proof of the invariance of the Gibbs measure when k = 4,
relying on a probabilistic argument. See Remark[I.7]below for the discussion on the focusing
case. Over the recent years, there has been a significant progress in the study of invariant
Gibbs measures for Hamiltonian PDEs. See, for example, [24] [6], 27, 25| [7, 8, 44], 4T, [42,
13, (15, (311, 32) @3, 40, B0, 34, 211, 10, 19, 37, [12].

The situation for d = 2 is entirely different. As discussed above, the random function u
in is not in L?(T?) almost surely. This in particular implies that

/11‘2 lu(x; w)[Fde = oo (1.14)

almost surely for any k > 2. Therefore, we can not construct a probability measure of the
form:

Thus, we are required to perform a (Wick) renormalization on the nonlinear part \u|k of
the Hamiltonian. This is a well studied subject in the Euclidean quantum field theory, at
least in the real-valued setting. See Simon [38] and Glimm-Jaffe [23]. Also, see Da Prato-
Tubaro [I8] for a concise discussion on T?, where the Gibbs measures naturally appear in
the context of the stochastic quantization equation.
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1.3. Wick renormalization. There are different ways to introduce the Wick renormal-
ization. One classical way is to use the Fock-space formalism, where the Wick ordering is
given as the reordering of the creation and annihilation operators. See [38, 26, 20] for more
details. It can be also defined through the multiple Wiener-Ito integrals. In the following,
we directly define it as the orthogonal projection onto the Wiener homogeneous chaoses
(see the Wiener-Ito decomposition below) by using the Hermite polynomials and the
(generalized) Laguerre polynomials, since this allows us to introduce only the necessary ob-
jects without introducing cumbersome notations and formalism, making our presentation
accessible to readers without prior knowledge in the problem.

Before we study the Wick renormalization for NLS, let us briefly discuss the Wick renor-
malization on T2 in the real-valued setting. We refer to [I8] for more details. We assume
that wu is real-valued. Then, the random function « under p in is represented by the
random Fourier series conditioned that g_, = g,. Given N € N, let Py be the
Dirichlet projection onto the frequencies {|n| < N} and set uy = Pyu, where u is as
in . Note that, for each 2 € T2, the random variable uy(z) is a mean-zero real-valued
Gaussian with variance

1
= 2 = —_—
on = Eluy(x)] = | §|<N e log N. (1.16)

Note that oy is independent of 2 € T?. Fix an even integer k > 4. We define the Wick
ordered monomial :uﬁ“\,: by

uki = Hy(uy;on), (1.17)
where Hy(x;0) is the Hermite polynomial of degree k defined in (2.1). Then, one can show
that the limit

/ b de = lim culks s dx (1.18)
’]I‘Q

N—oo J2

exists in LP(u) for any finite p > 1. Moreover, one can construct the Gibbs measure:
dP2(k) _ Z—le—% Sk dacd'u
as the limit of

dPQ(kJQ, = Z;,le_% Jr2euly: iy,

)

The key ingredients of the proof of the above claims are the Wiener-Ito decomposition of
L?(H*(T?), i) for s < 0, the hypercontractivity of the Ornstein-Uhlenbeck semigroup, and
Nelson’s estimate [28, [29].

For our problem on NLS , we need to work on complex-valued functions. In the
real-valued setting, the Wick ordering was defined by the Hermite polynomials. In the
complex-valued setting, we also define the Wick ordering by the Hermite polynomials, but
through applying the Wick ordering the real and imaginary parts separately.

Let u be as in . Given N € N, we define uy by

uy = Pyu= Z i(n)e™®,
In|<N
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where Py is the Dirichlet projection onto the frequencies {|n| < N} as above. Then, for
m € N, we define the Wick ordered monomial : |uy/|*"™: by

Hun P = (Reun)® + (Tmuy)?)"™
= (@ (Reun)™:: (Tmuy) 20 (1.19)
=0

It turns out, however, that it is more convenient to work with the Laguerre polynomials
in the current complex-valued setting; see Section [2] Recall that the Laguerre polynomials
L., (z) are defined through the following generating function:

1
1-t¢

Glt,a) = ——e 1 = 3 "Ly (), (1.20)
m=0

for |t| < 1 and x € R. For readers’ convenience, we write out the first few Laguerre
polynomials in the following:
Lo(z) =1, Li(z) = —x+1, Ly(z) = 3(2* — 4z +2),
Ls(z) = H(—2 + 92> — 182+ 6),  La(z) = §(2" — 162° 4+ 722> — 962 + 24). (1.21)

More generally, the L,, are given by the formula

Lon() = i @”) <_€P€xf. (1.22)

Given o > 0, we set

Ly, (z;0) := O'mLm(g). (1.23)

g

Note that L,,(x;0) is a homogenous polynomial of degree m in x and o. Then, given
N € N, we can rewrite the Wick ordered monomial : |uy|?™: defined in (1.19) as

HJun P = (=1D)™m! - Ly (Jun|*; on), (1.24)
where o is given by
1
— 21
on =Ellun(@)P’) = > i~ log N, (1.25)
In|<N

independently of x € T?. See Lemma [2.1] for the equivalence of (1.19) and (T.24)).
For N € N, let

1
G =— [ :|Pyul*™:dax. 1.26
w0 = o [P da (1.26)
Then, we have the following proposition.

Proposition 1.1. Let m > 2 be an integer. Then, {Gn(u)}nen is a Cauchy sequence in
LP(u) for any p > 1. More precisely, there exists Cy, > 0 such that

m 1
1Ga (1) = G (u)l[Lr) < Cmlp = D™ —

[N

foranyp>1and any M > N > 1.
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Proposition states that we can define the limit G(u) as

1 1
= — Juf™: dr = lim Gy(u) = =— lim P yu*™: da
2m Jr2 N—o0 2m N—oo J12

and that G(u) € LP(u) for any finite p > 2. This allows us to define the Wick ordered
Hamiltonian:

G(u)

1 1
Hyyion(u) = 5 /T A /T U2 da (1.27)

for an integer m > 2. In order to discuss the invariance property of the Gibbs measures,
we need to overcome the following two problems.

(i) Define the Gibbs measure of the form
“dP™ = z-1e~Hwialw =3 M) g7 (1.28)

corresponding to the Wick ordered Hamiltonian Huy;c.
(ii) Make sense of the following defocusing Wick ordered NLS on T?:

iOpu + Au =:|u|>m Dy (t,r) € R x T2, (1.29)

arising as a Hamiltonian PDE: d;u = —i0zHwic. In particular, we need to give a
precise meaning to the Wick ordered nonlinearity :|u|2(" Dy,

Let us first discuss Part (i). For N € N, let

Ry (u) = e~ ONW) = o=z Jraslun P de
and define the truncated Gibbs measure PQ(ZZ(? ) by
AP = Z3 Ry (u)dp = Zyte 2w Folow P dr gy, (1.30)

corresponding to the truncated Wick ordered Hamiltonian:
1 1
M) = 5 [ 1VuPdo+ 5 [ s do. (1.31)

Note that PQ(QJ?) is absolutely continuous with respect to the Gaussian free field pu.
We have the following proposition on the construction of the Gibbs measure P2(2m) as a
limit of P27

Proposition 1.2. Let m > 2 be an integer. Then, Ry(u) € LP(u) for any p > 1 with a
uniform bound in N, depending on p > 1. Moreover, for any finite p > 1, Ry(u) converges
to some R(u) in LP(u) as N — oo.

In particular, by writing the limit R(u) € LP(u) as
R(u) = e~ am Jrzihul™:de
Proposition allows us to define the Gibbs measure P2(2m) in (|1.28)) by
dP*™ = 2 R(w)dp = Z~tezm Je2ilul i de gy, (1.32)

Then, PQ(Qm) is a probability measure on H*(T?), s < 0, absolutely continuous to the

Gaussian field p. Moreover, P2(2131) converges weakly to PQ(Qm).
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1.4. Invariant dynamics for the Wick ordered NLS. In this subsection, we study the
dynamical problem ([1.29)). First, we consider the Hamiltonian PDE corresponding to the
truncated Wick ordered Hamiltonian H{,,. in (L.31)):

O™ + Aul = Py (: ]PNuN|2(m71)PNuN:). (1.33)

The high frequency part P]lqu evolves according to the linear flow, while the low frequency

part Pyu® evolves according to the finite dimensional system of ODEs viewed on the

Fourier side. Here, Py is the Dirichlet projection onto the high frequencies {|n| > N}.
Let p = puny ® ,uﬁ, where uy and uﬁ are the marginals of y on Ey = span{em'“}|n|§N

and Ey = span{e™?® }n|> N, respectively. Then, we can write P2(2]Cn ) in (1.30) as
P = P @ i, (1.34)
where 132(2131 ) is the finite dimensional Gibbs measure defined by
AP = Zyte m Jo iPaul s da gy (1.35)

Then, it is easy to see that P2(2J(,n) is invariant under the dynamics of (1.33)); see Lemma

below. In particular, the law of u” (t) is given by P2(,2131) for any ¢ € R.
For N € N, define Fy(u) by

Fy(u) =Py (:|[Pyul M VP yus). (1.36)

Then, assuming that u is distributed according to the Gaussian free field p in (1.8]), the
following proposition lets us make sense of the Wick ordered nonlinearity : |u|?(™ Dy :

in (1.29) as the limit of Fy(u).

Proposition 1.3. Let m > 2 be an integer and s < 0. Then, {Fn(u)}nen is a Cauchy
sequence in LP(u; H*(T?)) for any p > 1. More precisely, given ¢ > 0 with s+ < 0, there
exists Cpys.c > 0 such that

m—2i 1
HHFM(U) - FN(U)HHS < Cm,s,a(p - 1) Qﬁ (137)

foranyp>1and any M > N > 1.

LP ()

In the real-valued setting, the nonlinearity corresponding to the Wick ordered Hamiltonian
is again given by a Hermite polynomial. Indeed, from , we have
%87“\,( :ulfv: ) = %6uNHk(uN; UN) = kal(uN; O'N)7

since 0, Hy,(z; p) = kHj—1(x; p); see (2.3)). The situation is slightly different in the complex-
valued setting. In the proof of Proposition the generalized Laguerre polynomials Lg,? ) (x)
with a = 1 plays an important role. See Section

We denote the limit by F(u) = :Ju|>™ Yu: and consider the Wick ordered NLS (L-29).
When m = 2, Bourgain [7] constructed almost sure global-in-time strong solutions and
proved the invariance of the Gibbs measure P2(4) for the defocusing cubic Wick ordered NLS.
See Remark below. The main novelty in [7] was to construct local-in-time dynamics
in a probabilistic manner, exploiting the gain of integrability for the random rough linear
solution. By a similar approach, Burg-Tzvetkov [14] [15] constructed almost sure global-in-
time strong solutions and proved the invariance of the Gibbs measure for the defocusing
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subquintic nonlinear wave equation (NLW) posed on the three-dimensional ball in the radial
setting.

On the one hand, when m = 2, there is only an e-gap between the regularity of the
support H*(T?), s < 0, of the Gibbs measure P2(4) and the scaling criticality s = 0 (and the
regularity s > 0 of the known deterministic local well-posedness [5]). On the other hand,
when m > 3, the gap between the regularity of the Gibbs measure P2(2m)
criticality is slightly more than 1 — ﬁ > % At present, it seems very difficult to close
this gap and to construct strong solutions even in a probabilistic setting.

In the following, we instead follow the approach presented in the work [12] by the second
author with Burq and Tzvetkov. This work, in turn, was motivated by the works of
Albeverio-Cruzeiro [I] and Da Prato-Debussche [17] in the study of fluids. The main idea
is to exploit the invariance of the truncated Gibbs measures PQ(ZZ:'; ) for , then to
construct global-in-time weak solutions for the Wick ordered NLS , and finally to
prove the invariance of the Gibbs measure P2(2m)

Now, we are ready to state our main theorem.

and the scaling

in some mild sense.

Theorem 1.4. Let m > 2 be an integer. Then, there exists a set 3 of full measure with

respect to PQ(Qm) such that for every ¢ € X, the Wick ordered NLS (1.29)) with initial
condition u(0) = ¢ has a global-in-time solution

u € C(R; H*(T?))

for any s < 0. Moreover, for all t € R, the law of the random function u(t) is given
by P2(2m).

)

There are two components in Theorem existence of solutions and invariance of PQQm .
A precursor to the existence part of Theorem [1.4]appears in [11]. In [I1], the second author
with Burq and Tzvetkov used the energy conservation and a regularization property under
randomization to construct global-in-time solutions to the cubic NLW on T¢ for d > 3. The
main ingredient in [I1] is the compactness of the solutions to the approximating PDEs.
In order to prove Theorem we instead follow the argument in [I2]. Here, the main
ingredient is the tightness (= compactness) of measures on space-time functions, emanating
from the truncated Gibbs measure PQ(%GI) and Skorokhod’s theorem (see Lemma [5.7| below).
We point out that Theorem [I.4] states only the existence of a global-in-time solution u
without uniqueness.

Theorem only claims that the law L(u(t)) of the H®-valued random variable wu(t)
satisfies

L(u(t)) = P{*™

for any t € R. This implies the invariance property of the Gibbs measure P2(2m) in some
mild sense, but it is weaker than the actual invariance in the sense of (1.13]).

In fact, the result of Theorem remains true in a more general setting. Let (M, g) be
a two-dimensional compact Riemannian manifold without boundary or a bounded domain
in R?. We consider the equation on M (when M is a domain in R?, we impose the
Dirichlet or Neumann boundary condition). Assume that k = 2m for some integer m > 2.
In Section [4] we prove the analogues of Propositions and in this geometric
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setting, by incorporating the geometric information such as the eigenfunction estimates. In
particular, it is worthwhile to note that the variance parameter oy in now depends on
x € M in this geometric setting and more care is needed. Once we establish the analogues
of Propositions and we can proceed as in the flat torus case. Namely, these
propositions allow us to define a renormalized Hamiltonian:

1 1
M) = 5 [ 1VuPdot 5 [ oo,
and a Gibbs measure P2(2m) as in ((1.28). Moreover, we are able to give a sense to NLS with

a Wick ordered nonlinearity:
; Agu = :|ul2m Dy
1Oy + Agu = :ful “ (t, ) €ER x M. (1.38)
uli—o = ¢,

In this general setting, we have the following result.

Theorem 1.5. Let m > 2 be an integer. Then, there exists a set X of full measure with
respect to P2(2m) such that for every ¢ € X, the Wick ordered NLS (1.38|) with initial

condition u(0) = ¢ has a global-in-time solution
u € C(R; H*(M))

for any s < 0. Moreover, for all t € R, the law of the random function u(t) is given
by P2(2m).

Theorems and extend [12, Theorem 1.11] for the defocusing Wick ordered cubic
NLS (m = 2) to all defocusing nonlinearities (all m > 2). While the main structure of
the argument follows that in [I2], the main source of challenge for our problem is the
more and more complicated combinatorics for higher values of m. See Appendix [A] for an
example of an concrete combinatorial argument for m = 3 in the case M = T2, following
the methodology in [7, 12]. In order to overcome this combinatorial difficulty, we introduce
the white noise functional (see Definition below) and avoid combinatorial arguments
of increasing complexity in m, allowing us to prove Propositions and in a concise
manner. In order to present how we overcome the combinatorial complexity in a clear
manner, we decided to first discuss the proofs of Propositions and in the case
of the flat torus T? (Sections [2| and . This allows us to isolate the main idea. We then
discuss the geometric component and prove the analogues of Propositions and
in a general geometric setting (Section |4).

Remark 1.6. Let m = 2 and M = T?. Then, the Wick ordered NLS (1.29)) can be formally
written as
i+ Au = (Juf* — 2000 )u, (1.39)

where 04 is the (non-existent) limit of o ~ log N as N — cc.

Given u as in (L.10)), define O = f;, |[Pyul®de — o, where fi, f(2)de = 125 [pe f(z)dw.
Then, it is easy to see that the limit 0, := limy_,o0 Oy exists in LP(u) for any p > 1. Thus,

by setting v(t) = e?*0>~u(t), we can rewrite (1.39) as
10 + Av = (|[v]? = 2 fpa [v]2dz)v. (1.40)
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Note that ||v||;2 = oo almost surely. Namely, is also a formal expression for the
limiting dynamics. In [7], Bourgain studied and proved local well-posedness below
L?(T?) in a probabilistic setting.

If v is a smooth solution to (T.40)), then by setting w(t) = e~ 2" fr2 [lPdry, (1) we see that
w is a solution to the standard cubic NLS:

0w + Aw = |w|*w. (1.41)

This shows that the Wick ordered NLS and are “equivalent” to the standard
cubic NLS in the smooth setting. Note that this formal reduction relies on the fact that the
Wick ordering introduces only a linear term when m = 2. For m > 3, the Wick ordering
introduces higher order terms and thus there is no formal equivalence between the standard

NLS (1.2) and the Wick ordered NLS ([1.29)).

Remark 1.7. So far, we focused on the defocusing NLS. Let us now discuss the situation
in the focusing case:

iOpu + Au = —|ul*2u

with the Hamiltonian given by

1 1
H(u) = 3 /Td \Vul|?dx — Z /W ul¥da.

In the focusing case, the Gibbs measure can be formally written as
AP = 77 e W gy = 771w Jua lultdz gy,

The main difficulty is that [, |u[*dz is unbounded. When d = 1, Lebowitz-Rose-Speer [24]

constructed the Gibbs measure Pl(k) for 2 < k < 6, by adding an extra L?-cutoff. Then,
Bourgain [6] constructed global-in-time flow and proved the invariance of the Gibbs measure
for k < 6. See also McKean [25].

When d = 2, the situation becomes much worse. Indeed, Brydges-Slade [9] showed that
the Gibbs measure P2(4) for the focusing cubic NLS on T? can not be realized as a probability
measure even with the Wick order nonlinearity and/or with a (Wick ordered) L2-cutoff.
In [8], Bourgain pointed out that an e-smoothing on the nonlinearity makes this problem
well-posed and the invariance of the Gibbs measure may be proven even in the focusing
case.

Remark 1.8. In a recent paper [36], we also studied the defocusing nonlinear wave equa-
tions (NLW) in two spatial dimensions (with an even integer k = 2m >4 and p > 0):

{8'52“_A9“+p“+“k1 =0 (t,z) € R x M (1.42)
(U, 8tu)|t=O = (¢07 ¢1)7
and its associated Gibbs measure:
dP2(2m) = Z Lexp(—H (u, du))du @ d(dyu)
= 7 Ve [T =3 [ V) gy ) o= 5 SO g ,0). (1.43)

As in the case of NLS, the Gibbs measure in ((1.43]) is not well defined in the two spatial
dimensions. Namely, one needs to consider the Gibbs measure P2(2m) associated to the Wick
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ordered Hamiltonianﬁ as in (1.32) and study the associated dynamical problem given by
the following defocusing Wick ordered NLW:

OPu— Au+ pu+ uft=0. (1.44)

In the case of the flat torus M = T? with p > 0, we showed that the defocusing Wick
ordered NLW is almost surely globally well-posed with respect to the Gibbs measure
P2(2m) and that the Gibbs measure P2(2m) is invariant under the dynamics of . For
a general two-dimensional compact Riemannian manifold without boundary or a bounded
domain in R? (with the Dirichlet or Neumann boundary condition), we showed that an
analogue of Theorem (i.e. almost sure global existence and invariance of the Gibbs
measure PQ(Qm) in some mild sense) holds for when p > 0. In the latter case with the
Dirichlet boundary condition, we can also take p = 0.

In particular, our result on T? is analogous to that for the defocusing cubic NLS on
T? [7], where the main difficulty lies in constructing local-in-time unique solutions almost
surely with respect to the Gibbs measure. We achieved this goal for any even k > 4 by
exploiting one degree of smoothing in the Duhamel formulation of the Wick ordered NLW
. As for the Wick ordered NLS on T2, such smoothing is not available and the
construction of unique solutions with the Gibbs measure as initial data remains open for
the (super)quintic case.

Remark 1.9. In [0, B7], Bourgain (k = 2,3) and Richards (k = 4) proved invariance of
the Gibbs measures for the generalized KdV equation (gKdV) on the circle:

Opu + O3u = +0,(u), (t,z) € R x T. (1.45)

In [35], the authors and Richards studied the problem for k£ > 5. In particular, by following
the approach in [12] and this paper, we proved almost sure global existence and invariance
of the Gibbs measuresin some mild sense analogous to Theorem for (i) all £ > 5 in the
defocusing case and (ii) £k = 5 in the focusing case. Note that there is no need to apply a
renormalization for constructing the Gibbs measures for this problem since the equation is
posed on T. See [24, [6].

This paper is organized as follows. In Sections [2| and |3] we present the details of the
proofs of Propositions and in the particular case when M = T?. We then
indicate the changes required to treat the general case in Section [4} In Section |5 we prove
Theorems and In Appendix [A] we present an alternative proof of Proposition [I.1
when m = 3 in the case M = T?, performing concrete combinatorial computations.

2. CONSTRUCTION OF THE GIBBS MEASURES

In this section, we present the proofs of Propositions and and construct the Gibbs
measure P2(2m) in . One possible approach is to use the Fock-space formalism in quan-
tum field theory [38), 23], 26l 20]. As mentioned above, however, we present a pedestrian
Fourier analytic approach to the problem since we believe that it is more accessible to a
wide range of readers. The argument presented in this section and the next section (on

Proposition |1.3|) follows the presentation in [I8] with one important difference; we work in

6In the case of NLW, we only need to use the Hermite polynomials since we deal with real-valued
functions.
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the complex-valued setting and hence we will make use of the (generalized) Laguerre poly-
nomials instead of the Hermite polynomials. Their orthogonal properties play an essential

role. See Lemmas [2.4] and 3.2

2.1. Hermite polynomials, Laguerre polynomials, and Wick ordering. First, recall
the Hermite polynomials H,(z;0) defined through the generating function:

[e.9]

F(t,z;0) = e 21" = EJrjrk(;,;;g) (2.1)
k=0 "

for t,z € R and o > 0. For simplicity, we set F(t,z) := F(t,z;1) and Hi(z) := Hi(z;1) in
the following. Note that we have

Hy(z,0) = agﬂk(a_%x). (2.2)
From (2.1), we directly deduce the following recursion relation

OrHy(x;0) = kHg—1(z;0), (2.3)
for all £ > 0. This allows to compute the Hg, up to the constant term. The constant term
is given by

Hyp(0,0) = (—1D)*@2k —1)o®  and  Hypy1(0,0) =0,

for all k > 0, where (2k—1)I! = (2k—1)(2k—3)---3-1 = @ and (~1)!! = 1 by convention.

This can be easily deduced from (2.1)) by taking x = 0. For readers’ convenience, we write
out the first few Hermite polynomials in the following:

HO(:C;O'):17 Hl(w;a):mv HQ(x;U):x2_07

H3(z;0) = 2° — 3o, Hy(z;0) = 2t — 602? + 302
The monomial zF can be expressed in term of the Hermite polynomials:

(5]
k m
ok = Z_:O <2m> (2m — )N o™ Hj_gpm (25 0). (2.4)
Fixd € N, |Z| let H = R%. Then, consider the Hilbert spaceﬁ 'y = L?(Q%, pta; C) endowed
with the Gaussian measure dug = (27r)7gexp(—]a:|2/2)d:c, r = (z1,...,19) € RY. We
define a homogeneous Wiener chaos of order k to be an element of the form

d
Hy(x) = [ [ Hy, (),
j=1

where k = ki + -+ + kg and Hy; is the Hermite polynomial of degree k; defined in (2.1]).
Denote by T'y(#H) the closure of homogeneous Wiener chaoses of order k under L2(R%, y ).

7Indeed, the discussion presented here also holds for d = oo in the context of abstract Wiener spaces.
For simplicity, however, we restrict our attention to finite values for d.

8Here, Q# = R? when d < co. When d = co, we set Qz to be an appropriate extension of # such that
(H, Q#, fioo) forms an abstract Wiener space with H as the Cameron-Martin space.
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Then, we have the following Wiener-Ito decompositionﬂ

o0
L*(Qn, 1a; C) = @D Tr(H). (25)
k=0
Given a homogeneous polynomial Py(z) = Pg(z1,...,24) of degree k, we define the
Wz’ck ordered polynomial : Pk( ): to be its projection onto Hy. In particular, we have
= Hy(z;) and : H HJ 1 Hy; (w5) with k= ky + -+ + kq.
Now let g be a standard complex valued Gaussian random variable. Then, g can be

written as g = % where hy and ho are independent standard real-valued Gaussian

\/5’
random variables. We investigate the Wick ordering on |g|>™ for m € N, that is, the

projection of |g|?™ onto Ha,. When m = 1, |g|? = %(h% + h%) is Wick-ordered into
Hgl?:= (AT = 1) + 5(h3 — 1) = |g* — 1. (2.6)
When m = 2, |g|* = i(h2 +h3)? = (h4 + 2h2h3 + h3) is Wick-ordered into
gt = L(ht —6hT +3) + L(h — 1)(h3 — 1) + 1(h3 — 6h% + 3)
= 1(h + 2h3N3 + h3) — 2(hT + h3) + 2
= gI* — 4lg” + 2.
When m = 3, a direct computation shows that
MP:gh+W) (h+%%%ﬂﬁ%+@)
is Wick-ordered into
19|°: = §Hg(h) + 2Ha(h1)Ha(ho) + 3Ha(hy)Hy(hs) + £ Hg(ho)
= |9/° — 9" + 18|g|* — 6

In general, we have
m 1 - m
g™ = om zz; <€) Hag(h1)Hom—2(ho)

=Z(>%mw@%wmm@ (2.7)
=

where we used in the second equality. It follows from the rotational invariance of the
complex-valued Gaussian random variable that : |g|?™: = P,,(|g|?) for some polynomial P,,
of degree m with the leading coefficient 1. This fact is, however, not obvious from .

The following lemma shows that the Wick ordered monomials : |g|?>™ : can be expressed
in terms of the Laguerre polynomials (recall the definition )

9This is (equivalent to) the Fock space in quantum field theory. See [38, Chapter I]. In particular, the

e
Fock space F(H) = @rep H?S‘Vm is shown to be equivalent to the Wiener-Ito decomposition . In the
Fock space formalism, the Wick renormalization can be stated as the reordering of the creation operators
on the left and annihilation operator on the right. We point out that while much of our discussion can be
recast in the Fock space formalism, our main aim of this paper is to give a self-contained presentation (as
much as possible) accessible to readers not familiar with the formalism in quantum field theory. Therefore,
we stick to a simpler Fourier analytic and probabilistic approach.
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Lemma 2.1. Let m € N. For a complex valued mean-zero Gaussian random variable g
with Var(g) = o > 0, we have

|g|2m — Z <Zl) HQK(RG,% %)H2m—2f(1mg; %)
£=0
— (1)l - Ln(lgl% o). (2:8)

As a consequence, the Wick ordered monomial : |uy|*™: defined in (1.19)) satisfies (1.24])
for any N € N.

Proof. The first equality follows from (2.7) and scaling with (2.2)). Moreover, by scaling
with (1.23) and (2.2)), we can assume that ¢ is a standard complex-valued Gaussian random
variable with g = Reg and g2 = Im g. Define $,,,(|g|?) and £,,.(|g|?) b

m
m
llo?) = 3 ('} ) Harton: §) Ham-an(oms ).
£=0
En(lg*) = (=1)™m! - Li(lg|?). (2.9)
Then, (2.8) follows once we prove the following three properties:
91(l91) = La(lg*) = Ig* — 1, (2.10)

agagﬁm(lgl ) = m2Hm-1(|g/?).
8g89 lgl ) 2£m 1(lgl )
E[5n(lg[*)] = E[€n(lg1*)] = 0, (2.12)

for all m > 2. Noting that both ﬁm(|g|2) and £,,(|g|?) are polynomials in |g|?, the three

properties (2 , and 2) imply that ﬁm(|g| ) = £(|g|?) for all m € N.

The first property follows from 6)) and (1.21]). Next, we prove (2.11]) for ,,(|g|?)-
From 0, = £(9y, 1892) and d5 = 2(0q, + 2892) we have

(2.11)

0? 1
898§ - ZA91,927

where Ay, 4, denotes the usual Laplacian on R? in the variables (g1, g2). Then, recalling
that 0, Hy(x;0) = kHp_1(x;0), we have

0? l
Ofﬁmﬂ | ) = gl,gzﬁm(lgl )

1 m
=1 Z <ng> 20(2¢ — 1)Hop—5(g1; 3) Hom—20(92; 3)
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As for the second identity in (2.11)), thanks to the formula (1.22]), we get

0 2 (=1)mm! ¢~ (m) (=1)f 2 2\0
o Sl = S Y (1) A et + )

s (m) (—1)E _
= (=)™l (6) : z)v Pl = m2 L1 (lg).
=1 '

This proves . The property follows from (i) independence of g1 and g2 together
with the orthogonality of Hy(z) and the constant function 1 under e~*'dz and (i) the
orthogonality of L,,(x) and the constant function 1 under 1g, e~ *dx

Let u be as in . Fix x € T?. Letting g, = gne™?, we see that {g, }nen is a sequence
of independent standard complex-valued Gaussian random variables. Then, given N € N,
Reupn(z) and Im uy(x) are mean-zero real-valued Gaussian random variables with variance

%%, while uy(x) is a mean-zero complex-valued Gaussian random variable with variance

on, Then, it follows from (1.19) with ((1.17)) and (2.8]) that

Jun (@) =Y (”Z) Hoo(Re u(z); %) Hopna0(Tm u(z); %)

=0
= (=1)™m! - Lin(Jun (2)*; o),
verifying ({1.24)). This proves the second claim in Lemma O

2.2. White noise functional. Next, we define the white noise functional. Let w(z;w) be
the mean-zero complex-valued Gaussian white noise on T? defined by

w(z;w) = Z gn(w)e™™.

nez?
Definition 2.2. The white noise functional Wy : L*(T?) — L*(Q) is defined by
Wi(w) = (fw@)iz = Y Fn)ga(). (213)
nez?

for a function f € L?(T?).

Note that this is basically the periodic and higher dimensional version of the classical
Wiener integral f; fdB. Tt can also be viewed as the Gaussian process indexed by f €
L%(T?). See [38, Model 1 on p.19 and Model 3 on p.21]. For each f € L?(T?), Wy is a
complex-valued Gaussian random variable with mean 0 and variance || f||%,. Moreover, we
have

E[WWi = (f,h) 1z

for f,h € L*(T?). In particular, the white noise functional W : L*(T?) — L*(Q) is an
isometry.

Lemma 2.3. Given f € L*(T?), we have

/ eRve(w)dP(w) _ ei”inQ. (2.14)
Q
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Proof. Noting that Re g, and Im g, are mean-zero real-valued Gaussian random variables
with variance 1, it follows from (2.13) that

/eRve(w)dP(w) — H 1/eRef(n)Regn_(Regn)QdRegn
Q nEZTr R

X/elmf(n)Imgn—(Imgn)ZdImgn
R

1 2
_ AR, 0

The following lemma on the white noise functional and the Laguerre polynomials plays
an important role in our analysis. In the following, we present an elementary proof, using
the generating function G in (1.20)). See also Folland [22].

Lemma 2.4. Let f, h € L*(T?) such that ||f||z2 = ||hl|z2 = 1. Then, for k,m € Zxq, we
have

E[Li(IW ) Lin([Wh[*)] = kml (£, ) [**. (2.15)

Here, 0y, denotes the Kronecker delta function.

First, recall the following identity:

ez = /ex”2da:. (2.16)
27 JR

Indeed, we used a rescaled version of (2.16|) in the proof of Lemma

Proof of Lemma[2.4 Let G be as in (1.20). Then, for any —1 < ¢,s < 0, from (2.16]) and
Lemma 2.3] we have

:1—751—5

1 a3t a3 +yd+y3
-V e 2
1—t1—s4n? Jpa

x/ﬂexp(ReWm(mim)ﬂm(miw)h)demdxzdyldyQ

1 1 1 _a?tad y34e3
- - - = e 211 " 2(1-s)
1—t1—s4n2 Jpa

" e% Re (\/g\/g(xl—ixg)(yl‘f‘i?ﬂ)(f’h)) dmldx2dy1dy2

/ G (t, W (@) 2)G(s, [W(w)P)dP(w) = —— 1 / W PSP g )
9] Q
1 1
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By a change of variables and applying (2.16]), we have

1 i+ _ _a
L / oV Relf 1)~y (£ )1~ g
47T2 R2 R
192
X / e\/E(QZ Re(f7h)+y1 Im<f7h>)$2_72dz2dy1dy2
R
L[ -t sl +ad)
= % - e 2 e2 ’ 1 2 dyldy2
1 (o)
=Y S PR, (2.17)

T 1 tslf B2
RIS
In the second to the last equality, we used the fact that 1ts|(f,h)|> < 3. Hence, it follows

from ([1.20]) and (2.17)) that
oo

D S| )P =
=0

k=
By comparing the coefficients of t*s™, we obtain ([2.15).

> s [ LW @B La(Wh(w) PP ().

k,m=0

0

Now, we are ready to make sense of the nonlinear part of the Wick ordered Hamiltonian

Hyyie in (1.27)). We first present the proof of Proposition |1.1]for p = 2. Recall that
1
G = — S 2m: d .
~(u) 2m /11-2 [Pl N

Then, we have the following convergence property of G n(u) in L?(u).
Then, {Gn(u)}nen is a Cauchy sequence in

Lemma 2.5. Let m > 2 be an integer.
L2(H*(T?), ). More precisely, there exists Cr, > 0 such that
C
m (2.18)

1

Gu(u) — G <
G ) = G ()l < 5

forany M > N > 1.
Given N € N, let o be as in (1.25). For fizred x € T? and N € N, we define
1
o) (9, (2.19)

nN($)() - % |n|§N\/TW

1
= ST e, 2.2
In|<N
where e, (y) = e¥. Note that
I ()| 22 (r2) = 1 (2.21)
for all (fixed) z € T? and all N € N. Moreover, we have
1 1
<77M($), nN(y)>L2(’]I‘2) = "1 1 ’YN(y - :U) =71 1 7N(x - y)v (222)
TMON THON

for fixed z,y € T? and N, M € N with M > N.
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Proof of Lemma[2.3. Let m > 2 be an integer. Given N € N and x € T?, it follows

from (L-10), [213), and (ZT9) that

1 1
uN(x) = JJQV 1 = U]%WUN(CU) (2.23)
2
ON
Then, from (|1.24) and ([2.23]), we have
Jun|® 2
un ™= (—1)mm!0K}Lm< o ) (=1)™mlo N Ln (|Wyn |- (2.24)

From (2.24), Lemma [2.4] and (2.22), we have

emPCa() -Gy =m0 [ [ [ Lo W) Waio )
T2xT2 JQ

= 5108 Lo ([ Wy )| ) B (W)
—ononL (‘WﬂN(f’f ‘ ) (| v (y ‘2)
+ U%VmLm(‘WnN(w ‘2) y)| }dexdy

= b? [ Ol — )"~ (vl - y>>2m] drdy
= mb? [ [ne(e))*" = (v(a))"]do

<Cou [ Ins(o) = (@) s @) + b @)P" o (225)

In the second equality, we used the fact that vy is a real-valued function.

From (2.20)), we have

1

s — |2 = < > M)Q < % (2.26)

N<|n|<M

By Hausdorft-Young’s inequality, we have

4m—3
_ - 1 ’
|H7N|2m 1HL2 = H/YNH%TmEQ < ( Z 24mz> < Cp < (227)
nj<n (1 + |n|?)am=3
uniformly in N € N. Then, (2.18) follows from ([2.25)), (2.26)), and (2.27). O

2.3. Wiener chaos estimates. In this subsection, we complete the proof of Proposi-
tion Namely, we upgrade (2.18]) in Lemma to any finite p > 2. Our main tool is
the following Wiener chaos estimate (see [38, Theorem 1.22]).

Lemma 2.6. Let {gn}nen be a sequence of independent standard real-valued Gaussian
random variables. Given k € N, let {P;}jen be a sequence of polynomials in § = {gn }nen
of degree at most k. Then, for p > 2, we have

> Pi(9)

JEN

(v 1)5

(2.28)

> Pi(9)

jEN

> 2(0)



20 T. OH AND L. THOMANN

Observe that the estimate is independent of d € N. By noting that P;(g) €
@lgzo I'y(H), this lemma follows as a direct corollary to the hypercontractivity of the
Ornstein-Uhlenbeck semigroup due to Nelson [28].

We are now ready to present the proof of Proposition

Proof of Proposition[I.1. Let m > 2 be an integer. For 1 < p < 2, Proposition follows
from Lemma In the following, we consider the case p > 2. From (|1.22)), ,
and ((1.26)), we have

1)) m _1\¢
GM(u)—GN(u):(l)'Z<€> =y,
/=1

2m 0!

Here, Y, is given by

o 9n o 2 In
-y M- % v M2
l e ’
TM roro 1+ |nj]2 oy ron0) Jol 1+ |n;[?
‘”]|<M [n;|<N
where 'y, and g;"lj are defined by
Tu(n) = {(n1,...,n%) € (Z*>)* :ny —no + - + (=1)Fny = n}, (2.29)

. if 7 is odd,
g:;:{gf L (2.30)

gn; if j is even.

Noting that ¥, is a sum of polynomials of degree 2¢ in {gy},,cz2, Proposition follows
from Lemmas 2.5 and 2.6 O

2.4. Nelson’s estimate. In this subsection, we prove Proposition Our main tool
is the so-called Nelson’s estimate, i.e. in establishing an tail estimate of size A > 0, we
divide the argument into low and high frequencies, depending on the size of \. See
and . What plays a crucial role here is the defocusing property of the Hamiltonian
and the logarithmic upper bound on —Gy(u), which we discuss below.

For each m € N, there exists finite a,, > 0 such that (—1)™L,,(2?) > —a,, for all z € R.
Then, it follows from (1.23)), (1.24)), (1.25)), and that there exists some finite b,, > 0
such that

1
—Gn(u) = —— . | Pyu*™: de < by, (log N)™ (2.31)

2m

for all N > 1. Namely, while Gy (u) is not sign definite, —Gy(u) is bounded from above
by a power of log N. This is where the defocusing property of the equation (1.33)) plays an
essential role.

Proof of Proposition[I.2. Let m > 2 be an integer. It follows from Proposition [I.1] that the
following tail estimate holds: there exist ¢, p, Cy, > 0 such that

11
1(plGu(u) — Gy (u)| > X) < Cype= N ZmAm (2.32)
forall M > N >1,p>1, and all A > 0. See, for example, [43, Lemma 4.5].
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We first show that Ry(u) = e~ ¢V is in LP(y) with a uniform bound in N. We have

1R () = [ 7O Odta)

Hs

:/ (e PN > o) da
0

oo
<1 +/ p(=pGn(u) > loga)dor.
1
Hence, it suffices to show that there exist C,d > 0 such that
w(—pGy(u) > loga) < Ca~ 1+ (2.33)

forall « > 1 and N € N. Given A = loga > 0, choose Ny € R such that A = 2pb,, (log Np)™.
Then, it follows from (2.31]) that

p(—pGn(u) >A) =0 (2.34)
for all N < Ny. For N > Ny, it follows from and that there exist 6,,, > 0
and Cp, , > 0 such that
1(—pGn(u) > A) < p(—pGn(u) +pGry(u) > X — pby(log No)™)
< p( = pGn(u) + pGn, (u) > )

1 1
~— 1 1 - =

Y 2m \m A m eCmAm
S Cme c’m«PNO A = Cme cm»P)\ €

<& Cop e 1Fomr) (2.35)

for all N > Ny. This shows that is satisfied in this case as well. Hence, we have
Ry (u) € LP(p) with a uniform bound in N, depending on p > 1.

By (2-32)), Gn(u) converges to G(u) in measure with respect to y. Then, as a composition
of Gn(u) with a continuous function, Ry (u) = e~ “~N®) converges to R(u) := e~¢®) in
measure with respect to p. In other words, given € > 0, defining Ay by

Ane = {|RNn(u) = R(u)| <&},

we have ,u(A?V@) — 0, as N — oco. Hence, by Cauchy-Schwarz inequality and the fact that
|R||2v, | RN| p2r < Cp uniformly in N € N, we obtain

IR = BN llzegy < (R = Rn)lay ey + (R — Bn)Lag e

1 a1
< €(M(AN76 ))p + HR_RN”LZP(;L)(M( (]:\ﬂa))zp < Ck,
for all sufficiently large N. This completes the proof of Proposition O

3. ON THE WICK ORDERED NONLINEARITY

In this section, we present the proof of Proposition The main idea is similar to that
in Section 2| but, this time, we will make use of the generalized Laguerre functions L,(ﬁf )(:1:)
The generalized Laguerre polynomials Lgff ) (x) are defined through the following generating

function:

Galt,z) = ————e 1% = 3 L) (), (3.1)
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for [t| < 1 and x € R. From (3.1)), we obtain the following differentiation rule; for £ € N,
¢
& L)
dzt™™

Given N € N, let uy = Py, where u is as in (1.10). Let m > 2 be an integer. Then,
from ((1.36)), (1.24)), (1.23]), and (3.2), we have

() = (1)L (). (3.2)

Fy(u) =Py (:|[Prnul M VP yu) = (1) mlo - %PN%N{Lm(‘“NP)}

ON

= (=)™ (m — 1)l PN{Lgll(%)w}. (3.3)

Remark 3.1. Here, J3 denotes the usual differentiation in w viewing v and @ as independent
variables. This is not to be confused with 8H in . Note that 8H n (1.3) comes from the
symplectic structure of NLS and the Gateaux derivative of H. More precisely, we can view
the dynamics of NLS as a Hamiltonian dynamics with the symplectic space L?(T?)

and the symplectic form w(f,g) = Im / f(z)g(z)dz. Then, we define 8H by

aH| () = w(6,~i1%2),
where dH|,(¢) is the the Gateaux derivative given by dH|,(¢) = d%H(u + €d))‘€:0

The following lemma is an analogue of Lemma [2.4] for the generalized Laguerre polyno-
mials Lg) (z) and plays an important role in the proof of Proposition

Lemma 3.2. Let f, h € L?(T?) such that ||f||;2 = ||hl|z2 = 1. Then, for k,m € Zsq, we
have

1 1
L (W YW LS (Wi 2)Wa] = ik + 1DI(F, 1) (£, ). (3.4)
Here, 0y, denotes the Kronecker delta function.

Besides ([2.16]), we will use the following identity:
u CL'2
ue'z = T d 3.5
V2T / (8:3)
This follows from differentiating (2.16)) in .

Proof of Lemma([3.3. Let Gi be as in (3.1) with @ = 1. Let —1 < ¢ < 0. From (2.16)
and (3.5]), we have

G (t, W)Wy = (1_1t>2 Re 11y (e Wy 2em w)2)
+ (11t)2 Im erl;jt((Rve)z+(ImWf)2)
1 1 el /22 (4 Re z2 Im
- ﬁQ / (z1 + iz9)e™ = 2e\/:( 1Re Wyt 1 Wf)dxldazg.
V=21 —t)2 4T
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Given z1,x2,y1,y2 € R, let £ = 1 + ixo and y = y1 + ty2. Then, for any —1 < ¢,s < 0,
from Lemma we have

[ G W)W ()Gl ) Tl P(e)

1 1 1 / 27, 7%
V(1= )3 VTas(1 - 5)F A7 S
></Qexp(ReW =T 1__2:%)de:z:ld:rzdyldyz
2 2
— 1 1 1/ x@€—2(‘11t)—2<'i",s>
V(L — )3 /=25(1 — )F 4
1 —2t —25—,
< o Re \/:\/:$y<f’h>)dx1dx2dy1dy2

By a change of variables and applying (2.16]) and (3.5), we have

11 >
:M“/ age 5~ VIR g oy dys
T

_ 1 2
/ ly Pt =tsIERPIE gy gy

By integration by parts, we have
7h 1 —Ll1—¢s
= T f T
fih -
T (- ti\(f>h>\2)2 = (b + Dt [(F, ) PH(f ). (3.6)
’ k=0

Hence, it follows from and (| . that

oo

Zwﬂwﬂm\%ﬁ Z#W/ENW )PYW LS (Wi () ) Wid P().
k=0 k,m=0
By comparing the coefficients of t*s™, we obtain (3.4)). O

As a preliminary step to the proof of Proposition we first estimate the size of the
Fourier coefficient of Fi(u).

Lemma 3.3. Let m > 2 be an integer. Then, for any 6 > 0, there exists Cy, 9 > 0 such
that

1
I{EN (u), en)r2ll2qu) < Cm,e( )30 (3.7)
for any n € Z* and any N € N. Moreover, given positive ¢ < 5 and any 0 < 0 <1 —¢,
there exists Cy, 9. > 0 such that

1
Ne(1 + [n2)2(1-0-2)

H <FM(U) - FN(“); en)L% ||L2(M) < Cm,@,e (38)

for any n € Z% and any M > N > 1.
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Proof. We first prove . Let m > 2 be an integer and N € N. From ) with -,

we have

Fx(u) = (<) m = Dty = - P {20 (W))W - (3.9)

Clearly, (Fin(u),€5)r2 = 0 when [n| > N. Thus, we only need to consider the case [n| < N.
From Lemma [3.2) with (3.9), (2.21) and (2.22)), we have

Iems(0)en) g = [om =P [ enlolents)

1 N 1 2
></QLfn)_1(\WnN(x)\ YW ) Lan 1 (W) W () dPdzdy
— ml(m — 1)! / (& — )PPy (e — y)en(z — g)dady
T2 x T2
= CmFU’yN]Qm_Z'yN] (n) (3.10)

Let I'y—1(n) be as in (2.29)). For (ni,...,nom—1) € I'am—_1(n), we have max; [n;| 2 |n|.
Thus, we have

2m—1
2m— 2
2m— l
|n]|<N

Hence, (3.7)) follows from (3.10]) and (3.11)).
Next, we prove (3.8). Let M > N > 1. Proceeding as before with (3.9, Lemma

and (2:22), we have
[(Far(u) = F(w), en) 21172
= Cun{ o (InD F [Iyar?™ 2 aa] () = Lo (D F [Fyv P ~29] ()}
= Conio (D { F [l 2200 () = F Iy P72 ] () }
+ Cond (D F [P ~2] (). (3.12)

On the one hand, noting that |n| > N, we can use (3.11]) to estimate the second term on
the right-hand side of (3.12)), yielding (3.8). On the other hand, noting that

[ [l P20 () = F [y ()|
2m—1

1 1
< <d
- Z H 1+ ni2 = ™9 max(N2, 1+ [nf2) =0
Pom—1(n) J=1

|nj| <M
max; [nj|>N
we can estimate the first term on the right-hand side of (3.12) by (3.8). O

Next, we use the Wiener chaos estimate (Lemma [2.6)) to extend Lemma [3.3|for any finite
p=>1
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Corollary 3.4. Let m > 2 be an integer. Then, for any 6 > 0, there exists Cy, 9 > 0 such
that
1

(1+[nf2)2 00

[(FN(w), en) 2l e (u) < Cmo(p — )" (3.13)

for any n € Z? and any N € N. Moreover, given positive e < % and any 0 < 8 <1 —¢g,
there exists Cp, 9 > 0 such that

1
Ne(L+ [nf2)2007)

[{(Fn(w) — Fn(w), en)r2ll o) < Cmoe(p — 1)"3 (3.14)

for any n € Z? and any M > N > 1.

Proof. Let m > 2 be an even integer. In view of Lemma [3.3] we only consider the case

p > 2. From (3.3)) with (1.22]), we have

m—1
Fy(u) = |u\2m*2u + Z am,g,N\u|2£*2u.
£=0
Recalling (2.29)) and ([2.30)), we have
m 20—1 g*
(Fx(u),en)rz =Y amen Y. ] ——2—. (3.15)
@ o 12
(=0 T a(n) =1 V1T ;]
Inj|<N

Noting that the right-hand side of (3.15)) is a sum of polynomials of degree (at most)
2m — 1 in {gn },ez2, the bound (B.13) follows from Lemma [3.3]and The proof of (3.14)

is analogous and we omit the details. O
Finally, we present the proof of Proposition [1.3

Proof of Proposition[I.3 Let s < 0. Choose sufficiently small § > 0 such that s + 6 < 0.
Let p > 2. Then, it follows from Minkowski’s integral inequality and (3.13|) that

= (S U@ )izl )

nez?

11 ()| 225

1

2
<(p- 1)’"—%( T <n>—2+29+28) < Cpp < o0

nez?

since s + 6 < 0. Similarly, given € > 0 such that s + ¢ < 0, choose sufficiently small 6§ > 0
such that s + 60 + ¢ < 0. Then, from (3.14)), we have

[11F1 (1) = F (u)| 25

oy < ( > (> I{Far(u) — FN(u>,€n>L%||%p<m>2

nez?

1
2 1
S (p _ 1)m—é< Z <n>—2+20+26+28> 5 (p _ 1)m—%ﬁ

since s + 6 + ¢ < 0. This proves ((1.37)). O
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4. EXTENSION TO 2-d MANIFOLDS AND DOMAINS IN R2

Let (M, g) be a two-dimensional compact Riemannian manifold without boundary or a
bounded domain in R2. In this section, we discuss the extensions of Propositions
and [L3] to M.

Let {¢n}nen be an orthonormal basis of L*(M) consisting of eigenfunctions of —A,
(with the Dirichlet or Neumann boundary condition when M is a domain in R?) with
the corresponding eigenvalues {\2},cn, which we assume to be arranged in the increasing
order. Then, by Weyl’s asymptotics, we have

A, A . (4.1)

See, for example, [45, Chapter 14].

Let {gn(w) }nen be a sequence of independent standard complex-valued Gaussian random
variables on a probability space (2, F, P). We define the Gaussian measure y as the induced
probability measure under the map:

we€ Qr— u(x) =u(zr;w) = _gnlw) on(x). (4.2)

neN (1 + A%)%

Note that all the results in Sections [2] and [3] still hold true in this general context with
exactly the same proofs, except for Lemma [2.5 and Lemma [3.3] where we used standard
Fourier analysis on T2. In the following, we will instead use classical properties of the
spectral functions of the Laplace-Beltrami operator.

Let us now define the Wick renormalization in this context. Let u be as in (4.2). Given
N € N, we define the projector Py by

uy = Pyu = Z u(n)pn.
A <N
We also define oy by

_ 0 len@)P
on(@) =Efluy(@)] = 3 T5g Slogh, (4.3)
An<N n

where the last inequality follows from [12], Proposition 8.1] and Weyl’s law (4.1]). Unlike o
defined in (1.25) for the flat torus T?, the function oy defined above depends on z € M.
Note that o (x) > 0 for all x € M. The Wick ordered monomial : |uy|?>": is then defined
by

Jun P = (=1)™m! - Ly, (lun|?; on). (4.4)

By analogy with (2.19) and (2.20]) we define
1 on ()
an(@)() = —— Y (), (4.5)

(ey) = 3 2ol@enld), (4.6)

2
An<N L+

for z,y € M. We simply set 7 = 75 when N = oco.
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From the definition (4.3) of o, we have ||y (z)[|L2(p) = 1 for all x € M. Moreover, we
have

(s (), 18 (Y) L2(m) = N (2, y) (4.7)

for all z,y € M and M > N.
We now introduce the spectral function of the Laplace-Beltrami operator on M as

miey) = Y eal@)en(y),
An€(j—1,4]
for z,y € M and j € Z>o. From [39, (1.3) and (1.5) with ¢ = oo], we have the bound
mj(z,z) < C(j + 1), uniformly in x € M. Therefore, by Cauchy-Schwarz inequality, we
obtain
m@nl < S lea@lleal)] < CG+1), (4.8)
An€(3—1,4]

uniformly in z,y € M.

Let o be a weighted counting measure on Z>q defined by ¢ = Zjo-io(j + 1)d;, where 4;
is the Dirac delta measure at j € Z>o. We define the operator L by

o
L:c={cj}i20— chﬂ'j.
=0

Then, we have the following boundedness of the operator L.

Lemma 4.1. Let 1 < q < 2. Then, the operator L defined above is continuous from
1(Z>p,0) into LY (M?). Here, ¢ denotes the Holder conjugate of q.

Proof. By interpolation, it is enough to consider the endpoint cases ¢ = 1 and ¢ = 2.
e Case 1: ¢=1. Assume that ¢ € {*(Z>¢,0). Then, from (4.8), we get

IL(e) (@, )| < Y lejllmila,y)l < C Y (G + Dlegl = el o)-

§=0 §=0
for all x,y € M. This implies the result for ¢ = 1.

e Case 2: ¢=2. Assume that ¢ € (*(Z>,0). By the orthogonality of the eigenfunctions

©n, we have
o

| E@ P = 3 ey ). (1.9
From (4.8) and (4.9)), we deduce that

| 1@ )Prdy < 032G+ Dles = el

j=0
This implies the result for ¢ = 2. ]

Next, we extend the definition of vy to general values of s:

en()en(y)

s T, = s
v ,N( Y) (1+A2)5

An <N



28 T. OH AND L. THOMANN

for z,y € M. When N = oo, we simply set 7, = 75,00 as before. Note that when s = 2,
v2,n and 72 correspond to vy and vy defined in (4.6)).

Lemma 4.2. Let s > 1. Then, the sequence {ys N }Nen converges to v in LP(M?) for all
2<p< QL_S when s < 2 and 2 < p < co when s > 2. Moreover, for the same range of p,
there exist C' > 0 and k > 0 such that

C
ot = lzrare) < o (1.10)
forall M > N > 1.
Proof. Given M > N > 1, define an v (x,y) and By (z,y) by
anm(@,y) = vsm (2, y) = 7s.5(2,9)

— M
_ en(@)en(y) _ D en(@)en(y) (411)
N< A<M (1+A7)2 F=N+1 X €(—1,] (14 X2)2
and
S 1 o~ mi(@,y)
Bym(@,y)i= > ——— > pa@enly) = D>, I

J=N+1 (1+5%)2 An€(3—1,1] J=N+1 (1+752)

Let us first estimate the difference an ar — Bn,
1 1

M
lanu(@y) = Byl < Y D

J=N+1Ane(j—1,4]

<cy jjﬂ S lea@llea)l

j=N+1 An€(5—1,4]

(L+A2)7 (14723

Then, by (4.8]), we obtain

lan (2, y) — By (z,y)| < (4.12)

Ns—1°
Next, we estimate S 7. Define a sequence ¢ = {c; }J‘?’;O by setting

1 . .
s fEN+1<j;j <M
¢j = {(14-]'2)27 e

0, otherwise.

Note that ¢ € ¢4(N, o) for % < q < 2. Hence, it follows from Lemma that, given any
2<p< ﬁ, there exist C' > 0 and k > 0 such that

M - M i1 .
||/8N,MHLP(M2) = 7J§ > ( S,) < —. (413)
e @l =\ g ) <

The desired estimate (4.10|) follows from (4.11]), (4.12]), and (4.13). O

As in the case of the flat torus, define Gy, N € N, by
1
= — (P yu?™: da.
Gn(u) 5 /M |Pyul“": dx

Then, we have the following extension of Proposition (1.1
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Proposition 4.3. Let m > 2 be an integer. Then, {Gn(u)}nen is a Cauchy sequence in
LP(u) for any p > 1. More precisely, there exists Cy, > 0 such that

1Ga(u) = G (W)l Loy < Cm(p—1)™

foranyp>1and any M > N > 1.

(4.14)

NG

N

As in Section [2, we make use of the white noise functional on L?(M). Let w(x;w) be
the mean-zero complex-valued Gaussian white noise on M defined by

w) =Y gnlw)ep(z)

neN
We then define the white noise functional Wy : L*(M) — LQ(Q) by
Wi = (f,ww)) 2oy = Y F(n (4.15)

neN
Note that Lemma [2.3] and hence Lemma [2.4] also hold on M.

Proof. Thanks to the Wiener chaos estimate (Lemma, we are reduced to the case p = 2.
Given N € N and x € T?, it follows from (4.3)), (4.5)), and ([.15) that

1 UN(.’L') 1
un(z) = o} (x) T = U]i,(x)WnN(w). (4.16)
ox(@)
Then, from and (| , we have
2
m m m UN 2
Hun|*™:= (1) m!UNLm<|UN‘ ) = (=1)"mloR L, (‘ N(I)‘ ). (4.17)

Hence, from (4.17)), Lemma [2.4] and (4.7)), we have
(2m)?(|Gae(u) = G (w)[1 72,

N
XMy

m([Wass o)) Zm (W)
W) ) L (W)
LW ) L ([Wo ) | dPddy

= [ [P = ()P dedy,
Mg XMy
The desired estimate (4.14]) for p = 2 follows from Hoélder’s inequality and Lemma O

Remark 4.4. Observe that the renormalization procedure uses less spectral informa-
tion than the one used in [I2] Section 8] for the case m = 2. Namely, the approach in [12]
needed an explicit expansion of the spectral function (see [12, Proposition 8.7]), but the
inequality is enough in the argument above.

The function ~ defined in is the Green function of the operator 1 — A. It is well-
known (see for example Aubin [2, Theorem 4.17]) that it enjoys the bound

(2, y)| < C|log(d(z,y))], (4.18)
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where d(z,y) is the distance on M between the points x,y € M. The bound implies
that v € LP(M?) for all 1 < p < co. However, we do not know whether y (which is the
Green function of a spectral truncation of 1 — A) satisfies a similar bound, uniformly in N.
This could have given an alternative proof. We refer to [I12, Remark 8.4] for a discussion
on these topics.

All the definitions and notations from ((1.28) to (1.36 have obvious analogues in the
general case of the manifold M, and thus we do not redefine them here.
For N € N, let

Ry (u) = e 8 = ¢~z [aglun[*":de

In view of (4.3) and (4.17)), the logarithmic upper bound (2.31) on —Gn(u) also holds on

the manifold M. Hence, by proceeding as in the case of the flat torus, we have the following
analogue of Proposition [1.2

Proposition 4.5. Let m > 2 be an integer. Then, Ry(u) € LP(u) for any p > 1 with a
uniform bound in N, depending on p > 1. Moreover, for any finite p > 1, Ry(u) converges
to some R(u) in LP(u) as N — oo.

We conclude this section by the following analogue of Proposition [I.3] which enables us
to define the Wick ordered nonlinearity :|u[2™~Vu: on the manifold M.

Proposition 4.6. Let m > 2 be an integer and s < 0. Then, {Fn(u)}nen defined in ((1.36])
and (3.3) is a Cauchy sequence in LP(u; H*(M)) for any p > 1. More precisely, there exist
k>0 and Cy, s, > 0 such that

11

H | Far(u) — Fn(u)|| s LP(p) < Cm,S,N(p - 1)mi§ﬁ (4.19)
foranyp>1and any M > N > 1.
Proof. Given N,n € N, define Jy ,, by
Tun=mlm =1} [ ()P @ ()dedy,
Mg x My

Then, proceeding as in (3.10) and (3.12) with (3.9), Lemma[3.2] and (4.7)), we obtain
| (Far(u) — Fn(u), (Pn>L326H%2(u) = 11o,8)(An) (Jazn — Inm) + Lw,a0)(An) Jaim
for M > N > 1. With ¢ = —s > 0, we then obtain

1 Far(w) = F (w)]] -

2 1
L2 = D WHU’M(U) — Fi(u), n) 21720

n>1

1 1
Y ed s Y
2 ’ ’ 2 5
sz (LFAR)° N men (B0

=Cp (172,00 2™ 27207 — 2,8 P ™ 2738 ) Y2e N (2, y) dady
Mg XMy

+ Cm/ vo 2™ 2380 (Voe, i — Yoe N ) (2, y) dady
Mg XMy

=: AN,M + BN,M-
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In the following, We only bound the term By js, since the first term Ay s can be
handled similarly. Set (V,) = (1 — Ax)% Then, noting that (V) 1*¢y9. = 71, and that
(V)1 7%v9 = 11, it follows from Cauchy-Schwarz inequality and the fractional Leibniz
rule that

By =Cn o (Vo) " (o, P 200 (2, 9) ) (V) ™ (vae, i — Yoe,n) (2, y) dady
x X y

=Cn (Vo) " (o, P 200 (2, y)) (Vige, it — YVige,N) (2, y)dady.
Mg XMy

< Con|[(Va) 2 (2 P 7292,30) || 2y 1714208 = Vv vl 22 a2)

S et | poe oy e | o ey e s = 1w 2202y

with p, = m and ¢ = 8(m — 1)/e. Hence, from Lemma |4.2{ we conclude that
By < 1\75'

By estimating Ay, s in an analogous manner, we obtain

Cm,e
1F3r () = Py ()l -] 2 <

The bound (4.19) for general p > 2 follows from (4.20) and the Wiener chaos estimate

(Lemma [2.6). O

5. PROOF OF THEOREM [1.4] AND THEOREM [L.5]

(4.20)

In this section, we present the proof of Theorem on a manifold M (which contains
a particular case of the flat torus stated in Theorem [1.4)). Fix an integer m > 2 and
s < 0 in the remaining part of this section. We divide the proof into three subsections. In
Subsection we first construct global-in-time dynamics for the truncated Wick ordered
NLS and prove that the corresponding truncated Gibbs measures P( o N ™) are invariant under
its dynamics. Then, we construct a sequence {vy}nyen of probablhty measures on space-
time functions such that their marginal distributions at time ¢ are precisely given by the

truncated Gibbs measures P2(2]:]n ).

In Subsection H we prove a compactness property
of {vn}nen so that vy converges weakly up to a subsequence. In Subsection , by
Skorokhod’s theorem (Lemma, we upgrade this weak convergence of vy to almost sure
convergence of new C(R; H®)-valued random variables, whose laws are given by vy, and

complete the proof of Theorem

5.1. Extending the truncated Gibbs measures onto space-time functions. Recall
that P is the spectral projector onto the frequencies {n eN: N\, <N } Consider the
truncated Wick ordered NLS:

i + AuN =Py (:[PyuV PPl ). (5.1)
We first prove global well-posedness of (5.1)) and invariance of the truncated Gibbs mea-

sure P2(2](,n ) defined in (1.30)):
AP = 73 Ryy(u)dps = Zy' e TPy,
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Lemma 5.1. Let N € N. Then, the truncated Wick ordered NLS (5.1)) is globally well-posed
in H*(M). Moreover, the truncated Gibbs measure P2(2]:,n) 18 tnvariant under the dynamics

of (5.1).

Proof. We first prove global well-posedness of the truncated Wick ordered NLS (5.1). Given
N € N, let v = PyuV. Then, (5.1) can be decomposed into the nonlinear evolution
equation for vV on the low frequency part {\, < N}:

o™ + AvN = Py (: |UN|2(m_1)vN:) (5.2)
and a linear ODE for each high frequency A, > N:
10l (n) = A2uN (). (5.3)

As a linear equation, any solution uN (n) to (5.3 exists globally in time. By viewing (5.2))
on the Fourier side, we see that (5.2 is a finite dimensional system of ODEs of dimension

dy = #{n A <N } where the vector field depends smoothly on {uN

by the Cauchy-Lipschitz theorem, we obtain local well-posedness of .
With . we have

d _
/ [N |2dax = 2Re/ NN da
= —2Re <z/ |VUN|2d:B>
M

—2(=1)™ " (m — 1)l Re <z/ ngl(\”\?)w da:)
M
= 0.

}/\ <N Hence,

In particular, this shows that the Euclidean norm

H@(n)}mm\m:(ZwN ) ( G da:>

A <N

is conserved under . This proves global existence for and hence for the truncated
Wick ordered NLS .

As in , write P2(2]:,n) = P(Qm) ® p ~- On the one hand, the Gaussian measure s ¥ on
the high frequencies {)\n’ > N}is clearly invariant under the linear flow . On the other
hand, noting that is the finite dimensional Hamiltonian dynamics corresponding to
Hig (vV) with

1 1
™) =5 [ 909 Pdo+ o [ 0P e,

we see that ]32(2]:}1) is invariant under 1} Therefore, the truncated Gibbs measure P( ™)
is invariant under the dynamics of . D

Let &y : H*(M) — C(R;H*(M)) be the solution map to (5.1) constructed in
Lemma For t € R, we use ®n(t) : H*(M) — H*(M) to denote the map defined
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by n(t)(¢) = (Pn(¢))(t). We endow C(R; H*(M)) with the compact-open topology.
Namely, we can view C(R; H*(M)) as a Fréchet space endowed with the following metric:

[e.9]

1w —=vlleq=jm
d : _ — 9, bl .
(u,0) = 201+ |lu = vl (=)o)

j=1
Under this topology, a sequence {uy,}nen C C(R; H¥(M)) converges if and only if it con-
verges uniformly on any compact time interval. Then, it follows from the local Lipschitz
continuity of ®x(-) that @ is continuous from H*(M) into C(R; H*(M)). We now extend
P2(72]:,n) on H® to a probability measure vy on C(R; H*(M)) by setting

UN = P2(21(?) o <I>;\,1.
Namely, vy is the induced probability measure of P2(2]$) under the map ® . In particular,
we have

[ P = [ F@v@)ar o) (54
C(R;H*) s
for any measurable function F : C(R; H¥(M)) — R.

5.2. Tightness of the measures vy. In the following, we prove that the sequence
{vn}nen of probability measures on C(R; H*(M)) is precompact. Recall the following
definition of tightness of a sequence of probability measures.

Definition 5.2. A sequence {p, }nen of probability measures on a metric space S is tight
if, for every € > 0, there exists a compact set K. such that p,(K¢) < e for all n € N.

It is well known that tightness of a sequence of probability measures is equivalent to pre-
compactness of the sequence. See [3].

Lemma 5.3 (Prokhorov’s theorem). If a sequence of probability measures on a metric space
S s tight, then there is a subsequence that converges weakly to a probability measure on S.

The following proposition shows that the family {vy}nen is tight and hence, up to a
subsequence, it converges weakly to some probability measure v on C(R; H?).

Proposition 5.4. Let s < 0. Then, the family {vn}nen of the probability measures on
C(R; H¥(M)) is tight.

The proof of Proposition is similar to that of [12, Proposition 4.11]. While [12, Proposi-
tion 4.11] proves the tightness of {vy}nen restricted to [T, T] for each T' > 0, we directly
prove the tightness of {vn}nen on the whole time interval.

In the following, we first state several lemmas. We present the proof of Proposition
at the end of this subsection. For simplicity of presentation, we use the following notations.
Given T > 0, we write LY. H® for LP([-T,T]; H*). We use a similar abbreviation for other
function spaces in time. Let p be a probability measure on H®. With a slight abuse of
notation, we use LP(p)H? to denote

lllzooire = (6l o,
The first lemma provides a control on the size of random space-time functions. The

invariance of PQ(ZI:;L ) under the dynamics of (5.1]) plays an important role.
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Lemma 5.5. Let s <0 and p > 1. Then, there exists Cp, > 0 such that

<C, TP (5.5)

HHUHLPHS Lr(vy) =

HHUHWl P ps— 2HLp (vy) = C Tp (56)
uniformly in N € N.

Proof. By Fubini’s theorem, the definition (5.4)), the invariance of P2(2]7Vn) (Lemma , and
Hoélder’s inequality, we have

o) = NN L2 s
1 1
= (27)7 1l (P s < T)7 [ BN || L2 |0l 20y s (5.7)

Then, (5.5 follows from with Proposmon (4.5 (4.2), and Lemma[2.6]
From (5.1)) and the deﬁnition of Fly, we have

H||atuHL§HS*2HLp N) = HHU”LP HellLp (v )‘1‘ HHFN HL’%HS*ZHLp(VN)' (5.8)
The first term is estimated by . Proceeding as in . with Propositions and

we have

Iz e wetzey, = NN O@ o

1 1
N @)l -2 1y < L) 1Rl 20l e ()| 2o ros < CoT.
This proves (j5.6]). O

Recall the following lemma on deterministic functions from [12].

Lemma 5.6 ([12, Lemma 3.3]). Let T > 0 and 1 < p < oo. Suppose that u € L, H' and
Owu € LEH®? for some sy < s1. Then, for § > p~Y(s1 — s2), we have
1 1

[Py T e
Moreover, there exist & > 0 and 0 € [0, 1] such that for all t1,ts € [-T,T], we have
[uta) = u(t)l| g -20 S [t — 02| IIUIILpHsllMle 10 ppse
We are now ready to present the proof of Proposition
Proof of Proposition[5.4 Let s < s1 < s3 < 0. For o € (0, 1), consider the Lipschitz space
CSH® = CY([-T,T]; H**(M)) defined by the norm

HUHCDcHsl — sup Hu(tl) - u(tQ)”Hsl
T

t1,t2€[-T,T] |t1 - t2‘a
t1#t2

It follows from the Arzela-Ascoli theorem that the embedding C¢H*' C CrH?® is compact
for each T' > 0.
By Lemma with large p > 1 and Young’s inequality, we have

+ lull Lo mor -

0
IIUIlcaH81 S Ml e Nl g2 S Iellzg rrse + Il s (5.9)

for some a € (0,1). Then, it follows from and Lemma [5.5] that

el g \Lw < CT7. (5.10)
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For j € N, let T; = 27. Given ¢ > 0, define K. by
s -1 1+% :
K.={ue CR;H®): ||UHC%J_H51 <ce  T; Pforall je N}.

Then, by Markov’s inequality with (5.10) and choosing ¢y > 0 sufficiently large, we have

o0
—1 -1 _ ~1
}LP(VN) < ¢y Cpe g T, =c¢y Cpe <e.

11
vn(KS) < ¢yl CreT; pHHUHc%jHSl
=

Hence, it remains to prove that K. is compact in C'(R; H®) endowed with the compact-
open topology. Let {u,}neny C K. By the definition of K., {u,}nen is bounded in C%j Hst
for each j € N. Then, by a diagonal argument, we can extract a subsequence {uy, }ren
convergent in Cfp H* for each j € N. In particular, {tn, }ren converges uniformly in H*
on any compact time interval. Hence, {uy, }een converges in C(R; H®) endowed with the
compact-open topology. This proves that K. is compact in C'(R; H®). U

5.3. Proof of Theorem [1.5] It follows from Proposition 5.4 and Lemma [5.3] that, passing
to a subsequence, vy, converges weakly to some probability measure v on C(R; H*(M))
for any s < 0. The following Skorokhod’s theorem ftells us that, by introducing a new
probability space (ﬁ,]—' , ﬁ) and a sequence of new random variables u?V with the same
distribution vy, we can upgrade this weak convergence to almost sure convergence of ul.

See [3].

Lemma 5.7 (Skorokhod’s theorem). Let S be a complete separable metric space. Suppose
that p, are probability measures on S converging weakly to a probability measure p. Then,
there exist random variables X, . Q — S with laws pn and a random variable X : Q-8
with law p such that X, — X almost surely.

By Lemma there exist another probability space (Q .7-" P) a sequence {uN }] en ©
C(R; H?)- valued random variables, and a C(R; H®)-valued random variable u such that

LuN) = LNy =vy,  Lu)=v, (5.11)

and u®i converges to u in C'(R; H*) almost surely with respect to P.
Next, we determine the distributions of these random variables at a given time ¢. By
Lemma we have

N; _ p(2m)
£ (1)) = P2 (5.12)
for each t € R.
Lemma 5.8. Let uy; and u be as above. Then, we have
N, _ p(2m) _ p(2m)
L(uNi(t)) = Pyn, and L(u(t)) = P,
for any t € R.

Proof. Fix t € R. Let Ry : C(R; H®) — H*® be the evaluation map defined by R;(v) = v(t).
Note that R; is continuous. From (5.12]), we have

PV = v, 0 R (5.13)
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Denoting by l/f\,j the distribution of u™i(t), it follows from (5.11]) and (5.13)) that

- 2
Vf’vj =vn; o R, e PQ(J(Z_). (5.14)
Since uVi converges to u in C(R; H*) almost surely with respect to P, u™i () converges to

u(t) in H* almost surely. As a consequence £(ui(t)) — £(u(t)). Now by Proposition

E(;F?(t)) = PQ(QJG;) converges to P2(2m), by uniqueness, we infer L(u(t)) = P2(2m), for any
teR.
(|

Finally, we show that the random variable u is indeed a global-in-time distributional
solution to the Wick ordered NLS
i+ Au=:ul2 YDy, (t,2) € R x M. (5.15)
Then, Theorem follows from Lemmas and

Lemma 5.9. Let u’Vi and u be as above. Then, uNi and u are global-in-time distributional
solutions to the truncated Wick ordered NLS (5.1) for each 7 € N and to the Wick ordered

NLS (5.15)), respectively.

Proof. For j € N, define the D,';x—valued random variable X; by
X; = i0u™ + AuNi — Py, (: |PNjuNj|2(m_1)PNjuNf )
Here, D;, = D'(R x M) denotes the space of space-time distributions on R x M. We

define )Z'j for u™i in an analogous manner. Since u™i is a solution to (5.1]), we see that
Lop; Z(X j) = 0o, where g denotes the Dirac delta measure. By ({5.11]), we also have

Lo, (Xj) = b,

for each j € N. In particular, u™i is a global-in-time distributional solution to the truncated

Wick ordered NLS (j5.1]) for each j € N, i.e.
lat’L/LN; + AI/LN; = PNj (Z ’PNJ.’[/LN;P(m_l)PNj;E;)

in the distributional sense, almost surely with respect to P.
In view of the almost sure convergence of u™¥i to u in C(R; H®), we have

i + AuNs — i+ Au
in D'(R x M) as j — oo, almost surely with respect to P. Next, we show the almost sure
convergence of Fiy, (u™i) to F(u) = : ju|2(m=Yy .. For simplicity of notation, let F; = Fy;
and u; = uMi. Given M € N, write
Fj(u;) — F(u) = (Fj(uj) — F(u;)) + (F(u;) = Far(uy)
+ (Fa(uj) — Fp(w) + (Fa(u) — F(u)). (5.16)

Then, for each fixed M > 1, it follows from the almost sure convergence of u’Vi to u in
C(R; H®) and the continuity of Fjs that the third term on the right-hand side of (/5.16])
converges to 0 in C(R; H®) as j — oo, almost surely with respect to P.
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Fix T > 0 and let s < —1. Arguing as in (5.7) with Proposition we have

[I1F (ug) = Fnr (i)l 22 g

L2(VNJ-) = HHF(@NJQS) - FM(¢N3¢)|‘L2(P2(?]’\};))H9 L%
1
= D) IF() ~ Fu (@) sgpgy i
1
S T2||RN, a1 F'(@) — Far (D)l Ly s
< CT2M", (5.17)

for some small € > 0, uniformly in j € N. In the third step, we used the fact that Zy = 1
in view of Proposition[l.2} Zy = [|[Rn(u)|[L1(5) — [R(u)llL1(p) > 0 as N — co. The fourth
term on the right-hand side of (5.16) can be treated in an analogous manner. Proceeding

as in (5.17)), we obtain

[11E5 (uz) = F () L2 s

1
L2(un,) < 27)2 || BN a1 F5(8) — F(D) | La(u mrs
< CT%Nj—E.

Putting everything together, we conclude that, after passing to a subsequence, F}j(u;)
converges to F(u) in L2([~T,T); H*) almost surely with respect to P. Since the choice
of T > 0 was arbitrary, we can apply the previous argument iteratively for T, = 2¢,
¢ € N. Thus, for each £ > 2, we obtain a set Qy C Qp_; of full measure such that a
subsequence Fj) (u;e))(w) of Fje-1)(u;e-1)) from the previous step converges to F'(u)(w)
in L2([~Ty, Ty); H®) for all w € €. Then, by a diagonal argument, passing to a subsequence,
Fj(u;) converges to F(u) in L H*® almost surely with respect to P. In particular, up to
a subsequence, Fj(u;) converges to F(u) in D'(R x M) almost surely with respect to P.
Therefore, u is a global-in-time distributional solution to , for all w € ' C Q, with
P(Q) =1.

The set ¥ in Theorem [1.5|is then defined as follows. Set ¢ = u(0), and define ¥ = ¢(£'),
then P{*™ (%) = P() = 1. O

APPENDIX A. EXAMPLE OF A CONCRETE COMBINATORIAL ARGUMENT: THE CASE
M =T2 AND m =3

In this appendix, we present a concrete combinatorial computation on the Fourier side
for the proof of Proposition when m = 3. The aim of this appendix is to convince
readers of increasing combinatorial complexity in m . Compare the m = 3 case presented
here with the m = 2 case in [7]. This shows that the use of the white noise functional is
essential in establishing our result for general m > 2.

Let Gy (u) be as in (1.26). For simplicity, we show that Gy (u) is uniformly bounded
in L?(y). Namely, we prove

IGN(W)|2gy < C < (A.1)

independently of N € N. Then, a small modification yields Proposition for p = 2. The
general case follows from the p = 2 case and the Wiener chaos estimate (Lemma .
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From (1.21)), (1.23)), (1.24)), and (1.26) with (1.10), we have

6Gn(u) = / Hun|®: do = / lun|® — 9o n|un|? + 180% |un|? — 603 dx
T2 T2

-2 ﬁﬁgfw‘g)('%vm Il 2 HJﬁHﬁ)

7=1 4(0) j=1
In;|<N \nJI<N
1\ |9n | 1
c5( Y ) (2 7)o 2 e
men LIPS A Sy Ll w1 I
= 1+ +1I+1V, (A.2)

where oy is as in ([1.25) and I'y(0) and ¢ are as in (2.29)) and (2.30)), respectively.

The basic idea is to regroup the terms in by introducing some factorizations,
and separately estimate each contribution. Given ¢ € 2N, we say that we have a pair in
n=(ni,...,n) € I'y(0) if nj = n; for some odd j and even j'.

Let us first consider I. Given m € I'(0), there are three cases: (i) no pair, (i) 1 pair,
and (iii) 3 pairs. Thus, write I as

I:II+IQ+I37

corresponding to the three cases: (i) no pair, (ii) 1 pair, and (iii) 3 pairs, respectively. For
simplicity of notation, we may drop the frequency restriction |n| < N in the following but
it is understood that all the summations are over {|n| < N}.

e Case 1: No pair. In this case, we can easily estimate the contribution from I; by

6 1
1 2
HIl”L?(u) S ( Z 1;[ 1+|nj|2) <C < 0. (A.3)

e Case 2: 1 pair. In this case, there are 9 possibilities to form a pair from each of
{n1,ns,ns} and {ng, n4,ne}. Thus, we have

=02 ) ( 2 H )

n1 ¢n27n4

Combining this with II, we have

rn=s( ) ( 2 HwiTr?)

ny #nz M4

15( X ) (5 %)
+9<Z 1+1rn12> (Zu‘frr'zm?)

=: Hl —+ HQ —+ Hg. <A4)
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Note that E[|g,|?> — 1] = 0. Then, by Lemma [2.6] m we have

|gnl* — 1
”]11HL2 H Z 17:L ‘n|2

LA(u LA (w)

9n,
| = O

n17£ng,ng

5(Z<1+\n\> (ZHHm |2>1§C<°° (45)

The terms Iy and I3 are treated with other terms in the following.

e Case 3: 3 pairs. In this case, there are 3 scenarios on the values of ni,ns3, and
ns: (i) n1 = ng = ns, (ii) n1 = ng # ns up to permutations, (iii) all distinct. Write
I3 = I31 4+ I30 + I33, corresponding to these three cases.

o Subcase 3 (i): n1 =n3 =ns. In this case, the contribution can be estimated by

1
’gn’6 ( 1 >2
I E < E <C < o0. A6
|| 31||L2 (p) = H 1+ |7'L| L2 ~ (1 + ’n’2)6 = ( )

o Subcase 3 (ii): m1 = n3 # n3 up to permutations. In this case, we have

=) ) (St (S 1tr)
o) (Sl ) o (S )

=t I321 + Oz (1). (A7)
Here, we estimated the second term as in (A.6)).

o Subcase 3 (iii): all distinct.  In this case, we have

g3 = 6 Z |gn1|2 Z |gn3|2 Z |9n5|2
1+ |n? 1+ |ns|? 1+ |ns5|?

ng;ﬁnl n57£n17n3

:6(2 |9n1|2 )( Z |9n3|2 )( Z |9n5|2 )
1—|—|n1\2 1—|—|TL3|2 1+|7”L5|2

n3#ni ns#ni

(Zhe) (2 )

n3F#ny

:6<Z |gn1|2 >( Z |gn3|2 )(Z |gn5|2 >
L+ [nq]? L+ [n3? 1+ [n5?

nz#ny

(Zhe) (2 )

ng#ni

(Eathm) (2 i)

ng#ni

~o( i) - n( ) (S atiee)
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(1+[n]?)?3
=: I331 + T332 + Op2(y (1). (A.8)
From (&), (A7), and (&), we have
s+ Tans + Tagy — 9 Zl—’9n|2 Z |gn|*
3 321 332 71_“”‘2 7(1+|n|2)2 .
Proceeding as in (A.5)), we obtain
I3 + I391 + I332HLQ(M) < C < 0. (A.9)

From , , and ( m, we have

o 3
]I[+IV+H2+I331_6<Z|1—+—‘7],|2> .

Proceeding as in (A.5)), we obtain
3

< C < oo. (A.10)

lgn
[T+ IV + TI2 + 331 22 H E 7
b~ 1 + \n\ L6(u)

Finally, putting (A.2] - IA.10) together, we obtain

Remark A.1. The above computation merely handles the nonlinear part G (u) in the

truncated Wick ordered Hamiltonian. In order to prove Theorem one still needs to
estimate Fyy(u) in (1.36]), which has a different combinatorial structure. For our problem,
it is much more efficient to work on the physical side, using the white noise functional and
the (generalized) Laguerre polynomials.
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