ASYMPTOTIC BEHAVIOR OF THE NONLINEAR SCHRODINGER
EQUATION WITH HARMONIC TRAPPING

ZAHER HANI AND LAURENT THOMANN

ABSTRACT. We consider the cubic nonlinear Schrodinger equation with harmonic trapping
on R” (1 < D <5). In the case when all but one directions are trapped (a.k.a “cigar-shaped”
trap), following the approach of [I8], we prove modified scattering and construct modified wave
operators for small initial and final data respectively. The asymptotic behavior turns out to be
a rather vigorous departure from linear scattering and is dictated by the resonant system of the
NLS equation with full trapping on RP~!. In the physical dimension D = 3, this system turns
out to be exactly the (CR) equation derived and studied in [9], 11}, [12]. The special dynamics of
the latter equation, combined with the above modified scattering results, allow to justify and
extend some physical approximations in the theory of Bose-Einstein condensates in cigar-shaped
traps.

1. INTRODUCTION

The aim of this paper is to study the long-time behavior of the cubic nonlinear Schrédinger
equation with harmonic trapping given by

D
(0 — Apo + Y _wiah)U = ko|UPU,  (z1,...,34) € R, (1.1)
j=1
with a particular emphasis on the anisotropic limit w; = 0 < wy = ... = wp. Here w; signifies

the frequency of the harmonic trapping in the j—th direction and kg # 0.

The motivation for this study is two-fold: On the one hand, we aim at justifying some
approximations done in the physics literature that allow reducing the dynamics of in the
highly anisotropic setting (a.k.a. cigar-shaped trap) to that of the homogeneous (i.e. with no
trapping) 1D cubic NLS equation. Such approximations, often referred to as the “quasi-1D
dynamics” [25], allow access to the complete integrability theory of the 1D cubic NLS equation
along with its plethora of special solutions that give theoretical explanations of fundamental
phenomena in Bose-Einstein condensates. On the other hand, from a purely mathematical
point of view, the analysis falls under the recent progress and interest in understanding the
asymptotic behavior of nonlinear dispersive equations in the presence of a confinement. Such
a confinement can come from the compactness (or partial compactness) of the domain or via a
trapping potential. In either case, this leads to the complete or partial loss of dispersive decay
of linear solutions, and consequently complicating and diversifying the picture of long-time
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dynamics. In this line, using tools developed for the study of long-time dynamics of nonlinear
Schrodinger equations on product spaces, we will be able to describe the asymptotic dynamics
and show that they exhibit highly nonlinear behavior in striking contrast to linear scattering. As
a consequence of this description, we get the general extension of the “quasi-1D approximation”
mentioned above to cases when higher and multiple energy levels of the harmonic trap are

excited (cf. Section [1.3)).

1.1. Physical context. A Bose-Einstein condensate (BEC for short) is an aggregate of matter
(Bosons) which appears at very low temperature and which is due to the fact that all particles
are in the same quantum state. Their existence was predicted by Bose in 1924 for photons
and by Einstein in 1925 for atoms, and they were experimentally observed in 1995 by W. Ket-
terle, A. Cornell and C. Wieman who were awarded a Nobel Prize shortly after, in 2001, for
this achievement. This observation was followed by a burst of activity in the theoretical and
experimental study of BEC which constitutes a rare manifestation of a quantum phenomenon
which shows through at a macroscopic level. For an nice introduction to this topic we refer to
the book [25] and to [28].

In the physical space R3, BEC can be realized by trapping particles using a magnetic trap
which is modelled in the mean-field theory by the harmonic potential term in (1.1). The wave
function U(t, x,y1, y2) of the particles in (with D = 3) can be interpreted as the probability
density of finding particles at point (x,y1,%2) € R? and time t € R. The sign kg = +1 or —1
depends on whether the Boson interaction is attractive (focusing case) or repulsive (defocusing).

In the case when w; <« wy = w3, the harmonic trap is often described as “cigar-shaped”, and
we will be interested in this case. This regime is of great importance from the physical point of
view as it allows for a “dimensional reduction” in which the condensate is described by better-
understood lower-dimensional dynamics. More precisely, a naturally adopted approximation
of is obtained by going to the anisotropic limit and setting wy = 0 (which is justified for z
not too large) and non-dimensionalizing wy = ws = 1. Then, the resulting equation is

(i0r — Ags + yi + y5)U = ro|U|*U, (z,y1,92) € R3. (1.2)

In this context, (see for instance [30] or |25, paragraph 1.3.2]) physicists often adopt an Ansatz
of the form
: 2
U(t) xz, y) ~ ¢(t7 :L')e%te_‘yl /2; Yy = (yla y2)7 (13)
which leads them through a multiple time-scale expansion to the 1D-dynamics obeyed by ¥ (¢, x).
This dynamics is given by none other than the one dimensional Schrédinger equation

{uat — 20 = kohoY[*Y, (t,z) ER xR, (1.4)

(0, 2) = o(x).
This equation is obtained by projecting the nonlinear term in the Ansatz equation on the ground-
state go(y) = e 1¥*/2 of the harmonic oscillator —Agz+|y|?, thus Ag = ”90”4L4(R2)/H90"%2(1@2):1/2'

The aim of this paper is to describe the large time behaviour of (|1.2)) for small, smooth
and decaying data (and more generally for the corresponding equations in higher dimension).
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One consequence of our work is a justification of the approximation for large times, as
well as the correct extension of that approximation when higher and/or multiple energy levels
of the quantum harmonic oscillator are excited. We give the relevant result concerning the
approximation and refer to the next section for more general and precise results. Denote
by S(R) the set of the Schwartz functions, then

Theorem 1.1. Let ¢ € S(R) be small enough, and let 1) be the solution of (1.4). Then there
exists a solution U € C([0,400); L*(R x R?)) of (L1.2) such that

Ut 2, y) — (2, ac)eme_%ly‘2 — 0 as t— 4o0.

||L2(RXR2)
Moreover, the function U can be chosen to be axisymmetric: U(t,z,y) = ﬁ(t,x, ly|) for some U.

This shows that the 1D dynamics of can be embedded in the 3D dynamics of ,
a reduction, known as quasi 1D dynamics, which is at the basis of the theoretical explanation
of many fundamental phenomena in Bose-Einstein condensates. Physicists arrive at it using
some multiple time-scale approximations, and use it afterwards to transfer information from
the well-understood and completely integrable dynamics of to that of . We refer to
Section [L.3] for more details and extensions.

We remark that the nonlinear Schrédinger equation with harmonic potential is also an im-
portant model in nonlinear optics, but we do not detail the applications in this context.

1.2. Mathematical framework and results. From the mathematical perspective, this work
falls under the recent developments in the study of the long-time behavior of nonlinear dispersive
equations that are confined either by physical domain or by a potential. Such a confinement
has a direct effect on the linear decay afforded by dispersion which either completely disappears
or becomes very weak. In the case of a confinement by domain, we refer to [I8] for references
on global regularity issues. The question of long-time behavior is much more subtle and much
less is known especially on compact domains. In that case, many different long-time dynamics
can be sustained starting from arbitrarily small neighborhoods of the zero initial data including
KAM tori [2, 8, 27, 33], Arnold diffusion orbits [7, [I5], and coherent frequency dynamics [9].

A bit more can be said about the asymptotic behavior in the partially periodic cases (e.g.
waveguides R? x T™) where one can see an interplay between the persistence of the Euclidean
behavior of scattering [36] versus the emergence of new asymptotic dynamics that reflect the
(global) non-Euclidean geometry of the underlying manifold. The latter was observed in [17, [I§]
that studied NLS on the product domain R x T% which corresponds to the non-compact quotient
of R4 where linear solutions decay the least, namely like t~1/2. There, the resonant periodic
interactions played a key role in the asymptotic dynamics either for all small data [18] or in the
analysis of certain sequences of data that appear in the profile decomposition [17].

We will see that a similar picture can be drawn in the case of a potential trap confinement.
Studying (NLS) under full harmonic trapping would be the analogue of studying it on a compact
domain, whereas studying it with partial trapping corresponds to a partially compact domain.
Indeed, our analysis will draw a lot on the recent advances in the latter study, especially on the
recent work [I8].

We now present our general results. Let k,d > 1. We define the Laplace operator Apr =

E?zl 92, on R* and the harmonic oscillator Hgq = E;l:l (- 853_ +[y;]?) on R? Our equation of



4 ZAHER HANI AND LAURENT THOMANN

interest can now be written as
(10 — Agr + Ha)U = ko|lUPU,  (t,z,y) € R x RF x RY,
U(07 x, ?/) - UO(.’E, y)7

where U is a complex-valued function, kg € {+1,—1} is the sign of the nonlinearity (+1 for
focusing and —1 for defocusing).

The case k = 0 corresponds to full harmonic trapping. Since the spectrum of H, is discrete,
the linear solution does not decay in this case. As was the case for a geometric confinement,
this has little effect on global regularity issues |26, 23]. As a result, the asymptotic behavior
of can be quite rich, but very little is known, apart from the existence of many periodic
solutions [4] and the existence of KAM tori when d = 1, if one allows a perturbation by a
multiplicative potential [14].

For k > 1, the linear solution decays typically like ¢~%/2. This leads to scattering when k > 2,

as was shown by Antonelli, Carles and Silva [I]. We also refer to [1] for a review of scattering
theory for NLS.

The case k = 1, in which all but one directions are trapped, is particularly interesting since
it corresponds to a long-range nonlinearityﬂ We will be interested in this case in which the
equation can be written as

{(i@t + DU = ko|UPU, (t,z,y) €e R x R x RY, w5)

U(vaa y) = UO(xvy)7

where we have set
D= —8:% + Hgy.
Since the nonlinearity decays at best like t~! in L?, a modification of the scattering operator
might be needed to describe the asymptotic dynamics. This is indeed the case and the modifi-
cation will be given by the resonant system of this equation. Actually, such a phenomenon has
been put to evidence by the first author, Pausader, Tzvetkov and Visciglia [I8] for the cubic
nonlinear Schrédinger on R x T¢. Here we follow their general strategy, which is also described
in [19].
In order to define the limit system, we start by recalling that if v solves

(10 + Ha)v = kolv|*v (t,y) € R x R?

and if we look at the profile f(t) = e~#Mdy, then it satisfies the equation

thf _ Koe—itﬂd(|eit7{df’26it7'ldf) = Ko Z eithn (HnlanQ an3 f)

n1,n2,n3,n€Ng

where Ny is the set of non-negative integers, 11, is the projection onto the n—th eigenspace of
Hq, and w = 2(ny; — ny + n3 — n). The resonant system associated to the previous equation

1f linear solutions decay like tik/2, the nonlinearity |u\p71u is short-range if p > 1+% and long-range otherwise.
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is obtained by restricting the above sum to the resonant interactions corresponding to w = 0.
This is given explicitly by

iog(t,y) =koT9, 9, 91(y)
Tlf g,n] = Z I, (Hnlfmﬂnsh) = Z Wy 4ng—no (fraGnaling) (1.6)

n1,n2,n3,n€Ng n1,n2,n3ENg
nit+ng=nz+n

where we will often denote wy, (y) = I,w(y) for an arbitrary function w on R?. When d = 2, we
will see that this system is none other than the (CR) equation derived in [9] (see Section |3.3| for
more details).

We are now ready to describe the asymptotic dynamics of (1.5). This will be given by what
we shall call the limit system defined by
i0;G(1) = koR[G(7),G(7),G(T)], (7 2,y) € R x R x RY,
G(07$7y) :GO(xay)a (17)
where  F,R[G,G,G](€,) = TIG(, ), G(E. ). G(E, )],

Here, we denoted @(5 ,y) the partial Fourier transform in the first (un-trapped) variable. Noting
that the dependence on ¢ is merely parametric, the above system is essentially ([1.6)).

In the sequel, for N > 1, HY(R x R?) is a Sobolev space and S = Sy, ST = S]J\r, denote
Banach spaces whose norms are defined in (2.7) later. They are contained in H"V and include
all the Schwartz functions.

Theorem 1.2. Let 1 < d < 4 and N > 8. There exists ¢ = ¢(N,d) > 0 such that if Uy € ST
satisfies
10ol[s+ <,

and if U(t) solves (L.5) with initial data Uy, then U € C([0, +o0); HN (R x R%)) exists globally
and exhibits modified scattering to its resonant dynamics (L.7)) in the following sense: there
exists Go € S such that if G(t) is the solution of (L.7)) with initial data G(0) = G, then

|U(t) — PG (n Int)|grymxrey — 0 as  t — fo0.

By reversibility of the equation, a similar statement holds as t — —oc.

Our next result is the existence of modified wave operators.

Theorem 1.3. Let 1 < d <4 and N > 8. There exists ¢ = ¢(N,d) > 0 such that if Gy € ST
satisfies

HGtOHS+ < g,
and G(t) solves ([L.7) with initial data Gy, then there exists U € C([0,00); HY (R x R%)) which
is a solution of such that

U (t) — eitDG(wlnt)HHN(Rde) — 0 as t— +oo.

Moreover
WUl ey, < CC1+ [£) 2
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As a result, any dynamics of the limit system (1.7)) with data in ST, gives information on the
asymptotic behaviour of (1.5). We point out that the condition N > 8 is not optimal in the
previous results.

1.3. Physical interest and particular dynamics in dimension D = 3. We are now able to
precise the results of the first paragraph. The key point is that when D = 3, the corresponding
resonant system is the so-called (CR) equation derived and studied in [9, 11 12]. This
(CR) system-standing for Continuous Resonant (cf. equation ([3.10]))- was first obtained as the
large box (or continuous) limit of the resonant system for the homogeneous cubic NLS equation
on a box of size L, and was shown to approximate the dynamics of the cubic NLS equation
over very long nonlinear time scales. It can be also understood as the equation of the high-
frequency envelopes of NLS on the unit torus T?. The rather surprising fact that it is also the
resonant system of NLS with harmonic trapping is one consequence of its rich properties
and behavior (cf. Section . As a consequence, one can use Theorem to construct other
interesting non-scattering dynamics for equation as is illustrated in the following result.

Corollary 1.4. Let d=2. We let F(t) = e"*PU(t) denote the profile of U, then
(1) No nontrivial scattering: Assume that U solves and that F(t) converges ast — —+o0.
If U(0) is sufficiently small, then U = 0.
(2) Quasi-periodic frequency dynamics: There exists a global solution U(t) such that ﬁ(et, §)
is asymptotically quasi-periodic with two distinct frequencies for all £ € [—1,1].

We refer to Section for more details and basic properties of the (CR) equation. An
interesting open question is to decide whether growth of Sobolev norms can occur in the (CR)
equation as was the case for the resonant system on the torus T¢ observed in [16]. This would in
turn imply the same behavior for (along with a proof of arbitrary large but finite growth
of Sobolev norms for the equation with full trapping).

Let us now justify the approximation (T.3]). For a solution U of (I.5)), define V = e~#"alJ and
write the decomposition V = ZpGNo V), according to the eigenspaces of Hg. Then the equations
satisfied by V,(t,z,y) (with y = (y1,y2)) are given by

(10:Vy = 07Vp) = s T(V. V. V)p+ &) =0 D Tl (Vi Vo Vi) + Ep(0),
P1—p2+p3=p
and we show in the proof that &£,(t) is integrable in time. So at a heuristic level, the approxima-
tion consists of dropping &€ so that the large-time effective equation for V' (¢, z,y) is thus given
by
(’[’at - 8%)‘/ = HOT(V(t7 z, ')7 V<t7 z, ')7 V(tv xz, )) : (18)

ly|?
Recall that g, (y) := (y1 + iyz)”efyT is an eigenfunction of Hs and assume that the initial data

2
at t =0 is given by V(0,z,y) = ¢¥(x)(y1 + iyg)”e_% (this means that V,(0) = 0 for p # n). In
the language of Bose-Einstein condensates such data correspond to vortices of degree n (see [25]).
Then by [11], it holds that

T(gnagmgn) = A\ndn; (1.9)

QIndeed, [9, Theorem 2.6] also implies that such a result would also give another proof of the growth result for
the cubic NLS equation on T? first obtained in [7].
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WithEl .
o HgnHLAL(W) (2n)!

n -

T 92ty

a Hg"HiZ(R?)
Hence we get that the solution of ([1.8]) stays in the form

|yl

V(t,fE,y) :1/’(75, x)(yl +7’y2)n6_77 (110)
where v satisfies the 1D NLS equation
(100 = R (t, ) = Kodaltb(t, )Pt 2). (1.11)

Two applications of this “quasi-1D dynamics” in the physics literature is to give theoretical
explanations of the all-important bright and dark solitons observed in cigar-shaped harmonic
traps. Bright solitons correspond to the usual soliton solutions of in the focusing case
(ko = 1). More importantly, dark solitons correspond to the so-called dark soliton solutions
of : these are stationary solutions of the defocusing problem (obtained from the complete
integrability theory) that exhibit an “amplitude dip” form a constant amplitude of 1 at +oo
to 0 near the origin. For more details, we refer to [10].

The decay in time of solutions is very important for our proof to work. This means that we
cannot handle 1D- soliton solutions (for the focusing case) or dark-soliton data (which does not
even decay at spatial infinity.) But for sufficiently small decaying data, one can go one step
further than in the asymptotic analysis of (see [20] 3 29, 24, 22] for related works
on NLS): the effective large-time dynamics of ¥ (¢, x) is actually given by

(10 — 2yt ) = Fl (0O (t9), (t2) eRxR,
which is solved by

7”4?0)\n

E—x
where ¢(z) = ¥(1,z). This will come as a consequence of our main Theorems and

Let us sum up in the next proposition some asymptotic results of (|1.5)), concerning quasi-1D
dynamics. The case n = 0 implies the result of Theorem

Uit 2) = Fl, (F@)ermomPOP mtei-ne), (1.12)

y)?

Proposition 1.5. Let N > 8. Let ¢ € S(R) and set Go(z,y) = o(x)(y1 +iy2)"e” 2 .
(1) Consider the solution ¢ of (1.11). Then if ||Go||s+ < € is small enough, there exists a

solution U € C([0,00); HY (R x R?)) of (L.F)) such that
; R 1l
U, z,y) - W(t, 2)e? TV (y) + i) e 2 HHN(RXR2) — 0 as t— +4o0.

(2) Consider the solution ¢ of (1.12). Then if ||Go|/s+ < € is small enough, there exists a
solution U € C([O, o0); HY (R x RQ)) of (1.5)) such that

; ‘ _y?
HU(t7 .'E, y) - 1/}(ta x)62l(n+1)t(y1 + ’Ly2)n€ 2 HHN(RXRQ) — O as t — +OO

Moreover, in both of the previous cases, U satisfies for all € R, U(t,z, Roy) = ¢™U(t, x,v),
where we have set Rgy = €%y with the identification y = y1 + iys.

3The constant A, is merely computed by taking the scalar product with g, in the definition (1.6).
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There also exist solutions of (|1.5)) which decompose into a sum of two functions of the previous

type. This will be the case of the vorter dipole in which the solution is a superposition of a

positive vortex (y1 + iyz)e” 2~ and its antipode (y1 —iy2)e 2~ In this case, the dynamics also

reduces to a quasi-1D one, except that it is now given by the system
(i0h — 02 (t,2) = "2 (2P + [0+ 2)vs (t2), (t2) R XR,
(i0h — 02 (t,2) = “2 (2 P + - ) (¢, ), (1.13)
04(0,2) = pi (@), - (0.2) = p_(2).

The above coupled equation is known as the XPM system and it is a useful model in nonlinear op-
ticsﬂ (see for example |6, Chapter 9]). We do not know if it appeared in the study of Bose-Einstein

lyl?
condensates prior to this work. In what follows, denote G4 (z,y) = ¢+ (z)(y1 £ iyg)e_yT.

Proposition 1.6. Let |G| s+, |G-|s+ < € and consider the solutions ¢y ,v_ of (1.13)). Then
if € > 0 is small enough, there ezists a solution U € C([0,00); HY (R x R?)) of (L.F) such that

2 2
Yl _lyl

U (t, @, y) = (t, )™ (y1—iy2)e™ 2 —tby (¢, 2)e™ (y1+iy2)e 2 v mxmey — 0 as t— +oo.
There is also a statement similar to the point (2) of Proposition

A natural question is whether every solution U of (1.5)), with initial condition ||Up||g+ < e,

asymptotically decouple into a finite sum of the type Z ;(t,x)f;(t,y) when t — 4o00. The
finite

next result provides a negative answer. Denote by Cp, ([0, +oo)) the set of continuous and bounded

functions on R, then

Proposition 1.7. For all € > 0, there ezists |Up||s+ < € and a solution U € C([0,+00); HY (R x

R?)) to so that
HU(t,SU,y) - Z wj(t7x)fj(t7y)HL2(RXR2) 7L> 07

finite
when t — +o0, for any 1; € Cy([0, +00); L*(R)) and f; € Cp([0, +00); L*(R?)).
1.4. Ideas of the proof and comments. Let us explain how we can formally derive the limit

equation. We expand functions F = Zq>0 F, according to the eigenspaces of the harmonic

oscillator (F, = II,F), and let F(t,x,y) = e “PU(t, x,y). Defining the Fourier transform on R
by
-~ 1 —1ix
Fagl€) =500 i= o [ (o),
T JR
we will establish in Section that U solves (1.5)) if and only if F' solves

i0F(t) = NU[F(t), F(t), F(t)], (1.14)

4We thank Panos Kevrekidis for pointing this out.
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where the nonlinear term A? is defined by

FoN'[F, G, H](&,y) =

—ko Yy e I, /RQ M Fy (& =1, y)Gr(€ — 1 — K, y)Ha(§ — K, y)dndr.  (1.15)

weE27Z (p,q,rys)ETw

The idea is to write the nonlinearity N in as a sum of an effective part M sy and an
integrable part £. The integrable part does not affect the asymptotic dynamics of F', which
should therefore be described by the equation i0,F = N ¢¢(F'). This effective or limit equation
turns out to be exactly , a fact that can be seen by performing two heuristic approximations:

The normal form reduction: It is a general principle that the main contribution in the non-
linearity is given by the resonant terms, namely corresponding to w = 0. Roughly speaking,
the other terms can -in principle- be shown to be perturbative thanks to integration by parts
in time and using the decay in time of 0;F. Equivalently, this consists in applying a Birkhoff
normal form. However, in this case there is a problem if the time derivative hits the other phase
factor e?"* in the regime when nx is not small. In this case, one has to rely on the spatial oscil-
lations of the integral in (including resorting to refined 1D bilinear Strichartz estimates).
The upshot is that the remaining term after this reduction reads

FNLF.G H(Ey) =k Y T /RQ X Fy (€ =, y)Gr (€ — 1 — K, y) Ho(€ — K, y)dnds.
(p7Q7T’s)€FO

Stationary phase asymptotics: The asymptotics of the above term when ¢ — +oo can be
obtained thanks to a stationary phase argument in (7, k), which suggests that

TR TRKQ

fx-/\/;tlf[F7G7H](£>y) ~ T Z HP(ﬁQ(fay)a(§7y)ﬁs(fay)> = TfacR[Fv G’ H](g,y)

(p7Q7rvs) EF0

This is precisely the nonlinearity in , after the change of time variable 7 = wInt.

The point of the proof consists of making rigorous the above heuristics, and one of the key steps
is to establish Proposition which proves that the error committed in the above approximation
is integrable in time. As was the case in [I8], a big difficulty comes from the fact that we cannot
establish the decay ||U]|z < t~1/2, which requires us to use a hierarchy of three norms to control
our solutions Z C S € ST. The Z norm is conserved for the limit equation and will be
uniformly bounded for (L.5). The S and ST grow slowly in time with ST being stronger only in
the untapped direction. For a solution controlled in the S* norm, the difference between U (¢)
and its limit dynamics given by decays in the S norm. This was also the strategy in [18§];
however we point out some differences:

e The Schrodinger evolution group associated to the harmonic oscillator enjoys a full
range of Strichartz estimates (see (3.4])), which we freely exploit. These are enough to
prove Lemma compared to the corresponding result [18, Lemma 7.1}, where bilinear
Strichartz estimates were needed.

e In many places in [I8] it was convenient to bound the eigenfunctions (e*%)

nezd of Aqa

by 1, and to use that de eI T ging T i3 T ping T g — On1—ng+ns—ng, Which in turn induces
a convolution structure in many estimates (see [18, estimate (2.14)]). Such things do not
hold true for the harmonic oscillator and the Hermite functions. To tackle this issue,
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we often resort to the Lens transform (see for example [35]) and use linear and bilinear
Strichartz estimates (see e.g. the proof of Lemma and Lemma |4.4)).

1.5. Plan of the paper. The rest of the paper is organized as follows. In Section[2]we introduce
the main notations of the paper and state some preliminary estimates. Section [3]is devoted to
the study of the resonant and limit systems. In Section[4] we prove the key result on the structure
of the nonlinearity, which will be at the heart of the proof of the main theorems in Section
Finally, in Section [6] we state and prove a transfer principle which allows us to simplify the proof
of many trilinear estimates throughout the paper.

1.6. Acknowledgements: We wish to thank Panayotis Kevrekidis for several illuminating dis-
cussions pointing out the relation of this work to the superfluidity and Bose-Einstein condensates
in “cigar-shaped” traps (namely reference [10]). This work was initiated during the visit of the
second author to the Courant Institute of Mathematical Sciences, and he thanks the Institute
for its hospitality.

2. NOTATIONS AND PRELIMINARY ESTIMATES

2.1. Standard notations. In this paper, Ny denotes the set of all non-negative integers,
and Z is the set of all integers. We will often consider functions f : R — C and functions
F :R x R? = C, which we distinguish by using the convention that lower case letters denote
functions defined on R, capitalized letters denote functions defined on R x R%.

We denote by H4 the harmonic oscillator in dimension d. The operator H; admits a Hilbertian
basis of eigenvectors for L2(R?). We will denote the n—th eigenspace by E, with n € Ny and
the corresponding eigenvalue by A\, = 2n + d. Denote by K, the dimension of E,. Then
K, = #{(k1,...,kq) € Ng : ki + -+ kg = n} and we can check that K, ~ cgn?~!. Each
eigenspace F,, is spanned by the Hermite functions (¢, j)1<j<k,. For more details, we refer to
Helffer [2I] or to the course of Ramond [34].

The scale of harmonic Sobolev spaces is defined as follows: s > 0, p > 1.
WP = WP (R = {u € LP(RY), HY?u € LP(RY)},

H* = H(RY) = W2,
The natural norms are denoted by ||u|lyys» and up to equivalence of norms we have (see [37,
Lemma 2.4]) for 1 < p < 400

2
lullys» = 17 2ull g = 1(=A)"2ul g + [ ) ull s (2.1)
In all the paper, we use the notation
D= —3323 +Hq.

Recall that we have defined the Fourier transform on R by

1 A
/ e~ g(x)dx.
R

" or

Fz9(&) = 9(8) :
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Similarly, if F(x,y) depends on (z,y) € R x RY, ﬁ(f,y) denotes the partial Fourier transform
in z. Denote by II, the projection onto the eigenspace E,, and hy; := (h,1y, ;). We then
consider the Hermite expansion of functions h : R* — C,

Ky
h(y) = Z hn(y) hy =11, (h) = Z hin,jtn,; = Z P, jn.j,
Jj=1 J

n>0
with the convention that v, ; = 0 if j > K,,. For a bounded function ¢ we define
P(H)h = o(An)hn.
n>0

The full frequency expansion of F' reads

Flay) = 3 /R Fueypede =53 /R Fos (6)' 0 5(y)dt

n€eNg neNg j=1
We will often use Littlewood-Paley projections. For the full frequency space, these are defined
as follows:

(FePenF) (6,9) = ol 5)0( 1) Fyl.),

where ¢ € C°(R), ¢(z) = 1 when |z| < 1 and ¢(z) = 0 when |z| > 2.
In addition, we also define
¢(z) = o) — p(2)
and
Py = P<n — P<yja,  Pon=1— Poyyo.
With this notation, the full Sobolev H*® norm on function on R x R¢ takes the form

1/2
1Py = (D2 NZUPNFIZ )
Ne2No

Many times we concentrate on the frequency in x only, and we therefore define

(FQenF) (€.) = p(3) (FoF) (6.1).

and define Qpn similarly. By a slight abuse of notation, we will consider @) indifferently as an
operator on functions defined on R x R? and on R. With the Parseval formula, it is easy to
check that
li@v. s SN 22)
Denote by Op the frequency localization in y only. It is then easy to check that the full
Sobolev norm H*(R x R?) also reads

1/2
|Fll ey = (2 (M + N*)|QuOLFI3, )" (2.3)
M,Le2No ’

For w € 2Z, we will use the following sets corresponding to momentum and resonance level
sets:

Ly :={(p,q,m,8) €ENo: Ap—= A+ A —As=2(p—q+7r—3s) =w}
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2.2. The nonlinearity. We will prove all our statements for ¢ > 0. By time-reversal symmetry,
one obtains the analogous claims for ¢ < 0. We shall consider only the case k9 = 1 in (|1.5).
Since we only deal with small data the case kg = —1 can be treated similarly.

Let us define the trilinear form A by
NYF, G, H] == e P (eitDF e PG eitDH). (2.4)
Let ‘
Ult,z,y) = P F(t),
then we see that U solves ((1.5)) if and only if F' solves
0 (t) = N'[F(t), F(£), F (1))

The following formulation holds true

——— o —

FoN'[F, G, H|(E, ) = ™7 / P GTHIF (& — ) HaG(E — ) — R)EHaH (¢ — ) dndr.
RQ

Actually, set

T'[f,g.h) = U(=1) (U FUDGUMR),  U(E) = exp(~itd2), (2.5)
then NVY[F, G, H] = e~ Tt [t p oTHaq ¢itHa []] with

FUF 0. = [ 5 = n)fle = n = m)hie = s

By expanding F' = ) >0 Fq according to the eigenspaces of the harmonic oscillator, and for
G, H as well, one may also write

FNF,.GH|(Gy) =Y e™ Y 1, / X Fy (6=, y)Gr(E—n—r, y) Hy(E—r, y)dnds.
we227Z (p,q,r,8)E€lw R?
According to our previous discussion, we now define the resonant part of the nonlinearity as
ERIFGH(Ey) = Y T (F&uG(& &) (2:6)
(p,qms)ero

2.3. The norms. It will be convenient to use the following norms when dealing with functions
on R? 1o
1l = 172 Fll oy ~ (D2 A+ D i)
peNy J
For functions, we will often omit the domain of integration from the description of the norms.
However, we will indicate it by a subscript  (for R), 2,y (for R x R?). We will use mainly three
different norms: a weak norm

|FIIE = sup [1+1¢7] Do (1 +p) I Ep(©)1F5 = sup [1+ P IF(©) I3,
£eR » £eR

and two strong norms

1Fls =1 Flluy, + |l2Fllzzz2, N Flls+ = [Flls + (1 = 0u0) Flls + [l&Flls. (2.7
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Note that the operators Q<y, P<xy and the multiplication by ¢(-/N) are bounded in Z, S
and ST, uniformly in N. Elementary considerations (see Lemma below) show that the
following holds

1Py, S IFllz S IFlls S I1Fg+-

Finally, we are ready to fix the space-time norms we will use: Fix once and for all § < 1073
and define

11 x1 ‘:Oi‘jET{HF(t)HZ + (L ) E@) s + L+ )0 F ()]s}

1Fllxs =IFlx, + sup {1+ [t) 2 (E@) s+ + (L + ) I0F (O)lls+ -
0<t<T

2.4. Preliminary Estimates. We gather here some useful preliminary estimates that will be
useful later in our work.

Lemma 2.1. (1) Let 1/2 < a <1 and f € L*(R). Then
1—-L 1
1l S 1715228 Nl 1125 g (2.
(2) Assume that N > 8 and F : R x RY — C. Then the following estimate holds true
1 7
11z S IENZe 1S (2.9)
Proof. (1) Let R > 0 and o > 1/2. By Cauchy-Schwarz we have

Flow = / 1+ / PRI
|z|<R |z|>R
CR'Z|[f| oy + ORI ] 12y

IA

We then get the result with the choice R* = || ‘x’afHLZ(R)/HfHLQ(R)'
(2) By part (1) with a = 1/2 and (2.2) we have

1+ 1P 1E () S S NN E (O] £ S NQnFyl s
N N

9 1 1
< NQn Bl leQn ElE,
N

1 5 1 1 1 1
S SONTHA - 0e) Bl Ea 2l 2 S IEpl Bl s
N

Squaring the previous estimate and multiplying by (p), one obtains

1/2 1/2 3 z
1Pz S I2FI % 1 Fllygs . S IFIG IIFIS,

L2, HS ,
where we concluded by interpolation, using that N > 8. g

We now give some crude estimates on A'* in the S and ST norms.
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Lemma 2.2. Let N > 4, then the following estimates hold true:
IV, G, H]lls < (L+ [t HIFIsIGllslH s,
INE, P F g+ < (14 Jt) 7 max IF7 ) s | FTO 5| F7 .

Proof. By Lemma it is sufficient to prove that
INTF F FYla, S (L [E)! min IF7@ g2 [[FOsl|F7s, (2.10)
@, €

z,y

and by symmetry, we only consider the case o = id. Let G € L2 o then by (2.4)

<Nt [Fa, Fb, Fc], G)L% , / (eitDFa) (e—it'Dﬁ) (eit'DFc) (e—it'Dé) d:L‘dy
z,y

IN

1Pl PR PP (G
e Assume |t| > 1. For F = F? F’ we show that
| PF e S 1072 F g (211)

We write

ZF(]J T)q,5(y

thus
. . a2
BZtDF(SL‘, y) — Z ezt)\qe ztaxFqJ (x)wq,j (y)

a.J
Then, we use the basic dispersive bound for the 1d Schrédinger equation and (2.8) to get
H o—it02 1/ 2

will e S s S| Eyll Ly e Fa

<73 Fyyg

By Thangavelu/Karadzhov (see [32, Lemma 3.5]) foralld <4 and ¢ > 1

supz ]wq?] ! < (C4q.

By (2.4)), the previous lines and Cauchy-Schwarz, we get

[e"PF ()] e < ZHe_ZWFQJHLwWw( vl
< 2(2_\\61'%]\@ (S )
< WSSl
|t|_52q1/2 ZHF,'
q J

qJHLg

2 1/4(ZH$FQ»J’H%)1/4-
J

A
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Now, for 8 > 1, and Cauchy-Schwarz again

HeitDFHLg?y < |t|’% an@’m(z QQ(ﬁH)HFqJHig)M(Z Hqu,jHii)lM
q J J

S I FLGe = F s S 2 |E . (2.12)
for N > 4, which was the claim.
e Assume |t| < 1, then by Sobolev, we clearly have ||ePF?|| . < HFbHS. O
z,Y

Finally, let us recall the following result from [I8, Lemma 7.5]

1 1 1 1
Lemma 2.3. Let — = -+ —+ — with 1 < p,q,r,s < oo, then
p q r S

I /}R3 em(&,m, 1) F(§ = )G(€ —n — w)A(E — K)dndrdg|| o S IF " mll s g 1 F L allgllor 1] s

Proof. Denote by (t,u,v) the dual variables of (£, 7, k) and for define ¢t — f,(t) = f(t—u). Then
by Parseval for all z € R

) = [ mi&n e (e = mi(e - n— o€ = s

—

_ /R (Fm)(tuv) { /R it Ht+urto) ( /R 2 Ful€ = m)3(€ = — k(€ — /{)dndn) dg} dtdudv

= / (F=tm) (t, u, 0) ((fu g ho) (@ + t + u +v)) dtdudo,
R3
where F~! stands here for the Fourier transform all the variables. Thus by the Holder inequality

e < [ 1m0 | bl drdudo

1F =l e | £ 1
1F ="l 1 e £ Ll g 2l

IN

which was to be proved. O

3. THE RESONANT SYSTEM

In this section, we study the asymptotic system in terms of its well-posedness and stabil-
ity properties. All these properties are directly inherited from those of the resonant system .
We also obtain some bounds on the growth of solutions in the S and ST norms. In the case
d = 2, we point out the relation to the (CR) equation derived in [9] and recall some of its station-
ary solutions [9, [IT]. These solutions will give us interesting dynamics for the limit system

and hence for (|1.5)).
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3.1. Conserved quantities and well-posedness. The resonant system (|1.6)) is Hamiltonian
with an energy functional given by

Q= Y /d 91 Griz Ins Jna AY (3.1)

R
n1,n2,n3,n4€Ng

ni1—n2+n3=n4g

under the standard symplectic structure on L?(R%) given by & J fgdy. By noticing that the
integral above vanishes unless n1 — ng + n3 — ny is even (since gi has the same parity as k), we
can rewrite @) as:

2 13 n T n, n. —_— —_—
Qo = = / A =natns =na) /Rd9n1gn2gn39n4dy dX

n1,n2,n3,m4€Ng

7r/4 ) 9
= / / leMMgltdhdy = = ‘ e
7/4 JRE Q

Thus, the Hamiltonian of the resonant system is none other than the forth power of the L*
Strichartz nom associated with the trapped Schrodinger equation (i0; + H)u = 0.

IAH

4
g .
L4 (5.5 ]xR)

Next, we notice that the resonant system ([1.6)) conserves mass and kinetic energy given
respectively by:

Mg] = /Rd l9(y)Pdy;  K.E.[g]= /Rd Haggdr =Y Npllgpl72gma) = lgl3s -
p

This follows from noticing that

(X alglis) =5 S alp) /R 00Ty

p q—r+s=p

) +al) ~alp) | agodpdy

»M»—‘

which vanishes if a(p) is an affine function. This conservation of ’Hllj norm allows for the following
global well-posedness result

Lemma 3.1. Let 1 < d < 4. For any G(0) € ’H;(Rd), there exists a unique global solution
u e Cl (R : H;(Rd)) of (L.6). In addition, higher regularity is preserved in the sense that if
G(0) H;(Rd), then the solution belongs to C'(R : H;(]R{d)).

This result follows from the standard arguments combining the conservation laws with esti-
mate (3.3) below, which gives local well-posedness of (1.7)) in all Sobolev spaces H°(R?) for all
c>land 1 <d<4.

Lemma 3.2. Let T be defined by (1.6). For every function G1,G2 and Gs we have
IT(G1, G, Gallzg S min Gl Gl Gy sy (3.2)

and consequently, for any o > 0,

IT(G1, G, Galllmg S D G-yl |G o Gyl - (3.3)

7€63
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Proof of Lemma([3.9 One can deduce (3.3) from (3.2]) using Lemma
We prove (3.2). We start by recalling the Strichartz estimates for the harmonic oscillator

see [31] for a proof). A couple (¢,7) € [2,+00]? is called admissible if
(see [31]

2

5 g = g and (da q, T) 75 (2’ 2’ +OO)’
and if one defines

Xm () D(TweRY),

(¢,r) admissible

then for all 7 > 0 there exists C' > 0 so that for all G € H*(R?) we have

le™ G|l x= < Cl|Gllys (ray, (3.4)
Now, let Gy € L?(R%), and define u;(t,y) = e*¢G;(y), then we have
1 [ — _
(T161:G2.Gal: Go) = [ [ (e, )ittt )l ) d (35)
o Jr

By (3.4), we get that for d < 4, HeideHL[zo L < C’||GHL?2!. Next, for d < 4 we have the Sobolev
embedding WH8/3(R4) ¢ L¥(R?), and by (3.4) we have
itH itH
I6%4Gl 15 < ClE™ Gl aon < ClGlhg,

Now from (3.5)), Holder and the previous estimates we get
(TG, G, Gsl,Go)| < Clluollrss rallwallza ralluellzs rslluslirs rs
< ClGolli3lIG1 3 IGallag | Gllags

which was the claim. O

As a consequence of the above lemma, the corresponding estimates for the limit system follow
directly.

Corollary 3.3. Let R be defined by (2.6). Then for every function G1, Gy and G3 the following
estimates hold true
IR[G1, G2, Gz, < min 1G-)llzz 1G22l Gr3) |l 2 (3.6)

IRIG1,G2,G3]llz S NG z||GallzlGsll z,

~

IRIG1,G2,G3]lls < Tﬂéa(g;HGT(l)HZHGT(z)HZHGT(s)HS- (3.7)

We are now able to state a result concerning the long time behaviour and the stability of the
asymptotic system (|1.7)). We refer to [I8, Lemma 4.3] for the proof.
Lemma 3.4. The notation S* stands either for S or ST.
(1) Assume that Gy € S* and that G evolves according to (1.7). Then, there holds that, for
t>1,
IG(Int)]|z = [|Gollz

IG(nt)lls+ S (14 [1)”[|Gol s+
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Besides, we may choose §' < ||Gol|%.
(2) In addition, we have the following uniform continuity result: if A and B solve (1.7) and
satisfy
sup {[|[A(®)|lz + |1 B(H)llz} <0
0<t<T

and
IA(0) = B(0)][s+ <0
then, there holds that, for 0 <t < T,
IA() — B(#)|s+ < e, (3.8)

3.2. Special dynamics of the resonant system. In view of Theorem[I.3] virtually any global
dynamic that can isolated for (1.6 can be transferred to . To transfer information from a
global solution f(t) of to a solution of , all one needs to do is take an initial data of
the form

Go(z,y) =ep(x)f(0,y), ¢ €SR).
The solution G(t) to (|1.7) with initial data G as above is given in Fourier space by

G(t, & y) = ep(&) f (2% (), y).-
In particular, if ¢ = 1 on an open interval I, then @(t, £y) =cf(e?t,y) forallt € R and € € I.

3.3. Relation to the (CR) equation. When d = 2, the resonant system is, up to
multiplicative constant, the (CR) equation derived in [9] and further studied in [II], 12]. The
(CR) equation (standing for continuous resonant) can be formally derived by starting with the
cubic nonlinear Schrédinger equation on a periodic box of size L and performing the following
two limit%

(1) Small nonlinearity limit which amounts to reducing to the resonant dynamics of the

cubic NLS equation,
(2) Large-box limit (L — o), also known as the infinite volume approximation.

More precisely, if one considers the equation
i + Av = £|v|*v, xe€T? =[0,L] x[0, L], (3.9
v(0,z) = evp(x), ek, '
then in the regime 0 < ¢ < L™ (for any § > 0), the nonlinear dynamics of 5(t, K) can be
approximated, over long nonlinear time scales, by g(¢, K) where g(¢,&) : Ry x Rg — C solves the
following equation:

Tlo0.00.6) =75 [ [ alt.€+ 25006+ 2+ 2 )gt.¢ + =) dzan

For the cubic NLS equation on T? (L = 27), equation can also be understood as the
equation of the high frequency envelopes (profiles) of the NLS solution (cf. [9, Theorem 1.2]).
The rigorous derivation and precise approximation results are contained in [9, Theorems 1.1, 1.2].
Equation has several remarkable properties, of which we mention the following;:

(3.10)

5These limits are motivated in by standard weak turbulence closures.
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(1) Hamiltonian structure: The equation (3.10]) is Hamiltonian and derives from the func-
tional given by the L;{z Strichartz norm on R?

E(g) = // |ettP=2 g |4 da: dt.
RxR?

(2) Invariance of the Fourier transform: in the sense that if g(¢) is a solution of (3.10]), then
so is g(t) = Frag(t).

(3) Invariance of harmonic oscillator eigenspaces: The equation leaves invariant the
eigenspaces of the quantum-harmonic oscillator —A + |y|?.

(4) Stationary solutions: The equation admits explicit stationary solutions at each
energy level of the harmonic oscillator eigenspaces. In particular, for all n > 0, there

exists A, € R such that g(t,y) = enf(y; + iyg)”e_%|y|2 solves (3.10f) explicitly.
(5) Quasi-periodic solutions with two frequencies: One can describe explicitly the dynam-

ics of the eigenspace Ey = Span{(y1 + iyg)e_%“/‘Z, (y1 — iyg)e_%‘yp}. Actually, every
solution g of (3.10) can be written as

9(t,y) = exe™ (g iyp)e 2V 4 ey —igp)ez,
with Ay = —=F (e |? + 2Je—[*) and A_ = —=Z(2|c4|* + [c—|?). Therefore, we can choose
the initial conditions such Ay /A_ = r for any r €]0, 1] (cf. [I1]).

Remark 3.5. The fact that the resonant system (1.6) is the same as (3.10) was observed in [11].

It is easily seen by noticing that the two systems have equal Hamiltonians (up to constants): recall

the definition (3.1]), then

9 /4 ) 9 A
Qlol =2 / / Mgl dndy = 2 // itz g1 i,
T J—m/a JRE T J JRxR2

an identity that follows using the Lens Transform (4.9) and changing variable x — \/1-17497

t— % arctan 2t.

Proof of Corollary[1.4] (1): Let g be a solution to (L.6) such that ||0ig|l 2m2) — 0 when
t — 400, then by the conservation of ||g||;2 we get that

E(g) = (i0tg9,9)2 — 0, when t — +o0,
then implies that g = 0.
(2): It is a direct consequence of Theorem and point above. 0
4. STRUCTURE OF THE NONLINEARITY

The purpose of this section is to extract the key effective interactions from the full nonlinearity
in (1.5). Our main result is the following

Proposition 4.1. Decompose the nonlinearity
N'[F,G, H] = %R[F, G, H] + E'[F, G, H]

where R is given in (2.6). Assume that for T* > 1, F, G, H: R — S satisfy
IEN X7 +11Gllxpe + [[H 7 < 1. (4.1)
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Then we can write
EF (), Gt), H(t)] = E[F (1), G(t), H(t)] + E[F (1), G(t), H(t)],
t

and if fori = 1,2 we note &(t) := EL[F(t), G(t), H(t)] then the following estimates hold uniformly
m T >1,

T
sup T / EWdtlls <1, i=1,2,
1<T<T* T/2

sup (1+ [t etz < 1,

1<t<T*
sup (1 + [t)Y/1)&(t)l|s S 1,
1<t<T*
where E3(t) = 0¢E3(t). Assuming in addition
< .
1Bl +1C s, +1H ], <1, (1.2
we also have that
T T
sw T [ &wals S s ) [ a@alsst i-ve
1<T<T* T/2 1<T<T* T/2

Actually, in most applications of Proposition [4.1] one can take T* = 4o00. However, there
is one place where it is convenient to apply the result with T* < 400 : This is in Step 1 of
Section where global existence of F' is obtained thanks to a continuity argument (instead
of a fixed point in X1). It is there that the argument is non-perturbative and one has to profit
from a key cancellation.

4.1. The high frequency estimates. We start with an estimate bounding high frequencies
in z. It uses essentially the bilinear Strichartz estimates on R (see Lemma |4.3| and [5]).

Lemma 4.2. Assume that N > 8. The following bounds hold uniformly in T > 1

201
I Y. NQAF.QpG,QcH]|, ST | F||s|GllslHlls, Vt>T/4,  (4.3)
A,B,C
maX(A,B,C)ZT%

T
> N'QaF(1). QpC(). QeH(B)d | <
A,B,C T/2 S
max(A,B,C)ZT%
ST 5| Fllxpr |Gl xer | H | xps (4.4)
T
> N'[QF(1), QeG(t), QeH (®)dt . <

A,B,C T/2
maX(A,B,C)zT%

_1
ST H|Fl Gl I Hls (45)
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Proof. We prove (4.3)). Let ¢t > T'/4. By Lemma[2.2] and estimate (2.9) we only have to prove

_21
IS NIQAE.QsG.QcH]l, ST H|F|s|GlsH]s.
A,B,C
max(A,B,C)ZT%

We proceed by duality. Let K € L? o then by (2.4)
(Y. N'QaF.QsG,QcH),K)pz =

A,B,C
maX(A,B,C)zT%

= X[ EPQuR)IPQuG) P Qo) Rdady.  (46)
AB.C Ri+d
max(A,B,C)ZT%

Next, by Sobolev ([|K||rs =< C[[K]|s/s since d 41 < 5), one obtains
x, z,y

| e'"P(QaF)e(QpG)e" (QcH)e'P K dxdy| <

R1+d

< (ABO) Y QuF s 1QsGlus  1QcH s IKllzs
and by summing up in (4.6) we get the result.

We now turn to (4.4). Here we can follow the proof of [I8, Lemma 3.2]. Denote by
med(A, B, C) the second largest dyadic number among (A, B,C) and define the set A of the
(A, B, C) such that med(A, B,C) < T%/16 and max(A, B,C) > T. The case when (A,B,C) ¢ A
is treated exactly as in [I8], so we don’t reproduce the same argument.

We consider a decomposition

[T/4,2T) = | I;, I; = [jT,(j + )T] = [t,t;11], #J ST
jeJ
and consider x € C2°(R), x > 0 such that x(x) =0 if |z| > 2 and
Z x(x—k)=1
keZ

Then observe that the left hand-side of (4.4)) can be estimated by C(E; + E2), where

Elz—‘ / —]
JeT (A,B.C)e T/2 Tm

- (V'QF (). QG(H), QuH (1] — N'[QF (), QsG(L;), QeH ()] ) at

and

Be|S % [«

jeJ (A,B,C)e

5~ IN'QF (1), QpG(t;), QeH (b))t



22 ZAHER HANI AND LAURENT THOMANN

The term Fj is estimated as in [I8, Lemma 3.2], and gives the expected contribution. For F,

we write
A,B,C
By<y, >, Byt
jedJ (A,B,C)eA

with

T
By Lemma [6.1] we only have to estimate

T ¢ . . \ )
H/mx( T~ I)NQAF" (1), Qe F" (1), Qo F* (t;))dt I,

T
H/T/2X( L — DNUQAF(t;), QuF (L)), Qo Fe(t;))dt ‘

T 12,
and this will be done by duality. Let K € L%y, we consider
T
t . a c
Ix = (K, | x(=% —)N'QaF(t;),QpF"(t;), Qe F(tj)dt) 2 12,
T/2 110 ’ ’
T
t . —_— :
= / / X( y —j)eltD(QAFa)e”D(QBFb)eZtD(QCFC)e’tDKda:dydt,
T/2 JRE+L 10

where we may assume that K = QpK, D ~ max(A, B,C). Using Lemma we can estimate
I S D71 min Qo) F7“lI2 , 1Qo(m) F7 P ls || Qocy 7 s-
0€63 Y
The proof of (4.5) is similar. O

Let us recall the following result proved in [5]. We also reproduce the proof for the reader’s
convenience.

Lemma 4.3. Denote by Q» the frequency localization in x and assume that X > 10u > 1. Then,
for all f,g € L*(R) we have the bound

[ (%= Qx f) ("% Qug) HL?yz(RXR) SA2 2@ ll9ll 2 g)- (4.7)

Proof. Define u(t) = %« f and v(t) = e"*%+g and assume that Qyf = f and Qug = g. We
proceed by duality. Let F' € L?(R?), then by Parseval

(wo, F) 2 = / woFdzdt = / (@) (t, €)F(t, €)dedt,
i R2 R2

where F stands for the Fourier transform in z. Then if we denote by F the Fourier transform
in (¢,2) we get with Cauchy-Schwarz

~

(uo, F)ps = /R T Fle)G(&) P (1, &1 + ) dadt

= [ e F-¢ - 8.6 + e

1/2

IN

1902 iz [ 1F(-6F = .61+ €0)Pdadea)

[E2]<A
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Now we make the change of variables s = & + & and r = —¢2 — ¢2. The Jacobian of this
transformation is 2|, — &| ~ A, hence

(uv, F)pa < CXN Y2 fll 2y g 22y 1F || 2 gy
which was the claim. O

Lemma 4.4. Denote by Q\ the frequency localization in x. Assume that A > 10p > 1 and that
u(t) = ePug, v(t) = ePuvy. Then for d < 4 we have the bound

1
@ uQuvllz | (mxgi+ay S A™2 min ([luollrz | witaylvollzzms, lvoll 2, mive)luollzzsg ) (4.8)

Proof. Let A = Une%z[mr —5,nm+ ). Then R =AU (A+ 7). By time translation invariance
and the unitarity of the flow on Lg,y and L%Hg, it is sufficient to prove where the time
integration is taken over A. For that, we will resort to the Lens transform to reduce to the
corresponding problem with H replaced by —A, for which the result is almost trivial.

Let f € L*(RY), and denote v(t,-) = e ™ f and u(t,-) = e f. The lens transform gives
(see for instance [4, [35])

1 arctan(2t) x izt
ta) = ( : ) i 4.9
U( ZL‘) (1 + 4t2)d/4v 2 1 i 412 € ( )

This means that for ¢ € A, we have that

(0o e~ itH Q) (10w e~ itH Q)
= (1 + tan?2t)%/2 (g0 oA Qro(z, V1 + tan? 2t y))-

- tan

: (eita"‘” et 57 Aga Qui(z, V1 + tan? 2¢ y))e_in tan(2t)

Taking the L2(RZ) norm in the previous equality, one gets:

H (eitame—itHQws) (eitagm 6_“%@)\’(/)) HL2(R5)

- tan - tan

— (1 + tan? 2t)d/4H(eit8“eZ 22tARdQ)\¢(x’y))(eitaxwez ;tAWQ“@z;(x,y))HLQ(Rg)

- tan

< 29/4|| (¢ 5 Ara Qg , y)) (€10 ! E Ae1 Qi () ) || 1 (R)

where we used in the last inequality that ¢ € A. But, by Plancherel’s theorem

taBZtA]Rd Qud)($, Z/)) HL2(R5)

(€105 et 5% Bt Qo (w, ) ) (/0

_ stan2t 2 _ 2 ; ;
_ /d e~ (m P+ n-mP) it0es 7 ()1 (i, my )€t Fy Qi (e, m — 1)y
R

m
A

L2(Rd)

n

IN

%2 F Qré(x, 1) et F, Qb (x,m — 771)) dm

d
m L2(Rg))



24 ZAHER HANI AND LAURENT THOMANN

Taking L%I (A x R) and using Minkowski’s inequality and the 1D Strichartz estimate (4.7) we
arrive at
- tan 2tA

[ (¢ 5" Bxt Qub(ar, ) (25 Ax Qb e, ) 2 ek

<A [ gle ) iz 1 F e = m)
R, L2(Rg)
< 1/2 S -1/2
S O PO S PP e
which is the needed the result. Note that in the last inequality we used the fact that the H®%/2+1
norm controls the Euclidean H%?*! norm. g

Recall that FF = ) g0y 18 the decomposition of F' according to the eigenspaces of the
harmonic oscillator. Then given any trilinear operator J we define

Po—od[F.G,H]:= > ILJ[F, G, Hy,
(p,q,r,S)GFO

and

P,xJ[F,G H:=>_ > ILJ[F,G, Hl.
w#0 (p,q,r,s)€ly
We then split the nonlinearity as follows:
N'F,G, H] = Ni[F,G, H| + N'[F, G, H],
with s
MIF,G,H) == P,—oN'[F,G,H], N'F,G,H]:= P, N"'[F,G, H]|. (4.10)

4.2. The fast oscillations: study of /\Aﬁ The main purpose of this subsection is to prove the
following:

Lemma 4.5. Let 1 <T <T*. Assume that F', G, H: R — S satisfy and
F=QcpmF, G=Q.rG, H=QcrmH.
Then we can write
NUE(), G(1), H(8)] = EF (1), G(t), H(1)] + EY[F(2), G(t), H(t)),

and if we set & (t) := gf[F(t),G(t),H(t)] and E(t) := EL[F(t),G(t), H(t)] then it holds that,
uniformly in 1 <T <T%,

T sup  [E@)ls ST, TV sup  [I&(0)]s ST,

T/4<t<T* T/4<t<T*
where E5(t) = 0:&3(t). Assuming in addition that (4.2) holds we have
T sup &)l ST, TV sup [[&()]lsr S 1.
T/4<t<T* T/4<t<T*

The proof of this lemma follows the so-called “space-time” resonance approach [13].
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Proof. Set
F*=Q ,F¢ F=Q .F° FC=Q .1F°.

<TS

Let us decompose N along the non-resonant level sets as follows:
FoNUF FY FO(€,y) = Poso(OF[F, F*, F(€,y) + O4[F*, F*, F9|(€,y)),

where P, is the projector on the non resonant frequencies, and
OY[F*, Fb F°|(&,y) =

¢ itHa / (1 — p(tiqm))elTHaFa (¢ — n)ea FO(E — ) — k)M Fe(¢ — k)dndr, (4.11)
RQ

OLIF® F° FC(&,y) ==
¢ i / P o () i Fo (€ — )eHa FO(E — 1 — k) Ha Fe(€ — )dnd.
RQ

e Estimation of O%: Denote by

. 1 — = _
OL [F* F' F:= 3 1L / (L) Fg (€ — ) FNE — 0 — m)FS(E — k)dnds,
(p,q,m,8)€ETw R
then we can write
PsO4[F*, F*, F9) =Y e ™0k [F*, F*, F°. (4.12)
w#0
Next observe that we have the following relation
. e—itw -1 e—itw -1
e~ Ol RO FY Fe] = 8t<7,(’)§w[Fa, Ft, FC]) + & T (9,04,) [F, P, )
b I b Zw b
e M —1 t a b 1c t a b e t a 1b c
(OB [OF" P Y] + Oh [F, 0F", F¥] + Oh [F, F*, 0,F]), (4.13)
where
(005,) [P, PO FY(&) = D, T / O(P M p(tinm)) Fg (€= FY (6=n—r) FE(6—r) dinds.
(p,q,7,5)€Tw R
Now set

OYT[F®, Fb, F°)(€) :=

e~ Ha / 62”’7“90(25%7]/{)6@‘1(5 - n)eﬁ{d\Fb(f —-n— m)e@c(g — K)dndk  (4.14)
R2
and

(8,057)[F?, F®, F°)(€) :=

o —

e=imHa / O (A (i) ) el (¢ — ) HaFU(E —  — k)R FE(¢ — )
R
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The reason for introducing those operators is the fact that for all ¢,7 and w
eiiWToé,w[FaaFﬂFC](é) =

S D / I (1) eiTHAFS (€ — )eTHaFY(E — 1) — k)R FE(E — k)dndr

(p,q,7,8)€Tw R?

= Y mOYT[ELELEE)E)
(p,gm,8)€Tw

so that

> e oL [ FY F = P05 [F*, F®, F°).
w#0
Denote by [7] the integer part of the real number 7, then by (4.12) and (4.13)

t
PzoO4[F, F* F] = —0y(Fu€3) — Puyo / (8,057)[F, F*, F°)dr

QW[i]

t
P /2 N (OLT[0,F*, FP, F*] + 047 [F*, 0,F°, F¥] + OLT[F®, F*, 8,F¥])dr, (4.15)
b
where &3 is defined by
1 — e—itw u .
er£3(§7y) = Z Z %Oé,w[Fq?FfﬁFs](§7y)

Tw
w#0 (p,q,r,8)€ly,

t
- [ XX ™ol LR
o[-
t

27! w#0 (p,g,r,s)€l,
N / POy [F*, F?, F)(, y)dr. (4.16)
271'[%}

We now estimate the contribution of each term in (4.15).

* We first consider the term F,&35. We can define the multliplier m which appears in the
definition of O by

m(n, k) = @t/ nr)p((107) 7/ 5n)p((107)~V/5k).

It’s not hard to see (cf. [18, Remark 3.5]) that the following bound holds || .m0 11(r2) S #7060,

We now apply Lemma below with (p,q,r,s) = (2,2,00,00), f = e‘ita%eiSHdF”(“), ... and
we get for t > T/4 and 7 € [27[L], ¢]

HO%T[F“,FI’,FC]HLg = | FeO5T[F*, F*, F) 2
S (1 + |t|)% mlgn ||€_itagei5HdFa(a) HL2 He—itageistFa(b) ||L°° He—it@geistFa(c) ”Loo‘

Then we take the Li-norm and by (2.11]) we get

|05 [F?, FY, 2 S (14 [H) 710 min |[F7@)| 5 | F7O5]| P75, (4.17)
&y 0€eB3 Y
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Next use that |t —2m[£]| < C to get

1Fabsll 2 S (L+12D) i min IE gz |71 ECs, (4.18)

and the estimates in S and S* norms follow from Lemma [6.1]

* Since (1 + |t))/4(9,047) satisfies similar estimates as O, the second term in the right
hand-side of (4.15]) is acceptable.

* The contribution of the terms in the second line of (4.15)) is estimated as in (4.17)), and by
using the definition of the X7+ norm.

This ends the estimation of O%.
e Estimation of O}: Here we show that for [¢t| > T'/4

_201
|04 F, FY, |z < 758 min [|F7@)]| 2 | F7O)5] FO) .
Y A SGE Y
It is enough to prove that
_201
|O4F. G, H]l iz < T 381 Fllz, |Gl Hlls. (419)

since the other inequalities follow by symmetry and conjugation.
Then, observe that by O} + O} satisfies the estimate (2.10) (Lemma [2.3)), and therefore we
also have the bound

IOV, G H]llpz < (1+ \t\)%He“DFHLg,yHeinHLz?yHe“DHHL:?y- (4.20)
We first decompose
T T
G=Get Gy, H=Het Hy, Gelw) = o("9)0(). Holw) = o) H(z).
4 4

Arguing as in (2.12]) but using instead the inequality in the general case, one obtains that

e

We apply this estimate to F and xF' and get that
; By, -1

[ePF] . SRl

1
HFHL2 H|x|0‘F||L2 , forall o <a<l. (4.21)

if F'is supported on |z| > R
itD T—y 4 —2 . . (4.22)
Hez xFHLOO SR T2 HFHS, if F'is supported on |z| < R

for all 8,y < 1 / 2 F1x1ng B =5 = for concreteness, one obtains from and the first
inequality in ) that ( is a consequence of the estimate

||@§[F, Ge, Holllzz, S T35 Pz, IGllsl| Hls.

To prove this estimate, we integrate by parts in the  integral in (4.11)) to obtain:
Oi[Fv G, H](fvy) =

(2it) Lo itHa / Py GHAF (€ — )0y, |(1— p(tinw))etHaG(E — n — k)M H(E — k)| dndr.
]R2
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The contribution of the term when the x derivative falls on the multiplier is easy to bound.
So, suppose that the k derivative falls on G. In this case, we note that on the support of

integration, we necessarily have || > t=1/4|x|~1 > T~12. Thanks to (4.20)), this allows to bound
the corresponding contribution as:

5

) 1— (112 1

/ 622”7”#(1 — gO(t4’l7:“€))
R2 T1277

. eﬁ‘d\F(ﬁ = n)e”/HfEG(g —n— ﬁ)e@(f — n)dndﬁ’

CT 12

<

2 ~

1337
T4 j '
5 T~ 121100 HFHL%y||€ZtD$G||Lgf>yHeltDH”Lg?y

_13, 6
ST RTw||F [IGls|H]s,

where the last estimate follows from (4.21)) and the second line in (4.22)).
The case when the  derivative falls on H is similar. This finishes the estimation of O}

in (119,

e Conclusion of the proof of Lemma Define & = 0,&3, where &3 is given by (4.16)).

Then by (4.18) it satisfies the conclusion of Lemma The term & is then defined as the sum
of O! and the remaining terms in (4.15]), and by the previous estimates it satisfies the claim. [

4.3. The resonant part: study of N}. The main contribution to N'* comes from the resonant
part of the nonlinearity A} which was defined in (4.10]) as

Ng[FﬂGvH]: Z HpNt[Fq7GT>HS]'

(p,q,m,8)€T0
It can also be written
NLF, G H] = 1 /7r itO2—isHy (e—itag+¢stF . itOR—isHa T . e—it6£+istH)dS7 (4.23)
T Js=0

and this latter formulation will be convenient to exploit Strichartz estimates.

We have the following result
Lemma 4.6. Assume that N > 7, let t > 1 and denote by
IFl 2, == I1Fllz + L+ [t)°lIF s,
then
INGIF, F, Fells S+ 1) ™ mase |70 | P70 | P2 (124

and

INGLF®, 2, Fellgr S(L+[e) 7 max 17O 5 IFT O 2, IIF7 g

- o(a o o(c (425)
(L )72 ma [ P77, | F7O s 1P| .
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Moreover, we have that

T 1
|NGIF. G, H] — ;R[F,G,H]Hz S A+ E)TTRsIGlsIH] s, (4.26)
T 1
|NGIF, G, H] - FRIEG, H|| g S @+ )2 Fllg+ |Gl s+ | H || 5+ (4.27)
Furthermore
IR[F®, F®, F¥]||s Sgggg IF@ 5 |1 F7 @5 | PO 5 (4.28)
and

IREF, F, P+ S max P75, F7 O, |7 -

(4.29)
+ (1 [¢)* max | F7| 5 | F7O ]| F7 5.
oeBG3 t
Proof. e We start with (4.24). By Lemma it is sufficient to prove that
ING[E®, F Fela, S (L [E)7 min 1@z IF7O) 5, 1579 5, (4.30)

and by symmetry, we only consider the case o = id. Let G € L2, and denote by u/(t,z) =

z,y?
e~ Fi then by (#.23)
1 ™ . o o
<N5[Fa’ Fb, FC], G>L2 = / / / (estdua . e—zs’Hdub . ezs’r'-[duc> e’ta%_’SHdeydsdx.
o T JzeR Js=0 JycRd

By Lemma [3.2]

‘/w / (eistua e—isHayb . eis?—[duc> eitag—isﬂdédyds <

s=0 JyeRd

< Clle™ ™G galle ™% P palle ™% F¥|| s [l e~ Fe
which in turn implies by Cauchy-Schwarz
_itO2 492 _ 192 _ 192
[(NGLF?, Y P9, G | < Clle™%Gl|apalle ™% F* | p2 g2 e "% || pooggy | e "2 | ooy

a2 a2
CllGlLz Lz IF | 2z e FO|l ooggs e "% FF| pogy -

We claim that

e % F|| oy < C(1+[t])72[1 P ,- (4.31)
Actually, one can prove that for N > 7
—itdH2 _ 1 1/2
e Fl gy < OO 2(IFIG + 07 (leF I3, + 1F 1)) (432

which implies (4.31)). We refer to [18, Lemma 7.3] for a proof of in a similar context.
e The proof of follows from , the second part of Lemma and the fact that
|lzFllz S T|F|lg+ + T F|ls
whose elementary proof is given in [I8, Estimate (3.31)].
e We now turn to the proof of and . We first decompose
F=F+F;, G=G.+Gy, H=H.+H;y
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where F. = F gp(t_l/ 4r) and G., H. are similarly defined. We claim that the main contribution
to (4.26) and (4.27) comes from the “close” components F., G., and H,. Indeed, we show that

“Ng[F7G7H] _Ng[FwGCvHC]HZ +t71HR[F)G7H] _R[F67G07HC]HZ 5

_33
S @+ )72 | FslGlsllH]s  (4.33)
and

|NGIF, G, H] — N§[Fe, Ge, He] || + tH||RIF, G, H] = R[F., Ge, Hel|| ¢ <

_33
S @+t (| Flls+[|Glls+ [[H[s+- (4.34)

Estimate (£.33) follows from (2.9) and the following inequalities: Here G denotes either G or
G and similarly for H.

ING[Ey. G, H]lls +tHIR[Ey, G, H]|s S+ ) THIFsIGs Hlls
ING[Ey, G H]ll 2, + ¢ IRIEY, G H] [z, S(L+ [E) T IFy |2 | GllslH s
SA+ ) HIFsIGlsH s

These inequalities follow directly from (4.30)), (3.6) and (3.7). Similarly, estimate (4.34) follows
from ([@.24), (3.7), and the fact that ||Fy||s < t~'/4||F|g+. The contribution of the terms

involving Gy and Hy is treated similarly.

As a consequence, (4.26)) and (4.27)) reduce to:

s —1—
H-/\/’(Y)t[Fch’HC] - ?R[Fch’HC]HZ 5(1 + ‘t’) ! 105||FHSHGHSHHHS (4'35)

s —1—
INGLEe, Ge, He] = S RIFe, Ge, Hlel| g S(1+ [¢) 2 Fllg+ |Gl 1 H L+ (4.36)

For this, we will borrow the following lemma from [I8, Lemma 3.10].
Lemma 4.7. Lett > 1 and suppose that f¢, f°, f¢ € L*(R) are supported in the set {|m| < t1/4}.
Then there holds that for any integer m
m itnk Fa Iy e T 2a 7 fe
m | [ e = e - 0= 07 - wdnds - TRO OO 5

—-4u : o(a o o(c
S ¢ min || 7O g || £ 2] 17 2.
ceB3
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With this lemma in hand, We can proceed with the proof of - ) and ( . Again we

obtain the Z—norm estimate using -, - , and the fact that

NG, Gy He) %R[Fm Ge, Hc]\\L;y

ry ! [ e [ [, ¥R = n)e Gl — 1= R HL(E — r) dnd

—j@c@e@c(&)e@c(@} N

Liy
11 _ 1
St Fsl|GllslH]s-

<t

™
/Hels”Fc(wy)\Hglle’S”Gc(ny)HLgHe””Hc(wy)HLgdS

—T

Ly
Arguing as above and using (6.3 one also obtains (4.36)).
e The estimates (4.28) and (4.4]) are obtained in a similar way to (4.24) and (4.25). we do

not write the details.

This ends the proof of Lemma O

4.4. Conclusion of the proof of Proposition We decompose the nonlinearity as follows

N'IF.GH = 3 N'[QaF.QsG.QcH +N'Q_, 1 F.Q_1G.Q_ 1 H)+
A,B,C
rnax(A,B,C)zT%
+N$[Q<TéF Q<TéG Q H].

The first term above contributes to & by Lemma The second term is the one studied in
Lemma and can therefore be written as & + & W1th & giving an acceptable contribution
to &1. Now, decompose the third term as

MIQ_ . F,Q

<T6

™ ™
GO H = SRIEGH = — > R[QaF,QpG,QcH]
A,B,C
max(ABC)>Té

IH]_*R[Q ’Q ’Q<T6 ])

<T®6

1 F,Q

<T6

1G,Q

<T®

+ (Mle

By using the first four estimates in Lemma we check that the third term contributes to &;.
The second term is estimated as in Lemma This finishes the proof of Proposition

5. PROOF OF THE MAIN RESULTS

We give here the main lines of the proofs of Theorems [I.2] and [I.3] We do not give all the
details, since the argument is close to the corresponding results in [18].
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5.1. Modified wave operators. The next result implies Theorem
Theorem 5.1. There exists € > 0 such that if Uy € ST satisfies
[Uolls+ <&,

and Zfé is the solution of (1.7) with initial data Uy, then there exists U a solution of (1.5) such
that e="PU(t) € C([0,400); S) and

le”"PU(t) — G(rInt)||ls — 0 as t — +oo.

Proof. The proof is similar to the proof of [I8, Theorem 5.1], and we refer to it for the details.
Set G(t) = G(wInt), F(t) = e #PU(t) — G(t) and define the mapping

O(F)(t) = i/too {/\/"’[F +G,F+G,F+G] - gR[G, G, G]} do.

To prove Theorem it is enough to find a fixed point for ® in a suitable space. Actually,
using Proposition we can show that for € small enough, there exists €1 such that ® defines
a contraction on the complete metric space 2 defined by

A:={F €C'([1,+00); ) : |Flla <1}

1l s=sup {0+ DPIE@s + 0+ P IF@ 2 + (11 1E D]l |

This defines e~#PU(t) for t > 1, and this function can be continued for ¢ € [0,1] in such a way
that e=#PU(t) € C([0, +0); S). O

5.2. Small data scattering. We now state a more precise version of Theorem which is the
main result of this paper.

Theorem 5.2. Let Uy € ST such that |Up||g+ < € and consider the corresponding solution U
of (1.5). Then if € > 0 is small enough, there exists a solution G of (1.7) so that

le"PU(t) — G(rInt)|s — 0 as t — 4o0.

Proof. We can fqllow the proof of [I8, Theorem 6.1], and we only give here the main steps.
Define F(t) = e *PU(t).

Step 1: Let Uy € ST such that ||Up|/g+ < e. Then if € > 0 there is a global solution of (1.5)
which satisfies for all 7" > 0

I1F@)x < 26 (5.1)

There is no particular difficulty in obtaining this global existence result with small initial con-
dition. The proof essentially relies on a bootstrap (continuous induction) argument, using the
estimates of Proposition 4.1l However, it’s worth mentioning that it is at this point that our
argument is not simply perturbative as it essentially relies on the conservation of the Z—norm

of the limit system (|1.6]).
Observe however, that in order to get the bound of the Z—norm one uses the crucial cance-

lation (iFy (R(F, F, F))(€), Fu(F)(€))ayxny = 0, for all £ € R.
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Step 2: Define T}, = ¢/ and G, (t) = G,(wInt), where G,, solves (L.7) with Cauchy data
such that G, (n) = G,(T,,) = F(T;,). With the information we have on the limit system, we can
prove that for all ¢ > T,,,

IGa (D)2 + (L4 [E)NGa®)ls + (1 + D NGa(®)ls+ + 1+ ) 0. Gn(t)lls < &
uniformly in n > 0.
Step 3: Set k = §/mw. With Gronwall, we can prove that

sup  ||F(t) — Gu(t)||s S e . (5.2)
TnStSTn-Hl

Step 4: In particular, the above implies that ||Gpi1(Tha1) — Grn(Th)|ls < e3e ™. Thanks
to (3.8]) it easy to deduce that
1G(0) = Gri1(0)]s S g% ™ /2.
Observe here that one applies (3.8) with ¢ replaced by In¢. This is crucial, and that’s why we

still have an exponentially decaying bound in the previous line.

Therefore, we see that {én(())}n is a Cauchy sequence in S and converges to an element
Go,00 € S which satisfies

1Go,ollz S €, 1G(0) = Gooolls < e3e~/2,

Denote by Goo(t) = Goo(mInt) with Goo the solution of (I.7) with initial data Geo(0) = G000
then by (3.8)) we obtain

sup  ||Goo(t) — Gp(t)|| s < 37 ™/4,
[OrTn+2]

From this bound and (5.2)) we deduce that

sup  [|Goo(t) — F(t)||s < e¥e /4,
Ty <t<Tnt1

which shows that G, satisfies the result. O

5.3. Particular dynamics of NLS. We first state a result, which has its own interest and
which links the dynamics of (1.5 to the dynamics of the resonant Schrédinger equation (|1.8)).
Actually, we consider here the approximation of NLS with the nonlinearity A instead of TR

Recall that A is defined in (4.10), (4.23) and that we have

FNGIPG H(Ey) = Y T, /R2 X Fy (& — 0, y)Gr(& —n — #,y) Ho(€ — K, y)dndr
(p’qurs)GFO

= [T (B6 = .90, =0 = v, FE — r.9)) dndr

Consider the equation
W = NE[W, W, W], (t,z) € R x R (5.3)
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Theorem 5.3. There exists € > 0 such that if Uy € ST satisfies
[Tolls+ <e,

and if W is the solution of (5.3 with initial data Uy, then there exists U a solution of ((1.5))
such that e="PU(t) € C([0,+00); S) and

le”"PU(t) —W(t)|s — 0 as t— +oo.

Proof. Define F(t) = e #*PU(t) — W (t). Is it enough to show that the mapping
O(F)(t) = 2/ {NO[F+W,F+W,F+W]—N{W,W,W] }do,
t

defines a contraction in the space 2. We can proceed as in Theorem [5.1| and with the estimates
of Lemma [4.6] We also refer to [18, Theorem 5.1] for the details. O

5.3.1. Proof of Proposition[1.5 Assume that o = 1. For some 1) define
. . ly|? . 12
W(tay) = e *P((t2)e? ™ gy +ig) e T) = ("5 (t,2)) (1 +iy) e T
= f(t,a:)gn(y).
e For the first point of the proposition, by Theorem it is enough to check that W defined
above is solution to ([5.3). Recall the definition (2.5 of Z?, then using the definition ([1.6]) of T

/\/'S[W7 w, W] = It[fa I f]T[gnagmgn] = )\ngnIt[fa I f]a

with A, = Hgn||i4(R2)/||gnH%2(R2) by (1.9). Now, the equation (5.3) is equivalent to i0;f =
M ZEf, f, f], which also reads (i0; — 02)1 = An|1b|?3, but this is the case by assumption.

~

e For the second point, we use that i9,G = %T[@’, G, G) is satisfied iff i, f = Ton| 2f, which
corresponds to (i0; — 92)1h = T F; ! (|1ZJ\’2@

E—x

e Concerning the symmetry assumption : we use that g,(Rgy) = ¢"?g,(y) and that A(U o
Ry) = (AU) o Ry.

5.3.2. Proof of Proposition . We set g = g+. For ¢+ which satisfy the system , we
define fi = e’wgl/)i. Then by Theorem it is enough to prove that fig+ f_g solves .
First, we claim that T[g,g, g] = 0. Actually, by definition of T there exists a,b € C such
that Tg,q,9] = ag + bg, because E; = Span{g,g}. Then, taking the scalar product with g we
get a = [ gg® = 0, and similarly b = 0. The same argument also gives T[g, g, g] = g/4 (for more
properties of T we refer to [11]).
Then by symmetry considerations, we get that is equivalent to

0S4 = M(Z (f [ f4) 2L (f -, [-))

and an analogous equation for f_, and this is the case if we use that fi = it Vi
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5.3.3. Proof of Proposition [1.7 Let 1 < r(£) < 2 be a smooth function and ¢ € S(R). If

g(t,y) solves 2, 2then for all p > 0, ,ug(,th ,uy) also solves (3.10). As a consequence,
g(t,y, &) = r(€)e W*r?©)/2¢ir*(©)1/2 ig solution to and thus we get that

G(t,&,y) = ep(E)r(€)e V¢ >/2e“2¢2<f>”<€>t/2, (5.4)

is solution to (|1.7). Therefore if ¢ > 0 is small enough, by Theorem there exists U €
C([0,400); HY (R x R?)) to (L.F) so that

|e”*PU(t) — G(rn )l L2@xr2zy — 0.

We proceed by contradiction. By Parseval in z,

IG(rInt, & y) — e 1D N0 (1, €) f5(t, ) | p2 ey =

7=1
= ||G(rInt,z,y) — e P> "t 2) f; (£, y) | 2 xre)
7=1
<|G(rInt) — e " PU ()| p2rxre) + U (1) Z Ol 22 ®xr2)s

and we assume that there is a choice of ¥; and f; so that the previous line tends to 0 when
t — +o0. But then by (5.4) we have

Hﬂf?(f)r(f)e*y% ZCI) (tOF; ()| 2 ®xr2) — 0,

with ®;(¢,€) = it $* (E)r (5)”1”/2 *”521/@ (t,€), Fi(t,y) := e ®2f;(t,y) and by assumption
19t )l 2wy, 1F5( y) |l L2r2y S 1, uniformly in t € R. Therefore, there exists a sequence
ty — +oo such that for all 1 < J<n, (g, §) — 25°(§) and Fj(ty,y) — F7°(y). Thisis a

contradiction, since ep(&)r(§ )e*szz(é)/ 2 is clearly not a sum of separate variable functions.

6. TRANSFER PRINCIPLE

The goal of this section is to present and prove a lemma that will allow us to transfer L2
estimates on operators into estimate in S and ST norms. All the trilinear operators that appear
in this paper are of the form:

TlF, G, H] (1) =
—F //mg,n, B(€—n,),G(E —n— ), F(E— 5, ))() dnds (6.1)

where IC is a trilinear operator on functions from RZ — C. Actually, we are in one of the
following cases

(1) Define the operator J for three functions f, g, b : Rf/l — C as

jt[f’ g, b] — e—itHd (e_itdee_itHdg e_itHd[j) )
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Then in Lemmas 2.2 and 1.2 we estimate
NEG H)Gwg) = 7 [ ATUE ~ 0,616~ 0 - 5., B = )| ) .
(2) Recall that the operator R is defined in (1.7). Then in Lemma we consider
NGIP.GLH) (w9 = 55 [ A RIP(E = 0.).G& == ) € = )0 i,

(3) We have to estimate the operators O} and OQ’T defined in (4.11]) and (4.14) respectively.
(4) In Lemma we have to estimate a difference of previous quantities.

We define a LP-family Q = {Q 4} 4 to be a family of operators (indexed by the dyadic integers)
of the form ¢

QIO =3©Of©,  Qul© =3, Az2

for two smooth functions @, ¢ € C°(R) with ¢ = 0 in a neighborhood of 0. We also define the
set of admissible transformations to be the family of operators {Ts} where for any B,
Tp=ApQp,  |Ap[ <1
for some LP-family @
Given a multiplier m(§,n, x) and a subset A of 4-tuples of dyadic integers, we define a local-

ization of ¥, as the operator:
TOEG H = Y Ta%,[TpF, T4G, TH H]
(A,B,C,D)EA

where T, T', T", and T" are admissible operators. It’s not hard to see that T2 is also formally of
the type (6.1]). Note that a localization is determined by the set A and the admissible operators

T Tl T// T”,.
Finally, we say that a norm B is admissible if
(1) For any admissible transformation T'= {T4} 4, there holds that

1Y " TuF|5 < IF|s.
A

(2) T ZE = (Oyyy--,0yys Yl Yd), @ € N2 is a multi-index, and ¢ € C°(R) then
[E* 1) flls <o v /]15.

All norms that we consider are admissible. In particular, the second point is a consequence
of the equivalence of norms (2.1) and Lemma

As remarked in [I8], we have the following Leibniz rule for Z![f, g, h], namely
ZI'f, 9.0 =T'(Zf, 9,0 + T'[f, Zg, h] + T'[f, 9. ZD], Z € {ix, Dy} (6.2)
For Z = 0, this follows from the fact that for all ¢ € R, [/(t),0,] = 0. When Z = iz, we use
the relation al(t) = U(t)(x + 2itd,). This implies that if m = m(n, ) in (6.1) is independent

of ¢, then Z¥[F,G,H] =%[ZF,G,H|+ T|F,ZG,H]| + %[F,G, ZH], for Z € {ix,d,}.
One also has the relation Leibniz-type formula:

HR|F,G, H| = RIHF,G, H| — R|F,HG, H] + R[F, G, HH]. (6.3)
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Thanks to these relations, we are able to dispatch the derivatives in the tri-linear term.

Lemma 6.1. Let %, be an operator as in (6.1) with m = m(n, k) being independent of . Let
A be a set of 4-tuples of dyadic integers and suppose that for all localizations of T, to A, we

have
ITAF, B P2 < K min [[F7@)| 2 |FTO)|5]|F7O)5
z.y O'€63 z,y

for some admissible norm B. Then, for any localization %, at A,

[Tl B, Pl S K ma (17| 77O ]l F7) 5. (6.4)

Assume in addition that, for Y € {x, (1 — 0pz)*},
Y Fls < 01l Flls+ + 02 Flls, (6.5)
then for all realizations of T,, at A,

H‘Z%[Fa7 Fb, FC]HSJr § Kgéa@)g HFU(a)”S+ (HFa(b)HB + HIHFa(b)HS) HFU(C)HB
+ 02K max || 7| F7O | F7O .
ceG3

Proof. We start with (6.4]):

Bound of the L? component of the § norm: At first, we notice that if Q4 is a LP
family, then
[2,Qa] = AT'Q)
where Q' is another LP family. Obviously, T4 = A~'Q/, is an admissible transformation. As a
result, from we have that:

23TV [F, G, H] =%\ [xF,G, H] + S5 [F,2G, H| + A [F, G, zH) + T\ [F, G, H] (6.7)

where TA appearing on the right-hand side above is a different localization of T2 . From this
the bound on the weighted component of the S norm follows.

Bound of the HY component of the S norm: Let Py denote the Littlewood-Paley
projection either the x—direction or y—direction. We can decompose

Py, = PM‘I?H,,M,ZOM + 73Mff}z,M,high
where
<A = I [Pyt F, P<pG, Py H

m,M,low
and

T Mohigh = Tm[Poant F, G, H) + T [P<ar F, Poon G, H) + T [P<ar F, P<yi G, Poanr HJ.
The bound on the contribution of ‘Iﬁ% M high 18 straightforward: For example, for the term
with P>on F', we have
2
> M¥|PuTh[Poan PG H|, < K37 M*|[PoanFlis IGIEIHIE
M>1 ' M>1
S KY|FIG- GBI H B

We now treat the contribution of the term T2 By (2.3) we can consider the localizations

m,M,low"
in x and in y separately.
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e When Py = Qs is the localization in the x—direction, one can bound the contribution of

I& M.low 38 follows:

- A
MSHQM‘Im,M,lowHL%,y 5 M SHa%SQM‘Im,M,lowHLgy

= M OEQuTAQnF, QenG, Qe H s

N

M=y > QuTNOQu FL 5 QG 95 Qui H| 1

a+b+c<2s My,Ma,M3<M

Assuming without loss of generality that My > My, M3 (the other cases being similar), we
can bound the above by

Ml s
<k Y < ) (M11Qan Fllzz IG5l H s

My <M
which is square-summable in M by Schur’s test.

e The case when P is the Littlewood-Paley projection in the y—variable is a bit more tedious
and depends on whether the operator K in (6.1) is J or R. When J = R, we argue exactly as
above for P = Q) thanks to the Leibniz-type rule:

R, 8,b] = R[Hf,9,b] — RIf, He, bl + R[f, 9, Hb].
On the other hand, if K = J*, then using the Lemma [6.2| below we have:
MSHPMESL,MJO’LUHL%7 <M_SH/HSPM‘Im M lowHL%,y
SIS > PuEhE P, F 2P PG 2 Poy, H] H%
||+ Bl +|v|<2s My, M2, M3 <M

where Z = (0yy,...,0yy,Y1,---,vd) and a, B,y € N3¢ are multi-indices.
Assuming again without loss of generality that M3 < My < M; and using the fact that B is
admissible, we can bound the above sum by

1
<k Y < ) (M3 [Pas, Fll s Gl Hls.
Mi1<M

which is square-summable in M.

Proof of (6.6)): we first notice that ||xF||s can be bounded by the RHS of by combin-
ing (6.7), (6.4), and (6.5). The part of the ST norm involving (1 — d,,)* can be bounded in a

similar fashion as above. This concludes the proof. O

Finally, we state an elementary commutation result (see also [I, Lemma 4.1] for more prop-
erties of these operators)

Lemma 6.2. ForallteR and1<j5<d
Oy, e = (itH (cos(2t)8y, + isin(2t)y;), (6.8)

and
yjeltt = MM (j sin(2t)0,,; + cos(2t)y;). (6.9)
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Proof. For f € S(R?), denote by ¢(t) = e~ 19, e f. We have [H,y;] = —20,, and [H,0,,] =

—2y;. Then
gOl(t) _ QiefitHyjeitHf’ QOH(t) _ _4efitH8yj eitHf — —4(,0(t)
By solving the differential equation, we get , and by computing ¢’, we get . O
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