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This supplemental article is devoted to the presentation of the proof of [3, Proposition
2.8]. We assume in the sequel that the reader is familiar with the notations of [3].

For the sake of clarity, let us briefly recall the statement of the result under consider-

ation:

Proposition 0.1. Assume that H € (1,3). Then, for all0 < s <t <1 and U € A,

the sequence X ’( )[U] converges in A as N — oo, and the limit, that we denote by
X2,[U], satzsﬁes the following properties:

(i) For all0 <s <t <1, X2 € L(As, A).
(#3) For all0 < s <u<t<1andU € A;,

th[U] - X?u[U] - Xit[U] = 00X U0 Xyt (1)

(iii) For all e € (0,2H — 1), ¢ € [0, H), there exist constants cpc,cpee > 0 such
that for all0 < s <t <1, N>0,m >0, N < Ny,...,Np, <o0,1 <1< m and
O<u;<v;<s(j=1,...,m),

H {Xit - Xi},(N)} [5XU1U1 T 6Xu7n,v'rn]

< m+1 |t - S|2H_8 | H 2
|—(CH,€) oNe H |uj UJ| , (2)

j=1,....m
and
I X ) (XN = Xy, 0X )] |
g(cH,s,som“wstH%% M w-ul  ®
i

where we have used the convention X (°) := X.

1
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2 A. Deya and R. Schott

Proof. Throughout the proof, we will denote by cy, resp. ch.e,CH el CH,e,c',m, ANY
positive quantity that depends only on H, resp. (H,¢), (H,e,&'),(H,e,e',m).
Our main task will be to find a suitable estimate of the difference

X5 - x5,

for0<n<N-1,0<s<t<landU € A,.

If [t — s| < 27"*! then we can check explicitly (see the beginning of the proof of [2,
Theorem 3.1] for details) that

2,(n+1 2,(n |t - 5|(2H_6)
X500 - X5V W) < erem—gmm— U1 - (4)
Let us assume from now on that
o Ss<tp <ty <t<ty, with f—k>1. (5)

Using first-order controls only, and more precisely the two bounds (valid for all e € (0, H),
0<u<wv<1)

1X5 =X < enlo—ulT and [|(X T —X), (X = X)u|| < cnelo—ulT7727", (6)

it can be shown that (see again the beginning of the proof of [2, Theorem 3.1] for details)

(2H—¢)
|3V ) - XA W)}~ RG] - KGO < en L0, @)

and we are thus left with the estimation of Xfﬁ(gﬂ)[m — antn [U]. Setting Y; = Y(")

0X,n+1,m+1, this difference actually reduces to
i i1

& t

Xpn o) - x5 = | exiprudx () — [ sxiuax(
r t;
—1

[Y2iUY2i41 — Yoi 11 UYo] . (8)

w\»—‘

i=k
Keeping in mind the desired estimates (2)-(3), we henceforth consider U of the two
following possible forms:
Situation A: U:=U;---Uy,, m2>21, U;j:=0Xyy , 0<u; <v; <s;
Situation B: U:=U;---U,---U,,, 1<:<m,

Uj::chq(fj\ij) for j#¢, U :=6(XN) —X),0 , 0<uj<v;<s.
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Supplement 3

For each of these two situations, our aim is thus to estimate

-1
Z [Y2;UY2i41 — Yoi11UYo]
ik

£—1 £—1 x\ 7\ 1/(2r)
= TE}%‘P(((Z [Y2iUY2i41 — }/2i+1UY2i}) (Z [Y2UYai41 — Y2i+1UY2i])> ) :

i=k i=k
For the sake of clarity, let us introduce the additional notations: for all V, V3,...,V,, € A,
Y i[V]:=YoiVYaip1 , Y_1,;[V] =Y 1 VYs
and
Y ilVi,oo o, Vinl = (Yoi, Vi, oo, Vi, Yoira) . Yoo,[Va, oo Vi) o= (Yaip1, Vi, ..o, Vi, Yau)

The above r-th moment can then be expanded as

D" > e({[ Y10, (U) = Yori, ()] [V, (UF) = Y13, (U]} -+

D100y 020

{[Y1a o (U) = Yor iy, (U)] [Y 1,0, (U") = Y135, (U)]})
= (_l)r Z (_I)N(U) Z (p((YUhil [U]Y(fzﬂ'z [U*]) e (YUZr—17i2r—1 [U}Y02r;i27* [U*D> )

oce{-1,1}2" P1,e.0yl2p

where N (o) denotes the number of (—1) in o. At this point, recall that (Y;,U;) is a
semicircular family, and so, by the “non-commutative Wick formula” (see [3, Definition
1.3]), we can go ahead with our expansion and write the previous quantity as

S VD D G VR
oce{—1,1}2"

Z Z R ((Ydhil [U]v Y0'2,i2 [U*])a ey (YU2T_1,i2r—1 [ULYUzr,iw [U*])) )

T1yeees i2r TENC2(2r(m+2))
(9)

where we have set U := (Uy,...,U,,) and U* := (U,,,...,U;).
Let us now consider the subset of NC5(2r(m + 2)) given by

E1:={me NCy(2r(m+2)): (l,m+2)en}.

With expression (9) in mind, & thus corresponds to the set of pairings 7 for which the
variables Ys;, and Ys;, 41 are “connected” within k. (...). Observe in particular that, for
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4 A. Deya and R. Schott

fixed o and iy, ...,io,

Z Ko ((Ylfil [UL YJQ,%'Q [U*Dv ) (Y02T717i27‘71 [U]’ YU%J% [U*]))

Te€

= SO(Y21'1Y21'1+1)90(U)

K (Yﬂmiz [U*L (Yﬂ:sﬂ'g [UL Y¢747i4 [U*])v L) (Y(727'—17i2T—1 [U]’ YO—27‘71;27‘ [U*]))
TENC2((2r—1)(m+2))

= Z KW((Y—l,il [U]’ YUsz [U*])’ EERE) (Y0'27‘717i27‘71 [U] O2rsior [U*]))
Te€r

and as result

Z Z Z HTF 01 11 de,iz [U*])7 EERE) (YJZ'rflginfl [U]7 Y02r,i2r [U*]))

UE{—1,1}2 i1

Lior TEEL
= E St E ... = 0.
oc{-1,1}*" oc{—1,1}*"
0’1:1 0'1:—1

Along the same idea, consider the subset
Eyi={me NCy(2r(m+2)): I,m+2)¢nr, (m+3,2(m+2)en},

so that, just as above,

> i (Yor i [0, Y15, U)oy (Yoo, i (U], Yo 00, [U*]))
TeE

= ¢ (Yai, Yair11) 9 (U")

Z K (Yth,il [U]’ (ths,is [U]’ Y<T4,i4 [U*])v ey (Y0'27‘—17i27‘—1 [UL Yfmr iop [U*]))
= Z K’T"((Yo'hil [ULY*LQ [U*Dv ) (YUZ'Pflxlé'rfl [U] O2ryi2r [U*]))

where & = {m € NCo((2r — 1)(m +2)) : (1,m + 2) ¢ 7}, and accordingly

Z Z Z K‘Tf 01 11 0271'2 [U*])7 R (Y02r71;i2r71 [U] O2r 2 [U*]))

06{71,1}” D1 yeney i, TEES
= E et E ... =0.
oe{—-1,1}*" oe{—1,1}*"
0’2:1 0’2:71
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Supplement 5

Iterating the procedure, we see that the quantity (9) reduces in fact to

CUD DI DN I

€€ oe{—1,1}2"

Z R ((Ym,il [UL YUz,iz [U*Dv HER) (Y027~71,i27~71 [U]7 Y027'ai27' [U*])) ) (10)

010000020

where

E={mr e NCy2r(m+2): forallj=1,....2r, (j—1)(m+2)+1,j(m+2) ¢n}.

As a next step, observe that for each fixed 7 € £ and o € {—1,1}?", the sum

Z K ((an,h [U], YU2,i2 [U*]), R (Ya‘27‘717i27‘71 [U}’ YJZmiw [U*]))

i1,ensl2r
can always be written as a product of three terms P; of the form

q1

P =1] ( Y 226,100 Z,20) (26,26 Z,3).5) - 2.0 i, Z(j,lm)) ;

j:l ila"'7ipj

q2
P =1] < Y U, W))W, Wi 20,0) ¢ (W20, W) -+ 0 (Wir i, Uﬁj)) ;
j=1

’Ll,...,lrj

g3

Py = H‘p(UnjUAj) )

j=1
where:

(a) the integers g1, ¢, g3, pj, 7 are such that (p1 +...+pg, ) + (11 +... +174,) = 2r and
2g2 + 2q3 = 2mr;

(b) the variables (Z,Z') (vesp. (W, W")) are such that forall j=1,...,q1,p=1,...,p;
(vesp. j=1,...,¢2, p=1,...,r;) and i = k,..., 0 — 1, {Z(j,p),ivzfj,p),i} = {Y2;, Yai41}
(resp. {W(;,p),is W{; py it = {Y2i, Yais1}).

(¢) the coefficients 1 < a, 55,1, A; < m are such that each variable U, (1 < o < m)
appears exactly 2r-times in the product P, Ps.

Let us now bound the product P; P, Ps3 in each of the two above-described situations
for U.

Situation A.
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6 A. Deya and R. Schott

As far as P; is concerned, we can first use the subsequent elementary Lemma 0.2 to assert
that for each j =1,...,q1,

Z SD(Z(j,l),ilZEj,2),¢2)<P(Z(j,2),iz Zéj,S),is) o "/’(Z(jmj),ipj Zéj,l),il)

Q150
pj—1 ) 1/2 ) 1/2
< [ H (Z ‘P(Z(m)vilzéj,qﬂ),iz) )] (Z SQ(Z(j,pg),ilZEj,l),m) > :
q=1 1,12 11,12

We are here in a position to apply Lemma 0.3 below and deduce that for each j =
17 <5 Q1

|t — s|GH—2)p;s

Z QD(Z(jal)fil Zéj;2)77;2)¢(z(j’2)ai2 Zéjv?’);iS) e SO(Z(-j’pj)’iiﬂj Z€j71)7i1) S (CH’E)pj 2nsp_7~ ?

,eeip,

and therefore
[t — S|(2H—€)(p1+-.<+pq1)

one(p1+...+pq; )

Py < (cp o )Prttra (11)

In order to estimate P, let us first write, with the help of Lemma 0.2, and for each
j = 13 <542,

Y eUa, Wiy e Wi, Wii2),0) ¢ (W20, Wii.3y35) -+ 0 Wiy i, Usy)

i
2 2\ /2
< ( > U Wiyi) e (Wii.ir, Us,) )
i it
2\ 1/2
Usbry —9250e0r 1
) 1/2 ) 1/2pmi—1 ) 1/2
= (Z‘P(U%W(aylm) ) (Z@(Wum,i;j Us,) ) {H (Z@(W(mq),nW('j,qﬂ),iz) )} :
i i g=1 Vi

(12)

We can now combine the results of the subsequent Lemmas 0.3 and 0.4 to deduce that
foreach j =1,...,¢2,

Z L)O(Uaj W(lj)]-)77’1)@(W(]’l)’llW(/J72)7Z2)(‘0(W(.]72)’22 W(/j73))i3) e SO(W(jfrj)sirj UﬂJ)

(SPR 2

S|(2H75)7’j

| It —
< (CH,E)T] ‘UO‘J' — Uaqy |H|Uﬁj —ug; |H gner; ’
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Supplement 7

and as a result

q2 |t _ S|(2H75)(r1+...+rq2)

Py < (cpg)ttra (1_[1 [V, — Ua, |7 vg, — uﬁ_7|H> R CE——" . (13)
‘7:

Finally, the estimation of Pj is an immediate consequence of the H-Hoélder regularity of
X:

a3 g3
Py < [T MU < (e)® TT fon, — w1 loa, —un, 1™ (14)
: i
Combining (11)-(13)-(14) with the above constraints (a)-(b)-(c), we obtain that for each
fixed 7 € £ and o € {—1,1}?",

Z K ((Yffl,il [UL Yﬂz,iz [U*Dv ) (Y02r—17i27‘—1 [U]a Y02r,i2r [U*]))

11,..502p
m

< r(m+1) |t — s|2T (2H ) _ 2rH
< (cH,e) BT — H [vj — uy] .

Going back to (10), we have thus shown that for every r > 1,

= = 1)
90(((2 [Yaill¥aies - Yz”lUYQi]) (Z [Y2:UYai11 — Y2i+1UY2i]>) )
i=k s
|t — s|(2H—2) &

H
Sne [T 1o =

S (CH,E)’I’R‘FI (|NC2(2r(m + 2))|1/(2r(m+2)))m+2

j=1
By letting r tend to infinity, we get the desired estimate, namely
2,(n+1) 2, |t — s|2H—) D =
H{th(g )—th(tﬁ)}[ u1v1 © Xumwm] H < (CH,E)mHT H lvj—uy[™ . (15)
j=1

It is readily checked that the above procedure can also be applied in the case m = 0,
yielding
|t _ $|(2H —€)

. (16)

x5 = XES Y [A]] < ene

Situation B.

The expression of P is of course the same as in Situation A, and thus, just as above, we

have
It — 3|(2H—s)(p1+...+pq1)

Py < (cpe)PrttPa (17)

one(pi+...+pq; )
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8 A. Deya and R. Schott

In order to estimate Ps, let us first write, just as in (12), and for each j =1,..., g2,

Y U, Wi e W0 Wiii2y.) (W20, W))Wy, Us; )

il,...,iT,j

) 1/2 ) 1/2p7i—1 ) 1/2
= (Z‘P(U%W(/j.,l)yz‘;) ) (ZSD(W(MMLJ. Us, ) ) [H (ZQP(W(m>7i1W</j,q+1),i2) )} :
i i, g=1 Ni1io

We can now combine Lemma 0.3 and Corollary 0.5 below to obtain that for each j =
1, <42,

Z @(Uaj W(/jﬂl)til)so(W(j’l)7ilW(/j12)ﬁi2)go(W(j’2)’i2 W(Ij’g)aiS) e SD(W(jvrj)’iTj Uﬁ])

i17-~'yi7‘j
. |t - S‘(2H76)Tj
S (emee)” —nm Qayupy
with
2H—2¢’
H H v, — u,|
Qa; 8, zzl{a.jﬁ,ﬁj#t}‘vaj - uajl |vﬁj - uﬂj| + 1a;=08=0) : 22;5'
v, — uL|H7€/ H mlve— UL|H7€/
+ 1{aj=L,/3j;éL} one’ |Uﬁj - uﬁj| + l{aj;éL,Bj=L}|vozj - uaj| one’ )
and accordingly
g2 _ |(2H—&)(r14...47gy)
S [ o2
P, < (CH’E,E')”—F e (H Qaj,ﬂj> 2”6(7’1+~..+7’q2) ’ (18)
j=1
Finally, the estimation of Pj in this situation follows from the two controls in (6):
g3 g3
Py < [T U, U < (ea)® T Qu,s - (19)

j=1 j=1

Combining (17)-(18)-(19) with the above constraints (a)-(b)-(c), we deduce, for each fixed
me&andoe {-1,1}*,

Z i ((Yal’il [UL Y‘727i2 [U*])’ e (Y02T71;i2r—1 []U]’ Yozr,iw [U*]))

i1,--502p
nom
|t _ 8|2r(2H—s) |U —u |27’(H—s)
S (CH,E,E’)T(erl) 22rn€ ‘ 22:NL5’ H ‘Uj — Uj i )
j=1
it

and we can then use the same arguments as in Situation A to derive that

H{XQ,(n-&-l) N Xfﬁ’(g")} [§X(Nl) . 5(X(NL) B X)uwz, . 5X7SN’”) ] H

tpty U1 mUm

|t = s7F o, —u, [T

one oNe’ H ‘uj - Uj|H : (20)

Jj=1,....m

it

< (CH,E,E/)erl
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Conclusion.

First, based on (4), (7), (15) and (16), we can assert that for all fixed 0 < s <t <1

and U € A, (X5 [U])ns1 is a Cauchy sequence in (A, ||.|), and therefore it converges
to an element X2,[U], as desired.

The fact that X2, is linear (as a function of U) follows immediately from the linearity

of Xst(n), and in the same way, identity (1) is a straightforward consequence of the
(readily-checked) relation

XaMU] = X5 ] - XM U] = sxGUsXLy

st

Finally, estimate (2), resp. estimate (3), follows at once from (4), (7) and (15), resp. (4),

(7) and (20).
O

We are now left with the proof of the few technical results related to the control of
the covariances.

Lemma 0.2. Given a finite set I, an integer p > 1 and real quantities AE??Z (1<q<np,
i1,12 € 1), it holds that

(1) 4@ (p—1) R (@) 2
S [ ox aaneam] <TI0 X ),
i1,ip €L “ido,..0p 1 €T q=1 “iq,ig€l

and as a particular consequence
(1) 4(2) (p=1) 4(p) - FIORE e
1) 42 p—1) 4(p q
Z Azlngigig ’ Azp 1ip zpu < H < Z z1z2) ) :
11,..0p €1 q=1 i1,i2€]

Proof. These results can actually be shown through an easy iteration of Cauchy-Schwarz
inequality (we have labeled them for the sake of clarity only). O

Lemma 0.3. With the notations of the above proof, one has, for every e € (0,2H — %),
-1 , ! , ! , It — s|dH—2¢
maX( > e(YaiYe;)”, > e (YaiYajn)™, D o(Vair1Yaj41) > S CHegpne -
i,j=k i,j=k i,j=k

Proof. Let us naturally write

{—1

~
=

{—1 {—1

E (P(YZi}/Qj—o—l)z = SD(YMY%H)Q + E LP(Y21‘Y2j+1)2 E (Y2iY2j+1)2
i,j=k i=k i,j=k i,j=k
1<J 7<i
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10 A. Deya and R. Schott

First, one has obviously

-1 -1 _
t— |42

2 cH L—k |t — s |
> e (Vai¥air1)” =D 5t = CH it S CHgataE—T) S OH g
i=k i=k

where we have used the fact that 2e < 4H — 1 and 27" < |t — 5| (by (5)) to get the last
inequality.

Then write
/—1 ¢—173—1 n+1 n+1
9 J t2j+2 t2i+1 d7-2 2
E CP(YmYQjH) = CH drm 5ol
= ° ‘ tntl tntt (71 _'7?)
i,j=k j=k i=k 2j+1 24
1<j
— -1
£—17j tg iy drs 2
<cy E T
— 2—-2H
n n T — T
o — t] t ( 1 2)

Using elementary changes of variables, we can easily rewrite the latter quantity as
{—137-1 7 l—kj—1 2
,+1 d
dr — g~ 4Hn dr ,
(/ 1/ (11 — 12)2~ 2H) ZZ(/ 1/_ 71+722 2H>
j=k i=k j=11i=1

which yields

0—1 l—kj—1 dr 2
2 1
Z p(YaiYojn) < 24Hn ZZ (/ / mE 2H+E)
i,j=k j=11i=1
i<j
— k:j 1
< CH,E CH,e Z
— 24Hn 2 4H+25 — 24Hn 2 4H+25
j=11i= 1
4H—2¢e 4H—2¢e
< FCHe AH—2e—1 c € — K] < e |t — s
= 94Hn E : = “H.e™54Hn = “He™ oo

The same arguments can of course be used to bound Zf;ik 1{j<i}<p(Y2iY2j+1)2, so that

-1

9 It _ 8|4H—28
Z LP(Yziyzj+1) < CH,ET
ij=k

We can then estimate ngikgo(YgZng)Q and Zf;ik@(y2i+1}/2j+l)2 along the same
procedure. O
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Lemma 0.4. With the notations of the above proof, one has, for all j =1,...,m and
e€(0,H),

t— 2H—¢
—Uj‘2H| 5|

21’L€

=1 -1
max <Z (p(aX“jUj}/Qi)z ) Z ‘P(éXu,-v,-Y2i+1)2) < che|vj (21)

Proof. Recall that forall j =1,...,mandi=k,...,¢— 1, one has

n+1 n+1
0<u; <v; <s<ty <t

2i+1 »
and so
— — n+1
-1 ) -1 t2i+1 v dT2 2
80(5Xuj-vj }/21) = CH E 11 dTl (7_ — T )2—2H
i=k i=k 29 uj 1 2
0—1 nt1 ) 2
= (/t2i+1 dTl /v] dT2 )
=~ CH — _
N\ g (=), (=)t

f"+1 f"+1

=1 £ £ 7 t
3i+1 dn 241 dn 7 dr
< o |2H =t s =t
> CH|’U] UJ| ; (/t"+1 (71 _ S)lH) </t"“ (7'1 _ t;;rl)l_H s (71 _ S)lfH

21 21

H—g =1 ntl 2H—¢
om |t — 8| zit dry om |t — 8|
< crelv; — uy e /tn+1 (A = crelvi e -
i=k v “2i
The same arguments apply of course to Zf;; 90(5Xujvj Y'2¢+1)2. O

Corollary 0.5. With the notations of the above proof, one has, for all j = 1,...,m
and e, e’ € [0,H),

1 £—1

¢
i 2 . 2 |t — s|2H—¢
max (Z@(f;XiﬂV&-)Y?i) , D (0X{)Yain) ) <emelo; — w0 — (22)
i=k imk
and
-1 ) -1 ,
max <Z@<5{X(Nj) — X}ujvjyzi) , Z‘P((S{X(Nj) _ X}UjUjY2i+1) )
i=k i=k
2H—¢' 2H—¢
S CH,E,E' |U] u]‘ | S‘ (23)

oN;e’ 9gne
Proof. For more clarity, set ¢, := Ni (r=0,...,2"9) for the whole proof. Assume that

tp < u; < tp+1 < ... < tq < v; < tq+1 with "l}j — Uj‘ > 2_Nj y (24)
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12 A. Deya and R. Schott

and write
sx{Ny) = 5X87 p>+1 + 00Xy e, + 5Xt<§j]>

= 6 X110y (1= 27N (uy — ) + 6 X1, 410, +0X0,0,, 27V (0 — 1) (25)

If ty41 < s, we can apply (21) to each of three above terms, which immediately gives
(22). If tg41 > s, we can still apply (21) to the first two summands in (25), but not to
the third one. In this case, let us first write

—1 -1
@(6Xt tq+1Y2i)2 = (p(éXt(ﬁ;llnk)Q + Z (6Xt tq+1Y2i)2
1=k i=k+1
(N; = (N;) 2
< Xt P veel® + D7 o(0xi), Vi)
i=k+1
t— 2H—¢
< el — P LS ax)
1=k+1

Due to N; > N > n, we know that t,.1 < t5;F +12, and we can therefore apply the result
of (21) to the remaining sum, which entails, as desired,

- 2 |t*t;l/j12|2H7€ HN [t — s|?H—¢ H
Z (6Xt fq+1Y2i) < CH»62—;272 i< cHe one lv; — Uj|2 .
i=k+1

The case where |v; — u;| < 27Ni can then be handled with elementary arguments, and
this achieves the proof of (22).

The proof of (23) follows from similar considerations. Observe indeed that, in the
situation (24),

(S{X(NJ) — X}'U,jvj = (Stiuj — 5thvj — 2_Nj( 1 )5Xt t 2_Nj (’Uj — tq)(Stht

:D+1 q+1

and from here we can apply the above reasoning to each of the summands.
O
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