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1. Introduction

In this paper, we are concerned with the following problem

t +00

Uy — Au+ / g1(t — s)div (a1 (x)Vu(s)) ds + / g(s)div(a;(x)Vu(t —s))ds=0, Vxe 2, Vt>0
0 0

u(x,t) =0, Vx €082, vVt >0

u(x, —t) =upx,t),  u(x,0) =ui(x), Vx € 2, Vt >0,

(1.1)

where 2 is a bounded domain of R" (n > 1) with a smooth boundary 952, g; and g, are two positive non-increasing
functions defined on R™, a; and a, are essentially bounded non-negative functions defined on £2, and ug and u; are given
initial data. This type of problems arise in viscoelasticity. For the thermodynamics of materials with fading memory, we
refer the reader to the early work of Coleman and Mizel [1] and the references therein.

We start our literature review with the pioneer work of Dafermos [2], in 1970, where the author discussed a certain
one-dimensional viscoelastic problem, established some existence results, and then proved that, for smooth monotone
decreasing relaxation functions, the solutions go to zero as t goes to infinity. However, no rate of decay has been specified.
In Dafermos [3], a similar result, under a convexity condition on the kernel, has been established. After that a great deal of
attention has been devoted to the study of viscoelastic problems and many existence and long-time behavior results have
been established. Hrusa [4] considered a one-dimensional nonlinear viscoelastic equation of the form

Ugp — Cllx + / m(t —s) (Y (ux(x, 5))), ds = f(x. t)
0
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and proved several global existence results for large data. He also proved an exponential decay result for strong solutions
when m(s) = e~ and v satisfies certain conditions. Dassios and Zafiropoulos [5] studied a viscoelastic problem in R® and
proved a polynomial decay result for exponentially decaying kernels. After that, a very important contribution by Rivera
was introduced. In 1994, Rivera [6] considered equations for linear isotropic homogeneous viscoelastic solids of integral
type which occupy a bounded domain or the whole space R". In the bounded-domain case, and for exponentially decaying
memory Kernels and regular solutions, he showed that the sum of the first and the second energy decays exponentially.
For the whole-space case and for exponentially decaying memory kernels, he showed that the rate of decay of energy is
of algebraic type and depends on the regularity of the solution. This result was later generalized to a situation, where the
kernel is decaying algebraically but not exponentially by Cabanillas and Rivera [7]. In their paper, the authors considered
the case of bounded domains as well as the case when the material is occupying the entire space and showed that the decay
of solutions is also algebraic, at a rate which can be determined by the rate of the decay of the relaxation function. This latter
result was later improved by Baretto et al. [8], where equations related to linear viscoelastic plates were treated. Precisely,
they showed that the solution energy decays at the same decay rate of the relaxation function. For partially viscoelastic
materials, Rivera and Salvatierra [9] showed that the energy decays exponentially, provided the relaxation function decays
in a similar fashion and the dissipation is acting on a part of the domain near to the boundary. See also, in this direction, the
work of Rivera and Oquendo [10].

For an equation with a localized frictional damping cooperating with the dissipation induced by the viscoelastic term,
we mention the work of Cavalcanti et al. [11], where an exponential rate of decay has been proved for a relaxation function
satisfying

—&18(t) <g'(t) < —&g(), t>0

and under some geometry restriction on the domain. Berrimi and Messaoudi [12] improved Cavalcanti’s result [11] by
showing, similarly to [6], that the viscoelastic dissipation alone is enough to stabilize the system. To achieve their goal,
Berrimi and Messaoudi [ 12] introduced a different functional, which allowed them to weaken the conditions on g, imposed
inboth [6,11]. This result has been later extended to a situation, where a source is competing with the viscoelastic dissipation,
by Berrimi and Messaoudi [13]. Also, Cavalcanti and Oquendo [14] considered

t
Uy — koAu +/ divla(x)g(t — t)Vu(r)]dt + b(x)h(u;) + f(u) = 0,
0

under similar conditions on the relaxation function g and a(x) + b(x) > § > 0, and improved the result in [11]. They
established an exponential stability when g is decaying exponentially and h is linear, and a polynomial stability when g is
decaying polynomially and h is non-linear. For quasilinear problems, Cavalcanti et al. [15] studied, in a bounded domain,
the following equation

t
[uelPue — Au — Aug +/ g(t —t)Au(r)dr — yAu, =0,
0

for p > 0. A global existence result for ¥ > 0, as well as an exponential decay result for y > 0, have been established.
This latter result was then extended to a situation, where y = 0, by Messaoudi and Tatar [16,17], and exponential and
polynomial decay results have been established in the absence, as well as in the presence, of a source term.

In all the above mentioned works, the rates of decay in relaxation functions were either of exponential or polynomial
type. For more general decaying relaxation functions, Messaoudi [ 18,19] considered

t
Uy — Au +/ g(t — t)Au(r)dr = blul’~u,
0

forp > 2and b € {0, 1}, and established a more general decay result, from which the usual exponential and polynomial
decay rates are only special cases. After that, a considerable literature in this direction has appeared (see in this regards the
papers [20-28]).

For past (infinite) history problems, all the relaxation functions are either of polynomial or exponential decay
(see for example [29,30]). In fact, the argument introduced by Messaoudi [18,19] cannot be extended to this case. Recently,
Guesmia [31]introduced a new approach which allows a larger class of past-history kernels and consequently a more general
decay result for a class of hyperbolic problems with past history is obtained.

In the present work, we consider (1.1), with relaxation functions g;, g, that are not necessarily decaying in a polynomial
or exponential fashion and establish a general decay result. In fact, our result allows a larger class of relaxation functions and
improves the decay rates in some special cases (see examples in Section 4). The paper is organized as follows. In Section 2,
we present some material needed for our work. Section 3 contains the statement and the proof of our main result. We end
our paper by giving some illustrating examples in Section 4.

2. Preliminaries

In this section, we present some material needed in the proof of our main result. We start with the following assumptions:
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(G1) g : RT — R™ are differentiable non-increasing functions such that

+00 +o0
&0 >0, i=12 1- ”alnoo[ g1(s)ds — ||02||<>o/ &(s)ds =1> 0.
0 0

(G2) There exists a positive differentiable non-increasing function £ : R™ — R satisfying
g1 = —EMg (1), VYe=0.

(G3) There exists a positive constant ¢ and an increasing strictly convex function G : RT — R* of class C}/(R1) N
C2(]0, +oo]) satisfying

G(0)=G(0)=0 and lim G'(t) = +oo
t—+00

such that
g(t) < —ogy(t), Vt=>0 (2.1)
or
too () ()
2= ——dt 4 sup ————— < +00. 2.2
/0 g T e Cgay ~ T (22)

(G4) a; : 2 — Rt arein C'(£2) such that, for positive constants § and ag and for Iy, I'; C 952 withmeas(I3) > 0, i =1, 2,
Infeeg (a1(0) + a2 (%)) > 8
and

a;=0 or Infrai(x) >2a, i=1,2.

Remark 2.1. If g; £ 0, i = 1, 2, there exist neighborhoods w; of I3, i = 1, 2, such that
Inforyai(®) > a0 >0, i=1,2.
Asin [14], let d = min{ag, 8} and let o; € C1(£2), i = 1, 2, be such that
0 < ai() < ai(®)

Olj(X) =0, ifa,-(x) <

N
—
N
w
=

a;i(x) = a;(x), if ai(x) >

Lemma 2.1. The functions «;, i = 1, 2, are not identically zero and satisfy

d
aq(x) + o (x) > 5

Proof. (1) Forx € £2 Nw;, we have a;(x) > ag > d, which implies, by (2.3), that ;;(x) = a;(x) > d. Thus ¢; is not identically
zero.

(2) Ifa;(x) > 4, then oy (x) = a;(x). Consequently o1 (x) + a2(X) > a1(x) > 4.1fa;(x) < 4, then ay(x) > 4 which implies,
by (2.3), a2 (X) = az(x) > % Consequently a1 (x) + oz (%) > g This completes the proof. O

Remark 2.2. Following the idea of Dafermos [2], we introduce
" s)=ukxt)—u®Xt—s), Vxe, Vs t>0; (2.4)
consequently we obtain the following initial and boundary conditions

7 (x,0) =0, ¥Yxe, Vt>0
n'(x,s) =0, Vxeds2, Vs t>0 (2.5)
n° (x,8) = no (X, ) = U (X, 0) — Up (x,5), VX €, Vs>0.

Clearly, (2.4) gives

ne (X, ) +n5 (x,8) = ue (x, 1) (2.6)
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By combining (1.1), (2.5), (2.6), we obtain the following system

+00 ¢
Uy — div [(1 — az(x)f Jeos (s)ds) Vu] + f g1(t — s)div (a1 (x)Vu(s)) ds
0 0

- oogz(s)div (a2(x)Vn'(s)) ds = 0, Vxe R, Vt>0
nE(X,S)ini(X,S)—ut(X,t)=0, Vx €2, Vs, t>0
together with the following initial and boundary conditions
ux,t)=n"(x,s)=0, Vxe€dR, Vs, t>0

u(x, —t) = ug(x, t), u (x,0) =u(x), Vxe 2, Vve>0 (2.8)
" x0 =0 n°(x5) =n®s) =ug(x,0)—up(x,s), Vxe£, Vs t>0.

The existence and uniqueness of the solution of problem (2.7), (2.8) can be established by using the Galerkin method.
We define the “modified” energy functional of the weak solution by

1 1 ¢ Foo 1 1
E(t) = 7/‘ ufdx + f/ 1-— a1(x)/ g1(s)ds — az(x)f g(s)ds |Vu|2dx +-gioVu+-g0oVy, (29)
2 Jo 2 Jo 0 0 2 2

where

t
g1oVu:/ a1(x)/ g1t — 9)|Vu(t) — Vu(s)|>dsdx,
2 0

+00
g o V' 2/ az(X)/ 22(5)| V' dsdx.
2 0

Lemma 2.2. The “modified” energy functional satisfies, along the solution of (2.7), (2.8),
/ _ 1 2 1 / 1 / t
E'(t) = _fgl(t) [Vu(t)|“dx + 5g1 oVu+ igz oVn <0, (2.10)
2
where

t
gioVu= / a1(x)f g1t —9)|Vu(t) — Vu(s)|2dsdx,
I?) 0
+00
govi = [ aw [ golvy P
2 0

Proof. By multiplying Eq. (2.7); by u; and integrating over 2, using integration by parts, hypotheses (G1)-(G4) and some
manipulations as in [7,11] and others, we obtain (2.10) for regular solutions. This inequality remains valid for weak solutions
by a simple density argument. O

We define

10 V= / ) / g1(t —5) (Vu(s) — Vu(t)) dsdx,
2 0

+00
L O Vy :/ az(X)/ 22(s)Vn'dsdx.
2 0

Lemma 2.3. There exists a positive constant c such that

O Vul? <cgy0Vu
g1 |r2_ &1 t 2.11)
lg2 © Vi|” < cgy 0 VI,
and
g1 © Vu‘2 < —cgioVu
1 R (2.12)
|gz®V77 | < -—cgoVn,

forallu, nt(.,s) € H(£2).
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Proof. By using (G1)-(G4), and Holder's inequality, we get

t . 2
g1 O Vul? = / / a (gt (¢ — 9)a? (0g? (¢ — ) (Vu(s) — Vu(t)) dsd
2 J0
400 t
< llarlloe ( f g(s)ds) f () f g1(t — ) [Vu(s) — Vu(t) dsdx
0 2 0
< cgy o Vu.
Similarly,

&2 © Vi|” < gy 0 Vit
and (2.12) can be established. O

3. General decay

In this section, we state and prove our main result. For this purpose, we introduce three “auxiliary” functionals and
establish three related lemmas. We will use ¢ to denote a positive generic constant and assume that E(t) > 0, Vt > 0

(if E(ty) = 0, for some ty > 0, then E(t) = 0, Vt > to; consequently, by (2.10), estimate (3.8) below holds).

Lemma 3.1. Under the assumptions (G1)-(G4), the functional

o(t) :/ uu.dx
2

satisfies, along the solution of (2.7), (2.8) and for any & > 0,

+00 —+0o0
#(0) < / ufdx—[l—el—na]nm / £1(5)ds — lazlloo / gz(S)dS] / IVul2dx
2 0 0 2

¢ t
+— (g1oVu+goVy'), Vt=o.
€1

Proof. By differentiating (3.1) and using (2.7), (2.8), we easily see that

+oo t
P'(t) = / uidx —/ (1 - az(x)/ gz(s)ds) [Vu|?dx +/ Vu / a;(x)gq(t — s)Vu(s)dsdx
2 2 0 2 0

+00
— f Vu-/ 82(5)az(x) V' (s)dsdx
2 0

t +00
= / ufdx—/ (] —a1(x)/ g1(s)ds—a2(x)[ gz(s)ds) |Vu|dx
2 2 0 0

t “+o00
+ / Vu. / a;(x)g1(t —s) (Vu(s) — Vu(t)) dsdx — / Vu - / 82(5)az (x) V' (s)dsdx
2 0 2 0

¢ +00
< / ufdx—f (1 —al(x)/ gl(s)ds—az(x)/ gz(s)ds> |Vu|?dx
2 Q 0 0

2 1 2 1 (12
+er [ |VuPdx+ — g1 © Vul* + — |2 0 V|-
2 2e1 261
By using (2.11), the assertion of the lemma is proved. 0O

Lemma 3.2. Under the assumptions (G1)-(G4), the functional

t
Yi(t) = —/ a](X)uf/ g1(t — s)(u(t) — u(s))dsdx
2 0

satisfies, along the solution of (2.7), (2.8) and for any &,, &3 > 0,
e

t
Yt < — [/ g1(s)ds — 82] / oe1(x)ufdx + 53/ |Vul2dx — igé oVu
0 2 2 &

c t
—{——(g]oVu-l-gzOVn), vt > 0.
€3

(3.1)

(3.3)

(3.4)
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Proof. By differentiating (3.3) and using (2.7), (2.8), we easily see that

t t
O = - ( / a](X)ude> ( | g«s)ds) ~ [ anous [ el =)o) - usydsa
2 0 2 0
rrt b +0o
— / oy (x) / g1(t —s)(u(t) — u(s))ds [ div [(1 — az(x)/ gz(s)ds) Vu] dx
2 0 | 0

+ / ay(x)
2

/ g1(t —s)(u(t) — u(s))ds [/ g1(t — s)div (a1 (x) Vu(s)) ds] dx
0 1LJo
- / a1(x)

Q

r prt 7 +00
/ g1(t —s)(u(t) — u(s))ds / g (s)div (a2(x) V' (5)) dsdx.
0 1Jo
Since suppa; D 2 Nwq D I1andu = 0 on I, then
t 2 t 2
/ (oz1(x)/ g1t —s)(ut) — u(s))ds) dx = / (oz1(x)/ g1t —s)(ut) — u(s))ds) dx
2 0 suppaq 0
t
< —C/ / g1(t —s) (u(t) — u(s))* ds.
suppaq 40

Hence, using a version of Poincaré’s inequality [14] and (2.3), we obtain

t 2 t
/ (oz](x)/ g1t —s)(u) — u(s))ds) dx < —c/ / g (t — 9)|Vu(t) — Vu(s)|*dsdx
Q 0 suppaq 70

IA

t
—c/ al(x)/ g\ (t — 5)|Vu(t) — Vu(s)|[*dsdx
supp g 0

IA

—cgy o Vu.

Therefore, we have
t
1//{(t) < — (/ g1(s)ds — 82) / ou(x)ufdx — ig; oVu
0 2 1Y)
+00 t
+ / a(x) (1 —az(X)/ gz($)> Vu(t)-/ g1t = s)(Vu(t) — Vu(s))dsdx
2 0 0

+00 t
+/ <1 —Clz(X)f g2(5)> Vay - Vu(t)f g1(t — s)(u(t) — u(s))dsdx
2 0 0

— /ﬂalwl . </Otg1 (t— S)Vu(S)dS> <f0tgl(t —5) (u(t) —u(s)) dS) dx
— /galou </0tg1 (t — s)Vu(s)ds) . </0tg1 (t —s)(Vu(t) — Vu(s))ds) dx
" /Q 0 Va; - ( /0 +Oogz(san(s)cls) ( /0 = 9 —u(s))ds) dx

" /Q - ( /0 +Oogz<s>wf<s)ds) : ( /0 g1t~ H(Vu) — w(s))ds) dx.

By using Young’ s inequality, Poincaré’s inequality, (2.11) and the fact that [V (x)| < ca;(x) (thanks to (2.3)), estimate (3.4)
follows. O

Similar computations yield the following:
Lemma 3.3. Under the assumptions (G1)-(G4), the functional

+o00
Yalt) = — / o (i / £2(5)' (s)dsd (3.5)
2 0

satisfies, along the solution of (2.7), (2.8) and for any &;, &3 > 0,
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, _ +00 B X gj _ i ) .
Yo (t) < 25(s)ds — & a(X)uydx + |Vul|“dx g,0Vn
0 Q 2 Jo &2

c t
+—(g10Vu+goVy'), Vt=>0.
€3

Now, we state and prove our main result.

Theorem 3.4. Assume that (G1)-(G4) hold. Assume further that, in case of (2.2), there exists My > 0, for which

/ [Vug(x, s)[2dx < My, Vs > 0.
2

Then, there exist positive constants &g, ¢’, ¢’ such that the solution of (2.7), (2.8) satisfies

t
E(t) <c"Gy! (c// S(s)ds) , Vt>0,
0

where G (t) = ftl 1(5) ds and

Go

e if (2.1) holds
Go(t) = {tc/(gor) if (2.2) holds.

(We can take & = 1if a; = 0,and Gy = Id if a; = 0).
Proof. Let L = NE + M¢ + ¥ + ¥, for M, N > 0, and let, for ty > O fixed,

to +0o0
% =min{ / £1(5)ds, / g2<s)ds}.
0 0

A differentiation of L, using (2.10), (3.2), (3.4), (3.6), leads to

L/ N c / / t 2
) < CRrN (g1oVu+g,oVn) — | [(g — &) +az) — M]u;dx
2 2

c Mc ‘ )
x| —4+—)@oVu+goVn)—[(l—e)M —e3] | |Vul°dx, Vt=>t,.
3 & 2

By using the fact that (o1 4+ a3)(x) > g and choosing

&1 = -, &y = —&o, = —, &3 = ——,
17 2= 580 8 ’T 3

we obtain, for some 8 > 0,
/ N / / t t
L(t) = —=BE(t) + 3¢ (81oVu+goVn)+c(goVu+goVy), Vt=t.

Then, we choose N large enough so that % —c>0andL ~ E since
IM@ + Y1 + 2| < cE.

Consequently, we get
L'(t) < —BE(t) +c(gioVu+ gy 0 V'), Vit > t.

To this end, we distinguish two cases to estimate g, o Vn'.
Case 1: Condition (2.1) holds. At this point we use (2.10) to get

t 1 / t 2 /
g£oVy < ——g,oVy < ——E(1).
o o

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Case 2: Condition (2.2) holds. In this case, following the approach of [31], let G* be the dual function of the convex function

S

G defined by G*(t) = supssofts — G(s)}, and let 71, T, > 0. By using the fact that s > =T

(2.10) and (3.7) yield

/ V' ()P < c.
2

is non-decreasing then (2.9),
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hence, using Young'’s inequality ts < G(t) + G*(s) and the facts that s — and G* are non-decreasing we obtain

_s
G106

STt = 1 LY / i a Y TG (80E(0)g2(5) [ IVn' (s)[>dx
ZoVy = 7‘510(8015(1'))/0 G ( 728,(8) len (s)1 dX> ds
G —12gy(s) [ IVni(s)[2dx

+oo /
711G/ (0E(1)) 116G/ (80E (1)) Jo GH(—c1285(5))

By exploiting (2.10) and

69 =5 - 6(E)'®) =56,

we get

f_ 27, , /“’Q 22(8) _1{ €T1G (e0E(£))g2(s)
g20VH = T1G/(€OE(f))E O+c 0o GH(—c1agi(s) © ( G=1(—cT1285(s)) )ds

Choosing 7, = % and recalling (2.2), we arrive at

22(5)

c / AN 4 oo
B0V =~ S 4@ (enG ek ®) [ S

716 (¢0E(1))

Now, choosing t; = % and using again (2.2), we obtain

G (s0E(t)g2 0 V' < —cE'(t) + csoE(t)G (s0E(D)). (3.13)
Then, we deduce, from (3.12) and (3.13), that
Go(E(t
Oé(t()))gz o V' < —cE'(t) + ceoGo(E(t)), (3.14)
where Gy is defined in Theorem 3.4. Therefore, multiplying (3.11) by Goéf[()”) , using (3.14) and choosing &g small enough, we
arrive at
Go(E(1)) |, / Go(E(D))
L'(t) + cE'(t) < —cGo(E(t)) + ¢ Vu, Vt>t. 3.15
E©) () (t) < —cGo(E(D)) E(D) gio 0 (3.15)
Let
Go(E(1))
I(t) = L(t) + cE(t), Vt=>0.
() E(D) () ()
By recalling the fact that t — C"éfg” is non-increasing, we deduce that I ~ E and by exploiting (3.15), we conclude that

Go(E(1))
E(t)
To handle the last term of (3.16), following the approach of [ 18,19], we multiply by £ (t). Hence, exploiting assumption (G2),
(2.10) and the fact that t — % is non-increasing, we get
Go(E(1))
E(t)

I'(t) < —cGo(E(t)) + ¢

g1 0 Vu, Vt=>t. (3]6)

A

EMOI'(t) < —c&(OG(E(D) +c £(t)g1oVu

< —c&(t)Go(E(t)) +c(£g1) o Vu
< —c&(t)Go(E(t)) —cgy o Vu
< —c&()Go(E(t)) — cE'(t), ¥t = to. (3.17)

Finally, we introduce, for t > 0, the function F = 7 ({1 4 cE), which is, clearly, equivalent to E and satisfies, thanks to (3.17)
and the non-increasingness of &,

F'(t) < —ct&(t)Go(E(t)), Vt > to. (3.18)
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We choose T > 0 small enough so that

fo
F <E and G (F(tp)) > cr/ &(s)ds,
0
where G is given in Theorem 3.4. This choice is possible since

lim F(z) =07 and lim G;(s) = 4+o0.
0t s—07T

Therefore (3.18) becomes, for ¢’ = ct,
F'(t) < —=c'&()Go(F(t), VYt = to.
Consequently, we obtain
(Gi(F(1)) = &), VYt =to.
By integrating (3.20) over [to, t], we get
Gi(F(t)) > C’/té(S)dH G1(F(to)) — c//toé(S)ds, vt > to.
0 0

Thanks to (3.19), we easily see that

£
Gi(F(to)) — ¢ / " e(s)ds = 0
0

hence,

t
Gi(F(t)) > c’/ &(s)ds, VYt > to.
0

By recalling that G is non-increasing, we easily deduce

t
F(t) < G;! (c/ S(s)ds), Yt >t
0

and by using F ~ E and the boundedness of E, (3.8) is established. O

(3.19)

(3.20)

Remark 3.1. We note that our result cannot be deduced from the results of [9,11] since we require no condition on g”.
Besides, our relaxation functions are of more general decay contrary to [9,11] where only the exponential decay has been

considered.

4. Examples

In this section, we give two examples to illustrate our general decay estimate (3.8) and show how it generalizes and
improves the results known in the literature related to the kernel g, (see [29,30]). For more examples concerning past

history, see [31].

1. Letgz(t) = ﬁ,

g(t) < —ogh(t), Vt=>0,

forg > 1and d > 0. The classical condition appeared in [29,30]

whereo > 0and 1 < p < 3/2,is not satisfied if 1 < q < 2, while (2.2) always holds with G(t) = t%“ and for any

p €10, %[, In this case, (3.8) takes the form

c -1
E(D) < . V20, Vpe]o,qz[

(fo‘ £(s)ds + 1)

(4.1)

2. Let gy (t) = de~ 9" forq > 1and d > 0. Condition (2.1) holds if g > 1 and condition (2.2) holds for g €10, 1[ with

G(t) = / (—1Ins)' "7 ds,
0

for t near zero and for any p €]0, Z[. In this case (3.8) becomes, for all t > 0,

i rt P
e " (45 £0as) , Vpe ]0, g[ ifq €10, 1]

E(t) = .
e ¢ Jos®ds ifg> 1.

(4.2)
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Here, if ¢ €]0, 1[, the decay estimate (4.2) is stronger than the one obtained in [30], where only a polynomial rate
was obtained.
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