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In this paper, we consider a one-dimensional linear Bresse system with infinite memories acting in the three equations of
the system. We establish well-posedness and asymptotic stability results for the system under some conditions imposed
into the relaxation functions regardless to the speeds of wave propagations. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

The Bresse system is known as the circular arch problem and is given by the following equations:

P10 = Qc + IN+ F4,
P2V =My —Q+ Fy, (1.1)
p3Wy = Ny —1Q + F3,

where

N = ko (Wwx —19),Q = k(px + Iw + ), M = by,

and p1, p2, p3. 1, k, ko, b are positive constants.
As in [1], we use N, Q and M to denote, respectively, the axial force, the shear force and the bending moment. By w, ¢ and y we are
denoting, respectively, the longitudinal, vertical and shear angle displacements. Here

p1 = pA,p2 = pl ko = EA,
k=KkGAb=EIl=R"".

To the material properties, we use p for density, E for modulus of elasticity, G for the shear modulus, k” for the shear factor, A for the
cross-sectional area, / for the second moment of area of the cross section and R for the radius of curvature, and we assume that all
these quantities are positive. Finally, by F; we are denoting external forces in |0, L[x]0, +oo[ together with initial conditions and Dirichlet
boundary conditions or Dirichlet-Neumann boundary conditions. For more details, we refer to [2].

If we consider F; = F3 = 0and F, = —yy, with y > 0, we obtain the system obtained by Bresse [3] in 1856, which consists of
three coupled wave equations and is more general than the well-known Timoshenko system, where the longitudinal displacement is
not considered: / = 0 [4,5].

The third equation in (1.1) can be negligible [6], and the lack of exponential decay to the first and second equations was assured by
Muroz Rivera and Racke [7] using boundary conditions of type Dirichlet-Neumann.

Concerning the asymptotic behavior of the Bresse system (or circular arch problem), we have only a few results. The most important
is due to Liu and Rao [8], where the authors considered a thermoelastic Bresse system (with two dissipative mechanisms) and proved
that the solutions decay exponentially to zero if and only if the velocities of wave propagations are the same. Otherwise, the solutions
decay polynomially to zero with rates t~#1€ or t 61 ¢ provided that the boundary conditions is of Dirichlet-Neumann-Neumann or
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Dirichlet-Dirichlet-Dirichlet type, respectively, where € is an arbitrary positive constant. Alabau-Boussouira et al. [1] considered only
one dissipative mechanism and get a polynomial decay t~**< for any boundary condition.

In [8], Liu and Rao considered a thermoelastic Bresse system that consists of three wave equations and two heat equations coupled
in a certain pattern. The two wave equations about the longitudinal displacement and the shear angle displacement are effectively
globally damped by the dissipation from the two heat equations. The wave equation about the vertical displacement is subject to a
weak thermal damping and indirectly damped through the coupling. They established exponential energy decay rate when the vertical
and longitudinal waves have the same speeds of wave propagations. Otherwise, a polynomial-type decay is established.

In their paper, Wehbe and Yousef [9] studied the stabilization of the elastic Bresse systems damped by two locally distributed feed-
backs with initial and boundary conditions. They established the exponential stability for this system in the case of the same speeds
of wave propagations of the equation of the vertical displacement and the equation of the rotation angle of the system. When the
speeds of wave propagations are different, the nonexponential decay rate is proved and a polynomial-type decay rate is obtained. The
frequency domain method and the multiplier technique are applied in their proof.

For the Timoshenko system, along with the new theory of Green and Naghdi [10], Messaoudi and Said-Houari [11] considered a
Timoshenko system of thermoelasticity of type Ill of the form

P10 — K(ox + %), =0 in 10, L[xR,
P2V — b + K(ox + V) + B =0 in]0,L[xR, (1.2)
036 — 80x + ¥ Vtex — kO = 0O in 10, L[xR 4,

where ¢, ¥ and 6 are functions of (x, t), which model the transverse displacement of the beam, the rotation angle of the filament and

the difference temperature, respectively. They proved an exponential decay in the case of equal wave speeds % = %). This result

was later established by Messaoudi and Said-Houari [12] for system (1.2) in the presence of a viscoelastic damping of the form

+oo
/0 g(S)Yx (X, t — s)ds

acting in the second equation. Moreover, the case of nonequal speeds (p% #* %) was studied, and a polynomial decay result was

proved for solutions with smooth initial data. A more general decay result, from which the exponential and polynomial rates of decay
are only special cases, was also established by Kafini [13]. In this paper, the viscoelastic damping of the form

/tg(t — )0 (X, 5)ds
0

is acting in the third equation only.

The problem of stability of abstract hyperbolic systems with infinite memory was investigated by Guesmia [14]. The approach used
in [14] allowed the kernel function to have decay at infinity arbitrary close to 1; In [15], Guesmia et al. applied this approach for various
types of Timoshenko systems. For more results concerning materials with ‘finite’ or ‘infinite’ memory, we refer to [16-19]. Concerning
the stability of Bresse systems with local and global dampings, we refer to [20-23]. Decay rates for Bresse system with arbitrary nonlinear
localized damping were also obtained by Charles et al.[24].

In this work, we will study the Bresse system with infinite memories acting in the three equations. So, our system with the initial-
boundary conditions takes the form

1w — ki (o + W + W), — ks Wy —19) + f37°° g1()gux (X, t — 5) ds = 0,

P2V — ke + ko (g + W + W) + [57%° g2() e (x, t — 5) d5 = O,

piwie — ks (W — 1), + lky (@ + ¥ + W) + [;7°° g3 (5)w (x,t — 5) ds = 0,
eO)=yO0)=wOt=¢Lt)=yL)=w(Lt)=0, (P)
@ (X, —t) = po(x, 1), @ (x,0) = ¢1(x),

V¥ (6, —1) = Yo (x, 1), ¥ (x,0) = ¥ (x),

w(x,—t) = wo(x, t), w; (x,0) = wq(x),

where (x,t) €]0, L[xR+, gi : R4+ — R are given functions and L, /, p;, k; are positive constants. The infinite integrals in (P) represent
the infinite memories. The derivative of a generic function f with respect to a variable y is noted f, or d,f. If f has only one variable, its
derivative is noted f.

Our goal is to study the well-posedness and asymptotic stability of this system in terms of the growth at infinity of the kernels g; and
without paying any attention to the speeds of wave propagations defined by

ki ko ks

—, — and —.

P1 P2 P
. ______________________________________________________________________________________________________|
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We prove, under suitable conditions on the initial data and the memories g;, that the system is well-posed and its energy converges
to zero when time goes to infinity, and we provide a connection between the decay rate of energy and the growth of g; at infinity. The
proof is based on the semigroup’s theory for the well-posedness, and the energy method and the approach introduced by Guesmia
[14], for the stability.

The paper is organized as follows. In Section 2, we present our assumptions on g; and state and prove the well-posedness of (P).
Section 3 is devoted to the statement and proof of the asymptotic stability.

2. Well-posedness of (P)
We introduce, as in [25], the new variables
mets) =ext) —ekx t—s) in ]0,L[[xR4+ xRy,

n(ts)y =¥t —yxt—s) in ]0,L[xRy x R4, (2.1)
n3(x, t,s) = wx, t) —w(x,t—s) in ]0,L[[xRy x R4.

These functionals satisfy

dem1 + dsmy — @ = 0, in 10,L[xR4 x Ry,
3r712 + 85772 — 1//t =0, in ]0,L[><IR+ X IR+,

0en3 + dsnz —wy = 0, in 10, L[xR4 x R4, (2.2)
ni(0,t,5) = ni(L,t,s) =0, in R xR4,i=1,2,3,
ni(x,1,0) = 0, in 10,L[xRy,i=1,2,3.

In order to convert our problem to a system of first-order ordinary differential equations, we note the following:

U?(X: s) = ni(x,0,5),i =1,2,3, (2.3)

U= (@, ¥, W, @ Ve, We, 1,112, 13)" (2.4)

and
UO(X) = ((,00()(, O), l/fo(X, 0), WO(XI O), 4 (X), l/f1 (X), W (X), U?(X: ')l ng(xl ')r ’)g(xr ))T .

Then (P) is equivalent to the following abstract system:

BtU = AU,
(2.5)
U(x,0) = U°(x),
where A is the linear operator defined by

(43

14

Wi

2
p% (k1 - f0+c>o 9 (S)dS) Pxx — %QO + %‘1% + p%(lﬁ + k3)Wx + p% fo—f—oo ) (5)3xx7)1d5

e ~B+ 3 (ko= f5T™° 9209)ds) o = Ko = Bow - 2 [T G2 (9)cnadls .

2
— -t k) — By + = (ks = [, g5(5)ds) w — Brw 4 2 [T g3(9)cnadls

@t — 05
Yr — 0512
Wr — 0573

. ______________________________________________________________________________________________________|
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We define the functional space of U as follows.

H = (Hy (10,LD)’ x (L2 (10,LD)* x H} x H} x H3, 27)
where
L o0
HF = Jv: R4 — Hy(O,L]), / / gi(s)V2(s)dsdx < 400y . 2.8)
0 0
The domain D(A) of A is defined by
D(A) = {U e H; AU € H, ni(x,t,0) = 0,i = 1,2,3}. (2.9)

Now, to get the well-posedness of (P), we assume that the functions g; satisfy the following hypothesis:
(H1) g; : R+ — R are differentiable non-increasing functions and integrable on R4 such that there exists a positive constant ko
satisfying, for any (¢, ¥, w) € (H(‘,(]O,L[))3,

L L
ko / (62 + Y2 + w2) dx < / (ka2 + ki (g + ¥ + IW)? + ks, — Ig)?) dix
0 0

L —+oo —+o0 —+oo (2'10)
—/ (([ g (s)ds) @2 + (/ gz(s)ds) vZ+ (/ 93(5)d5> Wi) dx.
0 0 0 0
Remark 2.1 i
By contradiction arguments, it is easy to see that there exists a positive constant ko such that, for any (¢, ¥, w) € (H&(]O, L[))s,
L L
kO/ (0 + vl +wl)dx < / (ko W2 + ki (ox + ¥ + W) + ks(wy — lp)?) dx. @.11)
0 0
Therefore, if
+o0 _
gdi= / gi(s)ds < ke, =123, (2.12)
0
then (2.10) is satisfied with
ko = ko —max {g%, 5,93} .
On the other hand, thanks to Poincaré inequality, there exists a positive constant ko such that, for any (¢, ¥, w) € (Hé(]O, L[))3,
L oL
/ (ka¥? + ki(px + ¥ + Iw)* + ks (wy — Ip)?) dx < ko / (97 + Y2 + w2) dx. (2.13)
0 0

Thus, the right-hand side of the inequality (2.10) defines a norm on (H(‘)(]O,L[))3 for (¢, ¥, w) equivalent to the usual norm of
(H'qo,LD)’.

Under hypothesis (H1), the sets H* and H are Hilbert spaces equipped, respectively, with the inner products that generate the norms

L —+o0
Il = / / 91(5) (Bymy)2dsdlx
! o Jo
and
L
U3, = /0 (019F + P2 + piwi + kol + ki (ox + ¥ + Iw)? + ks (wy — lp)?) dx
L
~ [ G2 + 0202+ ud) et I + el + Il

. ______________________________________________________________________________________________________|
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Now, the domain of D(.A) is dense in H, and a simple computation implies that, for U € D(A),

L —+oo , 1 L —+oo 5
WU =3 [ 016 [ o@m2dsde—3 [0 [ 0@ dsde
0 0 0 0

1
=

1 L +oo ,
5[0 [ sy dsan

Integration by parts, using (H1) and the boundary conditions in (2.2), yields

1 L +oo
A= 3 [ [ @ @0 + 560y + 859 @un)?) ds @14
and then, because, forany i = 1, 2, 3, the kernel g; is non-increasing,
(AU, U),, <0. (2.15)

This implies that A is a dissipative operator. Next, we prove that Id — A is surjective. Let F = (f;,--- ,f3)7 € H.We prove the existence
of V.= (v1,--+,v9) € D(A) solution of the equation

(Id— A)V = F. (2.16)
The first three equations of (2.16) give
va=vi—Ff, vs=v,—f and vg=v3—fs. (2.17)
Using (2.17), the last three equations of (2.16) imply
osvV7 +v, =vi+f—f, 0Osvg+Vvg=Vvy+Tfg—F, 0Osvg+Vvyg=v3+fg—T1f.

By integrating these three differential equations and using the fact that v;(0) = vg(0) = v9(0) = 0, we get

V; = (1 — e_s) (V1 — f1) +/ e’_sfy(r)dr,

° (2.18)
Vg = (1 — e_s) (Vz — fz) +/ ef_sfg(r)dr

0

and
Vg = (1 — e_s) (V3 — f3) +/ e‘[—sfg(l’)dl’.
0

Inserting (2.18) into the fourth, fifth and sixth equations of (2.16), multiplying them by p; V1, p2v, and p; 3, respectively, and integrating
their sum over |0, L[, we get

a((vi,va,v3)T, (W1, V2, 73)7) = @ ((¥1,72,V3)T), Y(¥1,72,V3) € (Hg(]o,L[)f, (2.19)
where
a((vivav3)', (i, v, 7)) = /0 L (ky (3gvy 4 Vo + Iv3) (04 + Vy + 173) + ks (v — Ivy) (373 — [77)) dx
+ AL(M ViV + paVaVa + pqv3V3)dx (2.20)
+ /0 L (—300,v1 0571 + (ko — 33)3xV20x72 — G30xV3573) dx,
400
= [ oo

. ______________________________________________________________________________________________________|
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and

L
a((,va,v)7) = [ (o1(fr + f)V1 + p2(f2 + f5)va + pr(f3 + f6)V3) dx
0
/ (62 — 0)0xFi 837 + (63 — G)dxfadis + (92 — 32) Bufadeis) dx

L
_|_
0
L +oo s
_/ (/ g (S)/ ef_saxfy(r)drds> 0y V1 dx
o \Jo 0
L +oo s
_/ (/ 92(5)/ e’_saxfg(r)drds> 0y Vo dx
o \Jo 0

L + o0 s
_/ (/ 93(5)/ eT_saxfg(f)dtds) 0, V3dX.
0 0 0

Thanks to (2.10) and (2.13), we have that a is a bilinear continuous coercive form on (H (], L[))3 X (HQ,(]O, L[))3, and ais a linear continu-
ous form on (H} (0, L[))3. Then, using Lax-Milgram theorem [26], we deduce that (2.19) has a unique solution (vq, v, v3)" € (H(]0, L[))3.
Thus, using (2.17), (2.18) and classical regularity arguments, we conclude that (2.16) admits a unique solution V € D(A). Therefore,
Id — Ais surjective.

Finally, thanks to the Lumer-Phillips theorem [26, 27], we deduce that A generates a Co-semigroup of contraction in H, which gives
the following well-posedness results of (P) [27,28]:

Theorem 2.1
Assume that (H1) holds. For any U° € H, (2.5) has a unique weak solution

UeC(Ry;H).

Moreover, if U° € D(A), then

Ue C(R4;D(A) N C'(R4; H).

3. Stability of (P)

In this section, we prove the stability of (P), where the decay rate of solution is explicitly specified in function of g; and where no
restriction is considered on the speeds of wave propagations (1.3). We consider the following additional hypothesis:

(H2) There exist positive constants §; and an increasing strictly convex function G : R4+ — R of class C'(R+) N C%(]0, 4-00])
satisfying

G(0) =G'(0)=0 and "T G'(t) = +o0 3.1)
t— 100

such that g;(0) > 0, and, forany i = 1, 2, 3, one of the following two conditions is satisfied:

gi(s) < —=8igi(s), Vse R4 (3.2)
or
+oo
gi(s) gi(s)
——————ds + sup ————— < +o0. (3.3)
/o (=g " ey G (=g[)
Theorem 3.1

Assume that (H1) and (H2) are satisfied, and let U° € H such that, foranyi = 1,2,3,

L
(3.2) holdsor IM; > 0: / (@nd)?dx <M;, Vs> 0. (3.4)
0

. ______________________________________________________________________________________________________|
Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014



A. GUESMIA AND M. KAFINI
I ——

Then there exist positive constants ¢/, ¢”” and ¢, such that

U2, < et if (3.2) holds, forany i = 1,2,3, (3.5)

and

U3, < "H'('t) otherwise, (3.6)
where

o

H(s) = ———dt, Vse€]0,1]. 3.7

© = [ g sl 37)
Remark 3.1

Condition (3.2) implies that g; converges at least exponentially to zero and then the exponential stability (3.5) of (P) is obtained only
when all the functions g; converge at least exponentially to zero without restrictions on 7.

Remark 3.2
Condition (3.3), introduced in [14], allows g; to have a decay rate arbitrarily close to 1; and the decay rate in (3.6) depends on g;, which
has the weakest decay.

Remark 3.3

Let us consider this simple example (for other examples, see [14,15]). Let g;(t) = ﬁ forg; > 1,and d; > 0 be small enough so that
(2.12) is satisfied. Condition (3.2) does not hold, but condition (3.3) holds with G(t) = tH'%, for any p €]0, ‘72;1[, where g = min{g;}.
Then (3.6) gives, for all p €]0, &,

2 d
WOl = G750 (3.8)

Proof of Theorem 3.1

We have only to prove (3.5) and (3.6) for U° € D(A), so the calculations are justified, and therefore, (3.5) and (3.6) remain valid for
U° € H by density arguments. The proof is based on the multipliers method and an approach of [14] to estimate the memory terms in
case (3.3). First, we consider the following functionals:

L “+oo
I (t) = —p1/ (pt/ g1 (S)?’]]deX, (3.9)
0 0
L +oo
h(t) = _PZ/ ‘/fr/ 92(s)nadsdx (3.10)
0 0
and
L +oo
I3(t) = —p1/ Wr/ g3(S)n3deX. (3.11)
0 0
O
Lemma 3.1

The functionals /; satisfy, for any § > 0,

L L
I(t) < —p1 (99 — 8)/ p2dx + 8/ (V2 + (ox + ¥ + W) + (wy — lp)?) dx
0 0 3.12)

L oo L o0
+cs [ [ 91(5) (3x1) dscx — cs f / g/,(5) (3 dsd,
0 0 0 0

L L
50 < —pa(g) — ) [O ydx + 8 fo (W2 + (e + ¥ + Iw)?) dx
(3.13)

L +oc0 L oo
+ s / / 02(5) (372 dsclx — ¢ / [ 05() (3x12) dsclx
0 0 0 0

. ______________________________________________________________________________________________________|
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and

L L
15(t) < —p1 (95 — ) / wldx + § / (V2 + (g + ¥ + )2 + (wy — I9)?) dx
0 0

L ptoo L p4oo
s / / 95(5) (yns)*dsdx — c5 [ / 95(5) (3ns)*dsd, (3.14)
0 0 0 0

where g? is defined by (2.12) and c; is a positive constant depending on §.

Proof
Direct computations, using the first equation of (P), integrating by parts and using the fact that

+oo +oo
3, [0 g1(s)mds = o, /0 g1t — $)(@(0) — p(5))ds

+o0 oo
= / g, (t —s)(e(t) — ¢(s))ds + (/ gi(t— S)dS) @
0 0

+oo
=/ g, (s)mds + ¢3¢,
0

yield

’ _ 0 t 2 t teo ’
@) =—pigi | erdx—p1| ¢ gy (s)mdsdx
0 0 0

L +oo L +oo
+h / (6x + v + w) / 91(5) 3 dscx — Ik / (wy — Ip) / g1(s)mdsdx
0 0 0 0

L “+o0 L “+oco 2
—/ ©Ox (/ g (s)axmds) dx + / (/ g1 (s)axmds) dx.
0 0 0 0

Using Young’s, Poincaré (for n;) and Holder's inequalities for the last five terms of this equality, and (2.11) to estimate fOLgofdx,
we get (3.12).
Similarly, using the second and third equations of (P), we find (3.13) and (3.14). O

Lemma 3.2
There exist positive constants ¢; and ¢, such that the functional

L
l4(t) =/ (P19@: + P2 e + prwwy)dx (3.15)
0
satisfies
L
o < / (192 + P2 + p1?) dx
0
L
—q / (V2 + (ox + ¥ + w)* + (W — Ip)?) dx (3.16)
0
L +o0
+o f / (012 + ga(5)(Bn2)? + ga(5) (Bna)?) disdx.
0 0
Proof

By exploiting equations of (P) and integrating by parts, we get
L L
AGES / (P19? + p2v? + p1w}) dx — k1[ (ox + ¥ + Iw)?dx
0 0
L L L L
o [ = torde+ [ i (ko - oD) [ wiax+ o} [ wiax
0 0 0 0
L —+o0 L —+o0
- / ‘px/ g1(s)dxmdsdx — / ll/'x/ 92(8) dxmadsdx
0 0 0 0

L 400
- / Wx / g3(S)ax7’]3deX.
0 0

. ______________________________________________________________________________________________________|
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Using Young’s and Holder's inequalities for the last three terms of this equality, we get, for all ¢ > 0, a positive constant ¢, such that

L “+o0o L —+oco L + oo
—/ goX/ g1 (s)8xr)1dsdx—/ w,(/ gz(s)axnzdsdx—/ WX/ gs(s)dxn3dsdx
0 0 0 0 0 0

L L +o0
<e /0 (62 + 92 +w) dx + cc fo /0 (01(5) 1) + 2()Bxm)? + G3(5) (7)?) disix.

Inserting this inequality into (3.17) and using (2.10), we find

L L
1) < / (0192 + p2v? + p1w7) dx — (ko — €)/ (07 + ¥} +w}) dx
0 0

Lo (3.18)
+ Ce/ / (91(5)(0xm1)* + 92(5)(Bx12)* + g3(5)(3x713)°) dsdix.
0 Jo
Then, choosing 0 < € < ko and inserting (2.13) in (3.18), we get (3.16) with ¢; = k‘g‘ and ¢; = ce.
Now, let N, N, > 0 and
Is = NiE+Ny(lh + 1+ 15) + s, (3.19)
where E is the energy functional associated to (P) and defined by
1
Et) = EIIU(t)Ili- (3.20)
First, note that E is non-increasing according to (2.5), (2.14) and (2.15),
/ 1 t Foo / 2 / 2 / 2
EO =3[ [ @GO0m) + g6 @) +64(6)0am)") dsde <. 621
Now, using (3.12)-(3.14) with § = 5, (3.16) and (3.21), we get
2
4 3 ‘ 2 2 2
O < —{a =g ) ) (0 + @t v+ w)* + (W~ lp)?) e
0
1 t 1 t
— P (Nzg?—* - 1)/ pidx — pa (Nzgg— = —1)/ vidx
N> 0 N, 0
0 1 ‘ 2
— Nogs — — —1 / widx
L1 ( 293 Nz ) o t
N L +oco
() [ @@0m? + 602 + 640 ds
0 0
L +oo
+ cn, / / (91(5)(0xm)* + 92(5)(3xm2)” + g3(5)(0xm3)?) disdix,
o Jo
where cy, = N5 + 2. We choose N, large enough so that
min {¢; _3 szin{go}—l—1 >0
Ny’ ' N,
(note that g° > 0 because g; is continuous non-negative and g;(0) > 0) and we find, for some positive constants ¢; and ca,
/ Ny B / 2 / 2 / 2
b=+ (5 -a) [ [ @00n)7 + Go0m + g6 0m)) dd
0 0
(3.22)

L +oco
b / / (01(5) Bxm)? + G2(5) (xna)? + 93(5)(3yns)?) disx.
0] 0

. ______________________________________________________________________________________________________|
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On the other hand, by (2.10) and definition of E and /;, there exists a positive constant N5 (not depending on N;) such that
(N1 = N3)E < Is < (N1 + N3)E. (3.23)

Thus, choosing Ny > max{2c4, N3} and using the fact that g/ < 0,

L “+oco
L) < —GE®) + ¢4 /0 fo (01(5) Bxm)? + 92(5) (xna)? + 93()(3x13)?) disdx. (3.24)

Now, we estimate the terms fOL 0+°° gi(s)(0xmi(s))?dsdx. (]

Lemma 3.3
Foranyi = 1, 2,3, there exist positive constants d; and d; such that, for any €o > 0, the following inequalities hold:

L —+oo
/ [ gi(s)(dxmi) dsdx < —d;E'(t) if (3.2) holds (3.25)
o Jo
and
L p4oo
G/ (eoE(t)) / / gi(s)(dxn;) dsdx (3.26)
0 0
< —dif'(t) + dieoE(t)G' (€oE(t)) if (3.3) holds and (3.2) does not hold.
Proof
When (3.2) holds, using (3.21), we get (3.25) with d; = 8%_. O

When (3.3) holds and (3.2) does not hold, we follow an approach of Guesmia [14]. Let us consider the case where (3.2) does not hold
fori = 1. Therefore, (3.3) holds for i = 1. Then, using (2.10), (3.4) and (3.21), we have

L L
/ (3m)dx < 2 [ (G200 0) + @200t — 5)) dx
0 0

L L
< 4sup/ P2(x, t)dx+25up/ (Bx90)?(x, s)dx
0 s>0Jo

t>0

L
< CEO) +25up / (200197 (% 5) + 2(dx90)? (x,0)) dx
0 s>0Jo

IA

16
—E(0) + 4M,.
ko

Similar estimates hold for 1, and 53; that is, for b; = %E(O) + 4M;,

L
/ (0xmi)?dx < b, VtseRT. (3.27)
0

Recall that, if E(ty) = 0forsomety > 0, then E(ty) = Oforanyt > t; as E is non-increasing and non-negative. Therefore, by continuity
of E, (3.6) holds. Hence, without loss of generality, we assume that £(t) > 0 forany t € R.. Similarly, if g/(so) = 0 for some so > 0, then
gi(sy) = 0 because of (3.3). So, gi(s) = 0forany s > sq as g; is non-increasing and non-negative. Therefore,

+oo 50
/ G1(9)(3xm)?ds = / 91(5) (B, d.
0 0

Hence, without loss of generality, we assume that g/(s) < Oforany s € R.
|
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Now, let €g, 7;, s; > 0 and K(s) =
Therefore, using (3.27),

G%(S), for s € R4. Thanks to the properties of G, K(0) = G’(0) = 0 and K is non-decreasing.

L
K (—sfg,f(s) /0 (axn,-)zdx) < K(~bisig|(s)).

Then

L 400 1 +o0 L
i(5)(xmi)dsdx = ———— G ' -sigf axni)’d
[ [ seearasn- 1 [ (=50 [ @)

7,G (e0E(t))gi(s) » L .
LTI (s [ e ) o

[T (g [ e T CEDIO)
- r;G’(eoE(t))/(; ¢ ( s,g,(s)/o (@) dx) —sigl(s) K(=bisig;(s))ds

1 oo o) binG (€ (1)gi(s)
< TiG’(EoE(t))/o G ( 5’9"(5)[0 (@) dx) 6T (—bsgl) ©

We denote by G* the dual function of G defined by

G*(t) = sup {ts—G(s)}, Vte Ry.
sER4

Thanks to (H2), G’ is increasing and defines a bijection from R4 to R, and then, for any t € R4, the function s — ts — G(s) reaches
its maximum on R+ at the unique point (G’) ™' (t). Therefore,

G*() = (@) () -GG (1), VteRy4.
Using Young’s inequality
tity < G(t) + G*(tp),

for

_ t biTiG (e0E(t))gi(s)
— ' —sqg )2 _ 2t (€E)gils)
th=G ( 5ig;] (s)/0 (0x77) dx) and t, G (<bsig/(s)) '

we get

L p+4oo ] 24 —s; L p+oo , ) 2dsd
. A < / .
L[ a@@myaa< = [ [ gl auniasax
[T e (b (€ (®)gi(s)
* r;G’(eoE(t))/o ¢ ( G~ (—bisigi(s)) )ds'

Using (3.21) and the fact that
G*(t) = t(G)7' (1),

we obtain

L r4oo —2s; +oo gi(s) —1 ((bitiG' (€oE(1))gi(s)
A - e . g [ biTiG (€0E(1))gils)
[ swoaraas e [ oo (G gy ) ®

Thanks to (3.3),

i(s
sup _19,( )/
sery G71(=gi(5))
. ______________________________________________________________________________________________________|
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Then, using the fact that (G’) ™" is non-decreasing (thanks to (H2)) and choosing s; = bl,-’ we get

L +oco 4
/ / gi(s)(axn,-)zdsdx < gi(s)
0 0

+o0
E/(t) +bi(G/)_1 (biaiI[G/(GOE(t)))L m 5

-2
bitiG' (€0 (1))

Choosing 7; = ﬁ and using the fact that

+oo
gi(s)
I go—
/o (g ST

thanks to (3.3), we obtain

L poo —2a;
. . 2 ! 4 ..
/0 /(; gi(s)(0xmj)“dsdx < G’(eoE(t))E (t) + bilieoE(t),

which implies (3.26) with 5’,- = max{2a;, bil;}.
Now, if (3.2) holds, for all i € {1,2, 3}, then (3.24) and (3.25) imply that

Is(t) <= —c3E(t) — ca(dh + dy + d3)E'(2). (3.28)
Let
F =I5 4+ cs(dy + dy + d3)E.

Thanks to (3.23) and (3.28), we have F/ < —c’F, where

G
d = .
Ny + N3 + ¢4(dr + dy + d3)

Integrating over [CRO, t], we arrive at
F(t) < F(0)e™ ",
which, thanks to (3.20) and (3.23), gives (3.5) with

" _ 2F(0)
Ny — N3 + ca(dy + dy + d3)”

C

If (3.2) does not hold at least for one i € {1, 2, 3}, then, according to (3.25) and (3.26), we see that

L —+oo
G’(eoE(t))/ / 9i(5)(Dxni) dsdx < —aiG (eoE(t))E'(t) — BiE' (t) + €0BiG (eoE(t))E(L), (3.29)
o Jo
where
_ d; if (3.2) holds,
%= 0 otherwise
and

0 if (3.2) holds,
N E, otherwise.

Thus, multiplying (3.24) by G (¢oE(t)) and using (3.29), we get

G'(eoE(1))I5(t) < —(c3 — caco(B1 + Ba + B3))E(DG (0E(t)) — ca(Br + B2 + B3)E' () — calon + @z + 3)G (€0 () E'(t).
_______________________________________________________________________________________________________________________________________________|
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Choosing

[&]

(B + B2+ B3)

0<e <

(note that ¢q is well defined as 81 + 82 + B3 > 0 because (3.2) does not hold at least for one of the kernels), we get
G (€E(®)I5(t) + ¢4 (B1 + B2 + B3 + (a1 + 2 + @3)G (€0E (1)) E'(t) < —C5E()G (€0 (1)), (3.30)
where
€s = 3 — Gaeo(B1 + B2 + B3).
Let
F =1 (G'(€E)ls + ¢4 (B1 + B2 + B3 + (a1 + a2 + @3)G (€oF) ), (3.31)
where T > 0. The fact that G’ () is non-increasing (due to (H2) and (3.21)) and /s > 0 (thanks to (3.23)) imply that
(G'(eoE)) Is <0 and (G'(ek)) E <o.
Therefore, using (3.30), we get
F' < —cstEG (eoF). (3.32)

Thanks to (3.23) and the fact that
G/ (e0E(t)) < G/ (&0E(0)),

we can choose 7 > 0 small enough such that

F<E and F(0) <1, (3.33)
and we find, for ¢’ = ¢st (note that s — sG’(¢q5) is non-decreasing),
F' < —c'FG (eoF), (3.34)
which implies that (H(F))” > ¢/, where H is defined in (3.7). Then, by integrating over [0, t], we obtain
H(F(t)) > 't + H(F(0)).
Because F(0) < 1,H(1) = 0and H is decreasing, we arrive at
H(F(t) > c't.

Because H™' is decreasing, we deduce that F(t) < H~'(c’t). Then (3.20), (3.31) and dropping the positive terms G’(eoE)/s and (o +
ay + (X3)G/(€0E)E give (3.6) with
4

2
T TG+ Bat Ba)

This completes the proof of Theorem 3.1.
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