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Abstract. A beam modelled by a Timoshenko system with a viscoelastic damping on one component
is considered. The system is coupled with a hyperbolic heat equation. One end of the structure is fixed
to a platform in a translational movement and the other one is attached to a non-negligble mass. The
well-posedness and asymptotic stability results for the system under some conditions on the initial and
the boundary data are established.

Keywords. Translational problem; Uniform and weak decay; Viscoelastic damping; Porous thermoelas-
tic system.

1. INTRODUCTION

Strings, beams and plates in translational movement have been the subject of extensive stud-
ies due to their numerous applications in industry (see, for example, [1, 2, 3, 4, 5, 6]). Unlike the
immobile case, moving structures requires more attention as they are more delicate to handle.
We refer to [7, 8, 9] and the references therein where Euler-Bernoulli beams and Timoshenko
type beams were discussed. In [10], Kafini and Tatar considered the stabilization of the system
by a thermal effect and a feedback control. Here we consider the beam of Timoshenko type cou-
pled with a thermal equation but in the context of porous thermo-elasticity. The beam is fixed
to a small platform in translational displacement at one end and a dynamic mass is attached to
the other end. This mass together with the translation of the base brings considerable compli-
cations when it comes to the stability issue. The objective is to control the structure through
the platform, which is an easily accessible location. The problem appears in many engineering
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applications as mentioned above. Namely, we investigate the problem

(

m@AQ+vALOD+pRA%&Aﬁ+wxnﬂﬁm+mE@MQ+w4L0):rU)
P1 (Sie(t) +vir(x,1)) —ky (vi + W), + 6 = 0,

P2V — koW + ki (v + W) — 9,-1—/0+mg(s) Vi (X, —5)ds =0,

(0361 — k365 — 0O + By + By =0,

where x € [0,L], 7 > 0, and L, o, B,m,mg, p; and k; are positive constants, for i = 1,2,3, with
the boundary conditions

(1.1)

{w@n:w@n:e@ﬂ:w@ﬁ:euﬁza (12
kive(L,t) +mg (S (t) + vy (L,t)) =0,
and the initial data
{w(x, 1) = Yo(x.1), Y4 (x,0) = ¥4 (x), 6 (x.0) = Bo(x). 6 (x.0) = 61 (). 13
S(0) = S0,8:(0) = S1,v(x,0) = vo(x), v (x,0) = vy (x).

where @ is the beam transversal displacement, y is the rotational angle of the beam, 6 is the
temperature difference, S is the base motion and 7 is the control.

The models of structures fixed on a translational base have been derived in several works. In
[11], a model was derived for an Euler-Bernoulli beam. A Timoshenko beam in translational
displacement was considered in [7]. Here, it is rather a porous thermoelastic Timoshenko sys-
tem of type III which is fixed to a base in translational motion [12, 13]. The main objective of
Goodman and Cowin [14] was to extend the classical elasticity theory to porous media. This
idea was extended further to materials by involving temperature and microtemperate elements
in [12, 15, 16, 17, 18]. Timoshenko systems are by now well-known as they have been exten-
sively studied for a long time (see, for instance, [19, 20] and references therein). There exists
a well-established theory and a huge number of applications. Porous elastic problems can be
traced back to the early seventies [14]. The basic model is

Potr = Mty + B @y,

POK P = OUPex — Puux — TP — £ @,
where u is the displacement of the solid elastic material, ¢ is the volume fraction and all the
coefficients are positive constants.

As mentioned above, all these systems were considered with § = 0 and without end mass. In
our present paper, the situation is different. Both ends of the structure are dynamic. This gives
rise to some complications. The dynamic at the end points is modelled by some complex bound-
ary conditions which would to be handled carefully. In addition, searching for an appropriate
reasonable control to be implemented at the base, one needs to deal with some boundary terms.
For more ideas and results related in this regard, we refer to [7, 8, 9, 10] and the references
therein.

In this paper, we first establish an existence and uniqueness result in an appropriate space.
Then, we come up with a suitable control at the fixed end to the base. It is shown that this
control is capable of stabilizing the structure in case of equal speed of propagation as well as
the more reasonable case of non-equal speed of propagation. However, the type of stability is
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different as the latter case is less favorable from the mathematics point of view. In Section 2, we
transform the problem into a simpler one, determine a feedback control, introduce the energy
functional and compute its derivative. In Section 3, we show that the system is well posed. Our
uniform and weak stability results will be proved in the last section.

2. CONTROL AND ENERGY

We start by defining the total deflection of the beam as follows:
o (x,1) = S(t) +v(x,1).
Hence,
@(0,¢) =S(t) +v(0,1), @ (0,1) = Sy () +vie(0,2),
O (x, 1) = Si (1) + v (x,1), @ (x,8) = Sp (1) + vy (x,8),

Or(x,1) = vi(x,1), Oxx(x,7) = v (x,1).
By using the second equation in (1.1) and boundary conditions (1.2), we get

L
o /0 (S (1) 4 vir (x,1)) dx+ mi (S (£) + vir (L, 1)) = 0.

Thus, problem (1.1) is equivalent to

(

m@,(0,1) =1 (t),

P19 — ki (o + ), + 6, =0,

P2V — ko War + Ky (<px+w)—8f+/o+wg(s) Vi (X, —5)ds =0,

P36 — k365 — 0Oxs + By + By, =0, 21
¢ (x,0) = @o(x), ¢ (x,0) = @1 (x),

W (x, —1) = Yo(x,1), ¥ (x,0) = y (x),
L 0 (x,0) = 6p(x,1),6 (x,0) = 61 (x)

with the boundary conditions

¢x(0,1) =y (0,1) =6 (0,¢) = y(L,t) =0 (L,1) =0, 2.2)
kl(px(L,t) +mE(Ptt(L,t) = 0
For the relaxation function g, we assume the following:
(A1) g: R, — R, is a C! function satisfying
~+oo
0<go:= / g(s)ds < ky. (2.3)
0

(A2) There exist a positive constant &; and a nonincreasing differentiable function &y : Ry —
R satisfying
—&ig(t) <g'(t) < —&o(1)glt), VteR.. (24)
The associated energy E to (2.1) is given by
1
E(t) = 5 [02(0,6) + m@?(0,0) + B @? (L,1) + ps 613 + ks 6,3
(2.5)

+§ P3P Iyl + vl 4 @ w3+ (g0 i) (1)
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where
o) )= [ g ) (e )i

where || - |2 denotes the classical norm of L?(0, L) and [ := ko — go (I > 0 according to (2.3)). The
expression in (2.5) consists of the total energy (kinetic and potential) of the structure modified
by a quadratic form (related to the viscoelastic term) so as to exhibit the dissipative character of
the system. The derivative of E is equal to

E'(0) = 9(0.0)01(0.0) + =(0)1(0.6) ~ |8 3+ 5 (50 ws) 2.6
This equation can be achieved by, first, multiplying (2.1); by ¢,(0,7) to get
m d ) B
and then multiplying (2.1), by B¢ (x,¢) and integrating over [0, L] to get
d
B2l [ [ (ot w)ds— ki L) (L) w (L r))]
B [119.0.0 (01 (0.0 + W 0.0) + 0, L0 6L~ 0 0.0 0) - [ g6
=0.
Using (2.2), we obtain
meg o L L
B (2013 + 20 o) + Bk [ ou(o+w)dr—p [ gubar=0. 9

Also multiplying (2.1)3 by Bw;(x,t) and integrating over [0, L], we entail

B |22 1B+ 2 19l — B s (L) v L.0) v (00) v 0]

+B [kl/o l//t((px—f—l,l/)dx—/o l//thdx—i-/O l//;/o g(s) wxx(x,t—s)dsdxl =0.

Next, using (2.2), we arrive at

d L L
B 2wl 2 1wlE] B [ vt wian—p [ woax

- (2.9)
—B/O l//tx/O g (s) Wy (x,r —s)dsdx = 0.

Moreover, multiplying (2.1)4 by 6;(x,) and integrating over [0, L], we find

d
|!9r||2 ||9x||§ —k36; (L,1) 0: (L, 1) +k36; (0,2) 6, (0,1)
dt

L L
+06||9xt||§+l3/0 6t¢xtdx+B/0 6, ,dx = 0.

Therefore,

L L
S 2100+ 2 1005] + alonti+p [ Gpuar+p [ omar=0. 10
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Summing up (2.7)-(2.10), taking into account the equation

L T 1d 1
v [ s e —)dsar = 55 [so lvall3 = (g0 )] +5 (8o ws).
we obtain (2.6) immediately. Observe that the derivative of E is not readily seen to be non-
positive. It would be the case in the absence of an external force. The suggested feedback

control force 7(t) is
T(t):_K(Pt(Oat)_(P(()?t)a (211)

where K is a positive "control gain’. Consequently, we see that
E0) = 9(0.000.1) + 0:(0.0) [-Ke1(0.0) ~ 9(0.0)) ~ |03 + 5 (o we)

g (g’o l;/x) .

This means that E’ < 0. Hence, (2.1) is dissipative.

(2.12)
= —K@2(0,1) — a|8y]5+

3. WELL-POSEDNESS

In this section, we discuss the well-posedness of (2.1)-(2.2) using the semigroup approach.
Following the method in [21], we introduce the functional 1 by

Nn(x,t,s) =y(x,t)—y(x,t—s) in]0,L[xR; xR;. (3.1)
Let no(x,s) = n(x,0,s). The functional n satisfies
n+ns— ¥ =0, in]O,L[xR; xRy,
n(0,t,s) =n(L,t,s)=0, inR,xR., 3.2)
n(x,7,0) =0, in |0, L[xR.

The problem (2.1) with the feedback control (2.11) can be written in the form

{ Tl‘ :%T,

‘P(l = O) = \P(), (3.3)

for ¥ := ((P7W» v, z, 97G7§7y7n)T and lPO = (¢07¢17 Yo, W17907917(P1 (07 ')7 01 (L7')7nO)T with
W=0¢,z2=V;,0="06,¢=e0(0,),y=¢(L,-) and

w

Lk (o + ), — 03

Z

1 e

o lwxx—kl (¢x+W)+G+/() gnxxd5:|
BY = G

p_g[k39xx+a6xx_l3wx_l3z]

—%k(KéwL(P(O,-))

_m_}g(px( ) )

_ns+Z

Bearing in mind the Dirichlet boundary conditions in (2.2), we introduce the spaces

Hy(0,L) :={f € H'(0,L): f(0) = f(L) =0},
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o0
L= {r R 100D, [ ellas < 4]
and
A :=H'(0,L) x L*(0,L) x H (0,L) x L*(0,L) x Hy(0,L) x L*(0,L) x R? x L,.

The Neumann boundary conditions in (2.2) are included in the definition of the domain of %
given by

D(B) := {‘P €A :9cH*0,L),weH (0,L),z€ H}(0,L),06 € H}(0,L),n, € Lg, 9:(0) =0,

o0
lw+/ gnds € HA(0,L), ks + &0 € HA(0,1),& =w(0,-),y =w(L,"),1(-,0) = 0}.
0

Thus (3.3) is an abstract formulation of (2.1)-(2.2). The space 7 is a Hilbert space when
endowed with the inner product

(P, F) o = k1 B+ W, @y + W) + BI{Wy, W) + k3 (6x, B;) + p1 B(w, W) + p2B(z,2) + p3(6, 0)
- +oo
+mEE + Bmpys+ 9(0)H(0) + B /0 ¢ (M, is)ds,
where
T - R - T
lP: <(P7W7V/7Z797G7€7y7n) b lP: ((P7W7W7Z797G7€7y7n>

and (-, -) is the standard inner product of L2(O,L). The associated energy (2.5) to (2.1)-(2.2) can
be written in the form

1
E(t) =[] (34)

Theorem 3.1. Assume that (Al) and (A2) are satisfied and ¥ € €. Then, there exists a unique
solution of (3.3) satisfying

YeC(R",2).
In case ¥y € D(A), the solution is strong:
¥ eC(RY,D(B))NC" (RT, 7).
Proof. The well-posedness may be derived easily by using the classical semigroup approach.
We here give a brief sketch of the proof. First, (2.12), (3.3) and (3.4) lead to
(BY,Y) p = —K@2(0,1) — & || 6|3+ g (g ow) <0, (3.5)

for any W € D(Z). Hence £ is a dissipative operator. Notice that the left inequality in (2.4)
guarantees the existence of (g’ o yy) due to 1) € L.

Second, we show that [ — % is surjective, where / denotes the identity operator. Let F =
(f1, -+, fo) € 7. We need to prove that there exists ¥ € D (%) satisfying

(I— Z)¥=F. (3.6)
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Using the definition of 4, the quations (3.6)1, (3.6)3, (3.6)s, (3.6)7 and (3.6)g are equivalent to

w=0—fi,
2=y — f3,
c=0-fs, 3.7)

§ = x5 (mfr — 9(0)),
y=Js— %@x(L)

Consequently, if ¢ € H*(0,L) and v, 6 € HO1 (0,L), then w, z, 0, & and y exist and
(w,z,0) € H'(0,L) x Hj (0,L) x Hy (0,L).

Moreover, & = w(0) and y = w(L) if

0(0) = grry [(K+m) f1(0) +mf] := g1,
ki B (3.8)
e @x(L) +@(L) = fi(L) + f3 = go.
On the other hand, using (3.7),, the last equation in (3.6) is equivalent to
Ns+N=vy+fo—fz. (3.9)
By integrating (3.9) and using the fact that 17(0) = O (the definition of D (%)), we get
N(s) = (1 =e ) y=f)+e [ hlp)dp. (3.10)

Using Fubini theorem, Holder’s inequality and noticing that fo € L,, it appears that

2

/0 ’ /0 T o(s) <e—s /0 "o fou(x, p)dp> dsdx
</ " / e g(s) ( [ e dp) | e Btx.p)dpdsas
<[] +°°efs<1 —egs) [ () dpds
< [ [ [ s mapasa
<[] +Ne”f92x(x,p) [ stsyasdpas
< [" [ erstmsiinn [ e asapas

L —+oo
S/O /0 g(p)fgx(x,p)dpdx:||f9||%g<_|_oo.

Hence, s — ¢~ [y e” f,(p)dp € L, and (3.10) implies that 1 € L,. Moreover, one has 1, € L,
by (3.9).

Now, we put ¢ = @ —g;. We see that, if ¢ € H*(0,L) satsifies ¢(0) = @,(0) = 0, then
¢ € H?(0,L) satsifies ¢(0) = g1 and ¢,(0) = O (notice that g; is a constant). According to
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(3.7), we see that equations (3.6),, (3.6)4 and (3.6)¢ can be reduced to
P1O —ki (P + W), + 60 = hy,

~+o0
leV—(llV+/() 871) ds+ki (ox+y)—60 = hy, (3.11)

P36 — (k30 4+ G ) x4 B (P + W) = h3,
where
m=p1(fi+fr—g)—fsr m=pfs+fa)—fs and h3=B(fix+f3)+ps(fs+fo)
We deduce that (3.6) has a solution ¥ € D (£) if (3.11) has a solution
(¢,v,0) € (H*(0,L)NH!(0,L)) x H} (0,L) x H} (0,L) (3.12)
satisfying (3.7)3, (3.10),

(px(o) =0,
‘o A X (3.13)
e Ox(L) + O(L) = g2 — g1 = g3,
—+oo
ll//+/ gnds € H*(0,L) and k36 +aoc € H*(0,L), (3.14)
0

where
H!(0,L) = {f € H*(0,L) : f(0) = 0},
To this end, we consider the variational formulation of (3.11) in
H:=H!0,L) x H}(0,L) x H}(0,L)

by multiplying the equations in (3.11) by 8@, B and 0, respectively, where (@, /,0) € H are
test functions. Using (3.7)3, (3.10) and (3.13), we integrate by parts and sum up the obtained
formulas to obtain

3

(11(((@,1[/,9),((7),1[7,@)) = a2(¢7‘/~/76)7 V((f),lf/, ) € FI? (315)
where ~
al((@v”’?e)v(@?q]?e))
L
=ﬁ/0 [kt (@ + W) (P + W) + (k2 — Go) VW + P1 PP + oy ] dx
L ~ ~ ~ ~
+/O [(k3 + )80 + B (00 — 05,) + B(wB — 0) + p308] dx
+Bmed(L)P(L),
L ~ ~
a(P,V,6) Zﬁ/o [ @+ oW+ h30 + ha | dx + ot f5,.0 + mpg3 (L),
and

o0 s -0
m:®—mﬁrA fkwéwm@m@wzm.@zé e *g(s)ds.
In view of F € 7 and (2.3),
hi,hy, h3,hy € L*(0,L) and  ky—go > ko —go > 0,
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we realize that a; is a bilinear, continuous and coercive form on H x H, and a, is a linear
and continuous form on H. Lax-Milgram theorem implies that (3.15) admits a unique solution
(@,w,0) € H. By classical regularity arguments, we deduce that (¢, y, ) solves (3.11) and
fulfills (3.12), (3.13) and (3.14). This proves that (3.6) has a solution ¥ € D (). Finally, since
the linear operator %8 is maximal monotone, it generates a linear Cyp semigroup of contractions
on 7 and D(Z) is dense in 7. So, this theorem holds thanks to Hille-Yosida theorem. UJ

4. STABILITY

In this section, we prove the stability of (3.3) and specify explicitly the decay rate of solutions.
To this end, we need to prove some lemmas. We use ¢ to denote a generic positive constant
which can be different from line to line.

Lemma 4.1. The functional I, defined by

L
L(r) = —/0 (P191@ + P2y y) dx+m@y(0,1)9(0,1) —me @i (L, 1) (L, 1)
fulfills, for any €1 > 0,

dy (t K? 1
W< (e ) @00 - meg?La) - 50*00) - pillg B - pr w3

1
te 166l12+ (c+en) yxllz + (&1 + k) lpe+ w3 +e (g0 s)

Proof. A direct differentiation of 7; (¢) yields

dy(¢) L L L L
1o - —kl/ (p((px+1l/)xdx—l—k1/ l//(q)x+l//)dx—/ (pxetdx—/ w6,dx
t 0 0 0 0
L oo

hallvilB— [ [ (0 5) i (9 dsdr 4 mg?(0,0) - me g7 (L)
—pill@l3 = p2 [ will5 — w2(0,7) +my (0,6) (0, 1) — mp @y (L,1) 9(L,1).

Then

L L

1 [Co(pt iy = —ki(Qu(L)+ V(L)L) +h | gulget W)

L
= megu(LOP(L0) +h [ g+ w)dx,

L € 2, 1 2 _ € 2 2 1 2
~ [ ot < S 3+ 5 1005 < 5 (2llo+ viB +2el3) + 5 e,

c€&

L £ 2 1 2 2 1 2
_/o wetdxgEHWHZ_FZ_S]H@HZS7‘|WXHZ+2_81H91H27

2
m(pll(()?t)(p(()?t) = T(t)(p(oat) = —K(p,(O,t)(p(O,t) - (pz((),t) < K?@tz(O?t) - %(pz(()?t)



10 A. GUESMIA, M. KAFINIL N.E. TATAR

—/Lll/x/+wg(s) Wy (x,t —5) dsdx

— /w/ ) (W (0,0) — i (x,t — 5)) dsdx — go || w2
2

< —1||wx||%+g/L ([ e0 = - w0as) vl

< ||l/fx||2+—(g0l/fx)

and

By combining the above six relations, we obtain the desired conclusion immediately.

Lemma 4.2. The functional I, defined by

L o0
—p [ Wi [ @ (w()—y—s)dsix
fulfills, for any & > 0,

dh(1
20 < fpago— e il cea il 2 o+ B+ 26413
—c (g oy) +e(goys).
Proof. A direct differentiation of I,(¢) yields
db(t Lo e
20— ol o / v / ¢ () (W)~ yli—s)dsdx
~+oo
—kz/ l//x/ — Yy (t—s))dsdx

+k1/ (fpx+w)/ 8 (s) (Wi (1) = Y (1 — 5)) disdx
[0 [T w0 - i) dsa

+/OL (/()+°°g(s) l//x(X,t—s)ds) /()*Wg(s)(%(t)_y/x(z—s))a’sdx,

dh(t
20 < pago—eallwilB + 2 I3 + 2 o+ wiB o2 6

therefore

2

+82/0L (/(:oog(s) l[/x(x,t—s)ds) dx

+4L82/0L /(:mg’ (s) (w (1) —llf(t—S))dS>2dx

(
+4—;/OL (/0*”g<s)<%<,)_Wx@_s))ds)zdx
amh ( |
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By virtue of the estimations

/OL (/0+wg(s) (y(r)— W(I—S))ds)zdx

< o " [ 60 ()= wie—5))Pdsdr < gocy (g0 ),

/OL (/O+wg(s) (e (1) — wx(t—s))ds>2dx < g0 (g0 vy)

and
2

L +oo
L (726 w0 -wi-s)as) ar< -0 (¢ow),
the desired result follows. O

Lemma 4.3. The functional I5 defined by

L L o L,
:p3/ 9,9dx+ﬁ/ (pxedx+—/ 02dx
0 0 2 Jo
fulfills, for any & > 0,

L
d’;§> /9%1 +c(1+ )/ ezdx+el/ (@x+ W) dx

+c€1/ l//fdx—i—c/ l//,zdx
0 0

Proof. A direct differentiation of I3(¢) yields

15 (1) L L L L L
— s [ Oubdxips [ 62+ B [ pubdrip [ gbdr+a [ 66dx

dt
L L L L
= —ks / 02dx + ps / 02dx— / v, 0dx+ B / ©,0,dx.
0 0 0 0

We see that (¢, is Poincaré’s constant)

L e (L g2 (L
B / o 0dx < 2 / o2dx+ P / 02dx
0 2 0 28] 0

< €1 2 L 2 L 2 /32 2
< = (o +y) dx+2c, | yidx 9 dx
2 0 0 2 €

—B/ I/Itde_zk /w,zd 3 /92d

Then, the result of Lemma 4.3 is proved. U

and

We consider as multiplier w, the solution of
W=V, w(0)=w(L)=0.

It can be shown easily that the solution of this equation is explicitly given by

X x L
w(x,t) = —/0 l;/(s,t)dx+z/() y(s,t)dx.
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It follows that

wall3 < W2 < cpllyellz and  [lwell3 < epllwial3 < epll w3
Lemma 4.4. The functional 14 defined by
L L
=p1/0 (Pthx+p2/() Vi ydx
fulfills, for any €4 > 0,

dljlt( < 2/ l//fdx—f—c/ szx—l—c(l—f— )/ ‘V;dx‘f‘&t/ go,zdx—i-c(gol,lfx)

Proof. A direct differentiation of I4(t) yields
dlL.(1 L L L L
% = Pl/ ﬁDtthx‘i‘Pl/ (thtdx+p2/ l//tt‘l/dx‘i‘PZ/ l//,zdx
! 0 0 0 0
L L L L L
_— / wldx —ky / Wldx+ / Wwerdx —ky / wldx + / 6, wdx
0 0

~+o0
+P2/ l//tdx‘i'pl/ (PtWtdx+/ l//x/ Wx(t_s)ds

We remark that, for any &3, &4 > 0,

L, pi [t 2 L,
pl/ (ptw,dx<—/ dx—|-84/ (ptdxg—l/ I/Itdx—l—84/ O dx
0 4e4 Jo 0

/wxe,dx§s3/ 2dx+—/ szx<£3/ de-l-—/ 62dx,
0

/ 6, wdx < & / y/fdx+— / 07 dx
0 0 4e3 Jo

/ %/M $) Wi (t —s)ds

~+o0
- /w/ 9) (Wi (t—s) — llfx())dex+go/ yldx

< (&+¢go) / w?dX+4 (goyy).

and

By choosing €3 = [ /6, the result follows.

Lemma 4.5. The functional I5 defined by
L 2P1 e
Is(t)zpz/ Vi (ot y)d / %%dx——/ <pr/ §) Wi (1 —s) dsdx
fulfills, for any €1 > 0,

B <o (kzllfx - [ g6 wti-y ds) A erwrac @
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+ 061/ q),zdx—i—c(l—i— >/ I,dex—kpz/ wtzdx
k
( )/ 2 dx + ce ( gol//x)——(g O‘l’x) <p2—2—p1>/ Qe Widx.

Proof. A direct differentiation of I5(¢) yields

d] t L L L
flf) = kz/O WxX((Px+W)dx_kl/() (<px+w)2dx+/0 (¢x+v) Bidx
L 400 L
—/0 <<px+w)/0 g(s)wxx(x,t—s)ds+pz/o Vi (e + ), dx
L ky (L
o [ (@ v psdv— 2 | vt
0 ki Jo
L e 201
[, [ w—sdsars 2 [ g yax
1 L +oo oo
+E/O etx/o g (s) w(t dex—_/ (Pt/ §) Yy (t —s) dsdx,
therefore
dls(t +oo L
2{5) = (L) (kzll/x(L)—/o g(s)l//x(L,t—s)ds)—kl/O ((Px+l//)2dx

L Loy ky L
+/0 (q0x+l//)9,dx+p2/ llfth—k—/ W, 0, dx

2P1 +°°
+(pp——— gD,xl;/,dx+ A sz ) Wy (t —s)dsdx

—+oo
/ (pt/ ) Wy (t —s)dsdx.

On the other hand, we have

L ky L )
A<%+wams3£<%+wdm~—/edx

ky [* koo ko,
2 y6.d <g/ dx+ / 02dx,
kl/() Yy Opdx < €1 0 Y dx 481](% 0 X

1oL e
k_/ Gtx/ g(s) i (t —s)dsdx
1

= kl/ etx/+w ) (Wi (t =) — Wi (1)) dsdx + — /etx/+w )Wy (1) dsdx

4e kz/ Rt /+°° ds/ ¥ (1) dx
e (govy) + ( 0+—>/ dX+81/O w2 (1) dx

IN

&1 (g Wx

IN

13



14 A. GUESMIA, M. KAFINIL N.E. TATAR

and

—+oo
/ (p,/ ) Yy (t —s)dsdx

= P e [T (><wx<t—s>—wx<z>>dsdx+’°1g<0>/Owadx

2 2
1 (2(0)p L,

X 2 2 / .

0 ) ( ol[/ + 81/ (p,dx+481< > A v (t)dx

A combination of the above five relations leads to the result of Lemma 4.5.

A\

|

‘ —

Y

o
o
=
=

To deal with the boundary terms appearing in the above lemma, we introduce the function
4
m(x) =2— 5 X€ [0,L]

and prove the following lemma.

Lemma 4.6. The functional I defined, for €, > 0, by

400
160 =52 [“m par— 22 o (kv [ e walr-s)ds)ax
fulfills

dlflit) < —e(L) (kzl/fx(L)— /0 [g(S)I//x(L,t—s)ds)

Loy Lo c [t L 2
—|—c81/0 (ptdx+c81/0 Gxtdx—i—g—/o l//ta’x—i—c&/o (o +v)“dx
1

+c E—Fl—ki /L 2a’x—i(’o )+c l%—i (goyy)
1 £ 813 0 Yy £ 8§ oYy £ 83 goVy).

1

Proof. A direct differentiation of s (¢) yields

dig(t) — &p 1P1/
7 k_1/0 m (x )¢tt¢xdx+k_ A m (x) @ Qrrdx

2 [ (v [ e@w-nas)ax

481 0

—&/Lm(x)l//t (kzll/x—g(o) Wx_/()+°°g, (s) l//x(t—s)ds) dx.

481 0
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Therefore,

dls(t)
dt

= a/L (x) (@ + W), 0:d x—,f—l/L (x) B prdx
2 L s o [ (kv [ o) vto -9

(kzwx [ e sy ax

L [ @ o w) (kv [ —s)as )
b [ e, (e [ e wt-sas)ax

481

2 [ (v g0 [ 86wl ) a

Integrating by parts, one sees that

dls(t)
dt

g rL 2¢e L
= - (¢§(L)+<p§(0>)—é [ (x) Oxpudx+ k;’L)l /O @7 dx

281/ ‘P;%dx+81 /L (x )@x‘lfxdx—z_m((p’( )+(pf(0))
1 e
[(kZWx( ) - /0 8 (9) Yi(Lt —s)ds)”

48

HlwO) - [ g6 w0, -9)ds)’]
2

+2£LL/L (kzl//x—/0+oog(s) I//x(t—s)ds> dx
2 [ et w (km— [ wx<r—s>ds) dx
b / m (kzllfx— /0+°°g<s>wx<r—s>ds) dx

k2p2 v2d / / e _
—|——2£ I yid 481 m(x) ¥ 0)yy + S) Wy (t—s)ds ) dx.

Using Young’s and Poincaré’s inequalities, we see that, for any €1, €5 > 0,
2 1 e ’
gD - g (ew@ -~ [ e ik o))
—+oo
> —out) (v @) e (L -9)as)
a [t L 2 2 b oo
_E/O m(x) O, @rdx < c€; /0 ((ox+y)" +yi)dx+ce /0 0,.dx,

2e [t L L 2, 2
[T tdxren [ mx)gandr < cer [ (oot vy
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! /L k /oo (s)yi(t—s)d 2d <C/L 2d +c( )
— p— p— — — O
26l Jo 2Yx OgS‘l/x s)ds X_gloll/xxglé’ll’x,

481/ m(x) (@x+ ) (kzllfx /+oog(S)l[/x(t—s)ds)dx

sgil[es [ ot v yiaes & <gowx>]

[ mwe (v [T eomi—sas)a

L
f%{%/eﬂ+ /wﬁw @mmy
1 0

and
L +oo
2
- [T ( it [ 8 IWt—wﬁh)d
¢ 2 2 C (.

< — dx— — .

_&AWﬁ%)x&@OW
Taking &5 = 812, the sum of the above inequalities leads to the desired result. 0

Next, we define a Lyapunov functional F, which is equivalent to the first-order energy func-
tional E. For positive constants N, N; and N, to be chosen appropriately later, we let

F=NE+IL+NbL+L+Nyy+ 15+ 1.
It easy to show that, for N large enough, there exist two positive constants y; and t, such that

WE <F < IpE. (4.2)

4.1. Uniform stability. Here, we consider the case

P2 _ky

o T (4.3)

and prove the following uniform stability result.
Theorem 4.7. Assume that (Al), (A2) and (4.3) are satisfied. Let Yo € F be given and

&y = constant  or  sup ||Nox||2 < +eo. (4.4)
S€R+

Then, there exist constants By €]0,1] and a; > 0 such that, for all o €]0, Bo|,

mngm0+4@@yﬂ%0e%A®®w+mlwgwm ViR, (45
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Proof. Assumption (4.3) implies that the last term in (4.1) vanishes. By differentiating F', using

(2.12) and the previous lemmas and taking & = 4%‘1, we obtain

k 1 c
F'(0) < oy~ Naes~ 2eel 41}~ [Mapaso— 5 —c=Nac (14 ) = £ w3

1 1 1
—_ |:NOC———N182—C(1+_> —N2C—0(1+ >_c£1:| ||91x||%
k3 2 Nzl Ckl 1 1 1 2
B0 = |22 ey — K (142 ) =1
5 16xl15 { 5 c€l ) c( +81) c( +£1 +813>] [ wll3

k 1 1
— [Zl—el (2c+1)} o+ w5+ {£+C(N1+Nz)+681+c (—+—3>} (80 ys)
€ & g

c

K? 1
+ {Ng —N1c—8—} (& owx) — (NK—m— 7) 07 (0,1) —me @7 (L,t) — E‘PZ(OJ)'
1

We choose the parameters as follows: € small enough so that

k
% :=pi—2c€ >0 and Zl_sl (2c4+1) >0,

N, large enough so that

(N, exists because [ > 0 according to (2.3)), & small enough so that
1 —Nagy >0,
N large enough so that (notice that gg > 0 according to (2.3))

1
N1p2go —c— Noc (1—|——> _ < > 0,
&4 &1

and N large enough so that

1 1 1
N(X———Nﬁ)z—C(l-{—-) —NzC—C(l—{——) —cg >0,

&1 &1 &1
K2
N Nie—S 50 wnd Nk-m-K S0
2 &1 2
Consequently, from the definition of the energy functional E, we obtain, for some c¢; > 0,
F'(t) < —c1E (t) +c(goys). (4.6)

In order to solve this differential inequality, we have first to distinguish two cases related to
(4.4).
The case, & = constant. From the right inequality in (2.4), we have

Eo(t)(gow) = ((Eog) o wi) < —(g' o yy),
then, using (2.12), we find

2E ). (4.7)

g(t)(golVX) < _[);
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The case ,&y # constant. Following the arguments in [20] and [22], and using the right
inequality in (2.4), we get

&) [ so)imilBas < [ &o(s)gls)Imids < — [ g(5)milds < ~(¢'owa).

Next, recalling (2.12), we obtain

i) [ s(s)inilBes < —%E’m. 48)

On the other hand, the definition of E and the fact that E is nonincreasing imply that

lyall? < %Em < ;%E“))'

Therefore, for s > t,

seRy

1712 = 17025 = 1)+ Y (1) =y (-, 0) 3 < e (E(O) + sup ||770x||%> :

In view of the boundedness condition on 1 in (4.4), we deduce that

oo +oo
&) [ g@lndBds <e&olr) [ gls)ds. “9)
t t
Hence, the combination of (4.8) and (4.9) yields
. 2ds< —2E' " es)d 4.10
Gi) [ s)lmlBds <~ ZE () +cko) [ s(s)ds. (.10)

Finally, multiplying (4.6) by &y(¢) and combining with (4.7) and (4.10), we get for the two
previous cases and for some ¢, > 0,
—+oo

SO (1) < —er&oEW) +cholt) [ gls)ds - caE' (1), @1
t
Let .
F—EF+E and h(t) = &) / a(s)ds.
t

Noticing that & is nonincreasing and using (4.2) and (4.11), we deduce that

F'(t) < —c1&()E(t) +ch(t) + E () F(t) < —c1&()E(t) + ch(t). (4.12)
Thanks to (4.3) and because, again, &) is nonincreasing, we see that, for some positive constants
fli and fip

ME <F < [pE. (4.13)

Therefore, (4.12) implies that, for any o €]0, Bo[, where By = min { 1, % },
F'(t) < —ap&o(t)F (t) +ch(t). (4.14)
Then, (4.14) implies that

% eao/o §O(S)dsF(t) gceao/o éO(s)dsh(t).
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It follows, by integrating over [0, 7| with T > 0, that

e —ao/ Eo(s) )+C/T ao/ &o(s) (t)dt

b

which implies, according to (4.13), that
T t
“a [Cads [T a [ Gs)ds
< ce 0 ( 1+/ e JO h(t)dt | . (4.15)
0

Since

eoc0 /Ol 0(s) dsh(t) = Lo eao /Ot sols)ds /+wg(s)ds
we may write

&0 (s) ds
[oks ,
a"/o Sols)ds T+wg(s)ds—/()+oog(s)ds+/()Tea0/0 5O(S)dsg(t)dt

)

Consequently, combining with (4.15), we arrive at

oco/ So(s) /+°°g(s)ds

(4.16)
T t
_ ds T d
+ce aO/O () s/ eao/o wls) sg(t)dt.
0
On the other hand, the right inequality in (2.4) implies that
% téo(S)dS 5 &o(s)
/0 (8(1)% | = ao(g()* ! (&o(t)s(t / SO,
and, hence,
[ ats)as
% 0
e J0 (g(1)™ < (g(0))%.
We end up with
d
/Teao/o Sols)ds fdr < ( “0/ )= gy, 4.17)
0

Finally, (4.16) and (4.17) give (4.5). L]
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4.2. Weak stability. Here we consider the case
P2 ke
p1 " ki
and prove the following weak stability result.

(4.18)

Theorem 4.8. Assume that (Al), (A2) and (4.18) are satisfied. Let ¥ € D(AB) be given and
ak

< oo, (4.19)
2

&y = constant or  sup max
SE]R_A,_ k:O,l

ﬁ Nox

Then, there exists a positive constant o > 0 such that

E() < ay (1+/()t§0(s)/s+wg(p)dpds) (/Otéo(s)ds)_l, Vi > 0. (4.20)

Remark 4.9. 1. If (A2) holds with &y = constant (which implies that g converges exponentially
to zero at infinity), then (4.5) leads to, for some positive constants d; and d»,

E(t) <die®', VieR,, (4.21)
and (4.20) implies that
d
E(r) < 71 vt > 0. (4.22)

The decay rates of E in (4.21) and (4.22) are the best ones which can be obtained from (4.5)
and (4.20), respectively.

2. If £ = constant, then (A2) implies that g converges exponentially to zero at infinity.
However, when &j # constant, condition (A2) allows s — g(s) to have a decay rate arbitrarly
close to % at infinity, which represents the critical limit, since g is integrable on R, . For specific
examples of g satisfying (A1)-(A2), and the corresponding decay rates given by (4.5) and (4.20),
we refer to [20] and [22].

3. Using the arguments of [23] introduced for wave equations with infinite memories, the
boundedness restrictions (4.4) and (4.19) on the initial data 1y can be removed, and the admis-
sible class of kernels g can be widened by replacing the right inequality in (2.4) by the following
weaker one:

gt) < =&(1)G(g(t), VteRy,
where G is a given function satisfying some hypotheses. Instead (4.5) and (4.20), we will get
more general stability estimates which take into consideration the size of 19. We do not apply

the arguments of [23] in the present paper because seeking the largest class possible of 19 and
g 1s not among our objectives and, moreover, we want to keep our paper not too long.

Proof of Theorem 4.8. We consider the energy of second order defined by
El(t) = E<(pt7%a9t>
Lr o 2 2 2 2
— 5 [07(0.0) 4 m@2(0.1) + Brug i (L.1) + ps 1613 + ks 6 3]

2 (o1 1913 402 vl + 1w -+ 1 1w, 5+ (50 wi) ()]
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Clearly,

E{ (1) = —Ko2(0.0) — | Bunl3+ 5 (50 yar). @23)

On the other hand, because the last term in (4.1) does not necessarily vanish (in view of (4.18)),
we find, instead of (4.6),

F'(1) < —c1E(t) +c(go W) + (Pz - 2—'01) / P Yrdx. (4.24)
Therefore, instead of (4.12), in this case
F’(t) < —ap&o(H)E (1) + ch(t) + Eo(t) ( p2— 2_p1> / Oy Yrdx. 4.25)

The following lemma gives an estimation of the last term in (4.25).

Lemma 4.10. For any € > 0, there exists cg > 0 such that

k
(PZ_Z_pl)/ O Y dx

Proof. We have, by integrating by parts and using the definition of 1,

k k L
(pz Zp‘ /(thllftdx = (i—l”l— /sz(Ptdx
~+o0
o kz” 1—pz / o} / §) N ds dx (4.27)

1 ([ kep1 +°° —)dsd
AN P2 (Pt () We (1 — ) dsdx.

Using the definition of E, it is to see that, for all € > 0

k o0 n
_<§€_’1’1— 2)/ <pt/ §) e dsdx <2E()—|—c£/ e)nulBds. (428

On the other hand, an integration with respect to s and the use of the definition of 1 allow us to
write

L oo oo
/Ofpz/o 8() Y (t —s)dsdx = /(Pz/ Os(Wi(r —s)) dsdx

~+o0
= /‘Pz( ll/x +/ l//xt—S)d)dX
~+o0
= _/ (p,/ g (s)nedsdx.
0 0

Therefore, in view of (2.12), we have

1 Foo
— (@_ 2)/ (Pt/ $) Wy (t —s)dsdx
g \ ki

Inserting (4.28) and (4.29) into (4.27), we obtain (4.26).

Now, combining (4.25) and (4.26), and choosing € small enough, we find, for some positive
constant ¢,

~+o0
<o /0 2(5) || |2 ds + €E(1) — cE'(1). (4.26)

; (1) — coE'(1). (4.29)

oo

F'(t) < —e€o(t)E(1) + ch(t) — c&o(t)E'(t) + colt) /0 " g(s)Ina3ds. (4.30)
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On the other hand, using the boundedness condition on 1 in (4.19), we have (as for (4.7) and
(4.10))

~+o0
&) [ e(5)InalBds < ~E{ () + cho). @31
Hence, (4.30) and (4.31) lead to

(F(1)+cEN(1) +cEo(0)E(1))" < —c&o(1)E (1) +ch(t) + & (1) E (1) < —c&o(t)E (1) + chlr),
(4.32)
since & is nonincreasing. Finally, by integrating over [0,7] and having in mind that E is
nonincreasing, we end up with

/ 50 dt<F(0)—|—CE1( )—l—C&O +C/ h(t
which leads to the desired result (4.20). [

Remark 4.11. Here it is rather porous thermoelastic Timoshenko system of type III which is
fixed to a base in translational motion at one end and a dynamic mass is attached to the other
end. For such a system and that complications, stability results were achieved by controlling
the structure through the base platform in both cases, equal and nonequal of wave speeds of
propagation.
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