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Abstract

In this paper, we consider coupled wave–wave, Petrovsky–Petrovsky and wave–Petrovsky systems in
N -dimensional open bounded domain with complementary frictional damping and infinite memory acting
on the first equation. We prove that these systems are well-posed in the sense of semigroups theory and pro-
vide a weak stability estimate of solutions, where the decay rate is given in terms of the general growth of
the convolution kernel at infinity and the arbitrary regularity of the initial data. We finish our paper by con-
sidering the uncoupled wave and Petrovsky equations with complementary frictional damping and infinite
memory, and showing a strong stability estimate depending only on the general growth of the convolution
kernel at infinity.
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. Introduction

Let g : R+ → R+ be a given function, N ∈ N
∗, � ⊂ R

N be an open bounded domain with 
mooth boundary �, and H = L2(�) be endowed with its natural inner product and correspond-
ng norm denoted, respectively, by 〈·, ·〉 and ‖ · ‖. Let a, ã, b, b̃ and d be variable coefficients 
epending only on the space variable such that d, b̃ ∈ L∞(�),

(a, ã, b) ∈

⎧⎪⎨
⎪⎩

W 1,∞(�) × W 1,∞(�) × W 1,∞(�) : wave–wave,

W 2,∞(�) × W 2,∞(�) × W 2,∞(�) : Petrovsky–Petrovsky,

W 1,∞(�) × W 2,∞(�) × W 1,∞(�) : wave–Petrovsky,

inf
�

a > 0, inf
�

ã > 0, inf
�

b ≥ 0 and inf
�

d ≥ 0.

e consider the linear bounded self-adjoint operators D = d Id and B̃ = b̃ Id (Id is the identity 
perator), and the linear unbounded self-adjoint ones

(A, Ã,B) =
⎧⎨
⎩

(−div(a∇),−div(ã∇),−div(b∇)) : wave–wave,

(�(a�),�(ã�),�(b�)) : Petrovsky–Petrovsky,

(−div(a∇),�(ã�),−div(b∇)) : wave–Petrovsky

ith domains D(D) = D(B̃) = H and

(D(A),D(Ã),D(B))

=

⎧⎪⎨
⎪⎩
(
H 2(�) ∩ H 1

0 (�),H 2(�) ∩ H 1
0 (�),H 2(�) ∩ H 1

0 (�)
) : wave–wave,(

H 4(�) ∩ H 2
0 (�),H 4(�) ∩ H 2

0 (�),H 4(�) ∩ H 2
0 (�)

) : Petrovsky–Petrovsky,(
H 2(�) ∩ H 1

0 (�),H 4(�) ∩ H 2
0 (�),H 2(�) ∩ H 1

0 (�)
) : wave–Petrovsky.

lso

(
D(A

1
2 ),D(Ã

1
2 ),D(B

1
2 ),D(B̃

1
2 ),D(D

1
2 )
)

=

⎧⎪⎨
⎪⎩
(
H 1

0 (�),H 1
0 (�),H 1

0 (�),H,H
) : wave–wave,(

H 2
0 (�),H 2

0 (�),H 2
0 (�),H,H

) : Petrovsky–Petrovsky,(
H 1

0 (�),H 2
0 (�),H 1

0 (�),H,H
) : wave–Petrovsky.

he aim of this paper is the study of the well-posedness and asymptotic behavior when time goes 
o infinity of solutions of the following coupled wave–wave, Petrovsky–Petrovsky and wave–
etrovsky system:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

utt (t) + Au(t) + Dut(t) −
+∞∫
0

g(s)Bu(t − s)ds + B̃v(t) = 0, ∀t > 0,

˜ ˜
(1.1)
vtt (t) + Av(t) + Bu(t) = 0, ∀t > 0

Original text:
Inserted Text:
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with initial conditions {
u(−t) = u0(t), ∀t ∈ R+,

v(0) = v0, ut (0) = u1, vt (0) = v1
(1.2)

and homogeneous Dirichlet–Dirichlet, Dirichlet–Dirichlet–Neumann–Neumann and Dirichlet–
Dirichlet–Neumann boundary conditions on � ×R+

⎧⎪⎨
⎪⎩

u = v = 0 : wave–wave,

u = v = ∂u
∂ν

= ∂v
∂ν

= 0 : Petrovsky–Petrovsky,

u = v = ∂v
∂ν

= 0 : wave–Petrovsky,

(1.3)

where ∂
∂ν

is the outer normal derivative. The unknown (u, v) : R+ → H × H is the state of
the system (1.1)–(1.3) corresponding to the initial data (u0, v0, u1, v1). The term Dut and the
infinite integral in (1.1) represent, respectively, the frictional damping and the infinite memory
which play, in a complementary way, the role of dissipation for the whole system (1.1)–(1.3) via
only the first equation in (1.1).

The problem of well-posedness and stability of (1.1)–(1.3) has attracted considerable attention
in recent years and an important amount of research has been devoted in this direction, where
diverse types of dissipative mechanisms have been introduced and several stability results have
been obtained.

In the uncoupled case: B̃ ≡ 0, it is well-known that the second equation of (1.1):

vtt (t) + Ãv(t) = 0, ∀t > 0 (1.4)

is well-posed and it is a conservative equation.
Concerning the first equation in (1.1) with B̃ ≡ 0:

utt (t) + Au(t) + Dut(t) −
+∞∫
0

g(s)Bu(t − s)ds = 0, ∀t > 0, (1.5)

a large amount of literature is available for this model, addressing problems of existence, unique-
ness and asymptotic behavior in time; see, for example, [22] (and the references therein) in case
B ≡ 0, [9–13,24,26,27] in case D ≡ 0 and g converges exponentially to zero at infinity, and [15]
and [20] in case D ≡ 0 and g having a general growth at infinity. Also, for the particular case
of a single wave equation or Timoshenko-type systems with complementary frictional damping
and memory or two memories, we refer the reader to [6–8,16,18,19].

In the coupled case: B̃ �= 0, the stability of (1.1) is more complicated since only the first equa-
tion in (1.1) is directly controlled, whereas the second one is partially and indirectly controlled
via the behavior of the first one. The concept of indirect stability for coupled systems was intro-
duced, as far as we know, in [29], where the controlled equation plays the role of stabilizer for
the second one via the coupling terms. See [21] for further related stability results for coupled
systems.

When B ≡ 0, it has been proved in [1] that (1.1) is not exponentially stable and the asymptotic
behavior of solutions is at least of polynomial type with decay rates depending on the smoothness
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e

a

a

O

f initial data. Some extensions of the results of [1] to the non-linear and non-dissipative cases 
re given in [14].

The stability of (1.1) in case D ≡ 0 was proved in [17] by providing a stability estimate 
epending in terms of the growth of g at infinity and the regularity of the initial data.

Our main objective in this paper is showing that the dissipation generated by the complemen-
ary frictional damping and infinite memory controls guarantees the stability of (1.1)–(1.3), and 
nvestigating the effect of each control on the asymptotic behavior of the solutions, where each 
ontrol can vanish in a part of the domain. The general idea of the indirect decay estimate (3.11)
elow lies in the fact that the term vt , which could be regarded as the viscous damping for the 
econd equation of (1.1), can be expressed via higher derivatives of u through the weak cou-
ling

−B̃v(t) = utt (t) + Au(t) + Dut(t) −
+∞∫
0

g(s)Bu(t − s)ds.

his higher-energy decay estimate on the u-equation provides some control over the terms for 
he energy of the v-equation. We provide an explicit and general characterization of the decay 
ate depending on the growth of g at infinity and the regularity of the initial data. This includes 
he particular two cases B ≡ 0 and D ≡ 0 (only one control is considered) treated in [1] and [17], 
espectively. At the end, we consider the uncoupled wave and Petrovsky equations (1.5) and
rove a strong stability estimate depending only on the growth of g at infinity. This particular 
ase gives a generalization of some results of [7,9–11,13,15,20,24,26,27] concerning the cases 
≡ 0 and g converges exponentially to zero.
The paper is organized as follows. In Section 2, we consider some hypotheses and prove the 

ell-posedness of (1.1)–(1.3). Section 3 is devoted to the statement and proof of the asymptotic 
tability of (1.1)–(1.3). Finally, in Section 4, we treat the uncoupled case (1.5).

. Well-posedness

We state in this section some assumptions on B , B̃ and g and give a brief proof of the global 
xistence, uniqueness and smoothness of solutions of (1.1)–(1.3).

First, thanks to the properties of the coefficients a, ã, b and b̃, there exist positive constants 
0, a1, ã1 and b1 satisfying

max
{
a1‖w‖2,‖B 1

2 w‖2
}

≤ a0‖A 1
2 w‖2, ∀w ∈ D(A

1
2 ), (2.1)

ã1‖w‖2 ≤ ‖Ã 1
2 w‖2, ∀w ∈ D(Ã

1
2 ) (2.2)

nd

‖B̃w‖2 ≤ b1‖w‖2, ∀w ∈ H. (2.3)

n the other hand, we assume that
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(A0) The space

L2
g(R+,D(B

1
2 )) :=

⎧⎨
⎩w : R+ → D(B

1
2 ),

+∞∫
0

g(s)‖B 1
2 w(s)‖2ds < +∞

⎫⎬
⎭

endowed with the inner product

〈w1,w2〉
L2

g(R+,D(B
1
2 ))

:=
+∞∫
0

g(s)
〈
B

1
2 w1(s),B

1
2 w2(s)

〉
ds

is a Hilbert space.
(A1) The kernel g is of class C1(R+) ∩ L1(R+), non-increasing and satisfies

g0 :=
+∞∫
0

g(s)ds <
1

a0
. (2.4)

Moreover, there exists a positive constant δ0 such that

−g′(s) ≤ δ0g(s), ∀s ∈ R+. (2.5)

(A2) The positive constant b1 in (2.3) satisfies

b1 <

√
a1ã1(1 − a0g0)

a0
. (2.6)

Remark 2.1. Some interesting examples of a function b, where the assumption (A0) holds, can
be found in [2–5,23].

Now, following a method devised in [10] to treat the memory term, we formulate the system
(1.1)–(1.3) in the following abstract linear first-order system:

{
Ut (t) = A U (t), ∀t > 0,

U (0) = U0,
(2.7)

where U = (u, v, ut , vt , η)T , U0 = (u0(0), v0, u1, v1, η0)
T ∈ H ,

H = D(A
1
2 ) × D(Ã

1
2 ) × H × H × L2

g(R+,D(B
1
2 )),{

η(t, s) = u(t) − u(t − s), ∀t, s ∈ R+,
(2.8)
η0(s) = η(0, s) = u0(0) − u0(s), ∀s ∈ R+
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nd A is a linear operator given by

A

⎛
⎜⎜⎜⎜⎜⎝

w1

w2

w3

w4

w5

⎞
⎟⎟⎟⎟⎟⎠=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w3

w4

(−A + g0B)w1 − Dw3 −
+∞∫
0

g(s)Bw5(s)ds − B̃w2

−Ãw2 − B̃w1

−∂sw5 + w3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.9)

ith domain D(A ) given by

(A ) =

⎧⎪⎪⎨
⎪⎪⎩

W = (w1,w2,w3,w4,w5)
T ∈ H , ∂sw5 ∈ L2

g(R+,D(B
1
2 )), w4 ∈ D(Ã

1
2 ),

w3 ∈ D(A
1
2 ), w2 ∈ D(Ã), (A − g0B)w1 +

+∞∫
0

g(s)Bw5(s)ds ∈ H, w5(0) = 0

⎫⎪⎪⎬
⎪⎪⎭ .

(2.10)

e use the classical notations D(A 0) = H , D(A 1) = D(A ) and

D(A n+1) = {
W ∈ D(A n) : A W ∈ D(A n)

}
, n = 1,2, . . . ,

ndowed with the graph norm

‖w‖D(A n) =
n∑

k=0

‖A kw‖.

he space H is endowed with the inner product, for W = (w1, w2, w3, w4, w5)
T and W̃ =

w̃1, w̃2, w̃3, w̃4, w̃5)
T ,

〈
W,W̃

〉
H

=
〈
A

1
2 w1,A

1
2 w̃1

〉
− g0

〈
B

1
2 w1,B

1
2 w̃1

〉
+
〈
Ã

1
2 w2, Ã

1
2 w̃2

〉
+
〈
B̃w2, w̃1

〉
+
〈
B̃w1, w̃2

〉
+ 〈w3, w̃3〉 + 〈w4, w̃4〉 + 〈w5, w̃5〉

L2
g(R+,D(B

1
2 ))

.

ote that, from (2.4) and (2.6), one can choose ε0 ∈ ] b1
ã1

, (1−a0g0)a1
b1a0

[ and, consequently,

c0 := min

{
1 − a0g0 − ε0b1a0

a1
,1 − b1

ε0ã1

}
> 0. (2.11)

hen, thanks to (2.1), (2.2), (2.3) and the Cauchy–Schwarz and Young’s inequalities, we have, 
or any (w1, w2) ∈ D(A

1
2 ) × D(Ã

1
2 ),
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−g0‖B 1
2 w1‖2 +

〈
B̃w2,w1

〉
+
〈
B̃w1,w2

〉
≥ −a0g0‖A 1

2 w1‖2 − 2
√

b1‖w1‖‖w2‖

≥ −a0g0‖A 1
2 w1‖2 − b1ε0‖w1‖2 − b1

ε0
‖w2‖2

≥ −
(

a0g0 + ε0b1a0

a1

)
‖A 1

2 w1‖2 − b1

ε0ã1
‖Ã 1

2 w2‖.

Therefore

c0

(
‖A 1

2 w1‖2 + ‖Ã 1
2 w2‖2

)
≤ ‖A 1

2 w1‖2 − g0‖B 1
2 w1‖2 + ‖Ã 1

2 w2‖2

+
〈
B̃w2,w1

〉
+
〈
B̃w1,w2

〉
. (2.12)

Consequently, in virtue of (A0), (H , 〈·, ·〉H ) is a Hilbert space and D(A ) ⊂ H with dense
embedding.

Now, keeping (2.8) in mind, we find

{
∂tη(t, s) + ∂sη(t, s) = ut (t), ∀t, s ∈ R+,

η(t,0) = 0, ∀t ∈ R+
(2.13)

and

{
η = 0 on � ×R+ ×R+ : wave–wave and wave–Petrovsky.

η = ∂η
∂ν

= 0 on � ×R+ ×R+ : Petrovsky–Petrovsky.
(2.14)

Therefore, we deduce from (2.9), (2.13) and (2.14) that (1.1)–(1.3) is equivalent to (2.7), where
the well-posedness is ensured by the following theorem:

Theorem 2.2. Assume that (A0)–(A2) hold. Then, for any n ∈ N and U0 ∈ D(A n), the sys-
tem (2.7) has a unique solution

U ∈ ∩n
k=0C

k
(
R+,D

(
A n−k

))
. (2.15)

Proof. By proving that the operator −A is maximal monotone, semigroups theory gives Theo-
rem 2.2. So, for any W = (w1, w2, w3, w4, w5) ∈ D(A ), we have

〈A W,W 〉H =
〈
A

1
2 w3,A

1
2 w1

〉
− g0

〈
B

1
2 w3,B

1
2 w1

〉
+
〈
Ã

1
2 w4, Ã

1
2 w2

〉
+
〈
B̃w4,w1

〉
+
〈
B̃w3,w2

〉
+
〈
−Ãw2 − B̃w1,w4

〉

+
〈
(−A + g0B)w1 − Dw3 −

+∞∫
0

g(s)Bw5(s)ds − B̃w2,w3

〉

+ 〈−∂sw5 + w3,w5〉 2
1
2

. (2.16)

Lg(R+,D(B ))

Original text:
Inserted Text:
vertue
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B

a

O
t

C

w

s

f

s

s

y the definitions of A
1
2 , Ã

1
2 and B

1
2 , and the fact that H is a real Hilbert space,

〈(−A + g0B)w1,w3〉 = −
〈
A

1
2 w3,A

1
2 w1

〉
+ g0

〈
B

1
2 w3,B

1
2 w1

〉
,〈

−Ãw2,w4

〉
= −

〈
Ã

1
2 w4, Ã

1
2 w2

〉
nd

〈
−

+∞∫
0

g(s)Bw5(s)ds,w3

〉
= −〈w3,w5〉

L2
g(R+,D(B

1
2 ))

.

n the other hand, integrating by parts and using the fact that lims→+∞ g(s)B
1
2 w5(s) = 0 (due 

o (A1)) and w5(0) = 0 (definition of D(A )), we find

〈
−∂w5

∂s
,w5

〉
L2

g(R+,D(B
1
2 ))

= 1

2

+∞∫
0

g′(s)‖B 1
2 w5(s)‖2ds.

onsequently, inserting these four equalities in (2.16), we get

〈A W,W 〉H = −‖D 1
2 w3‖2 + 1

2

+∞∫
0

g′(s)‖B 1
2 w5(s)‖2ds, (2.17)

hich implies that

〈A W,W 〉H ≤ 0, (2.18)

ince g is non-increasing. This means that A is dissipative. Note that, thanks to (2.5) and the 
act that w5 ∈ L2

g(R+, D(B
1
2 )),

∣∣∣∣∣∣
+∞∫
0

g′(s)‖B 1
2 w5(s)‖2ds

∣∣∣∣∣∣= −
+∞∫
0

g′(s)‖B 1
2 w5(s)‖2ds

≤ δ0

+∞∫
0

g(s)‖B 1
2 w5(s)‖2ds

< +∞, (2.19)

o the infinite integral in (2.17) is well defined.
Next, we shall prove that Id − A is surjective. Indeed, let F = (f1, f2, f3, f4, f5)

T ∈ H , we 
how that there exists W = (w1, w2, w3, w4, w5)

T ∈ D(A ) satisfying

(Id − A )W = F. (2.20)
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We note that the first and second equations in (2.20) give

w3 = w1 − f1 and w4 = w2 − f2. (2.21)

The last equation in (2.20) with w5(0) = 0 has a unique solution

w5(s) =
⎛
⎝ s∫

0

ey(f5(y) + w1 − f1)dy

⎞
⎠ e−s . (2.22)

On the other hand, multiplying the third and fourth equations in (2.20) by ϕ1 ∈ D(A
1
2 ) and

ϕ2 ∈ D(Ã
1
2 ), respectively, and plugging (2.21) and (2.22), we get

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

〈
A

1
2 w1,A

1
2 ϕ1

〉
− g1

〈
B

1
2 w1,B

1
2 ϕ1

〉
+
〈
D

1
2 w1,D

1
2 ϕ1

〉
+
〈
w1 + B̃w2, ϕ1

〉
=
〈
B

1
2 ϕ1,B

1
2 f̃1

〉
+
〈
D

1
2 ϕ1,D

1
2 f1

〉
+ 〈ϕ1, f1 + f3〉 ,〈

B̃w1, ϕ2

〉
+
〈
Ã

1
2 w2, Ã

1
2 ϕ2

〉
+ 〈w2, ϕ2〉 = 〈ϕ2, f2 + f4〉 ,

(2.23)

where g1 =
+∞∫
0

g(s)e−sds,

f̃1 =
+∞∫
0

g(s)e−s

⎛
⎝ s∫

0

ey(f1 − f5(y))dy

⎞
⎠ds.

Notice that

f2 + f4 ∈ D(Ã
1
2 ) + H ⊂ H, f1 + f3 ∈ D(A

1
2 ) + H ⊂ H, D

1
2 f1 ∈ H

and g1 < g0. On the other hand,

‖B 1
2 f̃1‖ ≤ ‖f1‖

+∞∫
0

g(s)e−s

⎛
⎝ s∫

0

eydy

⎞
⎠ds +

+∞∫
0

g(s)e−s

⎛
⎝ s∫

0

ey‖f5(y)‖dy

⎞
⎠ds

≤ ‖f1‖
+∞∫
0

g(s)(1 − e−s)ds +
+∞∫
0

ey‖f5(y)‖
⎛
⎝ +∞∫

y

g(s)e−sds

⎞
⎠dy

≤ ‖f1‖
+∞∫

g(s)ds +
+∞∫

g(y)ey‖f5(y)‖
⎛
⎝ +∞∫

e−sds

⎞
⎠dy
0 0 y
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s
s

F
a

H
t
i
r

3

t

a

O

(

≤ g0‖f1‖ +
+∞∫
0

g(y)‖f5(y)‖dy

≤ g0‖f1‖ +
⎛
⎝ +∞∫

0

g(y)dy

⎞
⎠

1
2
⎛
⎝ +∞∫

0

g(y)‖f5(y)‖2dy

⎞
⎠

1
2

≤ g0‖f1‖ + √
g0‖f5‖

L2
g(R+,D(B

1
2 ))

< +∞,

o, B
1
2 f̃1 ∈ H . Then, using (2.12) and Lax–Milgram theorem, we deduce that (2.23) has a unique 

olution

(w1,w2)
T ∈ D(A

1
2 ) × D(Ã

1
2 ).

urthermore, coming back to (2.20), using classical regularity arguments and recalling (2.21)
nd (2.22), we see that W ∈ D(A ) satisfying

(A − g0B)w1 +
+∞∫
0

g(s)Bw5(s)ds ∈ H.

ence Id − A is surjective. Finally, (2.18) and (2.20) mean that −A is a maximal mono-
one operator. Therefore, using Lummer–Phillips theorem (see [28]), we deduce that A is the 
nfinitesimal generator of a linear contraction C0-semigroup on H , and then the result of Theo-
em 2.2 is ensured by the semigroup theory (see [22,25,28]). �
. Asymptotic behavior

This section is devoted to the study of the asymptotic behavior of solutions of (2.7). According 
o the definitions of A, B and Ã, there exist constants a2, ã2 > 0 such that

‖√bA
1
2 w‖2 ≤ a2‖B 1

2 w‖2, ∀w ∈ D(A
1
2 ) (3.1)

nd

‖A 1
2 w‖2 ≤ ã2‖Ã 1

2 w‖2, ∀w ∈ D(Ã
1
2 ). (3.2)

n the other hand, we consider the following additional assumptions:

A3) There exist positive constants α1 and α2, and �0 ⊂ � with positive Lebesgue measure 
|�0| > 0 such that

inf
�

(b + d) ≥ α1 and inf
�0

b ≥ 2α2. (3.3)
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(A4) The constant b1 defined in (2.3) satisfies

b1 <
a1ã1(1 − a0g0)

a0
. (3.4)

Moreover

inf
�

b̃ > 0 or sup
�

b̃ < 0,

which is equivalent to the fact that there exists a positive constant b0 satisfying

〈
B̃w,w

〉
≥ b0‖w‖2, ∀w ∈ H (3.5)

or 〈
B̃w,w

〉
≤ −b0‖w‖2, ∀w ∈ H. (3.6)

(A5) The function g satisfies g(0) > 0 and there exists a positive constant δ such that

g′(s) ≤ −δg(s), ∀s ∈ R+ (3.7)

or there exists an increasing strictly convex function G : R+ → R+ of class C1(R+) ∩
C2(]0, +∞[) satisfying G(0) = G′(0) = 0, limt→+∞ G′(t) = +∞ and

+∞∫
0

g(s)

G−1(−g′(s))
ds + sup

s∈R+

g(s)

G−1(−g′(s))
< +∞. (3.8)

Now, we introduce two sets of initial data U0 for which our stability estimate holds. Let, for
n ∈ N,

Kn = D(A n) (3.9)

when (3.7) holds, and

Kn =
{
U0 ∈ D(A n) : sup

t∈R+
max

k=0,...,n

+∞∫
t

g(s)

G−1(−g′(s))

∥∥∥B 1
2 ∂k

s u0(s − t)

∥∥∥2
ds < +∞

}
(3.10)

when (3.8) holds and (3.7) does not hold.

Theorem 3.1. Assume that (A0)–(A5) hold and let n ∈ N
∗ and U0 ∈ Ki0n, where i0 = 2 if

Ã = A − g0B , and i0 = 3 if Ã �= A − g0B . Then there exists a positive constant cn such that

‖U (t)‖2
H ≤ cnGn(

cn
), ∀t > 0, (3.11)
t
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w

R

O
t
(

w
s

T

H

G

N
q

w

P
m
s
o

w

here G1(s) = G−1
0 (s), Gm(s) = G1(sGm−1(s)), for m = 2, 3, . . . , n and s ∈R+, and

G0(s) =
{

s if (3.7) holds,

sG′(s) if (3.8) holds and (3.7) does not hold.
(3.12)

emark 3.2. Notice that, because Gn(0) = 0,

lim
t→+∞‖U (t)‖2

H = 0. (3.13)

n the other hand, the class of functions satisfying (A1) and (A5) is very wide and contains 
he ones which converge to zero exponentially (conditions (2.5) and (3.7)) or at a slower rate 
conditions (2.5) and (3.8)) like, respectively,

g1(s) = d1e
−q1s and g2(s) = d2

(1 + s)q2
, (3.14)

here d1, q1, d2 > 0 and q2 > 1. We see that g1 and g2 satisfy (A1) provided that d1 and d2 are 
mall enough so that d1 <

q1
a0

and d2 <
q2−1
a0

. On the other hand, g1 satisfies (3.7) with δ = q1. 

hen Gn(s) = sn, and therefore, (3.11) gives, for any U0 ∈ D(A i0n),

‖U (t)‖2
H ≤ cn+1

n t−n, ∀t > 0. (3.15)

owever, g2 does not satisfy (3.7) but it satisfies (3.8) with G(s) = sp , for any p >
q2 + 1

q2 − 1
. Then 

n(s) = p−pnspn , where pn =∑n
m=1 p−m, and therefore, (3.11) gives

‖U (t)‖2
H ≤ c

1+pn
n p−pnt−pn, ∀t > 0, ∀p >

q2 + 1

q2 − 1
. (3.16)

otice that t−pn approaches t−n (which is the decay rate in (3.15)) as p goes to 1+ (that is, when 
2 converges to +∞). Estimate (3.16) holds for initial data satisfying, for example,

U0 ∈ D(A i0n) and max
k=0,...,i0n

∥∥∥B 1
2 ∂k

s u0(s)

∥∥∥2 ≤ d3(1 + s)q3 , ∀s ∈R+, (3.17)

here d3 is a positive constant and q3 <
p(q2 − 1) − (q2 + 1)

p
; so U0 ∈ KiOn.

For more examples, see [17], where (1.1) is considered in the case D ≡ 0.

roof of Theorem 3.1. The proof of (3.11) focuses on the case n = 1 and it is based on the 
ultipliers method by considering some appropriate functionals and adapting to our model (1.1)

ome arguments of [1,8,17]. The general case (3.11), for any n ∈N
∗, is then deduced by induction 

n n.
Now, assume that (A0)–(A5) hold and let U0 ∈ Ki0 and E be the associated energy functional 

ith the solution of (2.7) giving by
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, 

 

 

E(t) = 1

2
‖U (t)‖2

H . (3.18)

We start our proof, first, by noting that, using (2.7) and (2.17),

E′(t) = −‖D 1
2 ut (t)‖2 + 1

2

+∞∫
0

g′(s)‖B 1
2 η(t, s)‖2ds, ∀t ∈R+. (3.19)

Recalling that g is non-increasing, (3.19) implies that E is non-increasing, and consequently,
(2.7) is dissipative. If D ≡ 0 and g ≡ 0, then E′ ≡ 0; thus (2.7) is a conservative system. This fact
shows that the unique dissipation considered in (1.1) is the one resulting from the complementary
frictional damping and infinite memory controls. On the other hand, if E(t0) = 0, for some t0 ∈
R+, then E(t) = 0, for all t ≥ t0, and therefore, (3.11) holds. Then, without loss of generality
we assume that E(t) > 0, for all t ∈R+.

Second, we consider a function α introduced in [8] to establish some needed estimates.

Lemma 3.3. Let α0 = min{α1, α2} and α ∈ C2(�̄) such that

⎧⎪⎨
⎪⎩

0 ≤ α ≤ b on �,

α = 0 if b ≤ α0
4 ,

α = b if b ≥ α0
2 .

(3.20)

Then the function α is not identically zero and satisfies

inf
�

(α + d) ≥ α0

2
. (3.21)

Proof. In virtue of the second inequality of (3.3) and the regularity of b, there exists a neighbor-
hood �0 of �0 such that

inf
�̄∩�̄0

b ≥ α2. (3.22)

Then, for x ∈ � ∩ �0, we have b(x) ≥ α0, which implies, by (3.20), that α = b ≥ α0 on � ∩ �0.
Thus α is not identically zero.

On the other hand, if b(x) ≥ α0
2 , then (3.20) implies that α(x) + d(x) ≥ α(x) = b(x) ≥ α0

2 . If
b(x) < α0

2 , then, according to the first inequality of (3.3) and the fact that α0 ≤ α1, d(x) > α1
2 ≥

α0
2 , which implies that α(x) + d(x) ≥ d(x) > α0

2 . Consequently, (3.21) holds. �
Now, we apply the multipliers method to get some useful inequalities.

Lemma 3.4. Let us define the functionals

I1(t) = −
〈
ut (t), α

+∞∫
g(s)η(t, s)ds

〉

0

Original text:
Inserted Text:
vertue
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a

T

a

P

U

nd

I2(t) = −
〈
uttt (t), α

+∞∫
0

g(s)ηtt (t, s)ds

〉
−
〈
B̃vt (t), α

+∞∫
0

g(s)ηtt (t, s)ds

〉
.

hen, for any ε1, δ1 > 0, there exist cε1, cδ1 > 0 such that, for all t ∈R+,

I ′
1(t) ≤ −(

α0g0

2
− ε1)‖ut (t)‖2 + ε1‖A 1

2 u(t)‖2 + ε1‖Ã 1
2 v(t)‖2 + cε1‖D

1
2 ut (t)‖2

+ cε1

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds (3.23)

nd

I ′
2(t) ≤ −(

α0g0

2
− δ1)‖uttt (t)‖2 + δ1‖A 1

2 utt (t)‖2 + δ1‖vt (t)‖2

+ cδ1‖D
1
2 uttt (t)‖2 + cδ1

+∞∫
0

g(s)
(
‖B 1

2 ηtt (t, s)‖2 + ‖B 1
2 ηttt (t, s)‖2

)
ds. (3.24)

roof. As in [19], multiplying the first equation of (1.1) by α

+∞∫
0

g(s)η(t, s)ds, we get

0 =
〈
utt (t), α

+∞∫
0

g(s)η(t, s)ds

〉
+
〈
(A − g0B)u(t) + Dut(t), α

+∞∫
0

g(s)η(t, s)ds

〉

+
〈 +∞∫

0

g(s)Bη(t, s)ds,α

+∞∫
0

g(s)η(t, s)ds

〉
+
〈
B̃v(t), α

+∞∫
0

g(s)η(t, s)ds

〉
.

sing the definition of A
1
2 and B

1
2 , we obtain

0 =
〈
utt (t) + Dut(t), α

+∞∫
0

g(s)η(t, s)ds

〉
+
〈
A

1
2 u(t), α

+∞∫
0

g(s)A
1
2 η(t, s)ds

〉

− g0

〈
B

1
2 u(t)ds,α

+∞∫
0

g(s)B
1
2 η(t, s)ds + (B

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉
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+
〈 +∞∫

0

g(s)B
1
2 η(t, s)ds,α

+∞∫
0

g(s)B
1
2 η(t, s)ds + (B

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉

+
〈
A

1
2 u(t), (A

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉
+
〈
B̃v(t), α

+∞∫
0

g(s)η(t, s)ds

〉
. (3.25)

On the other hand, by using ∂tη(t, s) = −∂sη(t, s) + ut (t) (according to (2.13)), we find

〈
utt (t), α

+∞∫
0

g(s)η(t, s)ds

〉
= ∂t

〈
ut (t), α

+∞∫
0

g(s)η(t, s)ds

〉
−
〈
ut (t), α

+∞∫
0

g(s)ηt (t, s)ds

〉

= −I ′
1(t) − g0‖√αut (t)‖2 +

〈
ut (t), α

+∞∫
0

g(s)ηs(t, s)ds

〉
.

Integrating by parts with respect to s in the infinite memory integral, and using the fact that
lims→+∞ g(s)η(t, s) = 0 and η(t, 0) = 0 (according to (A1) and (2.13)), we get

〈
utt (t), α

+∞∫
0

g(s)η(t, s)ds

〉
= −I ′

1(t) − g0‖√αut (t)‖2 −
〈
ut (t), α

+∞∫
0

g′(s)η(t, s)ds

〉
.

(3.26)

Exploiting (3.25) and (3.26), we deduce

I ′
1(t) = −g0‖√αut (t)‖2 −

〈
ut (t), α

+∞∫
0

g′(s)η(t, s)ds

〉

+
〈
B̃v(t) + Dut(t), α

+∞∫
0

g(s)η(t, s)ds

〉
+
〈
A

1
2 u(t), α

+∞∫
0

g(s)A
1
2 η(t, s)ds

〉

− g0

〈
B

1
2 u(t), α

+∞∫
0

g(s)B
1
2 η(t, s)ds + (B

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉

+
〈
A

1
2 u(t), (A

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉

+
〈 +∞∫

0

g(s)B
1
2 η(t, s)ds,α

+∞∫
0

g(s)B
1
2 η(t, s)ds + (B

1
2 α)

+∞∫
0

g(s)η(t, s)ds

〉
. (3.27)

Thanks to (3.21), we see that
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O

H

t

S

a

A

I

t

a

t

−g0‖√αut (t)‖2 = −g0‖
√

α + dut (t)‖2 + g0‖
√

dut (t)‖2

≤ −α0g0

2
‖ut (t)‖2 + g0‖D 1

2 ut (t)‖2. (3.28)

n the other hand, since (2.14) and �0 ⊂ �̄ ∩ �̄0 ⊂ suppα (in virtue of (3.20) and (3.22)), then

‖αη(t, s)‖2 =
∫

supp α

α2η2(t, s)dx

≤ (sup
�

α2)

∫
supp α

η2(t, s)dx.

ence, using a version of Poincaré’s inequality [8], there exists a positive constant c∗ such that

‖αη(t, s)‖2 ≤ c∗(sup
�

α2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∫
supp α

|∇η(t, s)|2dx : wave–wave and wave–Petrovsky

∫
supp α

|�η(t, s)|2dx : Petrovsky–Petrovsky,

hus, using (3.20),

‖αη(t, s)‖2 ≤ 4c∗

α0
(sup

�

α2)‖B 1
2 η(t, s)‖2. (3.29)

imilarly,

‖(A 1
2 α)η(t, s)‖2 ≤ 4c∗

α0
(sup

�

|A 1
2 α|2)‖B 1

2 η(t, s)‖2 (3.30)

nd

‖(B 1
2 α)η(t, s)‖2 ≤ 4c∗

α0
(sup

�

|B 1
2 α|2)‖B 1

2 η(t, s)‖2. (3.31)

lso, using (3.1) and (3.20),

‖αA
1
2 η(t, s)‖2 ≤ 4a2

α0
(sup

�

α2)‖B 1
2 η(t, s)‖2. (3.32)

nserting (3.28) into (3.27), applying Cauchy–Schwarz and Young’s inequalities to the last six 
erms of (3.27), using (2.1), (2.2), (2.3) and (2.5) to estimate ‖B 1

2 u(t)‖2, ‖B̃v(t)‖2 and −g′(s) by 

0‖A 1
2 u(t)‖2, b1

ã1
‖Ã 1

2 v(t)‖2 and δ0g(s), respectively, and exploiting (3.29)–(3.32), we get (3.23).
Using the system obtained by differentiating two times the first equation of (1.1) with respect 

o time t ; that is,

Original text:
Inserted Text:
vertue



JID:YJDEQ AID:7989 /FLA [m1+; v1.211; Prn:1/09/2015; 15:08] P.17 (1-38)

M.M. Cavalcanti et al. / J. Differential Equations ••• (••••) •••–••• 17

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47
utttt (t) + Autt (t) + Duttt (t) −
+∞∫
0

g(s)Butt (t − s)ds + B̃vtt (t) = 0, ∀t > 0, (3.33)

multiplying (3.33) by α

+∞∫
0

g(s)ηtt (t, s)ds, we find (as for I ′
1)

I ′
2(t) = −g0‖√αuttt (t)‖2 −

〈
uttt (t), α

+∞∫
0

g′(s)ηtt (t, s)ds

〉

+
〈
A

1
2 utt (t), α

+∞∫
0

g(s)A
1
2 ηtt (t, s)ds + (A

1
2 α)

+∞∫
0

g(s)ηtt (t, s)ds

〉

− g0

〈
B

1
2 utt (t), α

+∞∫
0

g(s)B
1
2 ηtt (t, s)ds + (B

1
2 α)

+∞∫
0

g(s)ηtt (t, s)ds

〉

+
〈
Duttt (t), α

+∞∫
0

g(s)ηtt (t, s)ds

〉
−
〈
B̃vt (t), α

+∞∫
0

g(s)ηttt (t, s)ds

〉

+
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,α

+∞∫
0

g(s)B
1
2 ηtt (t, s)ds + (B

1
2 α)

+∞∫
0

g(s)ηtt (t, s)ds

〉
.

Then, following the same procedure as before, we get (3.24). �
Lemma 3.5. Define the functionals

J1(t) = 〈ut (t), u(t)〉 , J2(t) = 〈uttt (t), utt (t)〉 +
〈
B̃vt , utt (t)

〉
and R1(t) = 〈vt (t), v(t)〉 .

Then, for any λ1, λ2, λ3, ε2, δ2 > 0, there exist cε2, cδ2 > 0 such that

J ′
1(t) ≤ ‖ut (t)‖2 − (1 − a0g0 − ε2 − λ1)‖A 1

2 u(t)‖2 + b1a0

4λ1a1ã1
‖Ã 1

2 v(t)‖2

+ cε2‖D
1
2 ut (t)‖2 + cε2

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds, ∀t ∈R+, (3.34)

J ′
2(t) ≤ (1 + λ2)‖uttt (t)‖2 − (1 − a0g0 − δ2)‖A 1

2 utt (t)‖2 + b1

4λ2
‖vt (t)‖2

+ cδ2‖D
1
2 uttt (t)‖2 + cδ2

+∞∫
g(s)‖B 1

2 ηtt (t, s)‖2ds, ∀t ∈R+ (3.35)
0
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a

P

C

w

B

e

a

s

T

nd

R′
1(t) ≤ ‖vt (t)‖2 + a0b1

4λ3a1ã1
‖A 1

2 u(t)‖2 − (1 − λ3)‖Ã 1
2 v(t)‖2, ∀t ∈R+. (3.36)

roof. Multiplying the first equation of (1.1) by u(t), we find

0 = 〈utt (t), u(t)〉 + 〈(A − g0B)u(t) + Dut(t), u(t)〉

+
〈 +∞∫

0

g(s)Bη(t, s)ds,u(t)

〉
+
〈
B̃v(t), u(t)

〉
.

onsequently, using the definition of A
1
2 and B

1
2 , we have

0 = ∂t 〈ut (t), u(t)〉 − ‖ut (t)‖2 + ‖A 1
2 u(t)‖2 − g0‖B 1

2 u(t)‖2

+ 〈Dut(t), u(t)〉 +
〈 +∞∫

0

g(s)B
1
2 η(t, s)ds,B

1
2 u(t)

〉
+
〈
B̃v(t), u(t)

〉
,

hich implies that

J ′
1(t) = ‖ut (t)‖2 − ‖A 1

2 u(t)‖2 + g0‖B 1
2 u(t)‖2 −

〈
B̃v(t), u(t)

〉

− 〈Dut(t), u(t)〉 −
〈 +∞∫

0

g(s)B
1
2 η(t, s)ds,B

1
2 u(t)

〉
. (3.37)

y applying Cauchy–Schwarz and Young’s inequalities for the last three terms of (3.37), and 
xploiting (2.1), (2.2) and (2.3) to estimate ‖u(t)‖2, ‖B 1

2 u(t)‖2 and ‖B̃v(t)‖2 by a0
a1

‖A 1
2 u(t)‖2, 

0‖A 1
2 u(t)‖2 and 

b1

ã1
‖Ã 1

2 v(t)‖2, respectively, inequality (3.34) holds. Similarly, multiplying the 

econd equation of (1.1) by v(t) and following the same procedure as for (3.34), we get (3.36).
On the other hand, multiplying (3.33) by utt (t), we have (as for J ′

1)

J ′
2(t) = ‖uttt (t)‖2 − ‖A 1

2 utt (t)‖2 + g0‖B 1
2 utt (t)‖2 +

〈
B̃vt (t), uttt (t)

〉

− 〈Duttt (t), utt (t)〉 −
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,B

1
2 utt (t)

〉
.

hen, following the same procedure as in the proof of (3.34), (3.35) holds. �
Now, we adapt the approach of [1] to our system (1.1) in objective to get a crucial estimate.
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Lemma 3.6. Let R2 be the functional defined by

R2(t) = 〈utt (t), vt (t)〉 − 〈ut (t), vtt (t)〉 +
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉

when (3.5) holds and Ã = A − g0B ,

R2(t) = −〈utt (t), vt (t)〉 + 〈ut (t), vtt (t)〉 −
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉

when (3.6) holds and Ã = A − g0B ,

R2(t) =
〈
Ã−1Autt (t), vt (t)

〉
−
〈
Ã−1Aut(t), vtt (t)

〉
− g0

〈
B

1
2 ut (t),B

1
2 v(t)

〉

+
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉

when (3.5) holds and Ã �= A − g0B , and

R2(t) = −
〈
Ã−1Autt (t), vt (t)

〉
+
〈
Ã−1Aut(t), vtt (t)

〉
+ g0

〈
B

1
2 ut (t),B

1
2 v(t)

〉

−
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉

when (3.6) holds and Ã �= A −g0B . Then, for any δ3, ε3, ε4 > 0, there exist cε3, cε4 > 0 such that

R′
2(t) ≤ −(b0 − ε3)‖vt (t)‖2 +√

b1‖ut (t)‖2 + ε3‖Ã 1
2 v(t)‖2

+ cε3‖D
1
2 utt (t)‖2 + cε3

+∞∫
0

g(s)‖B 1
2 ηtt (t, s)‖2ds, ∀t ∈ R+ (3.38)

in case Ã = A − g0B , and

R′
2(t) ≤ −(b0 − ε3)‖vt (t)‖2 +√

b1d0‖ut (t)‖2 + d0 + 1

ε3
‖uttt (t)‖2

+ g2
0a2

0 ã2

4δ3
‖A 1

2 utt (t)‖2 + (δ3 + ε4)‖Ã 1
2 v(t)‖2 + cε3‖D

1
2 utt (t)‖2

+ cε4

+∞∫
g(s)‖B 1

2 ηtt (t, s)‖2ds, ∀t ∈R+ (3.39)
0
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i

(

P
o

a

a

0

s

T

∂

C

r

n case Ã �= A − g0B , where d0 is the smallest positive constant satisfying

‖Ã−1Aw‖2 ≤ d0‖w‖2, ∀w ∈ D(A) (3.40)

since Ã−1A is bounded thanks to (3.2)).

roof. 1. Case Ã = A −g0B: considering the equations obtained by differentiating the equations 
f (1.1) with respect to time t ; that is

uttt (t) + Aut(t) + Dutt (t) −
+∞∫
0

g(s)But (t − s)ds + B̃vt (t) = 0, ∀t > 0 (3.41)

nd

vttt (t) + Ãvt (t) + B̃ut (t) = 0, ∀t > 0, (3.42)

nd multiplying (3.41) and (3.42) by vt (t) and ut (t), respectively, we get

= 〈uttt (t), vt (t)〉 + 〈(A − g0B)ut (t) + Dutt (t), vt (t)〉 +
〈 +∞∫

0

g(s)Bηt (t, s)ds, vt (t)

〉

− 〈vttt (t), ut (t)〉 −
〈
Ãvt (t), ut (t)

〉
−
〈
B̃ut (t), ut (t)

〉
+
〈
B̃vt (t), vt (t)

〉

= ∂t

⎛
⎝〈utt (t), vt (t)〉 − 〈ut (t), vtt (t)〉 +

〈 +∞∫
0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉⎞⎠+ 〈Dutt (t), vt (t)〉

−
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,B

1
2 v(t)

〉
−
〈
B̃ut (t), ut (t)

〉
+
〈
B̃vt (t), vt (t)

〉
,

ince 〈(A − g0B)ut (t), vt (t)〉−
〈
Ãvt (t), ut (t)

〉
= 0 (because Ã = A −g0B and Ã is self-adjoint). 

herefore

t

⎛
⎝〈utt (t), vt (t)〉 − 〈ut (t), vtt (t)〉 +

〈 +∞∫
0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉⎞⎠

= −〈Dutt (t), vt (t)〉 +
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,B

1
2 v(t)

〉
+
〈
B̃ut (t), ut (t)

〉
−
〈
B̃vt (t), vt (t)

〉
.

(3.43)

onsequently, using Cauchy–Schwarz and Young’s inequalities for the first two terms of the 
ight hand side of (3.43), and using (2.1) and (3.2) to estimate ‖B 1

2 v(t)‖2 by a0ã2‖Ã 1
2 v(t)‖2, 
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and using (2.3) and (3.5) to estimate the last two terms of the right hand side of (3.43), we
get (3.38) when Ã = A − g0B and (3.5) holds.

Similarly, multiplying (3.43) by −1 and following the same procedure, we find (3.38) when
Ã = A − g0B and (3.6) holds.

2. Case Ã �= A − g0B: multiplying (3.41) and (3.42) by vt (t) and Ã−1Aut(t), respectively,

and noting that 〈Aut(t), vt (t)〉 −
〈
Ã−1Aut(t), Ãvt (t)

〉
= 0 (because Ã is self-adjoint), we get

0 = 〈uttt (t), vt (t)〉 + 〈(A − g0B)ut (t) + Dutt (t), vt (t)〉 +
〈 +∞∫

0

g(s)Bηt (t, s)ds, vt (t)

〉

+
〈
B̃vt (t), vt (t)

〉
−
〈
vttt (t), Ã

−1Aut(t)
〉
−
〈
Ãvt (t), Ã

−1Aut(t)
〉
−
〈
B̃ut (t), Ã

−1Aut(t)
〉

= ∂t

(〈
Ã−1Autt (t), vt (t)

〉
−
〈
Ã−1Aut(t), vtt (t)

〉
− g0

〈
B

1
2 ut (t),B

1
2 v(t)

〉

+
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉)

−
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,B

1
2 v(t)

〉
−
〈
B̃ut (t), Ã

−1Aut(t)
〉
+ g0

〈
B

1
2 utt (t),B

1
2 v(t)

〉

+ 〈uttt (t), vt (t)〉 −
〈
Ã−1Auttt (t), vt (t)

〉
+ 〈Dutt (t), vt (t)〉 +

〈
B̃vt (t), vt (t)

〉
.

Therefore

∂t

(〈
Ã−1Autt (t), vt (t)

〉
−
〈
Ã−1Aut(t), vtt (t)

〉
− g0

〈
B

1
2 ut (t),B

1
2 v(t)

〉

+
〈 +∞∫

0

g(s)B
1
2 ηt (t, s)ds,B

1
2 v(t)

〉)

=
〈 +∞∫

0

g(s)B
1
2 ηtt (t, s)ds,B

1
2 v(t)

〉
+
〈
B̃ut (t), Ã

−1Aut(t)
〉

− g0

〈
B

1
2 utt (t),B

1
2 v(t)

〉
− 〈uttt (t), vt (t)〉 − 〈Dutt (t), vt (t)〉

+
〈
Ã−1Auttt (t), vt (t)

〉
−
〈
B̃vt (t), vt (t)

〉
. (3.44)

Consequently, using Cauchy–Schwarz and Young’s inequalities, applying (3.2), (2.3) and (2.1)

to estimate ‖B 1
2 v(t)‖2, ‖B̃ut (t)‖ and ‖B 1

2 utt (t)‖2 by a0ã2‖Ã 1
2 v(t)‖2, 

√
b1‖ut (t)‖ and

a0‖A 1
2 utt (t)‖2, respectively, and using (3.40) and (3.5) to estimate ‖Ã−1Auttt (t)‖,
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‖
a

A

S

L
f

i

i

a

i

a

i

Ã−1Aut(t)‖2 and the last term of the right hand side of (3.44), we get (3.39) when Ã �= A −g0B

nd (3.5) holds.
Similarly, multiplying (3.44) by −1 and following the same procedure, we find (3.39) when 

˜ �= A − g0B and (3.6) holds. �
Before proving the next lemma, let us consider, for k = 1, 2, 3,

Ek(t) = 1

2
‖∂k

t U (t)‖2
H , ∀t ∈ R+. (3.45)

imilarly to (3.19), we have

E′
k(t) = −‖D 1

2 ∂k
t ut (t)‖2 + 1

2

+∞∫
0

g′(s)‖B 1
2 ∂k

t η(t, s)‖2ds, ∀t ∈R+. (3.46)

emma 3.7. There exist positive constants Ni , Mi (i = 0, 1, 2) and Ci (i = 0, 1) such that the 
unctional

F(t) = N0(E(t) + E1(t)) + N1I1(t) + M1J1(t) + C1R1(t) + R2(t) (3.47)

f Ã = A − g0B , and

F(t) = N0(E(t) + E1(t) + E2(t)) + N1I1(t) + N2I2(t)

+ M1J1(t) + M2J2(t) + C1R1(t) + R2(t) (3.48)

f Ã �= A − g0B , satisfies, for all t ∈R+,

F(t) ≥ M0(E(t) + E1(t)) (3.49)

nd

F ′(t) ≤ −M0E(t) + C0

+∞∫
0

g(s)
(
‖B 1

2 η(t, s)‖2 + ‖B 1
2 ηtt (t, s)‖2

)
ds (3.50)

f Ã = A − g0B , and

F(t) ≥ M0(E(t) + E1(t) + E2(t)) (3.51)

nd

F ′(t) ≤ −M0E(t) + C0

+∞∫
0

g(s)
(
‖B 1

2 η(t, s)‖2 + ‖B 1
2 ηtt (t, s)‖2 + ‖B 1

2 ηttt (t, s)‖2
)

ds

(3.52)

f Ã �= A − g0B .
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Proof. First, we prove (3.49) and (3.51). Using (2.12), (3.18) and the fact that c0 < 1 (c0 is
defined in (2.11)), we find, for all t ∈R+,

E(t) ≥ c0

2

⎛
⎝‖ut (t)‖2 + ‖vt (t)‖2 + ‖A 1

2 u(t)‖2 + ‖Ã 1
2 v(t)‖2 +

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

⎞
⎠ .

(3.53)

Similarly,

E1(t) ≥ c0

2

⎛
⎝‖utt (t)‖2 + ‖vtt (t)‖2 + ‖A 1

2 ut (t)‖2 + ‖Ã 1
2 vt (t)‖2 +

+∞∫
0

g(s)‖B 1
2 ηt (t, s)‖2ds

⎞
⎠

(3.54)

and

E2(t) ≥ c0

2

(
‖uttt (t)‖2 + ‖vttt (t)‖2 + ‖A 1

2 utt (t)‖2 + ‖Ã 1
2 vtt (t)‖2

+
+∞∫
0

g(s)‖B 1
2 ηtt (t, s)‖2ds

)
. (3.55)

From (3.53)–(3.55) and the definition of Ii , Ji and Ri (i = 1, 2), we see that there exists a positive
constant L (not depending on N0) such that

F(t) ≥ (N0 − L)(E(t) + E1(t)), ∀t ∈R+

in case Ã = A − g0B , and

F(t) ≥ (N0 − L)(E(t) + E1(t) + E2(t)), ∀t ∈R+

in case Ã �= A − g0B . Thus, for any N0 > L, (3.49) and (3.51) hold, for any

0 < M0 ≤ N0 − L. (3.56)

Second, we prove (3.50) and (3.52) by distinguishing two cases.
1. Case Ã = A − g0B: by combining (3.23), (3.34), (3.36) and (3.38), taking in consideration

(3.19) and (3.46), and noting that g′ ≤ 0, we get

F ′(t) ≤ −L1‖ut (t)‖2 − L2‖vt (t)‖2 − L3‖A 1
2 u(t)‖2 − L4‖Ã 1

2 v(t)‖2

+
+∞∫
0

g(s)
(
(N1cε1 + M1cε2)‖B

1
2 η(t, s)‖2 + cε3‖B

1
2 ηtt (t, s)‖2

)
ds

− (N0 − N1cε − M1cε )‖D 1
2 ut (t)‖2 − (N0 − cε )‖D 1

2 utt (t)‖2, (3.57)
1 2 3
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W

(

(

a

N
c

(
Y

here

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L1 = α0g0
2 N1 − M1 − √

b1 − ε1N1,

L2 = b0 − C1 − ε3,

L3 = (1 − a0g0 − λ1)M1 − a0b1

4a1ã1λ3
C1 − ε1N1 − ε2M1,

L4 = (1 − λ3)C1 − a0b1

4a1ã1λ1
M1 − ε1N1 − ε3.

e choose λ1 = 1

2
(1 − a0g0) (which is positive since (2.4)), λ3 = 1

2
, 0 < C1 < b0 and

N1 >
2a0b1C1

α0g0a1ã1(1 − a0g0)
+ 2

√
b1

α0g0

note that, because g(0) > 0 according to (A5), then g0 > 0). After, we take

a0b1C1

a1ã1(1 − a0g0)
< M1 < min

{
α0g0N1

2
−√

b1,
a1ã1(1 − a0g0)C1

a0b1

}

M1 exists due to (3.4) and the definition of N1). These choices imply that

α0g0N1

2
− M1 −√

b1 > 0, b0 − C1 > 0, (1 − a0g0 − λ1)M1 − a0b1

4a1ã1λ3
C1 > 0

nd

(1 − λ3)C1 − a0b1

4a1ã1λ1
M1 > 0.

ext, we choose ε3 = ε2 = ε1 and ε1 small enough such that Li > 0, i = 1, . . . , 4. Finally, we 
hoose

N0 > max{L,N1cε1 + M1cε2, cε3}

so M0 in (3.56) exists and the last two terms of (3.57) are negative). On the other hand, using 
oung inequality, (2.1), (2.2) and (2.3), we find

1

2

(〈
B̃v(t), u(t)

〉
+
〈
B̃u(t), v(t)

〉)
=
〈
B̃u(t), v(t)

〉

≤ 1

2

(
‖B̃u(t)‖2 + ‖v(t)‖2

)

≤ 1
(

b1a0 ‖A 1
2 u(t)‖2 + 1 ‖Ã 1

2 v(t)‖2
)

, ∀t ∈R+,

2 a1 ã1
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therefore, from (3.18),

E(t) ≤ C2

(
‖ut (t)‖2 + ‖vt (t)‖2 + ‖A 1

2 u(t)‖2 + ‖Ã 1
2 v(t)‖2

+
+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

)
,

(3.58)

where

C2 = 1

2
max

{
1 + b1a0

a1
,1 + 1

ã1

}
.

By combining (3.57) and (3.58), (3.50) holds, for any

0 < M0 ≤ 1

C2
min{L1,L2,L3,L4} (3.59)

and

C0 = max
{
cε3,N1cε1 + M1cε2 + min{L1,L2,L3,L4}

}
.

So, (3.49) and (3.50) hold, for any M0 > 0 satisfying (3.56) and (3.59).
2. Case Ã �= A − g0B: similarly to the proof in case Ã = A − g0B , by combining (3.23),

(3.24), (3.34)–(3.36) and (3.39), taking in consideration (3.19) and (3.46), and noting that g′ ≤ 0,
we get

F ′(t) ≤ −L1‖ut (t)‖2 − L2‖vt (t)‖2 − L3‖A 1
2 u(t)‖2 − L4‖Ã 1

2 v(t)‖2 − L5‖uttt (t)‖2

− L6‖A 1
2 utt (t)‖2 + (N1cε1 + M1cε2)

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

+
+∞∫
0

g(s)
(
(N2cδ1 + M2cδ2 + cε4)‖B

1
2 ηtt (t, s)‖2 + N2cδ1‖B

1
2 ηttt (t, s)‖2

)
ds

− (N0 − N1cε1 − M1cε2)‖D
1
2 ut (t)‖2 − (N0 − cε3)‖D

1
2 utt (t)‖2

− (N0 − N2cδ1 − M2cδ2)‖D
1
2 uttt (t)‖2, ∀t ∈ R+, (3.60)

where
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W

(

(

(

(

T

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L1 = α0g0
2 N1 − M1 − √

b1d0 − ε1N1,

L2 = b0 − C1 − ε3 − b1M2

4λ2
− δ1N2,

L3 = (1 − a0g0 − λ1)M1 − a0b1

4a1ã1λ3
C1 − ε1N1 − ε2M1,

L4 = (1 − λ3)C1 − a0b1

4a1ã1λ1
M1 − δ3 − ε1N1 − ε4,

L5 = α0g0
2 N2 − (1 + λ2)M2 − d0 + 1

ε3
− δ1N2,

L6 = (1 − a0g0)M2 − a2
0g2

0 ã2

4δ3
− δ1N2 − δ2M2.

e choose

λ1 = 1

2
(1 − a0g0), λ3 = 1

2
and 0 < δ3 <

b0
(
(a1ã1)

2(1 − a0g0)
2 − (a0b1)

2
)

2(a1ã1)2(1 − a0g0)2

λ1 and δ3 exist thanks to (2.4) and (3.4)). Next, we take

2δ3(a1ã1)
2(1 − a0g0)

2

(a1ã1)2(1 − a0g0)2 − (a0b1)2
< C1 < b0 and M2 >

a2
0g2

0 ã2

4(1 − a0g0)δ3

C1 exists in virtue of the choice of δ3). After, we pick

0 < ε3 < b0 − C1,
a0b1C1

a1ã1(1 − a0g0)
< M1 <

a1ã1(1 − a0g0)(C1 − 2δ3)

a0b1

ε3 and M1 exist according to the choice of C1) and

λ2 >
b1M2

4(b0 − C1 − ε3)

λ2 exists due to the choice of ε3). Next, we choose

N1 >
2(

√
b1d0 + M1)

α0g0
and N2 >

2

α0g0

(
(1 + λ2)M2 + d0 + 1

ε3

)
.

hese choices imply that

α0g0

2
N1 − M1 −√

b1d0 > 0, b0 − C1 − ε3 − b1M2

4λ2
> 0,

(1 − a0g0 − λ1)M1 − a0b1

4a1ã1λ3
C1 > 0, (1 − λ3)C1 − a0b1

4a1ã1λ1
M1 − δ3 > 0,

α0g0
N2 − (1 + λ2)M2 − d0 + 1

> 0 and (1 − a0g0)M2 − a2
0g2

0 ã2
> 0.
2 ε3 4δ3

Original text:
Inserted Text:
vertue
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At the end, we take ε4 = ε2 = δ2 = δ1 = ε1 and ε1 small enough such that Li > 0, i = 1, . . . , 6.
Finally, we choose

N0 > max{L,N1cε1 + M1cε2, cε3,N2cδ1 + M2cδ2}

(so M0 in (3.56) exists and the last three terms of (3.60) are negative). By combining (3.58)
and (3.60), we find (3.52), for any M0 satisfying (3.59), and

C0 = max
{
N1cε1 + M1cε2 + min{L1,L2,L3,L4},N2cδ1 + M2cδ2 + cε4,N2cδ1

}
.

So, (3.51) and (3.52) hold, for any M0 > 0 satisfying (3.56) and (3.59). �
Now, we estimate the integral terms in (3.50) and (3.52). Under the condition (3.7) and us-

ing (3.19), we have

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds ≤ −2

δ
E′(t), ∀t ∈R+. (3.61)

In case where (3.8) holds and (3.7) does not hold, we apply this lemma given in [15] and [17]
under, respectively, the condition

sup
s∈R+

‖B 1
2 u0(s)‖2 < +∞

and the weaker one

sup
t∈R+

+∞∫
t

g(s)

G−1(−g′(s))
‖B 1

2 u0(s − t)‖2ds < +∞.

Lemma 3.8. There exists a positive constant C3 such that, for any ε0 > 0, the following inequality
holds:

G′(ε0E(t))

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds ≤ −C3E

′(t) + C3ε0E(t)G′(ε0E(t)), ∀t ∈R+. (3.62)

Proof. For the convenience of the reader, we give a brief proof of this lemma (see [17]).
First, we note that, if g′(s0) = 0, for some s0 ≥ 0, then g(s0) = 0 because G−1(0) = 0 and

s �→ g(s)

G−1(−g′(s)) is bounded (thanks to (3.8)), and therefore, g(s) = 0, for all s ≥ s0 because g is
non-negative and non-increasing. This implies that the infinite integral in (3.62) is effective only
on [0, s0]. Thus, without loss of generality, we can assume that g′ < 0.
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T

w

L
T

U

L

Let t ∈ R+. Because E is non-increasing and using (2.1), (3.53) implies that

‖B 1
2 η(t, s)‖2 ≤ 2

(
‖B 1

2 u(t)‖2 + ‖B 1
2 u(t − s)‖2

)
≤ 4a0

c0
E(0) + 2‖B 1

2 u(t − s)‖2, ∀s ∈ R+.

hen, for

M(t, s) :=

⎧⎪⎪⎨
⎪⎪⎩

8a0

c0
E(0) if 0 ≤ s ≤ t,

4a0

c0
E(0) + 2‖B 1

2 u0(s − t)‖2 if s > t,

(3.63)

e conclude that

‖B 1
2 η(t, s)‖2 ≤ M(t, s), ∀t, s ∈R+. (3.64)

et τ1(t, s), τ2(t, s) > 0 (which will be fixed later on), ε0 > 0 and K(s) = s

G−1(s)
, for s ∈ R+. 

hanks to (A5), the function K is non-decreasing, then, using (3.64),

K
(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)
≤ K

(−M(t, s)τ2(t, s)g
′(s)

)
, ∀s ∈ R+.

sing this inequality, we arrive at

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds = 1

G′(ε0E(t))

+∞∫
0

1

τ1(t, s)
G−1

(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)

× τ1(t, s)G
′(ε0E(t))g(s)

−τ2(t, s)g′(s)
K
(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)
ds

≤ 1

G′(ε0E(t))

+∞∫
0

1

τ1(t, s)
G−1

(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)

× τ1(t, s)G
′(ε0E(t))g(s)

−τ2(t, s)g′(s)
K
(−M(t, s)τ2(t, s)g

′(s)
)
ds

≤ 1

G′(ε0E(t))

+∞∫
0

1

τ1(t, s)
G−1

(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)

× M(t, s)τ1(t, s)G
′(ε0E(t))g(s)

G−1(−M(t, s)τ2(t, s)g′(s))
ds.

et G∗(s) = supτ∈R+{sτ − G(τ)}, s ∈R+, denote the dual function of G. According to (A5),

G∗(s) = s(G′)−1(s) − G((G′)−1(s)), ∀s ∈ R+.
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Using Young’s inequality: s1s2 ≤ G(s1) + G∗(s2), for

s1 = G−1
(
−τ2(t, s)g

′(s)‖B 1
2 η(t, s)‖2

)
and s2 = M(t, s)τ1(t, s)G

′(ε0E(t))g(s)

G−1(−M(t, s)τ2(t, s)g′(s))
,

we get

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds ≤ 1

G′(ε0E(t))

+∞∫
0

−τ2(t, s)

τ1(t, s)
g′(s)‖B 1

2 η(t, s)‖2ds

+ 1

G′(ε0E(t))

+∞∫
0

1

τ1(t, s)
G∗

(
M(t, s)τ1(t, s)G

′(ε0E(t))g(s)

G−1(−M(t, s)τ2(t, s)g′(s))

)
ds.

Using the fact that G∗(s) ≤ s(G′)−1(s), we get

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

≤ −1

G′(ε0E(t))

+∞∫
0

τ2(t, s)

τ1(t, s)
g′(s)‖B 1

2 η(t, s)‖2ds

+
+∞∫
0

M(t, s)g(s)

G−1(−M(t, s)τ2(t, s)g′(s))
(G′)−1

(
M(t, s)τ1(t, s)G

′(ε0E(t))g(s)

G−1(−M(t, s)τ2(t, s)g′(s))

)
ds.

Thanks to (3.8), sups∈R+
g(s)

G−1(−g′(s)) := m1 < +∞. Then, using the fact that (G′)−1 is non-

decreasing and choosing τ2(t, s) = 1
M(t,s)

, we get

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds ≤ −1

G′(ε0E(t))

+∞∫
0

1

M(t, s)τ1(t, s)
g′(s)‖B 1

2 η(t, s)‖2ds

+
+∞∫
0

M(t, s)g(s)

G−1(−g′(s))
(G′)−1 (m1M(t, s)τ1(t, s)G

′(ε0E(t))
)
ds.

Choosing τ1(t, s) = 1
m1M(t,s)

and using (3.19) and the fact that

sup
t∈R+

+∞∫
0

M(t, s)g(s)

G−1(−g′(s))
ds =: m2 < +∞

(due to (3.8) and (3.10)), we obtain
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w

fi

i

w

a
i
c

i

i

B

w

t

(

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds ≤ −m1

G′(ε0E(t))

+∞∫
0

g′(s)‖B 1
2 η(t, s)‖2ds + ε0E(t)

+∞∫
0

M(t, s)g(s)

G−1(−g′(s))
ds

≤ −2m1

G′(ε0E(t))
E′(t) + ε0m2E(t),

hich gives (3.62) with C3 = max{2m1, m2}. �
Now, we go back to (3.50) and (3.52). Similarly to (3.61) and (3.62), and using (3.46), we 

nd, for k = 1, 2, 3,

+∞∫
0

g(s)‖B 1
2 ∂k

t η(t, s)‖2ds ≤ −2

δ
E′

k(t), ∀t ∈ R+ (3.65)

f (3.7) holds. Otherwise, when (3.8) holds and (3.7) does not hold, we get, for any ε0 > 0,

G′(ε0E(t))

+∞∫
0

g(s)‖B 1
2 ∂k

t η(t, s)‖2ds ≤ C3+k

(−E′
k(t) + ε0E(t)G′(ε0E(t))

)
, ∀t ∈ R+,

(3.66)

here C4, C5 and C6 are defined as C3 with, respectively, ‖B 1
2 ∂su0(s − t)‖2, ‖B 1

2 ∂2
s u0(s − t)‖2

nd ‖B 1
2 ∂3

s u0(s − t)‖2 instead of ‖B 1
2 u0(s − t)‖2, and E1(0), E2(0) and E3(0) instead of E(0)

n the definition (3.63) of M(t, s). Therefore, from (3.50) and (3.52), we get, for some positive 
onstants C7 and C8 (do not depending on ε0),

F ′(t) ≤ −M0E(t) − C7(E
′(t) + E′

2(t) + ξE′
3(t)), ∀t ∈R+

f (3.7) holds, and

G′(ε0E(t))F ′(t) ≤ −(M0 − C8ε0)E(t)G′(ε0E(t)) − C8(E
′(t) + E′

2(t) + ξE′
3(t)), ∀t ∈R+

f (3.8) holds and (3.7) does not hold, where ξ = 0 if Ã = A − g0B , and ξ = 1 if Ã �= A − g0B . 

y choosing 0 < ε0 <
M0

C8
, we see that, for some positive constants C9 and C10,

G0(ε0E(t)) ≤ −C9
G0(ε0E(t))

E(t)
F ′(t) − C10(E

′(t) + E′
2(t) + ξE′

3(t)), ∀t ∈R+, (3.67)

here G0 is defined in (3.12). By integrating (3.67) over [0, T ], for T > 0, and using the fact 

hat F, E, E2, E3 > 0 (due to (3.49) and (3.51)), G0(ε0E) and 
G0(ε0E)

E
are non-increasing 

according to (A5) and the fact that E is non-increasing), we find
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G0(ε0E(T ))T ≤
T∫

0

G0(ε0E(t))dt

≤ C9
G0(ε0E(0))

E(0)
F (0) + C10(E(0) + E2(0) + ξE3(0)).

This implies (3.11) for n = 1 and

c1 = max

{
1

ε0
,C9

G0(ε0E(0))

E(0)
F (0) + C10 (E(0) + E2(0) + ξE3(0))

}
.

Now, suppose that (3.11) holds and let U0 ∈ Ki0(n+1). We have ∂k
t U (0) ∈ Ki0n, for k =

0, 1, 2 if i0 = 2, and k = 0, 1, 2, 3 if i0 = 3 (thanks to Theorem 2.2 and the definition of Kn), and
then (3.11) implies that, for k = 1, . . . , i0,

E(t) ≤ cnGn(
cn

t
) and Ek(t) ≤ θk

nGn(
θk
n

t
), (3.68)

where θk
n is a positive constant. On the other hand, for some positive constant C11 (according to

the definition of F , E, Ei , Ii , Ji and Ri ),

F(t) ≤ C11(E(t) + E1(t)), ∀t ∈ R+ (3.69)

if Ã = A − g0B , and

F(t) ≤ C11(E(t) + E1(t) + E2(t)), ∀t ∈ R+ (3.70)

if Ã �= A − g0B . Integrating (3.67) over [T , 2T ], for T > 0, and using (3.69), (3.70) and the fact

that G0(ε0E) and 
G0(ε0E)

E
are non-increasing, we deduce that, for all T > 0,

G0(ε0E(2T ))T ≤
2T∫

T

G0(ε0E(t))dt

≤ C12(E(T ) + E1(T ) + E2(T ) + ξE3(T )), (3.71)

where

C12 = C10 + C9C11
G0(ε0E(0))

E(0)
.

From (3.68) and (3.71), we get, for all T > 0,

E(2T ) ≤ 1

ε0
G−1

0

(
2C12

2T

(
cnGn(

2cn

2T
) + θ1

nGn(
2θ1

n

2T
) + θ2

nGn(
2θ2

n

2T
) + ξθ3

nGn(
2θ3

n

2T
)

))
.

This implies (note that G−1 and Gn are non-decreasing), for t = 2T ,
0

Original text:
Inserted Text:
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Original text:
Inserted Text:
for for
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w

T

4

t

i

w

w

4

w

e

E(t) ≤ cn+1G
−1
0

(cn+1

t
Gn(

cn+1

t
)
)

= cn+1Gn+1(
cn+1

t
), ∀t > 0,

here

cn+1 = max

{
1

ε0
,2cn,2θ1

n ,2θ2
n ,2θ3

n ,2
(
cn + θ1

n + θ2
n + ξθ3

n

)
C12

}
.

his proves (3.11), for n + 1. The proof of Theorem 3.1 is completed.

. Uncoupled wave and Petrovsky equations

As it was mentioned in the introduction, in the uncoupled case: B̃ ≡ 0, the second equa-
ion (1.4) of (1.1) is conservative; that is, its classical energy

Ev(t) = 1

2

(
‖vt (t)‖2 + ‖Ã 1

2 v(t)‖2
)

s a constant function. In this section, we consider the first equation (1.5) of (1.1); that is

⎧⎪⎪⎨
⎪⎪⎩

utt (t) + Au(t) + Dut(t) −
+∞∫
0

g(s)Bu(t − s)ds = 0, ∀t > 0,

u(−t) = u0(t), ut (0) = u1, ∀t ∈R+

(4.1)

ith homogeneous Dirichlet and Dirichlet–Neumann boundary conditions on � ×R+
{

u = 0 : wave,

u = ∂u
∂ν

= 0 : Petrovsky,
(4.2)

here the coefficients a, b and d are as before and

(A,B,D) =
{

(−div(a∇),−div(b∇), d Id) : wave,

(�(a�),�(b�), d Id) : Petrovsky.

.1. Well-posedness

System (4.1)–(4.2) can be written in the abstract form

{
Ut (t) = A U (t), ∀t > 0,

U (0) = U0,
(4.3)

here U = (u, ut , η)T , U0 = (u0(0), u1, η0)
T ∈ H ,

H = D(A
1
2 ) × H × L2

g(R+,D(B
1
2 ))

ndowed with the inner product, for W = (w1, w2, w3)
T and W̃ = (w̃1, w̃2, w̃3)

T ,
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〈
W,W̃

〉
H

=
〈
A

1
2 w1,A

1
2 w̃1

〉
− g0

〈
B

1
2 w1,B

1
2 w̃1

〉
+ 〈w2, w̃2〉 + 〈w3, w̃3〉

L2
g(R+,D(B

1
2 ))

,

and

A

⎛
⎝w1

w2

w3

⎞
⎠=

⎛
⎜⎜⎜⎜⎝

w2

(−A + g0B)w1 − Dw2 −
+∞∫
0

g(s)Bw3(s)ds

−∂sw3 + w2

⎞
⎟⎟⎟⎟⎠

with domain

D(A ) =

⎧⎪⎪⎨
⎪⎪⎩

W = (w1,w2,w3)
T ∈ H , ∂sw3 ∈ L2

g(R+,D(B
1
2 )),

w2 ∈ D(A
1
2 ), (A − g0B)w1 +

+∞∫
0

g(s)Bw3(s)ds ∈ H, w3(0) = 0

⎫⎪⎪⎬
⎪⎪⎭ .

Then, applying the same arguments as in Section 2, we deduce that, under assumptions
(A0)–(A1), for any n ∈ N and U0 ∈ D(A n), the system (4.3) has a unique solution satisfy-
ing (2.15).

4.2. Strong stability

We prove here the following strong stability estimate for (4.3):

Theorem 4.1. Assume that (A0), (A1), (A3) and (A5) hold and let U0 ∈ K0, where K0 is defined
in (3.9) and (3.10) (for n = 0). Then there exist positive constants c1 and c2 such that

‖U (t)‖2
H ≤ c1G̃

−1(c2t), ∀t > 0, (4.4)

where G̃(s) =
1∫

s

1

G0(τ )
dτ , for s ∈ ]0, 1], and G0 is defined in (3.12).

Remark 4.2. Because lims→0+ G̃(s) = +∞, then (3.13) holds. On the other hand, in the case of
the particular examples (3.14) considered in Section 3, we deduce from (4.4) that

‖U (t)‖2
H ≤ c1e

−c2t , ∀t ∈R+ (4.5)

in case g1, and

‖U (t)‖2
H ≤ c1 (p(p − 1)c2t + 1)

− 1
p−1 , ∀t ∈R+, ∀p >

q2 + 1

q2 − 1
. (4.6)

in case g2. Notice that (4.5) and (4.6) are stronger than, respectively, (3.15) and (3.16), for any
n ∈ N

∗.
For more examples, see [15], where (4.1) is considered in the case D ≡ 0.
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P
g

L
ε

a

N

L

s

a

P

T
s

roof of Theorem 4.1. Let E be the associated energy functional with the solution of (4.3)
iven by (3.18). As for (2.7) (by taking Ã ≡ 0 and B̃ ≡ 0), E satisfies (3.19).

Now, we consider the functionals I1 and J1 defined, respectively, in Lemma 3.4 and 
emma 3.5. We deduce from (3.23) and (3.34) (by taking Ã ≡ 0 and B̃ ≡ 0) that, for any 
1, ε2 > 0, there exist cε1 , cε2 such that

I ′
1(t) ≤ −(

α0g0

2
− ε1)‖ut (t)‖2 + ε1‖A 1

2 u(t)‖2 + cε1‖D
1
2 ut (t)‖2

+ cε1

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds, ∀t ∈ R+ (4.7)

nd

J ′
1(t) ≤ ‖ut (t)‖2 − (1 − a0g0 − ε2)‖A 1

2 u(t)‖2 + cε2‖D
1
2 ut (t)‖2

+ cε2

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds, ∀t ∈R+. (4.8)

otice that the estimates (4.7) and (4.8) hold, for any U0 ∈ K0.

emma 4.3. There exist positive constants Ni , Mi (i = 0, 1) and C0 such that the functional

F(t) = N0E(t) + N1I1(t) + J1(t), ∀t ∈ R+ (4.9)

atisfies

M0E(t) ≤ F(t) ≤ M1E(t), ∀t ∈ R+ (4.10)

nd

F ′(t) ≤ −M0E(t) + C0

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds, ∀t ∈R+. (4.11)

roof. Similarly to (3.53), we have

E(t) ≥ c0

2

⎛
⎝‖ut (t)‖2 + ‖A 1

2 u(t)‖2 +
+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

⎞
⎠ , ∀t ∈ R+. (4.12)

hen, from the definition of I1 and J1, there exists a positive constant L (not depending on N0) 
uch that

(N0 − L)E(t) ≤ F(t) ≤ (N0 + L)E(t), ∀t ∈ R+.

Original text:
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giving

Original text:
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holds



JID:YJDEQ AID:7989 /FLA [m1+; v1.211; Prn:1/09/2015; 15:08] P.35 (1-38)

M.M. Cavalcanti et al. / J. Differential Equations ••• (••••) •••–••• 35

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47

 

 

Thus, for any N0 > L, (4.10) holds, for any

0 < M0 ≤ N0 − L and M1 ≥ N0 + L. (4.13)

On the other hand, by combining (3.19), (4.7) and (4.8), and noting that g′ ≤ 0, we get

F ′(t) ≤ −L1‖ut (t)‖2 − L2‖A 1
2 u(t)‖2 + (N1cε1 + cε2)

+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

− (N0 − N1cε1 − cε2)‖D
1
2 ut (t)‖2, (4.14)

where

{
L1 = α0g0

2 N1 − 1 − ε1N1,

L2 = 1 − a0g0 − ε1N1 − ε2.

We choose N1 >
2

α0g0
, ε2 = ε1, ε1 small enough such that L1, L2 > 0 (since 1 − a0g0 > 0

according to (2.4)) and

N0 > max{L,N1cε1 + cε2}

(so M0 in (4.13) exists and the last term of (4.14) is negative). On the other hand, from (3.18),
we have

E(t) ≤ 1

2

⎛
⎝‖ut (t)‖2 + ‖A 1

2 u(t)‖2 +
+∞∫
0

g(s)‖B 1
2 η(t, s)‖2ds

⎞
⎠ . (4.15)

By combining (4.14) and (4.15), (4.11) holds, for any

0 < M0 ≤ 2 min{L1,L2} (4.16)

and

C0 = max
{
N1cε1 + cε2 + min{L1,L2}

}
.

So, (4.10) and (4.11) hold, for any M0 > 0 satisfying (4.13) and (4.16). �
By combining (3.61), (3.62) and (4.11) (which are satisfied, for any U0 ∈ K0), we find, for

some positive constants C4 and C5 (do not depending on ε0),

F ′(t) ≤ −M0E(t) − C4E
′(t) ∀t ∈R+

if (3.7) holds, and
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i

c

w

W
i

T

w

T

w

B

w

T

G′(ε0E(t))F ′(t) ≤ −(M0 − C5ε0)E(t)G′(ε0E(t)) − C5E
′(t), ∀t ∈ R+

f (3.8) holds and (3.7) does not hold. By choosing 0 < ε0 <
M0

C5
, we see that, for some positive 

onstants C6 and C7,

G0(ε0E(t)) ≤ −C6
G0(ε0E(t))

E(t)
F ′(t) − C7E

′(t), ∀t ∈R+, (4.17)

here G0 is defined in (3.12). Let c2 > 0 and

F̃ = c2

(
C6

G0(ε0E)

E
F + C7E

)
. (4.18)

e have F̃ ∼ E (because G0(ε0E)
E

is non-increasing and F ∼ E according to (4.10)), and, us-
ng (4.17),

F̃ ′ ≤ −c2G0(ε0E). (4.19)

hen, for c2 > 0 such that

F̃ ≤ ε0E and F̃ (0) ≤ 1, (4.20)

e get (since G0 is increasing)

F̃ ′ ≤ −c2G0(F̃ ). (4.21)

hen (4.21) implies that

(G̃(F̃ ))′ ≥ c2, (4.22)

here G̃(s) =
1∫

s

1

G0(τ )
dτ , for s ∈ ]0, 1]. Integrating (4.22) over [0, t] yields

G̃(F̃ (t)) ≥ c2t + G̃(F̃ (0)), ∀t ∈R+. (4.23)

ecause F̃ (0) ≤ 1, G̃(1) = 0 and G̃ is decreasing, we obtain from (4.23) that

G̃(F̃ (t)) ≥ c2t, ∀t ∈ R+,

hich implies that

F̃ (t) ≤ G̃−1(c2t), ∀t ∈R+.

he fact that F̃ ∼ E gives (4.4). This completes the proof of Theorem 4.1.

Original text:
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