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The model under consideration in this paper describes a vibrating structure of an interfacial slip and
consists of three coupled hyperbolic equations in one-dimensional bounded interval under mixed homo-
geneous Dirichlet—-Neumann boundary conditions. The first two equations are related to Timoshenko-type
systems and the third one is subject to the dynamics of the slip. The main problem we discuss here is
stabilizing the system by a viscoelastic damping generated by an infinite memory and acting only on one
equation. First, we prove the existence, uniqueness and regularity of solutions using the semigroup theory.
After that, we combine the energy method and the frequency domain approach to show that the infinite
memory is capable alone to guarantee the strong and polynomial stability of the model, that is bringing
it back to its equilibrium state with a decay rate of type 14, where d is a positive constant depending on
the regularity of initial data. Moreover, we prove that, when the infinite memory is effective on the first
equation, the model is not exponentially stable independently of the values of the parameters. However,
when the infinite memory is effective on the second or the third equation, we prove that the exponential
stability is equivalent to the equality between the three speeds of wave propagations. An extension of our
results to the frictional damping case is also given. Our results improve and extend some existing results
in the literature subject to other types of controls.

Keywords: Timoshenko beam with interfacial slip; infinite memory; well-posedness; asymptotic
behavior; energy method; frequency domain approach.

1. Introduction

The structures known under the name laminated Timoshenko beams are composed of two layered
identical beams of uniform thickness and attached together on top of each other subject to transversal
and rotational vibrations and taking account the longitudinal displacement. An adhesive layer of small
thickness is bonding the two adjoining surfaces and creating a restoring force being proportional to the
amount of slip and producing a damping. These structures are used in many practical fields; see, for
example, Lo & Tatar (2015) for more details. When the longitudinal displacement (slip) is ignored, the
laminated Timoshenko beams are reduced to the well-known Timoshenko beams (Timoshenko, 1921).
But in many practical cases, the slip is present and, logically, it cannot be avoided. During the past few
years, these structures were the subject of several studies in the literature recovering well-posedness and
stability by adding some kinds of controls. The obtained stability results depend on the nature, number
and position of the controls and some relations between the parameters (constants) of the model. The
first researchers have been forced to stabilize the system by additional boundary controls. After that,
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some other internal controls were considered. Let us mention here some of these results related to our
objectives in this paper.

Mathematically, a model of laminated Timoshenko beams of length 1 and with interfacial slip based
on the Timoshenko theory is given by the system (see Hansen, 1994 and Hansen & Spies, 1997)

pw,+GWr—w,), =0,
1L,Bs =)y =G —w) =D@Bs—¥),, =0, (1.1)
31,5, +3G(y —w,) +4ys+4ps, —3Ds,, =0,

where the subscripts x and 7 denote the derivative with respect to space and time variables x and ¢,
respectively, x € (0,1) and ¢t > 0, combining with some initial data and boundary conditions at x = 0
and x = 1. The parameters p, G, | 02 D, y and B are positive constants and denote the density, shear
stiffness, mass moment of inertia, flexural rigidity, adhesive stiffness and adhesive damping parameter,
respectively. The functions w = (x,t) and ¢ = (x, f) represent the transverse displacement and rotation
angle, respectively, and the function s = s(x, f) is proportional to the amount of slip along the interface,
so the third equation in (1.1) describes the dynamics of the slip and contains the internal frictional
damping 48s,. Without loss of generality, the length of the beam is assumed to be equal to 1 instead of
[. When the third equation in (1.1) is not taken in consideration (i.e. s = 0), that is (1.1) is reduced to
Timoshenko (1921) beams, the stability question was widely treated in a huge number of works; see,
for example, Cavalcanti ef al. (2014) and Guesmia et al. (2012) and the references therein.

Wang et al. (2005) considered the change of variable given by the effective rotation angle
& = 35 — ¢ and proved the exponential stability through mixed homogeneous Dirichlet-Neumann
boundary conditions and two boundary controls at x = 1 provided that the speeds of wave propagations
of the first two equations (transverse displacement and rotation angle) are different, that is

/G |D
— £ = (1.2)
p 1,

It was also proved in Wang ef al. (2005) that the frictional damping 4Bs, created by the interfacial
slip alone is strong enough to stabilize asymptotically the structure (with a decay rate of polynomial
type) but it is not able to stabilize the structure exponentially. The same exponential stability result
of Wang et al. (2005) was proved in Cao et al. (2007) for the same model but through two boundary
controls at x = 0 and x = 1. The exponential stability result of Wang et al. (2005) was improved
in Tatar (2015) by dropping some conditions on the parameters. Lo & Tatar (2016b) proved that the
exponential stability of (1.1) holds if the boundary controls are replaced by a frictional damping acting
on the first equation (transverse displacement). Raposo (2016) proved that the exponential stability holds
without any restriction on the parameters if the first two equations in (1.1) are also damped via frictional
dampings. Recently, Raposo et al. (2017) proved that, without any restriction on the parameters, the
polynomial stability of (1.1) holds under additional three dynamic boundary conditions at /, where /
is the length of the beam. For the stability of laminated beams with Cattaneo’s or Fourier’s type heat
conduction, we refer the readers to Alves ef al. (2016) and Liu & Zhao (2017).

The viscoelastic dampings, which are represented by a memory term in the form of a convolution,
may be caused by the utilization of special materials able to drive the structures to rest in a very fast
manner without any other kinds of controls. These materials are useful if there is no change of frequency
or temperature in the structures. For more details, see, for example, Beards & Imam (1978), Lo & Tatar
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(2015) and Lo & Tatar (2016b). The stability of (1.1) under viscoelastic dampings was treated in Lo &
Tatar (2015), Lo & Tatar (2016a) and Lo & Tatar (2016b). Namely, provided that G is small enough
and (1.2) is not satisfied, the exponential stability of (1.1) was proved in Lo & Tatar (2015), Lo &
Tatar (2016a) and Lo & Tatar (2016b) by adding viscoelastic dampings represented by finite memories
of the form

t

t t
/ hi(t—1)w, (x,7)drT, / hy(t—1)3s — ), (x,T)dr and / hy(t—1)s,.(x,7)dr (1.3)
0 0 0

with iy = hy; = 01in Lo & Tatar (2015), iy = 0 (and 8 = 0) in Lo & Tatar (2016a) and #; = 0 in
Lo & Tatar (2016b), where hj 'R T R Hi=1 2,3 are differentiable, non-increasing, integrable on
R and satisfying, for some positive constants f; and «;,

— :thj < h; < —ajhj, j=1,2,3. (1.4)

For the stability of Bresse (1859) systems with infinite memories, we refer the readers to Guesmia
(2017a,b), Guesmia & Kafini (2015) and Guesmia & Kirane (2016) and the references therein. The
Bresse systems are similar to (1.1) and known as the circular arch problem.

From the cited results above, we see that the exponential and/or polynomial stability has been
proved via at least two controls and/or under some restrictions on the parameters. On the other hand,
the speeds of the wave propagations of the last two equations in (1.1) (rotation angle and amount

of slip) are always assumed being the same (both are equal to \/g). Therefore, a natural question

that can be asked is what is the control that can guarantee alone the strong and/or polynomial and/or
exponential stability of the system? And what is the minimum of restrictions on the parameters that
are needed? We propose investigating the case where a unique viscoelastic control represented by an
infinite memory is considered and no other internal or boundary control is present. More precisely, we
study, in this paper, the well-posedness and the stability of three structures with interfacial slip and
infinite memory effective only on one equation. The first case is when the memory is working on the
transverse displacement

o0
PPy +k(u—9), +/0 8)p (x,t—5)ds =0,

P Bv—u), —b@Bv—u), —kw—¢,)=0, (1.5
P3Vy —kgv +3k(u—¢@,)+45v=0
with boundary conditions
0.0, 0=01,0)=u@0,t)=u,1)=v0,1)=v(1,0)=0 (1.6)
and initial data
(p(x, =), ulx, 0), v(x, 0)) = (y(x, 1), uy(x), vy(x)) (1.7)

and

(@, (x, 0), u;(x, 0), v (x, 0)) = (@ (®), uy (x), v{(x)). (1.8)
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The second case is when the memory is working on the rotation angle

Iol (ptt+k(u_¢x)x = O’
o0
P Bv—u),—bGBv—u),, —k(u—9¢,) +/ g)Bv(x, t =) —ulx,t —5)),,ds =0, (1.9)
. . 0
P3Vy —kgv +3k(u—9@,)+45v=0

with boundary conditions (1.6) and initial data (1.8) and
((p(x’ O)v u(-xv _t)’ V(-xv _[)) = ((P()(x’ 0)’ Mo(x, [)’ V()(-x’ t)) (110)

The third case is when the memory is working on the amount of slip

L1 ¢[[+k(u_¢x)x =O’
P Bv—uw),—bBv—u),, —k(u—¢)=0,

(1.11)
o0
P3Vy —kgvy +3k(u—9,) +45v+ / 8, (x,t—s5)ds=0
0
with boundary conditions (1.6) and initial data (1.8) and
(p(x, 0), ulx, 0), v(x, —1) = (py(x), uy(x), vo(x,1)). (1.12)

Here (x, 1) € (0,1) x R, ¢ = ¢(x, ©) is the transverse displacement; u = u(x, t) represents the
rotation angle; v = v(x, ) is proportional to the amount of slip along the interface; p;, p,, 03, &,
b, 120 and § are positive constants; g, § : R 4+ — R, are given relaxation functions satisfying some
hypotheses and ¢, ug, vq, ¢, u; and v, are given functions belonging to a suitable Hilbert space.
The systems (1.5), (1.9) and (1.11) are given in more general form than the one considered in the
literature, since the speeds of wave propagations of the last two equations are not necessarily equal
and no frictional damping is present in the last equation. Our objectives in this paper is proving the
well-posedness of these three systems and establishing their stability in terms of the parameters and the
relaxation functions.

For the stability, first, we show that (1.9) and (1.11) are strongly and polynomially stable without

any restrictions on the parameters, where the decay rate for classical solutions is arbitrarily close to ¢~ .
Moreover, we prove that (1.9) and (1.11) are exponentially stable if and only if the three speeds of wave
propagations are equal. Second, we prove that the strong and polynomial stability of (1.5) (with a decay
rate for classical solutions arbitrarily close to t_%) hold provided that the speeds of wave propagations
of the last two equations in (1.5) are equal or § does not belong to a given sequence of real numbers.
Third, we prove that (1.5) is not exponentially stable whichever the values of the parameters. Finally, we
give an extension to the case where the infinite memory is replaced by a frictional damping by proving
that our results are still satisfied and the polynomial decay rate for classical solutions is arbitrarily close
to t_% and t_% instead of t_% and 1~ 4, respectively.

The proof of the well-posedness is based on the semigroup theory. However, the stability results are
proved using the energy method combined with the frequency domain approach.
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The paper is organized as follows. In Section 2, we consider some assumptions on the relaxation
functions and prove the well-posedness. In Sections 3, 4, 5 and 6, we prove our strong, exponential,
polynomial and lack of exponential stability, respectively. In Section 7, we give an extension of our
results to the case of frictional damping. We end our paper by giving some general comments and issues
in Section 8.

2. Setting of the semigroup
To simplify the mathematical study of our systems (1.5), (1.9) and (1.11), we put

1~ 17 45 1
03 =353 ko= gkyp, 8=750, =98
w==3y, Y =3v—u wy=-3v, w;=-=3v, Yo=3vy—uy Y =3 —u.

Then the systems (1.5), (1.9) and (1.11) are reduced to

P1 @y — k(@ + 9 +w), +F =0,
P2V — bV +k(py+¥ +w)+F, =0, (2.1)
Py Wy —kgw, +k(p, + ¥ +w) +8w+ F3 =0,

where
o
F,=Fy;=0 and F(x,1) = / g(9)p, (x,t —s)ds 2.2)
0
in case (1.5),
o0
Fi=F;=0 and F,(x,1) =/ gV, (x,t —s)ds (2.3)
0
in case (1.9) and
o
Fi=F,=0 and F;3(x,1) = / gw, (x,t —s)ds 2.4)
0

in case (1.11). The boundary conditions (1.6) become
.0, ) =9, ) =¢¥0,n=9¢,(1,0)=w0,)=w(,1)=0, reR,, (2.5)
and the initial data are now

(p(x, =1), ¥ (x,0), wx,0)) = (¢y(x, 1), Yo(x), wy(x)) incase (2.2),
(0(x,0), ¥(x,—1), w(x,0)) = (gy(x), Yo(x, 1), wy(x)) in case (2.3),
(0(x,0), ¥(x,0), wx,—1) = (py(x), ¥y(x), wo(x, 1)) in case (2.4),
(@, Y W) (x,0) = (@1, ¥y, wy) (),

xe(0,1), teR,. (2.6)
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To rewrite our system (2.1) with (2.5) and (2.6) in an abstract first-order system in a suitable Hilbert
space H, we consider the functional 7 introduced in Dafermos (1970) and its initial data 7, given by

nx,ts) =fn—fxt—s), xe€(@01), s,teR,, 27
no(x,8) = fo(x,0) = fo(x,8),  x€(0,1), seR,, '
where
¢ incase (2.2), ¢y incase(2.2),
f=1v incase(2.3), and fy= 1, incase(2.3), (2.8)
w incase (2.4) wy incase (2.4).
Then the integral term becomes
o0 o0
‘/() g(s)f;(x(x’ r— S) ds = gOf:\’x(-x’ t) - ‘/0 8(5)77)“()@ t, S) ds’
where
o0
8 = / g(s)ds.
0
The functional n satisfies
(. t,8) + ny(x,t,5) — f(r, ) =0, xe(0,1), 5,t>0,
n(x,0,5) = nyx,s), xe(0,1), seR,, (2.9)
n(x,1,0) =0, xe(0,1), teR,,
where the subscript s denotes the derivative with respect to s,
¢ incase (2.2),
f=1v incase(23), ¢=¢, ¥ =1, and Ww=w, (2.10)
w incase (2.4),
Let
U = 9 N’ 9 ) 9 9 ~, b
(0. 0. 9., w,w,m) @211
U() = ((p09 901’ 1//()» 1/[1’ W09 Wl’ )70).

Now, we can rewrite the system (2.1) with its initial data (2.6) in the following initial value problem:

[U,(z) =AU®), 1>0, (2.12)

U(0) = U,,
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where A is a linear operator given by
¢
@V +w)
Pl Px X

v

AU = (b — ko + ¥ +w)] + BU, (2.13)

w

= [kowe =k (@ + ¥ +w) = 8]

—n,+f
where
8 e !
BU = ( , __O(pxx + —/ g($)n,,ds,0,0,0,0, O) (2.14)
P1 P1 Jo
in case (2.2),
8o 1 o ’
BU ={0,0,0,——=v, + — g($)n,,ds,0,0,0 (2.15)
%) P2 Jo
in case (2.3) and
g 1o !
BU = (0,0,0,0,0,—_wax+ —/ g(s)nxxds,O) (2.16)
P3 P3Jo
in case (2.4).
To define the energy Hilbert space 7, we consider the standard L?(0, 1) space with its classical
scalar product (-, -) and its norm || - ||. We consider also the phase Hilbert space
- |H; incase(2.2),
| H, incases(2.3)and(2.4),
where
H ={ve H' (0, 1): v(1) =0} and Hy={ve H'(0, 1) : v(0) = 0}. (2.17)

We also introduce the Hilbert space

[o/e]
L,= [v 'R, — H, /O g v ())1? ds < o0
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equipped with the inner product

i, = [ #0003, ds

The energy space is given by
H=H, x L*(0, 1) x Hy x L*(0, 1) x Hy x L*(0, 1) x L,
equipped with the inner product, for any
Uy = (01, @0 V1 Ui wis Wi mp)s Uy = (93, G0, V0, g, W, W, ) € H,
(Uy, Uyl = k(@1 + ¥ +wp), (@ + Vp + W) + D(Y,, ¥p) + koW woy)

+ 8w wy) — 8ol fiwnfar) + P11 @) + po (1 W) + p3 iy, i) + (), M),
(2.18)
where f; is defined in terms of ¥, ¢; and w;, j = 1,2, as f in (2.8). The homogeneous Dirichlet boundary
conditions are guaranteed by the definition of 7, and the homogeneous Neumann ones are taken in
consideration in the definition of D(A) given by
DA)={UeH, AUeH, ¢.(0)=v. (1) =w. (1) =n(s=0) =0} (2.19)
To guarantee that H is a Hilbert space and get the well-posedness of (2.12), we consider the following
hypothesis:
(H) Assume that the function g : R, — R, is differentiable, non-increasing and integrable on R
such that g5 > 0 and there exists a positive constant k satisfying, for any

(¢, ¥, w) € H x Hy x H,
the following inequality:
K (Il 4+ 1907 + 1w, 12) < Kllog+ 9+ w2+ b1, I + kol |2+ 81wl2 = gollf % (2:20)
Moreover, assume that there exist positive constants 8; and B, such that
- Big<¢g < —pg (2.21)

REMARK 1 1. Condition (2.20) holds with k = k — 8o if go < k, where k is the biggest constant
satisfying

£ (10 + 112+ 1,012) < Kllog+ 9+ w2+ Bl P + Kolw, 12 + 81w, 2.22)
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for any (¢,v¥,w) € H; x Hy x Hy. Notice that, according to the considered homogeneous Dirichlet
boundary conditions and Poincaré’s inequality, when the right-hand side of (2.22) vanishes, we have
¢ =¥ =w =0 (evenif § = 0). So, under condition (2.20), H is a Hilbert space and its inner product
generates a norm

IUI3, = (U, Uy (2.23)

equivalent to the one of [H'(0, 1) x L>(0, 1)]® x L.
2. By considering the particular choices (i, w) = (0,0), (¢, w) = (0,0) and (¢, ¥) = (0,0), we see
that condition (2.20) leads to

k—gg > k  incase (2.2),
b—gy>k incase(2.3), (2.24)
ko — 80 > k in case (2.4).

This ensures the hyperbolicity of (2.1).
3. Condition (2.21) implies that

ge 1 < g(s) < g0, seRy, (2.25)
so the typical functions g satisfying (2.21) are
g(s) = be™",
where b, and b, are positive constants.
4.1If g5 = 0, then g = 0 and therefore (2.12) is a conservative system, that is ¢ — [|[U (t)||%_l

is a constant function. Indeed, using (2.12), (2.13), (2.23) and a direct computation, we get, for any
U € D(A),

1 poo 1 poo
(1U113,)" =2(U,.U),; =2 (AU, U}y, = —2/0 /0 g(s)n,n,, dsdx = —/0 /O g(s)(n7), dsdx.
By integrating with respect to s and noting that
Ns=0)=0 and lim g(D)ln (s =0)* =0,
T—>00

we find
, o0
(IIUI|§{) =/0 g (), )1* ds. (2.26)

Notice that the left-hand inequality in (2.21) implies that the integral in (2.26) is bounded. So, if g = 0,
then (2.12) is a conservative system, that is

WO, = Ul 1Ry
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Our well-posedness results are presented in the following theorem:

THEOREM 2.1 Assume that (H) holds. Then, for any m € N and U, € D(A™), system (2.12) admits a
unique solution U satisfying

U e NLyC"7(Ry; D(A)). (2.27)

Proof. First, direct calculations give (as for (2.26))

1 o
(AU, Upy = 5 /0 g(s) |n.]ds < 0. (2.28)

Hence, A is a dissipative operator, since g is non-increasing.
Next, we show that 0 € p(A), where p (A) is the resolvent set of A, that is, for any
F=(f}, -+ .f7) € H, there exists U € D (A) satisfying
AU =F. (2.29)

Let us treat the case (2.3). The other two cases (2.2) and (2.4) can be treated exactly in the same way.
First, using (2.13) and (2.15), the first, third and fifth equations in (2.29) are equivalent to

g=f, ¥v=f and Ww=f, (2.30)

and then
¢eH and V,WweH, (2.31)

Second, using the second equality in (2.30), the last equation in (2.29) (with f = 1}) is reduced to

775 :f3 _f7'
A direct integration proves that the unique solution 7 of this equation satisfying n(s = 0) = 0 is
given by
s
n(s) = sf3 —/ f(r)dr. (2.32)
0

Because g is integrable, f; € Hy and f; € Ly, we see that n, € L, and n(x = 0) = 0. On the other hand,
the right-hand inequality in (2.25) leads to

s+ sfy € L. (2.33)

Moreover, by a direct integration, we remark that the right-hand inequality in (2.21) implies that

/Oo g(s)ds < ﬁig(r), teR,,
T 2
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then exploiting this inequality, Fubini theorem and Holder’s inequality, we get

1 00 K
/ / 8(s) / (D) dr
0 Jo 0

2 00 s
dsdx < /0 g(s) /0 | £ | drds

/0 Hf7x(T)H2/ g(s) dsdt

5 8 | frx(@)]? dr

INA

INA

IN

1ye 2
EIfI3, < oo,

since f; € Lg. Therefore,

5 /Sf7(r) dr € L,. (2.34)
0

Consequently, (2.32), (2.33) and (2.34) prove that n Lg.
Third, from (2.32), we see that the second, fourth and sixth equations in (2.29) are reduced to

k(o +v + W)x = p1/as

b—g)Vo — k(oo + v +w) =p,fy —/0 g(s) (sf3 —/0 £ (1) dr) ds, (2.35)

XX

oWy =k (0 + ¥ +w) = 8w = p3 fe.
Finally, (2.29) has a solution U € D (A) if and only if (2.35) has a solution

((pa I/f’W) € Hl X H() X H() (236)

satisfying
9(0) =¥ (1) =w, (1) =0 (2.37)

and the regularity AU € H required in D (A) (in case (2.3)), that is

o0
@ W, €L*0,1) and (b—gyV¥,, + /0 g(s)n, ds € L*(0, 1). (2.38)

By considering the variational formulation of (2.35) in H; x H, x H, and using (2.20), the
Lax—Milgram theorem and classical elliptic regularity arguments, it follows that (2.35) admits a unique
solution (¢, ¥, w) satisfying (2.36), (2.37) and (2.38). This proves that (2.29) has a unique solution
U € D (A). By the resolvent identity, we have A/ — A is surjective, for any A > 0 (Liu & Zheng, 1999),
where I denotes the identity operator. So, the Lumer—Phillips theorem implies that A is the infinitesimal
generator of a linear Cy semigroup of contractions on # and D(A) is dense in H. So, Theorem 2.1 holds
(Pazy, 1983). (I

The proof of our stability results is based on the following frequency domain theorems:
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THEOREM 2.2 (Huang, 1985 and Priiss, 1984) A C, semigroup of contractions on a Hilbert space H
generated by an operator A is exponentially stable if and only if

A — A)~! H < 0. (2.39)

iIRCp(A) and sup o0

reR

THEOREM 2.3 (Liu & Rao, 2005) If a bounded C,, semigroup ¢ on a Hilbert space H generated by an
operator A satisfies, for some j € N*,

1

iRCp(A) and sup — H A — A)~! H < 0, (2.40)
|A|zpl M L(H)
then, for any m € N*, there exists a positive constant c,, such that
m
Ayl <e o MO e vy eD (A 0 2.41
e OH—Cm” 0||D(Am) Y nf, 0 €D(A"), t>0. (241D

3. Strong stability

In this section, we prove our first stability result concerning the strong stability of our C;; semigroup oA

generated by the operator A.

THEOREM 3.1 Assume that (H) holds. Then, for any U, € H, the solution U of (2.12) in cases (2.3)
and (2.4) satisfies

lim [|U(#)]|y, = 0. 3.1)
11— 00

However, (3.1) holds in case (2.2) if moreover

(ppizb - ko) (% + mn)2 £6, meN. 3.2)

REMARK 2 Condition (3.2) holds if, for example,

b k
— =2, (3.3)
P2 03

which means that the speeds of wave propagations of the last two equations in (2.1) are equal. The
property (3.3) holds in fact from the physical point of view.

Proof. (Theorem 3.1) A C, semigroup of contractions oA generated by an operator A on a Hilbert
space H is strongly stable if .A has no imaginary eigenvalues and o (A) N iR is countable, where o (A)
is the spectrum set of A (Arendt & Batty, 1988). According to the fact that 0 € p (A) (proved in
Section 2) and since D(A) has a compact embedding into H, the linear bounded operator A lisa
bijection between H and D(A), and A~! is a compact operator, which implies that o (A) is discrete
and has only eigenvalues. Consequently, to get (3.1), we only have to prove that there is no imaginary
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eigenvalues for A, that is
ker (ixd — A) = {0). (3.4)

In Section 2, we have proved (3.4) for A = 0. So let A € R* and

U= (¢, @.%.%.w,W,n) € D(A)
such that
irU— AU =0. 3.5
We have to prove that U = 0. From (2.28), we have

1 o0
0=Raww@=RuuuwH=RuAawH=§/ ) In)1? ds.
0
Therefore, using the second inequality in (2.21),

2 > 2 L A 2
0<lnlz, = A gl dssﬁ— A g @), lI*ds =0,
2

SO
n=0. (3.6)
By the last equation in (3.5), we find
f=o, (3.7)

Wheref is defined in (2.10). Now, we discuss the case of each system alone.

3.1. Case (2.2)
In virtue of (2.10), (2.13), (2.14), (3.7) and the first equation in (3.5), we have

Then (3.5), (3.6) and (3.8) lead to

U= irp, W= iw,

W +w), =0,

b — k(W +w) = —py3Y,
koW, — k(¥ +w) —dw = —p3A2w.

(3.9)

The third equation in (3.9) implies that ¥ + w is a constant. Because ¥ + 3w vanishes at x = 0,
then we get

v +w=0. (3.10)
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Combining (3.10) and the fourth equation in (3.9), we obtain
Pr.2,
lﬁ”+?k v =0. (3.11)

This implies that, for ¢, ¢, € C,

¥ (x) = ¢, cos ( /%Azx) + ¢, sin ( %)ﬂx) :

The boundary condition v (0) = 0 leads to ¢; = 0, and then

V(@) = ¢, sin ( /%m). (.12)

Assume by contradiction that ¢, # 0. Because v, (1) = 0, we have

AmeN: /%A2:%+mrr. (.13)

Therefore, combining (3.10) and (3.12) and using the last equation in (3.9), we see that

k
(% — ,03) s =0. (3.14)

So, combining (3.13) and (3.14), we get

(22 k) (G )’ =

which is a contradiction with (3.2). Consequently, ¢, = 0 and hence
v =0. (3.15)

Using (3.10) and the first two equations in (3.9) we obtain

w=1 =w=0. (3.16)
So, according to (3.6), (3.8), (3.15) and (3.16), we conclude that U = 0.

3.2. Case(2.3)
From (2.10), (2.13), (2.15), (3.7) and the third equation in (3.5), we have

V= =0 (3.17)



LAMINATED TIMOSHENKO BEAMS

Then (3.5), (3.6) and (3.17) lead to

@ = ilp, W= Iiiw,
k(@ +w), = —p1 279,
¢ +w=0,

koW, — k(@ +w) — 8w = —p3A°w.

The third and fourth equations in (3.18) implies that
p=w=0,
and then the first and second equations in (3.18) lead to
o =w=0.
The above properties (3.6), (3.17), (3.19) and (3.20) show that U = 0.

3.3. Case (2.4)

As in the previous case, (2.10), (2.13), (2.16), (3.7) and the fifth equation in (3.5) give

w=w=0.
Then (3.5), (3.6) and (3.21) lead to
¢ =ikp, ¥ =iry,
k(@ + ), = —p1 A,
b — k(@ + W) = —py a2y,
o, +¢¥ =0.

The third and fifth equations in (3.22) imply that

hence, the first two equations in (3.22) lead to

G=1=0.

So (3.6), (3.21), (3.23) and (3.24) prove that U = 0.
Finally, (3.4) holds and thus the proof of Theorem 3.1 is ended.

4. Exponential stability

15

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

In this section, we show that (2.12) in cases (2.3) and (2.4) is exponentially stable if the three speeds of

wave propagations are equal, that is we have the following theorem:
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THEOREM 4.1 We assume that (H) holds and

— === @.1)

Then there exist two positive constants Cy and C; such that the Cj-semigroup ¢ on H in cases (2.3)
and (2.4) satisfies the estimate

[l cao < Crem @, 1> 0. “2)

Proof. Using Theorem 2.2, we have to show (2.39). We have already proved in Section 3 that
iRcp(A 4.3)

So we only need to prove that

sup
Al>1

A — A)~! H Lo < 0. 44)

Let us prove (4.4) by contradiction. Assume that (4.4) does not hold, then there exist two sequences
(U,), € D(A)and (%) C Rsatisfying

n

Uy, =1 neNl, 4.5)
lim |A,| = oo (4.6)
n— 00
and
Jim [, 1 = A) U, = 0. 4.7)

LetU, = ((pn, OG> Vs Wps Wy, Wy, nn). Using (2.13)—(2.16), we notice that the limit (4.7) implies that

[ A0, — @, — 0in H|,
7,018, — k (0 + ¥ +w,) 4+ Gy = 0in L2(0,1),

ix, W, — ¥, — 0in H,

iy02 Wy = bW + K (P + ¥y + W) + G = 0in L2 (0, 1), (4.8)
ir,w, — W, = 0 in H,,

ihy3W,, — koW + k (0 + ¥, +w,) + 8w, + G300 = 0in L2 (0, 1),

ix,n, +n,—f,— 0in Lg
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as when n goes to infinity, where

0
D Gy, =G3,=0 and G, =g0f, — / gn,ds incase (2.2),
0
o
G ,=0G;, = 0 and Gy, = 8o/n —/ gn,ds incase(2.3), (4.9)
0

oo
G,=Gy,=0 and G;, =gy, —/ gn,ds incase (2.4)
0

and 7 is defined in (2.7). We will prove that
(4.10)

[Uallz — 0.

which gives a contradiction with (4.5). Using (2.28), we get

-1 [ 5
—/0 8/ ()1, 11~ ds.

Re((ir,I — A) U,.U,),, = Re (ixn |05 — (AU, Un)?—[) =

So (4.5) and (4.7) imply that
* 2
/0 g ()M, 1° ds —> 0. 4.11)

But, using the second inequality in (2.21), we have

0< / g In,, 17 ds < —/ g () Im,, ]I~ ds, (4.12)
0 B> Jo
then (4.11) and (4.12) give
* 2
/0 &) M, 17 ds —> 0,
hence
n, — 0 in L. (4.13)
Using (4.5) and (4.6), we get from the last limit in (4.8) that
(4.14)

(5 + 1 = ihfy 0ty =) 1), — 0

On the other hand, using (4.8)5 in case (2.3), and (4.8)5 in case (2.4), we get (notice that the case (2.2)

is not concerned by Theorem 4.1)
(4.15)

8

<(iknfn —fn) ,in>L 0.
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So (4.6), (4.14) and (4.15) imply that

<nn’fn>Lg - )\‘L (nns’fn)Lg - (fn’fn>[,g — 0. (416)
We see that
= {ffily, = =0 £ - (4.17)

On the other hand, (4.5) and (4.13) imply that
(Mot — 0. 4.18)

Moreover, integrating by part with respect to s, applying Cauchy—Schwartz inequality and using the first
inequality in (2.21) and the fact that

Np(,0) =0 and  lim g(s) =0, (4.19)

we get

s, | = [{fe [ = @rmc)

”f"x”/o (=& (N Iyl ds

IN

(4.20)

IN

1
VO I/l ( /0 (—g/(s»nnmnzds)z
< VB8O £l I,

and then, according to (4.5) and (4.13),

A

(Mussfuly, — 0. 4.21)
Consequently, (4.16), (4.17), (4.18), (4.21) and since g, > 0 (hypothesis (H)) lead to
fo — 0in L2(0,1). (4.22)

Moreover, because f, vanishes at x = 0 (notice that f, = v, in case (2.3), and f,, = w,, in case (2.4)),
then
f, — 0in L2 (0, 1). (4.23)
1
Multiplying (4.8);, (4.8)5 and (4.8)5 by o and using (4.6) and (4.22), we obtain

n

1 -
e — 0 in L2 (0,1). (4.24)

n
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1
Similarily, multiplying (4.8);, (4.8); and (4.8)5 by o and using (4.5) and (4.6), we obtain

n
@, — 0in L2 (0, 1),
¥, — 0in L2 (0, 1), (4.25)
w, — 0in L2 (0,1).
Moreover, using (4.5), we deduce from (4.8), (4.8)5 and (4.8)5 that
oy @) (A, and (A, w, ), are bounded in L? (0,1). (4.26)
Now, we distinguish the cases (2.3) and (2.4).

4.1. Case (2.3)

We have in this case f, = ¥,., f, = ¥/, and G, , = G3, = 0. Taking the inner product of (4.8), with %

in L? (0, 1), integrating by parts and using the boundary conditions, we see that

{0t~ ). T ) ) 0

n

Using (4.5), (4.6) and (4.24), we obtain
¥, — 0in L% (0, 1), (4.27)

and with (4.8)5, we find

A, — 0in L2(0,1). (4.28)

Taking the inner product of (gonx + v, + w,,) with A, 1}” in L? (0, 1), integrating by parts and using the
boundary conditions, we have

- ” 2 “2 - (ﬁ)n’ 1Zln) - ((i)‘nwn - 171/”), ~n)'

Then, by using (4.5), (4.8);, (4.8)3, (4.8)5 and (4.27), we deduce that

( (e + ¥ +w,) L in ) = (@0 W) — O (4.29)
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Taking the inner product of ¢, with &m in L2 (0, 1), we arrive at

~ ~ r . . i)\‘n ikn
((pn’ wnx) =\ wnx - l)‘nwnx + l)‘nwnx - TGZ,nx + TGZ,nX

- I B
- _((Z)n’ (i)"nwnx - 1pm\f)) + <§0n’ ITn (bwnx - GZ,nx)> + <(pn’ 7nG2,nx> >

then, by (4.5) and (4.8)3, we have

) ')‘n ) .)\n o
<§0n’ 17 (blﬁnx - G2,nx)> + <(pn’ %G2,nx> - ((pn’ Ipnx) — 0. (4-30)

Taking the inner product of (4.8), with % (bwnx — G2,nx) in L? (0, 1), integrating by parts and using the
boundary conditions, we find

(bwnxx - G2,nxx)> — 0,

S =

. .1
<l)»n,01(pn, E (bl/fnx - G2,nx)> + k<((pnx + wn + Wn) >

which implies that
LI
— P <(pn’ Tn (bwnx - GZ,nx)>

-1 .
+ k<(‘pnx + wn + Wn) ’ 7 (l)‘niOan - bwnxx +k (¢nx + wn + Wn) + G2,nxx)>

0ok ook - K2
+ =P (W ) 19 + —(gonx, W)+ I+ ¥y + 17— 0.
Using (4.5), (4.8),, (4.26) and (4.27), we find
~ i)‘n 'OZk k2 2
= 01 { @ 2 OV = Go) )+ 2 (G W)+ e+ + w2 — 0. (@31

Using the definition of G, , in (4.9) in case (2.3), integrating by parts (with respect to s) and using the
boundary conditions, we get

l')\ . 1/ e . ~ -~
<(pn’ b G2 nx> <§0n’ Z (lg())‘nl//nx - [) 8 (l)‘nnnx F Mpes — 1ﬁnx ~Nps T 1//nx) ds)>

- <¢n,% (/OOO g (iknnnx + s — &m) ds)>

~ 80/. ~ . =1 o0 ,
+<(pn’ Z(Z)‘nwnx_ an)>+<<ﬂn’7/0 gnnxds>;
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therefore, from (4.5), (4.8), (4.8); and (4.11), we obtain

_ir
<‘pn’ T"Gz,nx> — 0. (4.32)

Then, multiplying (4.29) by — hzk, and (4.30) by p;, adding the obtained limits and (4.31) and using

(4.32), we find

k Lo K i)k .
(% = 00) G T+ 5 o+ 0t 12+ 222, 2B — 0. @33)

So, because %k — p; = 0 (according to (4.1)), we get from (4.25), (4.26), (4.27) and (4.33) that

@, — 0in L2 (0, 1), (4.34)
and using (4.6) and (4.8),, we get
% —50inI2(0,1). (4.35)

n

Multiplying (4.8), by %, integrating by parts and using the boundary conditions, we arrive at

Pl A+ (O + ¥+ w2) ’f> — 0, (4.36)

n
then, using (4.5) and (4.35), we have
¢, — 0in L* (0, 1), (4.37)

and therefore, using (4.8),,
A0, — 0in L?(0,1). (4.38)

Taking the inner product of (4.8)g with ((pnx +v, + wn) in L? (0, 1), integrating by parts and using the
boundary conditions, we get

(i)‘nlo3ﬁ)n’ wnx) + (i)‘np3v~vn’ wn) + (i)‘np3"~vn’ Wn)
ko [Wnes (€ + Vi 10,) )+ K | (9 + 05, + D0,) |* — 0,
then

- )‘nPS <"~Vn’ iwnx) - ,03(171/”, (i)‘nwn - 1zn)) - pS(ﬂ}n’ l:Zn) —P3 <"~Vn’ (i)‘nwn - Wn)) —P3 ”Wn ”2

k

. . k . .
- ?0 (an’ [l)‘nlol(pn —k (wnx + wn + Wn)x]> + ?0 (an’ l)‘npl(pn) +k ”(pnx + wn + an H2 — 0,
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using (4.5), (4.8),, (4.8);, (4.8)s, (4.25), (4.27) and (4.34), we get
— o i ) = pn [ | 2+ LR0y i@ 0 439
3y (W i) — o3 |, [ > + . o (Wi i8,) — 0. (4.39)

Integrating by parts and using the boundary conditions, we obtain

b Wi 10) = = (I We = W) - @) = (Wps ) = — (AW = W) - @) + (W0 P
= = (i Wae = W) @) = (B (2P = )} + (W0 12, 0]
Therefore, from (4.5), (4.8); and (4.8)5, we see that
Aoy W 1@3) = Ay (W 800, ) — 0, (4.40)

so, multiplying (4.40) by —p5 and inserting the obtained limit into (4.39), we obtain

A

n

i gy ki) e 0] = o3 [ — 0 @an
Thus, because kyp; — kp; = 0 (condition (4.1)), we get from (4.41) that

W, — 0in L2 (0, 1), (4.42)
and by (4.8)5 and (4.42), we deduce that

A,w, — 0in L*(0,1). (4.43)

Taking the inner product of (4.8)4 with w), in L? (0, 1), integrating by parts and using the boundary
conditions, we get

and by using (4.5), (4.25) and (4.43), we conclude from (4.44) that
w,, — 0in L2(0,1). (4.45)

A combination of (4.13), (4.22), (4.25), (4.27), (4.34), (4.37), (4.42) and (4.45) lead to (4.10), which is a
contradiction with (4.5). Hence, (4.4) is valid. Consequently, (2.12) in case (2.3) is exponentially stable,
that is (4.2) holds.
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4.2. Case (2.4)

We have in this case f, = w,, f, = W, and G,, = G,, = 0. The proof is very similar to the one given
in Section 4.1 for the case (2.3). B

Taking the inner product of (4.8), with ”;—: in L? (0, 1), integrating by parts and using the boundary
conditions, (4.5), (4.6) and (4.24), we obtain

w, — 0in L2 (0, 1), (4.46)
and with (4.8)5, we find
A,w, —> 0in L?(0,1). (4.47)

Taking the inner product of (‘an + v, + wn) with iAW, in L? (0, 1), integrating by parts and using the
boundary conditions, (4.5), (4.8);, (4.8)3, (4.8)5 and (4.46), we deduce that (as for (4.29))

((‘pnx + wn + Wn) ’ i)”nwn) - (¢n’ "anx) — 0. (448)

Taking the inner product of ¢, with w,,, in L?*(0,1), and exploiting (4.5), (4.8)5 and (4.25), we have (as
for (4.30))

SR 7 S 7 ..
Pno E (kOan - G3,nx) T\ s k_0G3,nx - <(pn’ an) — 0. (4.49)

Taking the inner product of (4.8), with % (kownx - G3’nx) in L2 (0, 1), integrating by parts and using
the boundary conditions, (4.5), (4.8)¢, (4.25), (4.26) and (4.46), we find (as for (4.31))

_ A K2
— A1 <(pﬂ’ k_(;l (kOan - G3,nx)> + g”(pnx + wn + Wn||2 +

p3k o
é (@s 2 0,) — 0. (4.50)
Using the definition of G5 ,, in (4.9) in case (2.4), integrating by parts (with respect to s) and using the
boundary conditions, (4.5), (4.8); and (4.11), we obtain (as for (4.32))

A
<¢n’ lk_nG3,nx> — 0. (4.51)
0

Then, multiplying (4.48) by _lgfk, and (4.49) by p,, adding the obtained limits and (4.50) and using
(4.51), we find (as for (4.33))

sk .. k2 ipsk -
(ki - 101) (§0n,an) + k_ “ ((pnx +v, + Wn) ” 2 + k_3 ()‘nwn + )‘nwn’wn) — 0. (4.52)
0 0 0

So, because pkiok — p; = 0 (according to (4.1)), we get from (4.25), (4.26), (4.46) and (4.52) that (4.34)
holds, and so we get (4.35).

Multiplying (4.8), by %’, integrating by parts and using the boundary conditions, (4.5) and (4.35),
we arrive at (4.37), and therefore, using (4.8);, (4.38) holds.
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Taking the inner product of (4.8), with ((pnx + v, + wn) in L? (0, 1), integrating by parts, using the
boundary conditions, (4.5), (4.8),, (4.8)3, (4.8)5, (4.25), (4.34) and (4.46), we get

- - o1b .
- 102)\'}1<Wn7 l(pnx) - pz H ’lﬁn H2 + %)\'ﬂ (wnx’ l(pn) - 0‘ (4'53)

Integrating by parts and using the boundary conditions, (4.5), (4.8); and (4.8);, we see that (as for
(4.40))

)‘n (wnx’ l¢n) - )‘n<l/~fn’ i¢nx> — 0, (4.54)

so, multiplying (4.54) by —p, and inserting the obtained limit into (4.53), we obtain

A ~ -
2 ooy = k) Wi i6,) = 2| 0,])* — 0. (4.55)

Thus, because bp; — kp, = 0 (in virtue of condition (4.1)), we get from (4.55) that (4.27) holds, and so
(4.28) is valid.

Taking the inner product of (4.8), with v, in L? (0, 1), integrating by parts and using the boundary
conditions, we find (as for (4.44))

= oV ih Vi) b [V | * + K {(@n + Wy + W) 1) — 0
therefore, using (4.5), (4.25) and (4.28), we get
¥, — 0in L2 (0, 1). (4.56)

A combination of (4.13), (4.22), (4.25), (4.27), (4.34), (4.37), (4.46) and (4.56) lead to (4.10), which is a
contradiction with (4.5). Hence, (4.4) is valid. Consequently, (2.12) in case (2.4) is exponentially stable.
The proof of Theorem 4.1 is now completed.

5. Polynomial stability

We prove in this section that the infinite memory is strong enough to stabilize (2.12) at least
polynomially even if (4.1) does not hold. Our result is stated as follows:

THEOREM 5.1 We assume that (H) holds. Then, for any m e N*, there exists a constant ¢,, > 0 such
that
m

Int\ 7
YUy € DA™, ¥t = 0, [UOy; < ¢ [ U poan (7) i Int (5.1)
in cases (2.3) and (2.4) with j = 10. Moreover, (5.1) holds in case (2.2) with j = 4 if in addition (3.2) is
satisfied.

REMARK 3 The estimate (5.1) implies that

vm e N*, YU, € D(A™), Ve >0, 3C

m

~0: | UDy <C,p. it T, 150
,€,Up . H = “m,e, Uy > > Y,
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with j = 10 in cases (2.3) and (2.4), and j = 4 in case (2.2). So, for classical solutions (m = 1), the
-1
decay rate of t > ||U(#)|| 4 is arbitrarily close to t /.

Proof. (Theorem 5.1) Using Theorem 2.3, we need to show (4.3) and

Ly,. _
sup v (M — A) IH LeH) < 0. (5.2)

[Al>1

We have already proved (4.3) in Section 3. Now, we establish (5.2) by contradiction. Assume that (5.2)
is false, then there exist sequences (Un),, C D(A) and (An)n C R satisfying (4.5), (4.6) and

Tim W, [[(i2, 1 = A) Uy |5, = 0. (5.3)
Let U, = (¢, @y» Up» Wyy» Wy» Wpr 11,,). According to (2.13)—(2.16), the limit (5.3) implies that
[ 3, [i%y 0 — @] = 0in Hy,
Mo [ihy019y = k (@ + ¥ +W,) 4+ G ] = 0in L2 (0, 1),
A [ixnwn _ %] — 0in H,,
X, [ixm&n — DY+ K (@ + U+ wy) + Gz,,m] —0in L2(0,1), (5.4)
W [ingw, = ,] = 0 in H,,

M [i%,03W, — koW + k(@ + ¥, + W) 4+ 8w, + Gy ] = 0in L7 (0, 1),

X [iknnn + Mg —fn] — 0in L,

where f,., f,. G, ,» G, , and G3 , are defined in (4.9). We will prove (4.10), which gives a contradiction
with (4.5). Using (2.28), we find

| | | 3 oo
Re(¥], (ih,1 = A) U,.U,). = Re (¥ |0, 3 = (AU, U)y,) = T”/O &/ (5)[In,c)1% ds.

So (4.5) and (5.3) imply that
o
)\{1/0 g &), l?ds — 0. (5.5)

Then multiplying (4.12) by |An}i and using (5.5), we obtain

o0
M /O g1, /1* ds —> 0,

hence

i
Aan, — 0 in L,. (5.6)
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Using (4.5) and (4.6), we get from the last limit in (5.4) that
i1

b (it + Mg = ik fy + i fy =) iFy), — 0. (5.7)

On the other hand, using (5.4); in case (2.2), (5.4)5 in case (2.3) and (5.4)5 in case (2.4), we get

M (i, —J) i), — 0. (5.8)
So (5.7) and (5.8) lead to
i iy i
<A,% nn,fn>Lg =ikt (sl = 2 (fofolr, — 0. (5.9)
We note that
A {fily, = —s0nd 1l (5.10)

On the other hand, (4.5) and (5.6) imply that

J
<,\,%nn,fn> — 0. (5.11)
Lg

Moreover, using (4.20), we find

< VBROW 7 1l

i1
}"% (nns’fn>Lg

and then, according to (4.5), (4.6) and (5.6),
L1
A2 (nns,fn>Lg — 0. (5.12)
Consequently, (5.9)—(5.12) and since g, > 0 (hypothesis (H)) lead to
gl fie —> 0in 20, 1) (5.13)
Moreover, because f, vanishes at x = 1 (in case (2.2)) or at x = 0 (in cases (2.3) and (2.4)), then
|)»n|£fn —> 0in L% (0,1). (5.14)

Multiplying (5.4); in case (2.2), (5.4); in case (2.3) and (5.4)5 in case (2.4) by |)Ln|_¥_1 and using (4.6),
we conclude from (5.13) and (5.14) that

571 = 0 in L2(0,1) (5.15)
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and
15717 — 0 220, 1). (5.16)

Multiplying (5.4), (5.4); and (5.4)5 by A;j_l , and using (4.5) and (4.6), we obtain (4.25). Multiplying
(5.4), (5.4); and (5.4)5 by An’, multiplying (5.4),, (5.4), and (5.4)¢ by A;/_l and using (4.5) and (4.6),
we get, respectively,

(Au®4),» (Ay¥,), and (%,w,) arebounded in L* (0, 1) (5.17)

and

1 1
()L—n(k‘pn - Gl,n)xx)n ’ (rn(bwn - G2,n)xx)

Now, we distinguish the cases (2.2), (2.3) and (2.4). We will apply several multipliers and use some
arguments of Guesmia (2017b).

1
and ()\—(kown - G3’n)xx) are bounded in L? (0, 1) .
g ! (5.18)

n

5.1. Case(2.2)(j=4f,= ¢, J,=¢,and G, = G5, =0)
Taking the inner product of (5.4), with l)%" in L% (0, 1), using (4.5), (4.6) and (4.9), integrating by parts

n
and using the boundary conditions, we have

o
P1 ||)‘n¢n ” : + (k}‘n (‘pnx + wn + Wn) > i¢nx> - <}‘n (g()fnx - /0 gnnxds) > l(;nx> — 0. (5.19)

So, using (4.5), (5.6), (5.13), (5.15), (5.17) and (5.19), we deduce that
A3, — 0in L?(0,1), (5.20)

and by (4.6) and (5.4),, we find
A2, —> 0in L2 (0,1). (5.21)

1
Taking the inner product of (5.4), with 2 (ktﬂnx + kan) in L? (0, 1) and using (4.5), (4.6) and (4.9),
we arrive at "

01 (i)‘n(ﬁn’ (kl//nx + kwnx)) + (8o — k) (‘pnxx’ (kw”x + kW”X))
- “kwnx + kwnx||2 - </ g(s)nnxx ds, (kwnx + kWWC)> — 0. (522
0

Integrating by parts and using the boundary conditions, we find

Vinar
)

anx
+ kT)> (5.23)

n n

(gonxx’ (kwnx + kwnx)) == <)”n§0nx’ (k
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and

< / 8() My ds, (kY +kwnx)> = —<kn / 8(8)1, ds, (kw’”‘" +k@)>. (5.24)
0 0 A A

n n

1
Multiplying (5.4), and (5.4)4 by 3 and using (4.6) and (4.9), we obtain
n

k .
‘(p;xx +)\_((pnx+wn+wn) -0 1nL2(0’1)’

n n

i:oz&n —b

B w k 8 .
ipy, — ko= + o= (O + VU, +w,) + W, = Oin L0, 1).
n n n

Exploiting (4.5) and (4.6), we get

1 1
(—wm) and (_anx) are bounded in L? ©,1). (5.25)
)\' n )\'n n

n

Then, using (5.6), (5.13), (5.23), (5.24) and (5.25), we deduce that

(@pees (K + kw,)) > 0 and < / - 8() N ds, (K + kw,,) ) = 0, (5.26)
0

so0, exploiting (4.5), (5.20), (5.22) and (5.26), we have

v, 4w, — 0in L2(0,1). (5.27)

Taking the inner product of (5.4), with % in L? (0, 1), using (4.5), (4.6) and (4.9), integrating by parts
and using the boundary conditions, we obléain
~ . ~ =2 2
_p2<wn’ (l)‘nwn - I'”n)) — P ” Vn ” +0b H 1/jnx” + k(((pnx + v, + Wn) ’ I:0n) -0,
then, using (4.5), (4.6), (4.25) and (5.4);, we find
I

b Hwnx — P2 “ an H2 — 0. (5.28)

Taking the inner product of (5.4), with %’ inL2(0, 1), using (4.5), (4.6) and (4.9), integrating by parts
n
and using the boundary conditions, we observe that
-, . -2 2 2
—P3 (Wn’ (l)‘nwn - Wn)) —P3 ”Wn ” + kO ”an” + k(((pnx + wn + Wn) ’Wn) +3 ”Wn ” — 0.
By (4.5), (4.6), (4.25) and (5.4)5, we deduce that

ko [0 |* = 3 7, ]* = 0. (529)
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Y
A4
. . . n . . n .

integrating by parts and using the boundary conditions, we obtain

Taking the inner product of (5.4), with % and (5.4)¢ with in 2 (0, 1), using (4.5), (4.6) and (4.9),
_102(&11’ (i)‘nwn - ﬂ}n)) - 102( ~n":{)n) + b( nx’wnx) + k((wnx + l/fn + wn) ’Wn) -0

and
—,03(1:{/,!, (i)‘nwn - Iﬁn)) - ;O3<\/~Vn, &n) + kO (an’ nx) + (k ((pnx + wn + Wn) + Swn’ wn) -0,

then, using (4.5), (4.6), (4.25), (5.4)5 and (5.4)5, we obtain
_p2<&n"’~vn) + b( nx’ an> —0 and - '03(1}?!"7‘)11) + k0< nx’ an) -0,

which imply that

Py P37 - bk
(;2 — k—;) (I/fn,Wn) — 0 and (,0_2 - ,0_(3),)< nx’ WnX) - 0. (5.30)

We distinguish two cases.

b k
Casel: — # =% From (5.30), we see that

P2 P3
(i) = 0 and (Y mw,) = 0. (5.31)
Therefore, taking the inner product in 12 (0,1) of (5.27), first, with ¥,,,, and, second, with w,, we
obtain
¢, — 0 and w, — 0in L?(0,1), (5.32)
and then, by (5.28), (5.29) and (5.32), we find
¥, — 0 and W, = 0in L?(0,1). (5.33)

Finally, combining (4.25), (5.6), (5.13), (5.16), (5.32) and (5.33), we get (4.10), which is a contradiction
with (4.5), so (5.2) holds. Consequently, (5.1) in case (2.2) with j = 4 is satisfied.

b k
Case2: — = —>. Using (4.6) and (4.9), and multiplying (5.4), and (5.4)s by ;1> and k#
102 103 n n
respectively, we obtain

ip . ~ o k .
22 [—72)\,1 (%0 = V) = 220300 = Vs + 3 (O ¥+ wn)] S 0inI2(0,1),

i . k .
A2 I:—%)\n (i, w, —w,) — %Aﬁwn — Wy + o (O + ¥ +w,) + ,f—owni| — 0 in L2(0,1),
0
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S0, using (5.4); and (5.4)5, we find

0 k .
)‘% [_fkﬁwn - 1/jnxx + - (anx + wn + Wn)] — 0in L2 O, 1,

b
. (5.34)
P .
,\2[ bz,\zw - W +% (¢M+¢n+wn)+,f—0wn} — 0 in L? (0, 1).
Then, multiplying (5.34); and (5.34), by el using (4.6), (4.25) and (5.13), we get
%xﬁwn +y,. —0inL*(0,1) and %xﬁwn +w,. — 0inL*(0,1). (5.35)
The sum and difference of (5.35) 1 and (5.35), give
. L2532 (Y, 4 W) + Vi + Wy = 00 L2(0, 1),
ps (5.36)

b )ﬁ (wn _Wn) +1/fnxx Wi ™ 0 in L? O, 1).

Taking the inner product in L% (0, 1) of (5.36), and (5.36), with ¥, + w,, using (4.5), integrating by
parts and using the boundary conditions, we get

o
;2 H)“nwn + AW ||2 — 1 + W"x”I%Z(OJ) -0

and

{10 W =) W4 9)) = (W = ) - W+ 190)) = 0.

then, using (4.5) and (5.27), we obtain

¥+ Aw, = 0in L20,1)  and A7 = [Aawa]* = 0. (5.37)

nn

Taking the inner product in L? (0, 1) of (5.34); and (5.34), with w, and v, respectively, integrating by
parts and using (4.5) and the boundary conditions, we get

P k k
_ fkﬁ(w W) A A2 (Vs W) — . <xﬁ<pn,wnx> +3 (AW A, + Hxn w >0 (538
and
o k k+8
= S hn W wa) + 45 nx,wm)—%wnm%wn) = ]+ =— — P 2] = 0. (5.39)

Then, taking the difference between (5.38) and (5.39) and using (4.5) and (5.21), we find

k+6

N A R e [ S (540
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By taking the inner product in L?(0,1) of (5.37); with A,v,,, and using (5.17), we have
2
12 |” + (Aus Aw,) = 0. (5.41)

Multiplying (5.37), by & and adding (5.40), we get

1 1 2 k k+56
‘ (5 - %) [+ (5 Kk )(k”w”’A"W”)LZ(O,l) — 0. (5.42)
Therefore, multiplying (5.41) by %‘3 — % and adding (5.42), we obtain

1)
E ”)‘nlz/fnn2 — 0.

Then

AW, = 0in L2 (0,1) (5.43)
and, using (5.37),

A,w, = 0in L (0,1). (5.44)
Using (4.6), (5.4)3, (5.4)5, (5.43) and (5.44), we deduce that

¥, — 0in L*(0,1) and W, — 0in L*(0,1). (5.45)

Taking the inner product in L2 (0, 1) of (5.35); and (5.35), with ¥, and w,, respectively, integrating by
parts and using (4.5) and the boundary conditions, we get

I

1Y P
72 H)‘nwnnz - ”wnx — 0 and 72 ”)‘nwn”2 - ”an”2 -0,

then, from (5.43) and (5.44), we conclude that
Y, — 0in L?(0,1) and w, — 0in L?(0,1). (5.46)

Finally, (4.25), (5.6), (5.13), (5.16), (5.45) and (5.46) imply (4.10), which is a contradiction with (4.5).

b b k
Thus, in both cases — # -0 and — = -2, (5.2) holds, and so (5.1) is satisfied in case (2.2) with j = 4.
P2 P3 P2 P3

52. Case(2.3)(j=10,f, = wn,fn = 1/~fn and Gy, = G;,, =0)

1
Taking the inner product of (5.4), with m(pm in L? (0, 1), integrating by parts and using (4.5), (4.6)
and the boundary conditions, we get !

1

ipz()‘nlzn’ (pnx) + (k (wn + Wn) ’ (pnx) +k “(pnx”Z + <)‘n (bwnx - G2,nx) > )L_(pnxx> -0,

n
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then, using (4.25), (5.6), (5.13), (5.16) and (5.18), we deduce that

@ — 0in L2 (0, 1), (5.47)
which implies that, using (4.6) and (5.4),,

1
TP = 0in L?(0,1). (5.48)

n

Dividing (5.4), by 210 and using (4.25), (5.16) and (5.47), we deduce that

bwnxx - G2,nxx — 0 in L2 O, 1). (5.49)

Taking the inner product of (5.4), with % in L2 (0, 1), integrating by parts and using (4.5), (4.6) and
the boundary conditions, we get "

= 02{Ts 2 (P = B)) + P2 Vs 6)
32 0= Ga) 222 0 ol (00 ] — O
hence, using (5.4);, (5.6), (5.13), (5.15), (5.17), (5.18) and (5.47), we obtain
h,120, —> 0in L2 (0,1). (5.50)
Therefore, according to the boundary conditions, (5.50) leads to
In,12¢, —> 0in L2 (0,1). (5.51)

Taking the inner product of (5.4), with % in L% (0, 1), integrating by parts and using (4.5), (4.6) and
the boundary conditions, we get !

=01 (G 2 (P = 3)) = 0100 160" + K |+ K { Gy + 2,0,) 00 — 0.

so, using (5.4);, (5.17), (5.47) and (5.50), we deduce that
Il 26, — 0in L7 (0, 1), (5.52)
which implies that, using (4.6) and (5.4),,

Al2g, — 0in L2 (0,1). (5.53)
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Multiplying (5.4), by |A —10-3 and using (4.6), we get
2 n

Mg P g Y g M g 40 20,1,
2 Ml ralz a2

I 0in 12(0,1). (5.54)

Integrating by parts and using the boundary conditions, we have
A ((‘an +v, + Wn)x > (Z)n) = =4, (((pnx +v, + Wn) "Z)m)

A

n

1 L. ¢
= _§ <)“3 I:l)‘anwn - bl/fnxx +k ((pnx + I/fn + Wn) + G2,nxx] s _nx>

1y, ~ . . 1 s ip
- % <l)‘np2wn’)‘)1 (l}“n(pnx - (pnx)> + z <|)”n|2 (bllfnx - GZ,nx) ’ nx)lc >

2,12
1 . . Ao 3.0 3
+% ((bwnxx_GZ,nxx) ’)‘n (l)‘n(pnx_gonx))_ k|)\ |3 <l,02|)»n|2¢nx,l|)nn|2§0n>,
n

then, using (5.4),, (5.4),, (5.6), (5.13), (5.15), (5.16), (5.48), (5.49), (5.53) and (5.54), we find

Mo ((0nr + ¥ +w,) - B,) — 0. (5.55)

Taking the inner product of (5.4), with % in L2 (0,1) and using (4.5) and (4.6), we get

n

L L e O A A A R A
then, using (5.55), we obtain
A,@, — 0in L*(0,1), (5.56)
and so (5.4), implies that
A2p, — 0in L? (0,1). (5.57)

Taking the inner product of (5.4), with % in L2 (0, 1), integrating by parts and using (4.5) and (4.6), we

n

get

k ”)‘n('onx”2 + <ipl)‘n(/~)n —k (wnx + an) ’)‘ﬁ(pn> — 0
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therefore, according to (5.56) and (5.57), we find
Ap@pe — 01in L7 (0, 1) (5.58)

Taking the inner product of (5.4), Wlth in L2 (0,1) and using (4.5) and (4.6), we get

1
n

01 (iAn(ﬁn’an) k("onxx’ 1X> k ”W H N k( ”X’W”x> -0

then, integrating by parts and using the boundary conditions, we obtain

o~ w
01 k) + s 222 ) = o = Kl > 0,

n
s0, using (5.13), (5.18), (5.56) and (5.58), we deduce that
w,. — 0in L2(0,1). (5.59)

Taking the inner product of (5.4)¢ w1th —in [2 (0, 1), integrating by parts and using (4.5) and (4.6)

and the boundary conditions, we get
- . - ~ 2 2
—03 (W, (W, = W,)) = 03 [, |7+ Ko [Woell” + (k (@5 + ¥ + W) + 8w, w,) — 0;
hence, using (5.4)5, (4.25) and (5.59), we get
W, —> 0in L (0,1). (5.60)
A combination of the limits (4.25), (5.6), (5.13), (5.16), (5.47), (5.52), (5.59) and (5.60) leads to (4.10),
which is a contradiction with (4.5). Consequently, (5.2) holds, and so (5.1) is satisfied in case (2.3) with
j=10.
5.3. Case(2.4)(j=10,f, =w, f, =W, and G|, = G,, =0)
1
The proof is very similar to the one given in Section 5.2. Taking the inner product of (5.4), with m(pn .
n
in L? (0, 1), integrating by parts and using (4.5), (4.6) and the boundary conditions, we get

; 1
i03 (i ) (6 (04 9,) ) + K o] + <kn (koW = G ) ;wnxx> — 0,

n

then, using (4.25), (5.6), (5.13), (5.16) and (5.18), we deduce (5.47), and so (5.48) holds.
Dividing (5.4)4 by A,llo and using (4.6), (4.25), (5.16) and (5.47), we deduce that

koWper = G e = 0 in L2(0,1) . (5.61)
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Taking the inner product of (5.4)4 Wlth in L2 (0, 1), integrating by parts and using (4.5), (4.6) and

n
the boundary conditions, we get

— 03 (ﬁ)n’ )‘n (i)‘n(pnx - ¢nx)) + 03 <)”nwnx’ ¢n)

4
+ <kﬁ (koW = G3 ) » me> K | Ky (4 90,) ) — 0

n

hence, using (5.4);, (5.6), (5.13), (5.15), (5.17), (5.18) and (5.47), we obtain (5.50). Therefore, according
to the boundary conditions, (5.50) leads to (5.51). Therefore, (5.52), (5.53) and (5.54) hold using the
same proof as in Section 5.2.

Integrating by parts and using the boundary conditions, we have

A (((an +v, + Wn)x ’¢n> ==X, ((¢nx + v, + Wn) ’¢nx)

1 . ¢
= _% <)“% [l)”np3w k()wnxx +k ((pnx + w +w ) + Swn + G3,nxx] > %
n
8< ¢nx> 1 .
+ —{w,, — —{iA,03W,,, Ay (1,0, — @
k n )“n k( n n n( n¥nx nx))
1 5 Q0
+ 2 hal? (kovre = G » g
n

1 . ~
+ E ((kOanx - G3,nxx) ’ )‘n (l)‘n(pnx - (pnx))
3

= i sl e g ).

then, using (5.4);, (5.4)4, (5.6), (5.13), (5.15), (5.16), (5.48), (5.53), (5.54) and (5.61), we find (5.55),
and therefore (5.56), (5.57) and (5.58) are valid (as in Section 5.2).

Taking the inner product of (5.4), with 1/['”‘ in L? (0, 1) and using (4.5) and (4.6), we get

l’l

P1 (i)‘ni)m 1/fnx> - k(%vcx’ Vi ) k” wnx” (W HX) -0,

then, integrating by parts and using the boundary conditions, we obtain

w}‘lXX
A

n

P1 (i)“ngbn’ wnx) + k<A"(per’ > k ”w”)é” (an’ nx) - O’

s0, using (5.13), (5.18), (5.56) and (5.58), we deduce that

¥, — 0in L*(0,1). (5.62)
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Taking the inner product of (5.4), with % in L? (0, 1), integrating by parts and using (4.5) and (4.6)
n

and the boundary conditions, we get
02 (T (5 = 02) ) = 22 B+ Bl (6 (1,4 0,) 0] — 0
hence, using (4.25), (5.4); and (5.62), we get
¥, — 0in L2 (0, 1). (5.63)

The limits (4.25), (5.6), (5.13), (5.16), (5.47), (5.52), (5.62) and (5.63) imply (4.10), which is a
contradiction with (4.5). Consequently, (5.2) holds, and so (5.1) is satisfied in case (2.4) with j = 10.
Now, the proof of Theorem 5.1 is completed.

6. Lack of exponential stability

We prove in this section that (2.12) is not exponentially stable in case (2.2) independently of the
parameters, and in cases (2.3) and (2.4) if (4.1) is not satisfied. Namely, we have the following theorem:

THEOREM 6.1 We assume that (H) holds. Then the semigroup associated with (2.12) in case (2.2) is
not exponentially stable. However, the semigroup associated with (2.12) in cases (2.3) and (2.4) is not
exponentially stable if moreover (4.1) does not hold.

Proof. We use Theorem 2.2 by proving that the second condition in (2.39) is not satisfied. We have
to prove that there exists a sequence (1,),, C R such that

tim | (%, = A)~| 0) = o0,

n— oo

which is equivalent to find a sequence (F,), C H satisfying

|Fuly <1, neN (6.1)
and
Tim || (i%,f = A)7E gy = 0. (6.2)
For this purpose, let
U,=(ird—A)"F, neN. (6.3)

Then we have to find sequences (1,), C R, (F,),, C H and (U,), C D (A) satistying (6.1),

nlgrolO U,y =00 and irU,— AU, =F,, neN. (6.4)

Taking

Un = ((pm (Z)n’ Wn, wn,WmVVm nn) and Fn = (fl,n’ e ’f7,n) .
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Then we have from (2.13)—(2.16) and (6.4) the following system:

Ay — Gy =1

i01 2y B =k (@ + ¥ + W)+ Gr = P1fans

irgV = U =L

ip22y Wy = bW + K (O + ¥ + W) + G = P3S40 (6.5)
AWy = Wy = fs s

iP5k Wy = kgWpex + K (@ + W + W) + 8w, + Gy = P30

Doty + T = Fy = Fr o

where f,, G, > Gy, and Gj, are defined in (4.9), and 7,, is defined in term of f, similarly to 7 in (2.7).
To simplify the formulas, we put

o+ 1
y= Gt br

5 (6.6)

Choosing

fl,n =f2,n =f3’n =f5,l‘l =f7’n = O, f4’n(x) = Cl Sin (N.x) and f6’n(x) = C2 Sin (Nx) N (67)

where ¢, and ¢, are constants satisfying

palerl> + p3ley* < 1. (6.8)

The choices (6.7) and (6.8) imply that (F,), C ‘H and

1
115 = 02 1l + 23 | o= (oaler? + pgchlz)/o sin® (Nx) dx < pyleg | +psle, <1, ne N,

s0 (6.1) holds. On the other hand, the system (6.5) becomes

[ Gn =iy V= ik W, = ik,
=P1ha Py =k (@ne + Wy + W) + G = O,
1 —P2haWn = bW + k(0 + Yy + W) + Go e = €10y 8in (N2) (6.9)
—p3A2W, — kgWyr + k (@ + Wy +w,) + 0w, + Gz = 03 8in (Nx)
ihyy + 0y — ihy f, = 0,
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where f, is defined in (4.9). We choose

¢,(x) =a,cos (Nx), @,(x) =ia,r,cos (Nx),
¥, (x) = 6, sin (Nx), ¥,(x) = i0,A, sin (Nx),

w,(x) = 1,sin (Nx), w,(x) =it,A,sin (Nx),

(6, 8) = (1 — ™) f(x),

(6.10)

where («,),,, (6,), and (), are sequences of constants to be fixed later. These choices guarantee that
(U,), C D(A) and the first three equations and the last one in (6.9) are satisfied. Thus, (6.9) holds if

its fourth, fifth and sixth equations are satisfied. Using the definition of 7, in (6.10), we get

o0 9] . o0 X
80Jnex — / 81 4 = 80.frwe = / (1 - e"*"“‘) 8V ds = ( / gls)e™ " ds)fm, (6.11)
0 0 0

then, from (6.10) and (6.11), we observe that the fourth, fifth and sixth equations in (6.9) are satisfied if

[(k_‘c’\lll‘cn)l\/v2 - pl)‘%l]an — kN6, — kN7, =0,

—kNan + [(b - Szﬂn)Nz - ,02)\.5 + k] 911 + kfn = C1,02,
—kNOln + an + [(ko —_ 83“’")N2 —_ ,03)\.% + k + (S] 'L'n = C2p3,

where we denote

o0 .
My = / g(s)e~* ds
0
and (according to the definition of f,, G, ., G, ,, and G5, in (4.9))
e =1 and & =¢;=0 incase(2.2),

g =1 and & =&3 =0 1incase(2.3),

eg=1 and & =¢ =0 incase(2.4).

6.12)

(6.13)

Because g is integrable on R, and le=™5| = 1, n € N, then (1)), exists. On the other hand, integrating

by parts and using the fact that g is non-increasing and lim_, ., g(s) = 0, we get

1 * .
|| = ’— (g(O) + / g/(s)e dS)
l)‘n 0

1 o0
<o (g(O) + /0 |g’(s>|ds)
1

IN
=
s
—
o
oy
(=)
N
|
S—
8
OQ\
~~
&
o
&
——
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therefore, if (A,),, satisfies lim, [A,| = oo, then

n— 00

lim p, =0.

n—oo

Now, we distinguish the cases (2.2), (2.3) and (2.4).

6.1. Case(2.2)(ey =1and ey, =63 =0in(6.12))

We distinguish three subcases.
Subcase 1: % #* %. Let us choose

and c¢; and ¢, such that

¢ = &cl and 0 < |c/| < R —
03 p2(py + p3)

so (6.8) holds. Thanks to these choices, we see that (6.12) is satisfied for

)

1
7, =0, anclpz(%——) and «,

o1b + pat,

Because /f #+ % and thanks to (6.14) and (6.16), we have

1

n— oo

b

Therefore, from the definition of N in (6.6) and (1,)),, in (6.15), we obtain

nlgréo [A,0,] = oco.

On the other hand, we have

1
” Un”g—[ z IOZHwnHZ = p2|)“n|2 ||wn||2 > p2|)“n6n|2/0 Sinz (Nx) dx

1
— %|xnen|2/ [1 — cos (2Nx)] dx
0

P
= ?2|xnen|2.

~ (pb+ ppp)N

1
lim 6, = ¢, p, (2_&) £0

39

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

Then (6.19) leads to the limit in (6.4). Consequently, there exist sequences (F,) C # and (,) C R
satisfying (6.1) and (6.2). Hence, Theorem 2.2 implies that (2.12) is not exponentially stable in case

: k b
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k 8
A, = o2
3 03

and c; and ¢, as in (6.16). Then (6.12) is satisfied for

.k L ko
Subcase 2: o #* e Let us set

1 _
6,=0, 1,=c;p| - P and a, = 10263 . (6.20)
ko piky + % + o34y, (p1ko + 57 + p31,)N

According to (6.14), (6.16) and the definition of N in (6.6), we get

. 1 £3
nll)IIgO T, =C10p (% - F]{O) # O, (621)
- * 4 ko
since - + o and then
lim [A,7,| = co. (6.22)
n— oo

On the other hand, as in the previous subcase 1, we have

1
2 -2 2 . p
1050 2 03 [0,]7 = o312, [, |~ = pglknfnlz/o sin® (Nx) dx = 211, 7, 1%
Then (6.22) implies the limit in (6.4). Finally, we conclude that (2.12) is not exponentially stable in case

: k ki
b ko

.k _ b _ ko >
Subcase 3: o= = p3.Letstake

A = [=N (6.23)

and ¢; and ¢, such that

0,8+ 1)
CH = —(
03

P3
:02((8 + 1)2,02 + ,03) ’

and 0 <|¢| < \/ (6.24)

which gives (6.8). These choices imply that (6.12) is satisfied for

1 1

1P
Ty = €102, 9n=clp2 (%_k'i‘,bb
n

(k+ )N

- 1) and o, =

It is clear that (6.22) is valid, and so the proof can be carried out as in subcase 2.
Finally, (2.12) in case (2.2) is not exponentially stable independently of the values of k, b, k, py, o,
and p3.
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6.2. Case(2.3)(ey=1ande| =3 =0in(6.12))

41

We have assumed that (4.1) does not hold, so we again distinguish the two subcases J #* % and

[4 =% and & # 2],

Pl

P3

Subcase 1: ;‘1 #* k(; . The proof is identical to the one given in Section 6.1 case 2 by considering the
same choices of A,,, ¢; and ¢,, so (6.12) is satisfied for e,,, 6, and 7, defined in (6.20) with p,, replaced

by 0, and then (6.21) and (6.22) hold

Subcase 2: kl = ];‘; and k ;ﬁ . We choose

ko k 8
A, = | —N2+

+
P1 VP1P3 L3

and ¢, such that

1
0<lel = —
2 o

in order to get (6.8). These choices show that (6.12); and (6.12)5 are satisfied for

PL , P18 P (8 [p [ k=38 C2/P1P2
= (/2 + 2% Yo, —0, and 6, =0 - hie i
K (v py p3kN) A p3k (NN TN T T

and (6.12), holds if moreover &, = £, where

a 124
! P1 ! P1o3N ,03N2

_ ©2vP1P3 (b _ Pk prk P28 )
k

and

k- [p P18 P1 (5 P1 )(sz Pk
gy =kt — [PLp L PSP ) (P2 b, + L
2 NV p3  psN> ° p3k P3 Py " /PipsN

Using (6.14), (6.26) and the definition of N in (6.6), we obtain

P1P3
lim |o,| =
00 Ikl P3

P1
and

lim |a,| =00 if k=0.
n— oo

‘ %::k%ﬂ(k—a)(@—b);eo

P28
,03N2

k]

(6.25)

(6.26)

)

So, because le #+ %, we conclude from the definition of (1,)), in (6.25) that, in both cases k = 0and

k#0,
i, Py = o0

6.27)
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On the other hand, we have

10,013 2 21 1@l” = o112l ea®

1 1
> p1|,\nan|2/ cos? (Nx) dx = %Mnanﬂ/ [1 4+ cos (2Nx)] dx = %Mnanﬁ
0 0

Therefore, (6.27) leads to the limit in (6.4). Consequently, as in the previous cases, we deduce that (2.12)
is not exponentially stable in case (2.3) if (4.1) does not hold.

6.3. Case(2.4)(es=1ande; =¢e,=0in(6.12))

We have assumed that (4.1) does not hold, so we distinguish the two subcases ;ﬁ ;’2 and [pi1 = %
k 4 ko

and P1 4 pz]'
Subcase 1: p—kl #* %. The proof is identical to the one given in Section 6.1 case 1 by considering the

same choices of A, ¢ and ¢,, so (6.12) is satisfied for «,,, 6, and 7, given in (6.17) with w, replaced by
0, and then (6. 18) and (6 19) hold.

k ko . .
Subcase 2: - o ,02 and — o #* p}.We consider the choices
A kN2+ k N+(S 0 (6.28)
= [— —, = .
"Ne e e
and ¢; such that
1
0<lel < ——, (6.29)
VP2

which gives (6.8). These choices imply that (6.12), and (6.12); hold for

n’

i kN + k[ 4 L1
an—(/—l—i-ﬁ)an—nl and T, = p - P

o o _ pk _ 2 _ _p3

2 3 (ko p1 M")N N/puozN

and (6.12), is satisfied if, in addition,

02 028 [pL 4 P18
28./P1P; + 62:01:02 ( \/>+ + P3N) (k+ »t /’*Nz)

2 k k
P N ko= or T T Wiom

Uy = C1P2

Using (6.14), (6.29) and the definition of N in (6.6), we find

lim o, | = leil if k K + 2 #0
im 1 =+ — ,
n—00 k| p1kg — p3k o3
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and
lim |o,| =00 if k=0
n— oo

(k has a meaning because pk, — p3k # 0). So, in both cases k = 0and k # 0, (6.27) is valid.
Consequently, as in the Section 6.2 case 2, we deduce that (2.12) is not exponentially stable in case
(2.4) if (4.1) does not hold. The proof of Theorem 6.1 is now completed.

7. Frictional damping case

Our results of Sections 2—6 also hold when the infinite memory is replaced by a frictional damping, that
is when yf, with y > 0 is considered instead of the infinite integral in (2.1), where f is defined in (2.8).
More precisely, we consider (2.1) with

F,=F;=0 and F| =y, (7.1)
or
or

Fi=F,=0 and F;=yw, (7.3)

with the boundary conditions (2.5) and the initial data

[(‘p’ W, W)(-xv 0) = ((p07 1;0‘09 W())(-x)7 X € (Ov 1)’ (74)

(@ Yo w(x,0) = (@1, ¥y, w), x€(0,1).
We give here a brief idea of the proof which is one given in Sections 2—6.

7.1.  Well-posedness

As in Section 2, let

¢ incase (7.1),
f=1¢¥ incase(7.2), f‘z

w incase (7.3),

in case (7.1),
incase (7.2), ¢ =¢, VY=Y, w=w (7.5)
in case (7.3),

S 2

and

IU: (90395’ w, &,W,ﬂ/), (76)

UO = ((p()7 wl’ ‘(!/()» 1/[1’ W()9 W[)'
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System (2.1) in cases (7.1), (7.2) and (7.3) with boundary conditions (2.5) and initial data (7.4) can be
written in the form (2.12), where

@
@+ ¥ +w),

v
AU = +BU (7.7)
bV — ko + v +w)]

w

%[kowxx—k(wx—i—l/f—}—w)—(?w]

and

T
BU:(Q—1¢ﬂﬂﬁﬁ)
P1

in case (7.1),

T
BU:(QQQ—liﬁﬁ)
P2

in case (7.2) and

T
BU:(QQQQQ—ZW)
P3

in case (7.3). We consider the energy Hilbert space (H, and H, are defined in (2.17))
H =H, x L*(0, 1) x Hy x L*(0, 1) x Hy x L*(0, 1)
equipped with the inner product, for any

Ul = (@17@1’ ‘(//1» 1/71,W17V~Vl), U2 = (902’ @2» 1/[27 IZ}Z’WZ’ ﬂ/z) € Hy
(U]’ U2>H = k((‘P]x + 1/f] + Wl), (‘sz + 1,02 + Wz)) + b(‘ﬁlx, 1/’1x> + k()<W1x,W2x>
+ 8w, wa) + 01 (@1 B2) + 0o (T Vo) + 03 (W1, 05). (7.8)

The domain D(A) of A is given by
DA)={UeH, AUeH, ¢.(0) =y (1) =w/(l) =0} (7.9)

The well-posedness results are given in the following theorem:

THEOREM 7.1 For any m € N and U, € D(A™), system (2.12) admits a unique solution U satisfying
(2.27).
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Proof.  As in Section 2, it is sufficient to prove that 4 is dissipative and 0 € p (A). First, direct
calculations give

(AU, U)yy = =7 IfI* <0, (7.10)

where f is defined in (7.5).

Second, let F = (f},--- .fs) € H. We prove that there exists U € D (A) satisfying (2.29). Let us
consider the case (7.2). The other two cases (7.1) and (7.3) can be treated exactly in the same way. The
first, third and fifth equations in (2.29) are equivalent to (2.30), and then (2.31) holds. Therefore, from
(2.30), we see that the second, fourth and sixth equations in (2.29) are reduced to

k(oo + ¥ +w), = pifs,
by — k(o + ¥ +w) = pofy + vf30 (7.11)
koW — k (@ + ¥ +w) — 8w = psf.
Finally, (2.29) has a solution U € D (A) if and only if (7.11) admits a solution (¢, ¥, w) satisfying
(2.36), (2.37) and
Prr Vs Wy € L2(0, 1), (7.12)

By considering the variational formulation of (7.11) in H; x Hy x H, and using Lax—Milgram theorem
and classical elliptic regularity arguments, it follows that (7.11) admits a unique solution (¢, ¥, w)
satisfying (2.36), (2.37) and (7.12). This proves that (2.29) has a unique solution U € D (A). Thus,
0ep(A.

Consequently, we conclude that A is the infinitesimal generator of a linear C, semigroup of
contractions on H and D(A) is dense in H. So, Theorem 7.1 holds. ([l
7.2. Strong stability

In this subsection, we prove that (3.1) holds also in cases (7.1), (7.2) and (7.3). More precisely, we have
the following result:

THEOREM 7.2 For any U, € H, the solution U of (2.12) in cases (7.2) and (7.3) satisfies (3.1). However,
(3.1) holds in case (7.1) if (3.2) is satisfied.

Proof. As in Section 3, to get (3.1), we only have to prove (3.4). We have proved (3.4) for A = 0 in
Section 7.1. So let A € R* and

U= (069 m) € DCA),
satisfying (3.5). From (7.10), we have
0=Reir|U|3, = Re (irU,U)y = Re (AU, U)gy = —7IIf I
This leads to (3.7). Consequently, the proof can be carried out as in Section 3. ]

7.3.  Exponential stability

In this section, we establish the following exponential stability result:
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THEOREM 7.3 We assume that (4.1) holds. Then (2.12) in cases (7.2) and (7.3) is exponentially stable.

Proof. As in Section 4, we will apply Theorem 2.2 by proving (2.39). Condition (4.3) has already
been proved in Section 7.2. So we only need to prove (4.4). Assume that (4.4) does not hold, then
there exist sequences (U,), C D(A) and (,), C R satisfying (4.5), (4.6) and (4.7). Let U, =

n

((pn, G W, w) The limit (4.7) implies that

[ X0, — ¢, — 0in H,
X019y — k(@ + ¥, +w,) + €7@, > 0in I?0,1),
ix, W, — ¥, — 0in H,

. . (7.13)
ihpoo Wy — bV + K (@ + ¥ +w,) + 8,79, = 0in L2 (0, 1),
ix,w, —w, = 0in H,
| id,03W,, — koW + K (0 + ¥, + W) + 6w, + 3w, = 0 in L2 (0, 1),
where
g =1 and & =¢&3 =0 incase(7.1),
& =1 and & =¢&3 =0 1incase(7.2), (7.14)
e3=1 and & =¢, =0 incase(7.3).
We will prove (4.10), which gives a contradiction with (4.5). Using (7.10), we get
Re((i Al — ‘A) Uy Un)?—[ = Re (i)‘n ” U, ” %—l - <‘A Uy Un)?—[) = J/|[[~Pn||2.
So (4.5) and (4.7) imply that
f, — 0in L?(0,1). (7.15)
Therefore, from (7.13), (7.13)5 and (7.13)5, we get
A f, — 0 in L?(0,1), (7.16)

where f, is defined in (7.5). Multiplying (7.13),, (7.13), and (7.13)4 by ¢,, ¥, and w,, respectively,
integration by parts and using (4.5), we see that

L. k k &1y .
<(l,01(pn - )L_wnx - )\‘_an + ;‘_(pn) 7)\'n(pn> + k”gon)c” — 0’

n n n

.- k &Y ~
i3V + 5= (e Vi T wa) + 5=V ) 2 )+ DYl — O
n

n
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and

. k 2%
<(l103wn + )\‘_ (‘pnx + wn + Wn) + ;

n n

N )
w, + A_W”) ,Angon> + kyllw, Il — 0.
n

So, using (4.5), (4.6) and (7.16), we arrive at (4.22). The proof of Theorem 7.3 can be then finalized as
in Section 4. U

7.4. Polynomial stability

In this section, we prove the following improved polynomial decay rate of (2.12) in cases (7.1), (7.2)
and (7.3) compared to the one given in (5.1):

THEOREM 7.4 For any m € N*, there exists a constant ¢,, > 0 such that (5.1) is satisfied in cases (7.2)
and (7.3) with j = 8. However, (5.1) holds in case (7.1) with j = 2 if (3.2) is satisfied.

Proof. Using Theorem 2.3, we need to show (4.3) and (5.2), where j = 2 in case (7.1) and j = 8 in
cases (7.2) and (7.3). Condition (4.3) was proved in Section 7.2. As in Section 5, we establish (5.2) by
contradiction. Assume that (5.2) is false, then there exist sequences (U,), C D(A) and (3,), C R

n

satisfying (4.5), (4.6) and (5.3). Let U, = ((pn, > Vs Nn, W, v?zn). The limit (5.3) implies that

Wy [ihnp — B,] = 0in Hy,
W [id, 018, — k (e + W, +w,) 4+ &17,] = 0in L2 (0, 1),
i, — %] — 0in Hy,

(7.17)

J
n

>

' I:i)‘anJIn - bl/jnxx +k ((pnx + wﬂ + Wn) + 82)/1]/"] — 0in L2 (0’ 1) ’

i\,w, —Ww,] = 0 in H,

iXpP3W, — kgWyer + Kk (@ + ¥, + W) + 8w, + £3yW,] = 0 in L% (0,1),

where ¢, £, and &5 are defined in (7.14). We will prove (4.10), which gives a contradiction with (4.5).
Using (7.10), we get

Re(¥) (ir,1 = A) U,.U,) = Re (8" |U,] 5, = ¥, (AU, U)y,) = v LI
So (4.5) and (5.3) imply that

I
rf, — 0 in L*(0,1). (7.18)

Multiplying (7.17),, (7.17)5 and (5.4)5 by |kn|_% and using (4.6) and (7.18), we get

J
T — 02 0,1). (7.19)
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_i _I _i
nultiplying (7.17),, (7.17)4 and (7.17)¢ by A, 2+1¢n, An 2+ ¥, and A, 2+1wn, respectively, integration

n
by parts and using (4.5) and (4.6), we see that

. - . I41 i1 2
(ihy1Bp — KWy — kW + €178,) s i @)+ kA7 0pll> — 0,

. ~ ~ i {+1
<(zknp2wn+k(cpm+wn+wn)+82wfn),x,% wn>+bx,% [¥nell> — 0
and
. - - {+1 {+1 )
(120030, +k (@ + Wy + W) + 837 W, +0W,) bt W, ) +hohir W, ll> — 0,

s0, using (4.5), (7.18) and (7.19), we get

l+l . 2
I, 132f, — 0 in L2 (0,1). (7.20)

We note that (7.20) with j = 2 and j = 8 is identical to (5.13) with j = 4 and j = 10, respectively. Now,
the proof of Theorem 7.4 can be finished as in Section 5. 0

7.5. Lack of exponential stability
As in Section 6, we have the following theorem:

THEOREM 7.5 The semigroup associated with (2.12) in case (7.1) is not exponentially stable. However,
the semigroup associated with (2.12) in cases (7.2) and (7.3) is not exponentially stable if (4.1) does not
hold.

Proof. As in Section 6, we use Theorem 2.2 by proving that the second condition in (2.39) is not
satisfied, that is we have to find sequences (1,), C R and (F,),, C H such that the sequence (Un)n
defined in (6.3) satisfies (6.4). Taking

Un = (gpn’ (rbn’ wn’ n’wn’ﬂ/”l) and Fn = (fl,n’ U ’f6,n) .
then we have the following system:

Py = O =10

ip1 A @y = K (@ + W + W)+ 17 B, = Pifr o

iV = U =Ly

ip3 0y Wy = DV + K (@ + W + W) + 627V, = 0o
AWy =Wy =[50

ilo3)‘n"~vn - kOanx +k ((pnx + Ipn + Wn) + 5Wn + 837”7‘}11 = 103f6,n'

(7.21)
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We consider the notation (6.6) and the choices (6.7), (6.8) and (6.10) (without f; , and ,,). Then (7.21)

— _iy)‘n

is satisfied if (6.12) holds with pu, = e instead of (6.13). So, distinguishing the same cases and
using the same choices of «,, 0,, 7,,, f4 ,» f¢ , and A, as in Section 6 (so (6.14) is satisfied), Theorem 7.5

follows.

(]

8. Comments and issues

1.

Our results in cases (2.3), (2.4), (7.2) and (7.3) remain valid for § = 0, as well as the lack
of exponential stability result in cases (2.2) and (7.1). However, our strong and polynomial
stability results in cases (2.2) and (7.1) remain valid for 6 = O if % #+ % (condition (3.2) with
8 =0). )

Our results hold true for one of the following Dirichlet—-Neumann boundary conditions:

0.0,0) =, (1,) =90, =y (1,0 =w(0,) =w(l,n, teR,,
00,0 =9, =v,0,0) =91, =w.(0,) =w,(1,1), teR,, (8.1
00,0 =¢ (1,0 =v%,0,) =¥, =w,(0,) =w(l,1), teR,.

The question is posed when (¢ and 1) or (¢ and w) have the same boundary conditions at O or at
1 and also when i and w have different boundary conditions at O or at 1. It will be interesting to
consider this kind of boundary conditions, in particular, the homogeneous Dirichlet boundary
conditions for all ¢, ¥ and w at 0 and/or at 1.

Proving the stability under only one boundary control would be of great importance.

The condition (2.21) is the simplest standard one on the relaxation function g. Seeking the
largest class possible of kernels was not among the objectives of this paper. But we think that
it will be possible to weaken (2.21) and get the strong and polynomial stability (perhaps with
smaller decay rates than the ones given in this paper). For this issue, we refer the readers
to Guesmia (2014), Guesmia & Messaoudi (2014) and Guesmia ef al. (2012) in case of
Timoshenko beams and to Guesmia (2017a), Guesmia & Kafini (2015) and Guesmia & Kirane
(2016) in case of Bresse system.

The infinite memory and the frictional damping lead to the same strong and exponential
stability results. However, the obtained polynomial decay rate under the frictional damping is
better than the one obtained under the infinite memory. In both infinite memory and frictional
damping cases, the decay rates given in (5.1) can be probably improved. In general, when the
exponential stability is not satisfied, obtaining the optimal decay rate of solutions is, in our
opinion, a very nice and hard question
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