ON THE CUBIC LOWEST LANDAU LEVEL EQUATION

PATRICK GERARD, PIERRE GERMAIN, AND LAURENT THOMANN

ABSTRACT. We study dynamical properties of the cubic lowest Landau level equation, which is
used in the modeling of fast rotating Bose-Einstein condensates. We obtain bounds on the decay
of general stationary solutions. We then provide a classification of stationary waves with a finite
number of zeros. Finally, we are able to establish which of these stationary waves are stable, through
a variational analysis.
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1. INTRODUCTION
1.1. The cubic lowest Landau level equation. Consider, in dimension 2, the magnetic Schrédinger
operator corresponding to a vertical magnetic field

Ay =Vy-Vy, with Va=V—iA and A-(g}l).

From the identity
(DA, )2 =272 + [1(20: + )72, z=az+iy,

the ground state of —A 4 is very degenerate: it consists of the Bargmann-Fock space

2
E2]

2 f(z), f entire holomorphic} N L*(C),

E={u(z)=¢"

also called lowest Landau level.
The orthogonal projection on £ is given by the formula (see Paragraph below)

1 122 w|?

Mu)(z) = ~e 2 /(C ¢ 4 (w) dL(w), (1.1)

™

where L stands for Lebesgue measure on C.
The cubic lowest Landau level equation is induced by the energy

1
H(u) = / uftdL
4 Jc
given the standard symplectic form w(u,v) = Jm f(c wovdL on €. It reads

{i@tu =TI(|ul*v), (¢t 2)€RxC,
u(0, 2) = up(2).

1.2. Derivation of (LLL). This equation arises as a limiting problem in a number of situations.

(LLL)

1.2.1. Rotating Bose-FEinstein condensates. Following [3| 25], consider a Bose-Einstein condensate
confined by a harmonic field, and rotating at a high velocity. In appropriate coordinates, and for
constants € and G, its Hamiltonian reads

/C [ — IV = iAp|* + |2 Plwl? + Gyw*] dL(2)

For ¢, G <« 1, the first term is dominant, and, in order to minimize the above quantity, one can
consider that ¢ € £. This leaves us with the Hamiltonian

/@ (222112 + Gluf] dL(2).

on £. Notice that the corresponding dynamics are the same as that given by #H, which is the case
€ = 0 (we will see later that the term |z|?|t|? simply corresponds to rotations, and is therefore
harmless).
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It is conjectured from physical [I],9] and numerical [2] observations that, as € — 0, the minimizers
(for fixed L? norm) of the above functional have a very specific structure: within a ball, u is close
to a theta function (in particular, its zeros coincide with an Abrikosov lattice); and away from this
ball it decays fast. See [4] for a mathematical approach to this conjecture.

Of course, it is also possible to study stationary solutions for the full Hamiltonian written above:
see the recent article [I4] for further references.

1.2.2. Superconductivity. A parallel derivation can be followed for a superconducting material sub-
mitted to an exterior magnetic potential: we refer to [5].

1.2.3. Resonant system for a confined nonlinear Schriodinger equation. Start this time with the
weakly nonlinear Schrodinger equation

i0pu — Hu = ?|ul*u  with H = —A + |z|%.

The completely resonant system, which approximates the evolution of u as € — 0 is given (after
time rescaling) by

2w
0w =T (u,u,u) with T(f, f, f) = / e isH [|ei5Hf|26iSHf] ds. (CR)
0

It is derived and studied in [20} 2I]. A striking property of is that it agrees with if its
data are chosen in the Bargmann-Fock space £.

The equation can also be derived from the nonlinear Schrédinger equation on the torus [12]
or in the presence of a magnetic potential [13].

1.3. Comparison with similar equations. The formulation of the cubic lowest Landau
level equation is similar to the cubic Szegé equation, introduced by the first author and S. Grellier
n [I7], and identified in [18] as the completely resonant system associated to the cubic half-wave
equation on the circle — see also Pocovnicu [27, 28] concerning the cubic Szegé equation on the
line. An important feature of the cubic Szegé equation is that it admits integrability properties
through a Lax pair structure satisfied by Hankel operators. Using this structure, traveling wave
solutions were classified in [I7] for the circle and in [27] for the line, and growth of high Sobolev
norms was established in [28] for the line and in [19] for the circle.

Though the Lax pair structure for Hankel operators does not seem to extend to , it is
therefore natural to study similar questions for equation . A review of our results in this
direction is the purpose of the next paragraph.

Finally, let us mention that the completely resonant system associated to the conformally invari-
ant cubic wave equation on the three-dimensional sphere was recently introduced in [§].

1.4. Main results. In this paragraph, we briefly describe the main results of this paper. We recall
that

E={u(z) = e_%f(z) , [ entire holomorphic } N L%(C).

1.4.1. The initial value problem and long time Sobolev bounds. The well-posedness of (LLL|) was
studied by F. Nier [30, Proposition 3.1] (see Remark [2.1)), and the following statement holds true.

Theorem 1.1. For every uy € &, there exists a unique solution u € C*°(R, &) to equation (LLL),
and this solution depends smoothly on ug. Moreover, for everyt € R

/\utz|2dL /yuo )2 dL(z).

Furthermore, if moreover zug € L*(C), then zu(t) € L*(C) for everyt € R, and

/|z| lu(t, 2)|? dL(z) /z| lug(2) |2 dL(2) , /(Cz|u(t,z)|2dL(z) :/(Cz]uo(z)QdL(z).
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More generally, if, for some s > 0, (z)5ug € L?>(C), then (z)*u(t) € L?(C) for every t € R.

Our next result concerns the long time bounds for Sobolev norms, which are equivalent to
weighted norms ||(z)*u|| 2 — see Lemma below.

Theorem 1.2. With the notation of Theorem assume (z)*ug € L2(C) (where (z) = \/1 + |2]2)
for some integer k > 1. Then
I u®) o) < G+ )7

Notice that Theorem [1.2]is in strong contrast with the results of [19] for the cubic Szegé equation
on the circle, where superpolynomial growth of Sobolev norms is established to be generic in
the Baire sense. On the other hand, we mention in this paper two results improving the above
polynomial rate for a perturbation of under generic Hermite multipliers. Theorem is
a direct consequence of normal form theory for semilinear quantum harmonic oscillators [22] and
states that, for any exponent r and for a full measure set of Hermite multipliers of any given
algebraic decay, solutions having an initial data of order € in a big Sobolev space conserve the same
size on a time of length e~". Theorem is a direct application of KAM theory [23] to this context
and allows to find small quasiperiodic solutions — hence uniformly small in any Sobolev space —
for the perturbation of by a subset of Hermite multipliers of asymptotically full measure.

1.4.2. Stationary waves. In view of the two dimensional invariance by phase rotations and space
rotations, it is natural to define stationary waves for equation (LLL|) as solutions of the form

u(t, z) = e” My (e72) |

for some (A, 1) € R2. Equivalently, the corresponding initial condition ug, also called a stationary
wave, satisfies

Mg + phAug = T(Jugl®ug) , A := 20, — 20,. (1.2)

We obtain several results about these special solutions. Firstly, we provide a priori bounds on the
growth at infinity of any stationary wave.

Theorem 1.3. Let ug € € be a solution of (1.2). Then, for any

oy = (L4 Lloe2 B 1.226
T=M0=2 T 210g3 SR

the following estimate holds,
Vze C, |up(z)| < C’,763‘2|L%|Z|2 .
As a consequence, if
N(R) = #{z € C such that u(z) = 0 and |z| < R},

then for any n > no,
N(R)
Rn
Secondly, we classify stationary waves with a finite number of zeros and we study their orbital
stability in £ and in

—0 as R — oc.

Li’l ={uc&:zucl?C))}.
Theorem 1.4. Up to multiplicative factors, phase rotations and space rotations, the stationary

waves in € having only a finite number of zeros are

us(z) = (z — e F

_lel?
>t qecC, néeN,
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for which p =10, and

b(24+b%)\ 124t

Furthermore, ug and u$ are orbitally stable in LZ’l for phase rotations, vy is orbitally stable in LZ’l
for phase and space rotations, and uly,n > 2, are not orbitally stable. Finally, the set

{eug, 0 €T, a € C}
is stable in £.

Our third class of results about stationary waves concern existence of stationary waves with an
infinite number of zeros. We construct these objects using three different methods. Firstly, by bi-
furcation from u — see Proposition Secondly, by a minimization argument combined with the
classification result of stationary waves having only a finite number of zeros— see Proposition [7.7]
Finally, by explicit formulae we construct stationary waves having zeros on sets yZ and vZ U ,% ,
where v # 0 is an arbitrary complex number, and k # 0 is an arbitrary integer— see Appendix [A]
In the first case, the growth at infinity is at most eclzl=Iz1/ 2 while this growth is optimal in the

third case. We have not been able to find stationary waves with a faster growth at infinity.

1.4.3. Number of zeros of the minimizer. We now turn to the question of the number of zeros (in
particular, finite or not) of minimizers of a physically relevant variational problem involving the
conserved quantities of the equation. In order to describe the results obtained in this respect, we
switch to semi-classical coordinates, which are most commonly used in this context.

Let 0 < h <1 be a small parameter and denote by

w2

& = {v(w) =e 2 g(w) , g entire holomorphic } N L*(C).

Define the energy functional

Biast) = [ (Pt +

where N,a > 0 are parameters, and Q%L =1 — h2. Consider the minimizing problem

NaQ%L v

(w)/")dL(w), (1.3)

veE
M(v)=1

min  E;; (v), where M (v) :/”U|2dL. (1.4)

In [4, Theorem 1.2], Aftalion, Blanc and Nier give conditions on 0 < h < 1 and on the Lagrange
multiplier associated to the problem such that the global minimizer of at fixed mass has
an infinite number of zeros. Thanks to the classification result of Theorem [1.4] combined with a
global analysis, we are able to weaken their conditions. Moreover, we prove that the Gaussian is
the unique global minimizer for an explicit range of the parameter A > 0. Our result reads

Theorem 1.5. Set kg = % and k1 = V3 — 1.

(i) Assume that
NaQ?
h < [ ko Zﬁh. (1.5)

Then every local or global minimizer of (1.4) has an infinite number of zeros.
(ii) Assume that

Na$?
h> Ky —ch, (1.6)
47

T
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Then
1 12
SOUJZ(Z) = ﬁe 2h
T
is the unique global minimizer of (1.4]) and
Na$¥?
Efpr(eon) = 47rhh + h.

As mentioned earlier, a question of great interest is the localization of the zeros of the minimizer
in the case ([1.5). The result of Theorem gives some information about the distribution of the
zeros, and we refer to [2] for a study of minimizing sequences whose zeros are localized on lattices.

1.5. Organization of the paper. Section [2]is devoted to general background about the equa-
tion . Local and global well-posedness results are established in Section |3| In Section {4 we
prove Theorem and two results improving this polynomial bound for perturbations of un-
der generic Hermite multipliers. The last three sections are devoted to stationary waves for .
In Section [5] we prove general a priori bounds on the growth of stationary waves at infinity. In
Section [0 we classify stationary waves with a finite number of zeros, and show how to construct
others by perturbation from some of them. Section [7] deals with various variational problems lead-
ing to stationary waves, with applications to stability theory of stationary with a finite number of
zeros. Finally, three appendices are devoted to some explicit stationary waves, a dictionary through
Bargmann transform, and an elementary characterization of Sobolev spaces at the lowest Landau
level.

2. SYMMETRIES, CONSERVED QUANTITIES AND SPECIAL COORDINATES

In this whole section, we present the structure of (LLL)) while remaining at a formal level.
2.1. Hamiltonian structure. Define first the symplectic form on &:
w(u,v) = jm/ uv dL.
C
Given a functional F' on &, its symplectic gradient V,F' € £ is such that w(V,F(u), ¢) = dF(u)-¢.

The Hamiltonian flow associated to F', denoted ¢, is then defined for ¢t € R by

Opu(t) = =V, F(u)

or(t)up = u(t) where u solves { ult = 0) = up.

The equation (LLL) corresponds to the Hamiltonian flow for the Hamiltonian

1
H(u) = / lu|* dL on €&.
4 Je
In other words, the solution of (LLL) with data equal to uy can be written u(t) = w3 (t)uo.
Observe that the Hamiltonian H is left invariant by the following symmetries: phase rotations
Ty s u(z) = eu(z) for v € T,
space rotations
Ly u(2) = u(ez) for ¢ € T,

and magnetic translations

Ry u(z) — u(z + a)e%(m_m) for a € C. (2.1)
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These symmetries are via Noether theorem related to quantities which are invariant by the flow
of (LLL[: the mass M, angular momentum P, and magnetic momentum @ which are given, for
u € €&, by

M(u) :/]u\zdL

P(u) = /AuudL = /(C(|z|2 — D)|u(2)|? dL(z)

QW = Qulw) +1Qy(u) = [ 2fu()L (),
C

where A is the angular momentum operator, defined by
A =i(y0, — x0y) = 20, — Z0x,
with 0, = 3(8, — i0,). The harmonic oscillator H is defined by
H = —40.0s + |z|*.

It is clear that M, P and @ are left invariant by phase and space rotation; magnetic rotations R,
leave M invariant but act on ¢ and P as follows,

Q(Rau) = Q(u) — aM (u),
and
P(Rou) = P(u) — 2Re(@Q(u)) + |a|* M (u).
The following table recapitulates for each quantity conserved by the flow of the corre-
sponding symplectic gradient and the generated symmetry.

Conserved quantity Symplectic gradient Symmetry
Mass

M(u) = [ |u*dL 2iu(z) Tyu(z) = eu(z), v €R
Angular momentum

P(u) = [AuudL 2iAu(z) Lou(z) = u(e*z), p € R
Magnetic momentum

Qz(u) = [zlu*dL 2ilI(zu) = z(z + 0, + %)u(z) Rigu = u(z +1iB)e* B e R
Qy(u) = [ylul*dL 2ill(yu) = (z -0, — %)u(z) Rou=u(z+a)e™, a R

Notice that the phase rotation 7', obviously commutes with all the other symmetries, but this is
not the case for L,, R, and R;g, for v, ¢,a, 5 € R.

Remark 2.1. The equation id;v — Av = II(|v|?v) which derives from the Hamiltonian H (u) + 2P (u)
was studied by Nier [30]. Since the Hamiltonian flows generated by H and P commute, it is
equivalent to (LLL)).

2.2. The basis (). Denote by (¢ )n>0 the family of the special Hermite functions given by
1 |21

Z"e” 2.

By [33| Proposition 2.1], the family (¢5,)n,>0 forms a Hilbertian basis of £, and we can check that
they are the eigenfunctions in £ of H, A and of the Fourier transformﬂ F

Hp, =2(n+1)pn, Apn=np,, Fon=1"pn,.

Lwith the normalization Ff(£) = o [oe 7 f(2)dL(z), where {.z := Re(£Z).
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Observe that the Fourier transform will not play any particular role, since F = L%. Incidentally,
this implies the invariance of the equation under F.

The kernel of the projector II is given by
= 1 ra 2 2
K(2,6) =Y on(2)pn(§) = —et2e 272 (2 ) e C x C,
T
n=0

which leads to the formula (|1.1]).

Decomposing u in this basis
+00

U = Z CnPn,

n=0

the conserved quantities become

1 k+0) 11X (n+p)\ 2
Huw =g D 2k+f\/mm!nlc’“céc’”c"_872? 2 C"cp< nlp!

T
k4 mmn>0 £=0 n+p=~L
k+l=m+n

—+00
M(u) = Jenf?
n=0

+o0
P(u) = nle,f
n=1
“+oo
Qu) = Z vn + lepCnra,
n=0
see ([7.1) and [20], while (LLL|) reads
. 1 (k+0)!
104y, ' Z>O 2T 2k+£mcecmcm k>0 (2 2)

k+l=m++n

2.3. Tempered distributions. Sometimes we will need to work in the following enlarged lowest
Landau level space,

~ z 2 —
&= {u(z) = e_%f(z) , f entire holomorphic } N (C) = {u € .7 (C),0u+ gu = } .
One can easily establish that elements of € are series of the form
+oo
u = Z CnPn ,
n=0

where the sequence (c¢,) has at most a polynomial growth in n.
Observe that H =2(A+1) on £ .
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3. WELL-POSEDNESS

3.1. Local well-posedness in z coordinates. For p € [1, o], the weighted LP space LP*® is given
by the norm

[ fllzee = [{2)* ()|l Lr(c)
Define then

2|2

L ={u(z) =e 2

f(2) , f entire holomorphic } N L?(C)
212
LB = {u(z) = 6_7‘]”(2) , [ entire holomorphic } N LP*(C).

These are Banach spaces when endowed with their natural norms. A classical estimate [33] gives
the embedding of ng) in ng for p < g¢; the inequality with the optimal constant reads [10], for
all u € £
. q \1/4 p\1l/pP
f1<p<g<oo, (5) vl < (5) " lulwo: (3.1)
In order to discuss (LLL|) in Lg, we need to extend II to LP; this is easily achieved.

Proposition 3.1. For any p € [1,00] and a > 0, the projector II has a unique bounded extension

z 2 w 2
to LP and LP*, which is given by the kernel %e‘l -ty Twz,
1 ,|z\2,M+wz . . 1 lz—w?
Proof. The kernel K(z,w) = —e 2 enjoys Gaussian bounds: |K(z,w)| < —e 2
T
Therefore, for u € L? N LP?,
[T e = / Ko dcw)| | [T e+ - el azw)
Lp C Lp

S {2 *u(2)l|e = llullLre

Since L? is dense (in the weak sense for p = co) in LP'®, we obtain a unique bounded extension of
the projection operator II. O]

With this extension of IT to LP® for any p, the meaning of (LLL) for w € L*([0,T], LP%) is now
clear.

Proposition 3.2. (i) (LP spaces) For any p € [1,00], the equation is locally well-posed
in LP: for any data uy in LY, there exists T > 0 and a unique solution in L°°([0,T], L),
which depends smoothly on ug.

(i) (Weighted LP spaces) For any p € [1,00], a > 0, the equation is locally well-posed in
LP: for any data ug in LY, there exists T > 0 and a unique solution in L°°([0,T], LZ),
which depends smoothly on ug.

Proof. Local well-posedness is obtained from the theory of ordinary differential equations, by ob-
serving that the vector field

u = T(Julu)
is smooth on the spaces LP%, 1 < p < 0o, > 0, with a differential bounded on bounded subsets.
This observation uses successively the boundedness of II, and the LP-L4 estimate (3.1)),

[{z)TL(abe) || e < [I(2)*abell e = |[(2)%all o bl o< llell e S [1(2)¥all Lol ()bl o[ (2)* ]l o
d
Remark 3.3. The space L™ is the endpoint space as far as local well-posedness is concerned. Smaller
data spaces, such as LP, with p < oo, or L%, with a > 0, enjoy stronger properties:

NLg.

max(1,%)

e Smoothing effect: if uy € L%, then for any € [0, T, u(t) —uo € Lg
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e Weak compactness: if (uy) is a sequence of solutions uniformly bounded in L*([0,T1], L%),
there exists a solution u € L>([0,T], L%) such that, for all t € (0,T'), ux(t) converges weakly
in L% to u(t).

The proofs are immediate and we omit them.

3.2. Local well-posedness in (c¢;) coordinates. Let o > 0 and A > 0. Denote £°% and C), the
Banach spaces of sequences given by the norms

VE!

[[(c)lleoe0 = sup(k)*|ex| and  |[(cx)llcy = SUp 1 |k (32)
k>0
+oo
Proposition 3.4. Using the coordinates (cy) given by u = chgok, the equation (LLL|) is locally
k=0

well posed
(i) in £ for o > .
(ii) in Cy for A > 0.

Remark 3.5. The spaces (/4 and C, are of particular relevance, as will become clear in the
remainder in this article. Roughly speaking, they are, in (¢,) coordinates, the largest and the
smallest space for which local well-posedness holds.

Proof. (i) Recall that the equation (LLL|) written in (¢,) coordinates reads

. | k+0!
O = 50 , Z>0 TV T T R
m,n

k—f—ﬂ*m_-&-n

Sl
ZZ_ 25k'5 0 \/2Sm'(S— )cs kCmCS—m

=:T(c,c,c).

We need some bounds on the interaction coefficients: Stirling’s formula gives the inequality

S! <¢(k)5 (S)1/4
25KI(S — k)~ T\S ) (B)VAS — k)Y
1

(0,1), is equal to 1 only if z = 1, and satisfies the bound |¢)(z)| < e Cl—2)*,
In order to prove the proposition, it suffices to show that 7 maps (£°%)3 —
follow from the inequality

where we denote, if 0 < z < 1, ¢(x) = One checks that ¢ (x) takes values in

— £°% which would

1
20 S 75
where
+oo S mA S <S>1/2 )
Z Z (& < > (g) <]<;>1/4<S _ k:)l/4(m>1/4<S _ m>1/4 <S — k‘)a<m>a<s — m>a.

S=k m=0
In order to prove that this inequality holds, we first consider the sum over m:

> (T) I 1 <!
=0 V57 (m)a +a<5 m=0 <m>i+a<5—m>%+a ~(S)2e

m
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It remains to sum over S:

+00 1_92q
/{7) S Z e—CS(g—%V <S>2 . 5 <k>%—3o¢ < <k‘>_a,
<k>1/4<5— k)Z*O‘

»N)—'

where the last inequality follows from a >

(i) Proceeding as in the previous point, it suffices to show that

“w VE! > (k+0)! AmAntL —ap Y Nk +0)!
k0 N, e R Rl VNV mIValL ko, A 2 il

k+l=m+n

Setting p = k + £, this can also be written, using the binomial identity,

)\2(p—k)p! )\2(p k) AQ p—k) )\2
OB BT T s i ;;gz ,Zzpp o = k;gZ !
=" p>kn<p
hence the result. OJ

The following lemma shows how the critical spaces in z space (L) and (¢,) space (£>1/4) are
related.
Lemma 3.6. (c,) € (°1/4,
+oo

Z Cn¥Pn

n=0

S ll(en)llgmorsa: (3.3)
L*>(C)

Proof. First observe that

*%|Z|2+%z2 Z \ T 2n

27l ' SOQTL )

w(2n)! (2m)1/4

which implies since Y5z = ~ 5 57~ that
“+o0o
pan(l2])
sup — T <00
+o00
Using this inequality and |paon+1] < [p2n| + [@2(ns1)], this gives for u = Z Cnon With (c,) € £°91/4
n=0
that
sup |u(z)| < sup Z enllz]) < sup i:.o o)) + sup S ean+1(12]) < 00
z€C zeC (n+1) /4™~ e 0 (n+ 1)1/4 zeC . = (n+ 1)1/4
0

Notice that the reverse inequality in (3.3)) does not hold true, as can be seen by considering the

sequence u, = n~1/ 40n



12 PATRICK GERARD, PIERRE GERMAIN, AND LAURENT THOMANN

3.3. Global well-posedness. The conservation of M and ‘H combined with the local well-posedness
in L?g and Lé easily leads to

Proposition 3.7. Assume that 2 < p < 4. The equation (LLL|) is globally well-posed for data
n Lg and such data lead to solutions in C*° (R, Lg), depending smoothly on the initial data.
Moreover, for ug € L%,

lu(t) = woll oy S [HYP7, flu(t) = wollpe) < Cl,  VEER. (3.4)

Proof. We already know local well-posedness from Proposition 3.2} Furthermore, using successively
the boundedness of II (Proposition , Holder’s inequality, and (3.1),

[T(ul*w)|,, < Crl[lulul, = Cullulzs, < CallulZallullze-

The previous inequality shows that the lifespan of the solution only depends on the L* norm which
is preserved, hence we get global well-posedness.
Let us now prove the bound (3.4]). We write u = ug + v, then for ¢ > 0 we have

o(t) = —z’/o T {Juo + v[2(uo + v)] (s)ds.

We take the L2-norm and get with the help of (3.1
()]l 2y < Citlluo + vll7s(cy < Cot(lluollzs(c) + lvl7e(c)) < Catllluollzoc) + 1vl7a(c))-

Therefore, by the conservation of the energy, we obtain [[v(t)||z2(c)y < Ct which is the second bound.
The first bound follows from interpolation with the energy. O

4. LONG TIME RESULTS FOR THE LLL EQUATION

4.1. Bounds of Sobolev norms. Recall that the L?k-norm is equivalent to the Sobolev HF(C)-
norm (see Lemma |C.1)). Then we have the following bounds on the growth of such norms.

Theorem 4.1. Let k > 1 be an integer and ug € L?k. The equation (LLL| is globally well-posed

in Li’k and for any t,
k—1
lu(®)l[ 2y S A+ H) = (4.1)

Proof. The global wellposedness in LZ’k easily follows from the global wellposedness in L?g. To get
the bound, we compute

d/]2\2k|u(t,z)]2dL(z) = Q%e/]z\%uatudl}(z)
_ %m / 2[RI (| 2u) L (2)
C

~ 2m / 122Dz juf2u)dL (=)
C

N HZ“HL2(<C)H|Z|%71H(‘”|2“)HL2(C)'
Next, by Proposition [3.1
H’Z\%_lﬂﬂu’?“)“ﬁ(@ N H<Z>2k_1’“‘2“HL2(<C)
S H|Z|2k_1|u|2uHL2((C) + CH|“|2“HL2(C)
S HZUHLQ((C)HZk_lUHiOO(C) + CHuHiG(C)
S HZ“HLZ(C)Hzl%l“”;(@ +CHUHiQ(C)’
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where the last line was obtained by the Carlen inequality (3.1)) (using crucially that u € & implies
ZJu € £). Therefore, since H<z>uH £2(C) is uniformly bounded by conservation of M and P, we get
by interpolating that

LAV by (12 FT
£H<Z> UHL2((C) < CH<Z> UHLQ((C) . (4.2)

Then by a classical argument, ([£.2) implies [|(z)*u(t)|/;2c) < C(1 + ]t|)%, which in turn im-
plies (4.1) by Lemma O
Remark 4.2. Tt is interesting to compare this result to the bounds for the 2D cubic Schrodinger
equation

i+ Agzu — (2] + 23)u = |ufu,  (t,21,72) € R’
It is likely that with the method developed in [29] one gets a bound < (1 4+ [¢[)*~.
4.2. Long time results for linear perturbations of the LLL equation. Here we state some

results concerning linear perturbations of the LLL equation which show, under generic assumptions,
close-to-linear dynamics. In this setting, the resonant structure of LLL is destroyed.

4.2.1. KAM results for a perturbed equation. In the sequel, we consider the (non-local) perturbation
of the (LLL) equation

i0pu + vMu = ell(|ul?u), (t,2) €R x C, (4.3)

where v,e > 0 are small and where M is the (Hermite) multiplier, defined by My; = {;¢; with
-1<¢, <1

Notice that M and H commute and that we have the following conservation laws :
/ lu(z)|[2dL(z), /uHu(z)dL(z), 1// uMu(z)dL(z) + 6/ lu(2)|*dL(2),
C C C C
which are the L? and L?! norms as well the Hamiltonian (there are other conservation laws).

Using the commutation of M and H, as well as the relation
eitHH(ulzTgu;),) = H(eitHul etHyq eitHu;g)7
which can be obtained by testing on u; = ¢;, we see that (4.3) is equivalent to the equation

(setting v = e*Huy)
i0w + Ho + v Mo =TI(|v[*v), (t,2) € R x C. (4.4)

The abstract KAM result [23, Theorem 2.3] can directly be applied to the equation (4.4) and
hence (4.3).

Theorem 4.3. Let n > 1 be an integer and set A = [—1,1]"*1. There exist eg > 0, vy > 0, Co > 0
and, for each € < eg, a Cantor set Ac C A of asymptotic full measure when ¢ — 0, such that for
each £ € A and for each Coe < v < vy, the solution of

i0pu 4+ vMu = ell(|ul®u), (t,2) € R x C, (4.5)
with initial datum
n
up(z) = Y 1% ;(2), (4.6)
§=0
with (Io,--- ,1,) € (0,1]"*' and 6 € T", is quasi periodic with a quasi period w* close to

wo = (27 +2)}_g: [w* —wo| < Cr.
More precisely, when 0 covers T™, the set of solutions of (4.5) with initial datum (4.6)) covers a
(n + 1)-dimensional torus which is invariant by (4.5)). Furthermore this torus is linearly stable.
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In order to apply [23, Theorem 2.3], one has to check two spectral assumptions ([23, Assump-
tions 1 and 2]), which hold true for a suitable choice of M, and two assumptions concerning the
regularity and the decay of the nonlinear term [ [u|*dL ([23, Assumptions 3 and 4]). We refer to
[23] Section 6.3] where the corresponding Assumptions 3 and 4 are checked for the one-dimensional
nonlinear Schrédinger equation with harmonic potential. The argument follows exactly the same
lines, since one can also use the bound ||p; ||z~ < Cj~1/4.

Notice that one already knew that the equation (4.3 is globally well-posed for initial conditions
of the form (4.6]).

4.2.2. Control of Sobolev norms for a perturbed equation. We define the Hermite multiplier M by
Me; = mjp;, where (m;)jen is a bounded sequence of real numbers chosen in the following classes:
for any k > 1, we define the class

Wy = {(mj)jeN Tmy = & with m; € [—1/2, 1/2]}

(G + 1"
which is endowed with the product Lebesgue (probability) measure. Consider the problem
i0pu + Mu = TI(Jul?u), (t,z) € R x C. (4.7)

The following almost global existence result is proved in [22, Theorem 1.1].

Theorem 4.4. Let k,r € N. There exists a set By, C Wy of measure 1 such that if (m;);en € By

there exists so € N such that for any s > sg, there are € > 0, ¢ > 0, such that for any € € (0,¢),
2s

for any ug € L" with
luollp2.s(cy < €,
the equation (4.7) with initial datum ug has a unique global solution u € C* (]R, Lg’s) and it satisfies
lu(@)llL2s(c) <26 [t <ce™.

To prove this result, we apply [22, Theorem 1.1] to the equation i0;v + Hv + Muv = II(|v|?v),
obtained with the change of unknown v = e®Hy.

By the result of Lemma[C.1] Theorem [£.4] shows that if the initial condition is strongly localised
in space, then the corresponding solution also remains localised for large times.

5. STATIONARY WAVES AND THEIR DECAY: GENERAL RESULTS

5.1. Definition and decay result. Stationary waves are naturally associated to the symmetries
of the equation.

Definition 5.1. An M-stationary wave is a solution of of the form
u(t) = e Mugy,  where A € R, ug € £.
An M P-stationary wave is a solution of of the form
u(t) = e Mug(e ™), where A\, p € R, ug € E.

The concept of M and M P-stationary waves can immediately be extended to the space &. Note
that M and M P-stationary waves are given, respectively, by the solutions of

)\u:H(|u|2u), )\u+uAu:H(|u]2u).

Lemma 5.2. Assume that w € L*Y/2 is a M P-stationary wave with p # 0, then Q(u) = 0.
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Proof. There exists ¢ € L>'/2 such that u(t, z) = e (e "#*z), with u # 0, and

Qu)(®) = [ =fu(t.APALE) = [ e M RLE) = [ pE)PLE) = Qo)

By conservation of QQ(u), this implies that Q(u) = 0. O
Theorem 5.3. (i) Assume that u = Y72 chpn € & is an MP-stationary wave such that
len| S r™ for some v < 1. Then, for any
1log2
<Y =z ~0.315...
V<N = Si0es :

there holds |cp| < n=7™.
(i) Assume that u(z) € £ is an M P-stationary wave such that |u(z)| € L>® and u(z) — 0 as
|z| = oo. Then for any

1 1log2
7_1’_7
2 2log3

—1
77>770=< ) ~1.226...,

there holds |u(z)] < el?l"=3 2

Remark 5.4. The stationary waves exhibited in Theorem see also Appendix [A] give examples
of:

e Finite energy stationary waves such that ¢, ~ \;—% for any r > 0 and sup,—, [u(z)]

2
_02
ez 1P,

0 if n odd
e Infinite energy stationary waves u € L™ \ UL such that ¢, ~ { 1 ifp even

/3

These examples show that some of the conditions of the theorem are optimal; but they also suggest
2

that stationary waves of finite energy might in general enjoy the bound sup,,—, |u(2)| < e~ TP
for some 7.

Corollary 5.5. Let u be an M P-stationary wave in L* such that u(z) — 0 as |z| = oo, and let
N(R) = #{z € C such that u(z) = 0 and |z| < R}.

Then for any n > o,
N(R)
Rn
Remark 5.6. Let v € &, then with the same proof one obtains N(R) < R2. This bound is sharp as
shown by the two following examples :

—0 as R — oo.

. 5 2
sin( ki ) —I:2/2

e Let 0 < § < 5 and set v(z) = . Then v € £ and N(R) ~ cR?. The zeros are

located on the real and imaginary axes.
e Let 0 < o < 1. The Weierstrass o,-function associated to the lattice

Ay = {\/Z(m—kin), m,n € Z},

satisfies z — 04(2)e /2 € € and vanishes exactly on Ay, so that N(R) ~ c¢R2. See [33,
Lemma 5.6, page 201] for more details.
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Proof of Corollary[5.5 Write u(z) = 67%|Z‘2f(z), where f(z) is an entire function. Denote {ay}
the zeros of f. Assuming for simplicity that f(0) # 0, and provided that f does not vanish on
0B(0, R), Jensen’s formula gives

27 )
log |f(0)) = Y log ’ak’+/0 log | f(Re™)| df.

lax| <R

Denoting N'(R) = #{z € C such that u(z) = 0 and 0 < |z| < £}, the above clearly implies that

1 2m )
(og2)N'(R) < ~log|£(O)| + 5 [ log|7(Re)] b,
T Jo
By Theorem for any n > no, | f(2)| <, ", Combining this with the above inequality gives
N'(R) <, 1+ R,

which leads to the desired result. O

5.2. Proof of (i) in Theorem Step 1: a closer look at the (¢;,) equation. The equation sat-
isfied by M P- becomes, in (¢,) coordinates

(A + pk)e,, = k> 0.

! S (k0! _
27 okl N EemEns
k+£
2w, il 2MTVEmin]
ket L
For simplicity, and since this does not affect estimates, we shall take 4 = 0 in the following. The

above can also be written

+oco S

S!
Acg, = Z Z 2571( S B! \/2Sm!(s_m)!05—kcmcsm.

By Stirling’s formula, we can bound

S
s Sv(5)
2H(S — k1~ Y5

1
227(1 — x)l-=

values in (271/2,1], and is equal to 1 only if z = 1.

Assuming that |¢,,| < r™ for some r < 1, the above immediately implies that

s 23 (5) e (5)

S=k m=0

where we denote, if 0 < z < 1, ¢(x) = . It will be important that 1 (z) takes

Step 2: the bootstrap argument. Here we assume first that |c;| < CprF, for some r < 1 to be

determined and aim at obtaining a bound of the type |cx| < Cppk , where p depends on r and C,
on C.

We fix k € ( ) and let € € (0,1) be such that 1(e) = k. Observe that

\/7)
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Splitting the sum above estimating |ck|, we get

4o S
MPT=T D S 5 St
|2k—S|<2(3—€)S S=km=0
|2m75’|<2(%f€)5

< C3k [T%k + (m“)k} .

We now assume that r is such that the second term in the above right-hand side dominates the

first one, which corresponds to
l—e
r< K2

(5.1)
Notice that, given r < 1, (5.1]) is satisfied if K < 1 is close enough to 1. Choosing furthermore any
k' € (k,1), this gives
ekl S (k'r)".
Thus we found that, for r < 1 satisfying (5.1]), " € (k, 1), and for a constant A > 0,
lex] < Cort = ] < A(CH)P (K.
Iterating this implication gives that
Opni1 = K0 do=r
x| < Bn(6,)*  where ntl n and 0
This implies in particular that, for any n, k,

|Ck‘ 5 (’i/)nkecyl'

Choosing n = [logk ] + 1, this gives the bound

log 3
Ak
ek S K7
for any v < —28%° I particular, this implies
vy <155 Inp : p

leg| S 7

for any r € (0,1). This means that (5.1) is satisfied for every & € (27'/2,1). Applying again the
same bootstrap argument, we obtain
e S K

log 2
2log3-

5.3. Proof of (ii) in Theorem

Step 1: establishing Gaussian decay for M-stationary waves in z coordinates. Without loss of gen-
erality, start with u, a function in L* going to zero at infinity, solving

u = TI(|ulu).

Using first the Gaussian bound on the kernel of II, and then elementary estimates, we get for
k€ (0,1)

for any v < v9 =

()| 5 [ e P uw) dLw)

<[ et FuwpPae s [ e )P )
|lw|<k|z|

lw[>kl2|

_(

a=rn? | 2|2 3
Se 3 + sup |u(w)]’.
[w|>k]2|
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Setting M;, = supj,|>,—» [u(w)], this translates into

7(1*”)2 N72n 3
M, < Cye 3 + COMnflﬂ

for a constant Cj.
. —2n .
We now claim that M, < Ae™¢* for n > ng, where ng, A and € are positive constants to be
determined. This will follow by induction if we can make sure that

_(1-r)? k=2

2, ,.—2
Coe 3 n + COA36—3/£ €R

n

M, < Ae=¢v "0
{ < Ae=*" for n > ny,
which would follow from
My, < Ae=cr "0

_a=r)? 2

Coe™ 3 < %Ae‘“ﬁn for n > ng (5.2)
CoABe=3r%ex™" %Ae*“_% for n > ny,

In order to make sure that these inequalities are satisfied, we choose k, ng, A and € as follows.

. 1 1 . . . . .
e First choose k = 7 and A < ﬁ; This ensures that the third inequality in (5.2)) holds.
(1-k) —2n,
e Next, pick ng so big that Chpe™ 6 ~ mo o é and M, < % (using that M,, — 0 asn — oo
by hypothesis). This ensures that the second inequality in (5.2]) holds, provided € < %.

e Finally, choose € € (0, (1_6“)2) so small that % < e~¢*"  Combined with My, < g, this

ensures that the first inequality in ([5.2]) holds.

Thus the claim holds, and we get that |u(z)| < e 1" for some o > 0.

Step 1 bis: establishing Gaussian decay for M P-stationary waves in z coordinates.
Now we consider the equation \u 4 pAwu = II(|u|?u) with g # 0. Set a = \/p.

e Case —« ¢ N. In this case, the equation is equivalent to
1
u= ;(A +a)! [H(|u!2u)]

Let us compute the kernel of (A + a)~!. For alln € N, (A + a)"t¢, = (n + a)"tp,, then for
ue F?,

+o0
(A0 M) = 3 ([ utwlaladnw)en()
n=0

_ / w(w) Ko (2, w)dL (w)
C

with

1 1 k2w R (w)"
Ka(z,w) = Z nt aSOn(Z)SOn(w) =¢ Z n+an!
n=0 n=0

We claim that there exists A > 0 such that

|Ko(z,w)| < CQA+ |zw]?) (€MD) £ 1)e” 2~ 2, (5.4)
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Let ng be the smallest integer such that ng + a > 0. Then

1 2 w2 () 1z w? ft X (tzw)"
K = e 2 2 T L CeT T ol dt
al2;w) - Z (n + a)n! e /0 ( Z n! )
n=0 n=ng
1 P w2 (o)n 1z w2t " (o)

= —e 2 2 S I R R s P 5.5
Y e T [ Y 55)

n=0 0 =

212 _ Jw|?

If |wz] < 1, then from (5.3)) we get |Kq(z,w)| < Ce™
Then

1 np—1 _
JREED DR

n=0
1 no—1 _ 1 np—1 —
_ /sz ta—l‘etzﬁ_ Z (tZ:!J)n‘dt—l—/l ta—1|etzw_ Z (tz:j)n‘dt

n=0 [wz| n=0

~ 2 . In the sequel we assume |wz| > 1.

=1 + I.

In the first integral, we make the change of variables s = t|wz| and get Iy < C. For the second, we
get

Iy < C(1 4 |zw|' =) (™) 4 |z[™0 1 4 1),
We also have the bound

no—1

| Z n+a n, C(lzw[™7" +1).

As a conclusion, from (5.5)) and the previous estimates we get (5.4)).

e Case —a=mng € N.

Kon(zw) = 3 ——pu(a)pn(w) = ~e~ T %

n#ng

1
For n > ng + 1 we write (n —ng)~! = / t"~"0=14t and as previously we get
0

Lol (RS0 e N (20)
K—no(zaw) = ;6 2 2 ( nz:O m +/O o (6 — nz:o ol )dt)
Similarly, there exists A > 0 such that
z 2 w 2
1Ky (2, w)] < C(1+ |zw|) (D 4 1)o7 15 (5.6)

In the sequel, we assume that |z| > 1. We set v = II(|u|?u). Then, by Step 1,

1234 0(2)] < Coe +Co sup (JwAu(w)))®, (5.7)

lw[>k]z]
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Then thanks to ( . and .
24 lu(2)] < CJ] /C (1+ Jwzl4)

2 “2

e~ 5= | (w) | dL(w) +

z—w|? 2|2
+C|Z|A/(1+ we]A)e™ "5 [u(w)|dL(w) + O+ e
C
=Ji+Jo+ Js.
2
The term J3 is the contribution of the mode ng in the case a = —ng, and we have J3 < Ce™ =5 .
2
Then we clearly have J; < Ce™ =3 . We write
o= Ol [ e S )iz ) + O [ (@ s e S )L )
lw|<s|z| lw|> k2|
_ (1—'4)2 | ‘2 3A
< Ce 3 P4 C sup (Jw]*o(w)]).
lw|>r|2|
This implies that
~>
2 u(z)| < Cem 5 10 sup (JwP A o(w)]). (5.8)
|lw|>r|z|
We set M, = sup |w|*|u(w)| and N, = sup |w]>*|v(w)]|, therefore
|w|>k—" |lw|>Kk—m

_1=r)? o
N, < Coe™ 3 " "+ CoM?_,

_(1_’$)2 H72n
M, < Cpe 3 + CoNy 1.

We are now able to conclude as in Step 1 by induction (here we need to initialize M, and M;;41).

Step 2: bootstrapping in (¢,) coordinates. Since |u(z)| < e~7#I” for some ¢ > 0, we can bound the
coordinates (¢,) of u by

ool = | [[atinlane)| <

< (2+1)
- \/H(%—i—a)?“

where I' is Euler’s Gamma function. By Stirling’s formula,

\F e ()P 2 dL ()

nl/4
el S T e
(1+ 20)"/
This means that |c,| < 7™ for some r € (0,1). By (i) in Theorem we obtain that, for any
7 <70, eal ST

Step 3: back to z coordinates. Using that |c,| < n™7", for v < 79, we get by Stirling’s formula that

= 2™ 11,2 = |z _1p2 = 1 1 2
S e b Y EL b < SR e bned e P,
n=0 m n=0 \/77 n=0

2)| =
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1
1
1
g+7_§‘z|2,

By Young’s inequality,
R
2)| < [Zk 262 |2]) 2 ]

which is the desired result.
6 STATIONARY WAVES WITH A FINITE NUMBER OF ZEROS

11,2
—5|z C|z
€2H ,Se"

6.1. The classification result
(i) M-stationary waves in € with a finite number of zeros and unit mass are

Theorem 6.1.
given, modulo space and phase rotation, by ©%(z)e” where
L S O neNaeC
(z—a)"¢ 2 "2 and \ o _ (20 .
= (a)ZazFT

#a(2) = Balen)(2) = —=

They satisfy

1 (2n)! _

H(pp) = S?W7 M(pn) =1, P(pp) =n+ |04|27 Qpy) = a.

(ii) Besides the ©%, M P-stationary waves in € with a finite number of zeros and unit mass are
given, modulo space and phase rotation, by zbb(e_“‘tz)e_“t, where
b e [0,00)

1/ b )2

_5(1+b2) b(2 + b2 1, b,

- < - o )>e T and )\:87r(1+b2) (2bz+1+1+b2)
_ 1

vulz) = (1 +b?) 1+ b2
- 8«
They satisfy
1 1 1 M =1, P = 1 =
W = o (1 gt ). MO =1 PO = e Q) =

(iii) M -stationary waves in 5\5 with a finite number of zeros are given, modulo space and phase

rotation, by
u(t) = Ae 3822 sz =i yhore A g€ R, and A = %,
(iv) Besides the previous example, M P-stationary waves in g\ E with a finite number of zeros
are given, modulo space and phase rotation, by
AeR,
; ~2i ; _ 1 (3 .2\ 42
u(t) = A(e ™y 4 ip)ez B rae =i ypere { A= 5 (5 +77) A%
2
o

We postpone the proof of Theorem [6.1] to Paragraph[6.3] and refer to Section [B]for the expression
of these stationary waves in different coordinates
6.2. An invariant three—dimensional submanifold. As a consequence of identifying ¢ in

Theorem [6.1] as a stationary wave, we prove that the three-dimensional manifold
(6.1)

u(z) = (Az 4+ p)e*® , A e€C", peC,acC,

is invariant by the flow of (LLL]). This allows to recover results of [7] which were obtained by a

direct calculation.
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Proposition 6.2. For all (A, p, ) € C* x C x C, there exists (¢, p,a,b) € C*x T x C xR such that

b(f:bZ;Z))e‘é'z'zJ’bﬁlz] .

Thus, up to the symmetries of the equation, every solution to (LLL|) corresponding to an initial
condition of the form (6.1), is a stationary wave.

Proof. 1t is clear that multiplication by ¢ € C*, action of L, and of R, act on the manifold defined
by (6.1). With an operator R, we can reduce to the case when [ z|u(z)|? dL(z) = 0. Then the
transform L, allows to reduce to the case o € R, and by multiplication by ¢ we can assume that
A = 1. Hence, we are reduced to

0= / zlu(2) P dL(z) = 7 (Fa® + pa® + alpl? + ® + 20+ p) e, (6.2)
C
with @ € R — the calculation can be easily made using identity (6.4) below. We now claim
2
that (6.2)) is satisfied if and only if there exists b € R such that a = # and p = —b(fibl; ), and

this will complete the proof.
Firstly, if (6.2) holds true, necessarily p € R, and we are led to study the zeros of the second
order polynomial F(u) = ap?+ (20 + 1) + (2 + a2). The critical value of F is L (a —1)(a+1),

thus F admits a zero if and only if —% < a< % In this case, there exists b € R such that
a = ab) = ﬁ, and we obtain that the zeros are u;(b) = —b(fibb;) or us(b) = —g%ll’if;;;. This
yields the claim, since a(b) = «(1/b) and pa(b) = p1(1/b). O

6.3. Proof of the classification result. We will simply solve the equations
Au=TII(Jul’u) and Mu+ pAu= H(\u|2u),

over A\, u € R, and u € £. First we need a result describing functions in & with a finite number of
ZEros.

Step 1: functions u € £ with a finite number of zeros. Write u(z) = e_%|z|2f(z), let 21 ...z be the

zeros of f and define P(z) = H?Zl(z — 2j). Then % is an entire function which does not vanish,

thus it can be written % = ¢Q®) where Q is an entire function. By the bounds on u, Q is such

that ReQ(z) < (2)2. The Borel-Caratheodory lemma implies that |Q(z)| enjoys the same bounds,
namely |Q(z)| < (2)?, which means, by the Liouville theorem, that @ is a polynomial of degree at
most 2. As a conclusion, any function satisfying the hypotheses of the proposition is of the type

u(z) = P(z)eQ(z)_%MZ, where P and @) are polynomials, and the degree of () is at most 2.

Step 2: @ of degree 1, u = 0. We look for u of the form P(z)e‘“*%‘Z'z, with a € C, and P a poly-
nomial, solving Au = ITju|?u. Recall the Gaussian integral identity

]_ — 1 a
/ ef2lwl2+aw+bde(w) = ?ﬁb if a,b e C. (6.3)
C

T
For any polynomial P in w,w, this implies

1 / Pw, w)e 2w P et () :P(aa,ab)%e%b. (6.4)
C

s
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Therefore

H(|u!2u)(z) _ /e—2|w|2+zw+2aw+mup(w)2p(w)dL(w)

2 9= ab
- P(8,)2P(y)e
a=2«
b=a+z
e‘g b\?
ba:_a%l(-lz

Let n > 0 be the degree of P; the Taylor expansion of the polynomial P at point a/2 gives

)7 (3) 7 (5) (-5 v 477 () (2-3)"

Observe that (9 — %)e%b = 0, then by (6.5) we get

) T 1P oy~ L—(k) (Y b\
H(juPu)(z) = e = %y =P (5)01, (P <2> )
k=0

a=2«
b=a+z

1 =

_ — ‘2+az+|a|2 . 1*(k) k b 2
= 3¢ ° > @ (r(3) )

(6.6)

b=a+z

If u solves Au = II(|u|?u), then the polynomial in z appearing in the r.h.s. must have degree n. This
is the case if and only if F(k)(oa) =0forall 0 <k <mn-—1, hence P takes the form P(z) = A(z—a)",

with A € C. Conversely, with we check that u(z) = A(z — a)"eo‘z_%‘ZF is a stationary wave.
There remains to normalize it to have mass one, giving ¢%.

Step 3: @ of degree 1, u # 0. Proceeding as in the previous step, for u of the form P(z)e‘“*%‘zﬁ,
the equation \u + pAwu = II|u|?u is equivalent to the equality between polynomials

/ IR SUNER N o D b\’
AP+ pzP' + apzP = Se kZ—Ok!P ()0} (P = ) (6.7)

b=a+z

If P has degree n, the polynomial on the 1.h.s. has degree n + 1, so this must be the degree of the

polynomial on the r.h.s. This is only possible if P*) () =0 for 0 < k < n—2, in other words,

P(z) = (z—@)"+ B(z —@)" ! - taking without loss of generality the coefficient of (2 — @)™ to be 1.
With this form for P, we now expand the two sides of the above equation:

LHS = [(z —a)" M pa + (2 — @) (un + pla* + Bua + )

(2= @) A8+ apun + pBn — 1) + pblaf?) + (= - @)"auBn - 1)|

RHS (677) = %ela\Q [(z _a)nﬂﬁ(?”)!)! - <|ﬂl2(2n -1, (2n)!)

22n(n+1 22n—2p| 22np)

o1 [ B@Cn—=1)! BI2B8(2n — 2)! o B2(2n—2)!
He—a <22”(‘2(n —)1)! " ‘22’”‘2((?%— 1))!> T2 222”2(71—;)'}
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(where the last terms in the above expressions should be canceled if n = 1). Identifying the
coefficients and setting (u/, \') = 2271 (p, )\)e_w2 gives the system

;o B@2n)!
2097,
wn+ ol + Bula+ X = 4P (72: Dty (273)! (6.8b)
_ 25099, _
NB+ap'n+p'B(n—1)+u'laf® = 45(51271 1)!1)! T 4’”3‘(5(_22)! 2 (6.8¢)
2 —_ |
WG — 1) = W (6.84)

(where the last line should be canceled if n = 1). We now need to distinguish between the cases
n=1andn > 1.

If n =1, (6.8a]) gives p/ = g (unless @ = 0, but then B = 0 and we are back to step 2).
Plugging this value of y/ in (6.8b) leads to A = 3|B|?> +2 — £ — a3, and using this value of \
in (6.8c) gives the equation |3|28 + 28 + Iﬁl C:X’B =0. If g = 0 we get the M —stationary wave
u(z) = A(z — a)eaz—§|2\ Thus we can assume 3 # 0 and set a = ae’? and 8 = be'¥ with a,b > 0.
We then observe that X = e~ ¥*+%) satisfies X2 — gX — (B®>+2) = 0. If X # 1,—1 this yields a
contradiction because then 1 = |X|? = —(b% + 2). Finally we obtain 8 = —be™* with a =

_b
b2+1

If n > 2, and 8 # 0, (6.8d) gives that p' = 4BCn=2! " hich implies first that o = ae’® and

a(n—1)! >
B = be~ ¥ for some a, b, p € R. Second, inserting this value of 1’ in (6.8a)) leads to 4((2:__12))!! = (7(122!)!

which is impossible.

2 _Lli24 b .
M) ¢ 2! +1+62Z, which we need to

. . . b
This leaves us with the stationary wave wup(z) = (z - T

normalize to have mass one. Using the identity

/€—|w|2+aw+cw dL(’LU) _ Weac’

2+(1+%>2)

we obtain (noticing after the first equality that —|z|? + 2%Re (#z) = - ’z -

b(2 4 b?) |
st = [ |- 2255

_ (3 ) /|Z_b|2 I 4L (2)

— () (3, (3. — byme

_b
1+52

e_| ‘2+2%2<1+b2 >dL(Z)

a=c=0
— 71'(1 + b2)e<1+%)2.

This leads to the formula for ¢, =
By Lemma Q(p) = 0.

; proceeding similarly, one computes H (1) and P(1y).

Uy
ull 2

Step 4: Q of degree 2, ;1 = 0. In other words, we now look for solutions of Au = II(|u|?u) of the type

P(z)e A2+ Bz—52f? , where A, B € C and P is a polynomial. We start from the following Gaussian
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integral. For any complex numbers a, b, ¢, d such that the integral converges absolutely,

_ — (1—cd)(a+b)? — (be—ad+a—b)?
1/6—2|w|2+aw+bw+cw2+dw2 dL(w) _ 1 e < 4{Z1—cd)(2fc—ad) <
T 2v/1 — cd
1 da®+cb?+2ab
— e 4(l—cd)
2v/1 — cd

Notice that the convergence of the integral implies fRe(1 — ed) > 0, so that the square root of 1 —cd
is defined classically. This identity implies, for a polynomial P of w and w

1/6—2|w|2+aw+bw+cw2+dzz)2p(w @) dL(w) — P(aa ab)éeida?(ffi;fab' (6.9)
™ ’ T2V —cd
Therefore,
BT
H(|u|2u)(z) _ € 7T2 672|w|2+zﬁ+2Aw2+Aw2+23w+ﬁp(w)2p(w) dL(w)

|22 P(a )QF(Q ) 1 daz-é—cszl-)mh
=e 2 ————¢ (- 9B .
ST = bt
c=2A
d=A

For u to be a stationary wave, the coefficients of 2% and z in %, with a = 2B, b=z + B,
c=2A,d= A, must be A and B respectively. A small computation shows that the coefficients
of 22 agree if A = m, which gives A = 0 (in which case we are back to step 2), or |A| = 1.
By rotation invariance, we can assume A = %; but then the coefficients of z agree if B = is, with s
real.

Finally, observe that, if the degree of P is n, the degree of the polynomial @ such that IT|u|>u =

Q(z)67%|'2|2+%z2+isz, as determined by the formula above, is 3n. Therefore, n = 0.

Step 5: Q of degree 2, i # 0. Proceeding as in the previous step, any solution of Mu+pAu = |u|?u

of the type P(Z)eA‘Zz*'BZ_%‘Z|2 is such that A = 0, a case which we already examined, or |A| = %
and B = is, to which we now turn. Moreover, one realizes quickly that either n = 0 (but this
case has already been considered) or n = 1, which we now examine. Therefore, write u(z) =

(z+ 7)6_%|Z‘2+%z2+i52; computing using the above formula leads to

A+ pA)u(z) = [pz® + (pis + p7)22 + (A + p+ pryis)z + Aye sl Faeise

1 5)
O (|u)?u)(2) = 7 [z3 + (is +7 + 27y) 2° + <2 + % 4 2isy + 2]7|2> z
2 2

Identifying the coefficients of the powers of z, we find that s = 0, 7 is pure imaginary: v = ir,
with r real, u = 1/\/§ and \ = (% +r2)/\/§,

11 .
+ <2’Y + s+ sy iy + WIQ’YH e~ alelP i tise

6.4. Construction of stationary waves by bifurcation from ¢g. While we only treat the case
of g, identical arguments give bifurcation from the ,, with n > 1. Recall the definition of the

spaces C. given in (3.2)).

Proposition 6.3. For kg > 2 an integer, there exists, for s € R sufficiently small, M P-stationary
waves

+oo
U= Ukgs = D 4e(8)Prky = 0 + 5Pky + O(57)
=0
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(where O(s?) is understood for the topology of C.), which solve

au + bAu = 87II(|ul?u),
with a = 4 and b—k—lo<4—2% <
Moreover, for all € > 0, there exist K. > 0 and s. > 0 such that

juz)] < Keel-

(6.10)
for all 0 < s < se.

Remark 6.4. By Theorem for all 0 < s < s, such a function has an infinite number of zeros.
Indeed, none of the stationary waves listed in Theorem has the property

+oo
w= QP
(=0

for some kg > 2.

Proof. Let € > 0. Recall that C. is given by the norm sup; @|0k|; abusing notations, we will

identify the sequence (¢,) and the corresponding function E; CnPn, so that C¢ becomes a space of

functions. We saw in Proposition [3.4] that (f, g, h) + II(fgh) is bounded from C? to C..
Restricting C. to indices which are multiples of kg gives

Cho,e = {(ck) € Cc such that ¢, = 0if k is not a multiple of ko}.
We will apply the framework in Crandall-Rabinowitz [I1, Theorem 1.7]. Namely, let
F(t,u) = 811 [|po + ul*(po + u)] + tA(po + u) — 4(po + w).

Observe that F' is a smooth function from R x Cy,  to (1 + A)Cl, ¢, such that

e F(t,0) =0 for all ¢,

e 0, F(t,u) = A(po + u), o

e 0,F(t,0)(0u) = 87IL(2|po|?0u + pEdu) + tAdu — 4du ; equivalently, in the (cx) coordinates:

[0uF(t,0)(6u)], = (tk — 4+ ) dcy, + 46k 0bck,
e and finally 0,0, F(t,u)(du) = Adu.

Given kg > 2, we choose t = t(kg) = % (4 — 2%) such that tkg — 4 + 2%) = 0 (notice that this
determines kg uniquely if ky > 4, but that the same ¢ corresponds to ky = 2 and kg = 3).
Since
o Ker0,F(t(ko),0) = Span ¢y,
o (A+1)Cy,c/Ran0,F(t(ko),0) one-dimensional
hd atauF(tvu)(cpko) = Agpko = kUSDko ¢ Ran aUF(t(kO)’O)v
then [IT, Theorem 1.7] applies, giving the existence result.

The estimate (6.10) directly follows from the estimate |cx| < Ke%. O

7. VARIATIONAL QUESTIONS AND STABILITY PROPERTIES

7.1. Maximizers of H for M fixed. The following proposition identifies the maximizers of the
Hamiltonian for fixed mass. This result was already proved in [10, Theorem 2] via logarithmic
Sobolev identities, and it can be deduced from [I2, Theorem 8.2, in the special case of the
Bargmann—Fock space £. We propose here a new, very elementary proof.

Proposition 7.1. If u € £, namely v € L?(C) and wel#/2 s entire, then u € L*(C), with the
estimate

1
4 4
lullzac) = 5 llullzacy -
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Moreover, the above estimate is an equality if and only if

u(z) = )\ea,%@
)

for some A\, a € C.

Proof. The proof is inspired from the one of Lemma 1 of [16]. Recall that

R 1 |22
U= Z Cnon, With ¢n(2) = ZMeT 2,
oy mn!

so that
“+o0o
2 2
HUHL2(C) = Z |cnl”
n=0
We then classically write

HUH%A&(@ = HUQH%%C) ,
and observe that

n,p>0 n,p>0
= Z Z o \ Tl Peeo -
=0 \ntp=/ P

We notice that the functions @ypq are orthogonal in L?*(C) and that
1 ¢ — 2 1
loecollsie) = gz [ 1o e L) = =5
Consequently,

+o0

2
1 1 (n+p)\ "/
ol = 522 30| X ence (o (r.)

=0 n+p=~{

“+oo

1 1 (n +p)! ) 1, 4
= prs Z P Z Tp' Z lencpl™ | = %HUHL?((C) )
KZO ’I’L-I—p:f n_;’_p:g

where we used the Cauchy—Schwarz inequality. Furthermore, equality holds if and only if, for every
£ > 0, there exists v, such that

1 1/2
Vn=0,1,...,¢, caco—n ="V (n'(é—n)') )

which is equivalent to

Vnleny/ (L —n)lep—y = coVlc,, n=0,1,....,°,
Vnle, = Aa™

for some a, A € C. Plugging this information into the formula, we get exactly

A 2|2
u(z) = —=e” =3

VT

The proof is complete. O]

or
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Next, we aim at classifying maximizing sequences of H at M fixed. This will be achieved through
the following profile decomposition lemma, in the spirit of [32], [15], [6], [26], [31].

Lemma 7.2. Consider a sequence (u,) € £ with |[un||r2)y = 1. Then there exist (v7) € €, a
sequence (o) € C with
lad —af| — +oo, n— 400, j#Kk,
and (w;) € & with
lim sup H'LUT{HLOO((C) — 0, J — 400,
n—>--+00

and such that we have, up to a subsequence, the decomposition

J
Up = ZRaj vl 4wy,
j=1
and for all J

Z [ v/ HL2((C) +thUPHwJHL2 =1

7=1
Proof. If ||up ||y — 0, we can take J = 0 and wy, = uy,. If not, then there exists ¢; > 0 such
that, up to a subsequence, and for n large enough €1 < [Jun| () < 261 and there exists al € C
such that |u,(al)| > e;. We define v} = R_,1up, € € which satisfies

[up (0)] > €. (7.2)
Next we write v} (2) = f%(z)e*|z‘2/2, where f! is entire. By the Carlen inequality, for all z € C,
|22 1 1
|fa(z)e 22 < Hv}mHLOO((C) = [|lunll ooy < ﬁ”unHLQ(C) < NG
Therefore, for all K > 0 and n > 1, we get
() < Ck, |2l < K.

By the Montel theorem, there exists an entire function f such that, up to a subsequence f} — f!,
uniformly on any compact of C, and we can set v ( )= 1f 1(z)e"z|2/ 2 ¢ £. Moreover implies
[v!|| oo () > €1. Next, up to a subsequence v} — v' in L?(C). We define w}, = Ro1 (vl — 1), thus
Up = Ra%v + w),, and

lunlZoey = IRapv' 720y + lwnlZeqe) + 2Re(Rag v’ wp) L2 c)x2(c)
= o'z + ||wn”L2((C) + 29%(” s — 1) L2(€)xL2(C)
= [0 220 + lwnllZo ey + Fns

with k. — 0 since v} — vl in L?(C).

Now we repeat the procedure for the sequence (w}

. Either ||w}||zec(cy — 0 or there exists
€2 > 0 such that ez < ||w} || 1=(c) < 2¢2. Then similarly,

un:Ra}Lv —i—Ra%v +w,2L,

for some v? € &€ such that |[v?|p~ > €, a2 € C and w?

orthogonality condition

€ £. Similarly we check the almost

lunllZacy = 10 12y + W2 NZ2 () + lwnllZaqe) + Kns F — 0.

3N :1\3

Let us prove that |al — 2| — +oc0. From the relation w} = Ra% v® 4+ w;, we deduce that

1 _ 2 2
R,a}lwn = Ra%,a}lv + R,a}lwn.
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If we had that, for a subsequence ol — a2 — ¢ € C, this would be in contradiction with the fact

that R_ 1w}, R_,2wi — 0 in L*(C) and v* # 0.
As long as the remainder term does not converge to 0 in L, we construct a sequence (v/) € &€
such that

J
Up = ZRQ%U‘] + 'LU;{,
j=1
with [[v7]| e > €; and
J
lunlZae = S 107122 ) + 2,
j=1

with k;] — 0 when n — +o00. Then from Carlen and the previous line

J

j J

lunllZaey = 7Y oI eec) + 5
j=1

J

2 J

> 1y &k,
7j=1

which implies that e; — 0 and therefore [|w;]|| 1,00y — 0. O
Here is a classical consequence of this profile decomposition.

Corollary 7.3. Let (uy) be sequence in L2 such that

) L2 A O L
lunllz2cy = 7™ =|le” 2 s Nunllzae) = 5= ¢ :
L2(C) L4(C)
Then, up to extracting a subsequence, there exists B, € C and 0 € T such that
El

— 0.
L2(C)

Rg, up — ee™ 2

Proof. Up to extracting a subsequence, we apply the profile decomposition

J
Up = ZRaivj + w;{,
j=1
with
lim sup Hw,{HLoo(C) — 0, J — 400,
n—>-+oo
and

J
D 17172 + limsup w;) |72 =7 .
j=1 n—--+00
From Holder’s inequality, we infer

lim sup ||w1{||L4(<C) — 0, J — +o0,
n— —+00
and, using
lod — aFf| — 400, n— 400, j#k,
we have

™ =2 .
7 = ol = 3 1071
j_
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Now apply the Carlen inequality to each profile

A 1 .
o934 < 5=l

We obtain

T oo . 1 oo .

5= DIl < o ST I
- ™ “
J=1 J=1
1 = i T
. J12 -

< o | D) <5
J:

This implies that all the inequalities above are equalities, in particular there is only one j — say
j = 1— such that v/ # 0, and w/) = w, — 0 in L% In particular, v! is a minimizer of the L* — L?
Carlen inequality with mass 7, so there exists « € C and 6 € R such that

A 7|z\2
vl :ewRa<e 2 ) ,

thus setting 3, = —al — a we get

2|2 1 2|2

where w,, = Rg,w, — 0 in L?. Finally, there exists § € R such that, up to a subsequence

. Y Y I
ez@ — el@ lim ez(ana ana)7

hence the result. O

7.2. Minimizers of G, = 8mH + uP for M fixed.
Proposition 7.4 (Local minimizers). Consider for pn > 0 the minimization problem

mig Gp(u) with G, = 87H + pP.
Ma)=1

(i) The function @q is a strict local minimizer (modulo the rotation of phase symmetry) if and
only if p > %
(ii) The function @1 is a strict local minimizer (modulo the rotation of phase symmetry) if and
0nlyif%<u<%.
(iii) If 0 < pu < %, then any local minimizer has an infinite number of zeros.
(iv) The function @y, with k > 2 is not a local minimizer for any value of p > 0.
(v) The function by, with b > 0 is not a local minimizer for any value of u # 1/2.

Proof. (i) Consider a deformation of ¢ at constant mass M = 1 in (¢j) coordinates: it is a
function s — (cx(s)) such that cg(0) = 60 and > 3o, |ck(s)[? = 1. Denoting with " differentiation
with respect to s, this last condition implies in particular that

+o0
Recp(0) =0 and  Redp(0) = — > _ [éx(0)]*. (7.3)
k=0

By using the phase rotation we can assume that Jmcy(0) = 0, which gives ¢y(0) = 0. An immediate
computation shows that (everything being evaluated at s = 0)

4 2G = 8|éo|” + 4%Recp” + 4Rech + §+2un |én)?

s I 0 0 0 2|2 n|”-
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Making use of ([7.3]), this reduces to
d\? 8 o
<ds> G, = Z [2n +2un —4] |én]”.
n>1
Therefore ¢q is a strict local minimizer iff 2% + 2un — 4 > 0 for any n € N; but this is equivalent
to u > %
(74) Consider now a deformation of ¢; at constant mass M = 1 in (c;) coordinates: s +— (cx(s))

such that c;(0) = dg 1 and Y 3o |ck(s)|> = 1. This implies in particular that
+o0o
Ree1(0) =0 and  Reéy (0) = — > [éx(0)]*. (7.4)
k=0
By using the phase rotation we can assume that Jmc;(0) = 0, which gives ¢1(0) = 0. To simplify
computations, introduce the following notation

(o]
1 . (p+q)!
87H = Z?ys@y% with Sp= ) ol
=0 p+qg=L

Notice that, evaluated at s = 0,
Sy =0 and S; = 2v/0éy_q for ¢ %2
Sy = \f?, Sg = 2\@&1, and SQ = 2\/56'% + 2\@51 + 4¢oco.

Therefore,

d\? 2 o Lo . o )
() Guzzz—n]Sn] +2 {2|Sg\ +29{e5252} +2uZn|cnl + 2ufRec]

ds
n#2 n>1
= Z W|cn,1|2 + 1 [2|2\/501]2 + 2\[29%(2\@012 +2v2¢1 + 46062)] +2u Z n|én|? + 2uReé .
n#2 n>1
Making use of ([7.4]), this reduces to
) n+1
= (2 —2u)|éo* + (1 4 2p)|é2)? + 2v/2%Re(Coén) +Z]cn\2 < (n— 1))
n>3

This (infinite dimensional) quadratic form in the (¢) is positive if and only if
e The quadratic form (z,y) — (2 — 2u)|z2 + (1 + 2u)|y|?> + 2v/2Re(xy) is positive. This is
thecaseif0<u<%
e For any n >3, 5 — 24 2u(n — 1) > 0. This is the case for p > 2.
This gives the desired result.

(74i) This will be a direct implication of (iv) and (v), combined with Theorem
(iv) We first show that @9 cannot be a local minimizer. For ¢y, c2,cs € C we compute

3 1
Gulcopo + c2p2 + capa) =p(2|ca]® + 4leal®) + [eo|* + |col?|ea]® + *|02|4 + *|Co|2|04|2

6 35
+ LOeertinea) + 2 eafleal + e
Now, let 0 < € < 1/2 and set ¢g =€, ¢4 = —e and co = V1 — 2€2, then

3 46 — 7
Gulepo + V1 —2€2py — €py) = 3 +2u — TEQ + 0(64) < Gulp2),
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for € > 0 small enough, which proves the result.
To show that ¢, cannot be a local minimizer for n > 3, observe that, if 0 < € < 1,

(2n)! o 1 (2n)!
Gu(V1—epn +epo) = 21 (nl)2 R vty 22T (2 pn|

1 (2n)!
on—2 - 22n—1 (TL')

Since 7 < 0 for n > 3, ,, cannot be a local minimizer.

(v) A direct computation shows that
1 1
= 1 —_—— [ .

Then for u # 1/2, a variation of b may decrease this quantity, excepted in the case b = 0, but then

1o = 1 which is treated in point (i7). 0
Turning to the global minimization problem, observe that
Gulpo) =1
Gule1) = % +

1 1
Gu(p) =1+ <H - 2) (2

This implies in particular that G, (o) = Gu(p1) = Gu(tp) = 1if p= 1.
Proposition 7.5 (Global minimizers). (i) For any p > 0, there exists a global minimizer of
Gy over {u € £, M(u) = 1}.
(ii) For > /3 — 1, ¢q is the unique global minimizer of G,, over {u € & M(u) = 1}.
(iii) For p € (0, 35—2), the global minimizer of G, has an infinity of zeros.

Proof. (i) Consider a minimizing sequence (u,) in {u € &, M(u) = 1} of G,. Then P(u,) and
M (uy,) are uniformly bounded. On the one hand, by (3.1, uy, is uniformly bounded in B(0, R) for
any R, and, by Cauchy’s integral formula, so are all its derivatives; on the other hand, the L? mass
of u, on B(O,R)E is < %. Therefore, (uy,) is precompact in L?, and a subsequence converges to
u € & such that M (u) = 1. By lower semi-continuity of G, we obtain that u is a minimizer.

(#7) By an homogeneity argument, the estimate G, > G (o) = 1 for M(u) = 1 is equivalent to
the following estimate for every wu,

Fu(u) >0, Fy(u) :=8rH(u) + M(u)(puP(u) — M(u)) .

The expression of F),(u) in variables ¢, reads

+o0 1 (p + q)' 2 +o00 ) +o00 )
FM:Z? Z ol CpCq| + Z‘CH Z(/U —1)[¢j]
=0 p+q=~¢ k=0 j=0

Discarding the terms ¢ > 3 in the first sum, and developing the others, we have

1
) le1[* 4+ (B —2)|e1 Pleal® + V2 Re(Cocia) + Ry, (7.5)

Fu > slalerf+ G DleoPlea + (1~

where

“+oo “+oo

Ry = 2p=1)|ea|*+ ) (uk—1)ler|"+Y_ lexl* (uk—=2)leo” +(u(k+1) =2)|er |+ (u(k+2) = 2)|eaf?) .
k=3 k=3

(7.6)
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Notice that R, > 0 if u > % Coming back to (7.5)), we therefore observe that, for p > 2,

1
Fooz (- )16+ Vaaal + dallal + Gu = 2laflal + 220 - pis@de)

> 0,

if the remaining real quadratic form in ¢ycq, ¢1¢o is positive, which holds as soon as
Ap(3p —2) > 8(1—p)*,
namely p?2+2u—2 >0, or > +/3—1. Since v/3—1 > %, this completes the proof of the inequality.

If the equality holds for such p, then R, = 0, which means c; = 0 for k > 2, and c+ V2¢oca = 0,
so ¢; = 0. Hence u must be proportional to ¢g.

(7i7) is an immediate consequence of Proposition U
Remark 7.6. If one is interested about minimizing G,, among even functions in £, the situation is
simpler:

o If > %, (o is the unique global minimizer.

o If < %, the global minimizer has an infinity of zeros.

The first claim follows from and by setting con+1 = 0 for all n > 0. We turn to the
second claim. Let u < 1/2, then by Theorem the only possible minimizers with a finite number
of zeros are the ¢y, with n > 1. But the proof of Proposition (iv) shows that none of them is
a local minimizer, among even functions.

Proof of Theorem [1.5. The result follows from Proposition (7.5 and a simple rescaling argument,
setting u(z) = vVhv(vVhz).

As in [], denote by A a Lagrange multiplier associated to the problem ((1.3]) and denote by e% Il
the global minimum of E%, .. Then by [4, Estimate (1.10)],

20, [2N

Therefore the condition in [4, Theorem 1.2] is stronger than the condition (|1.5)). O

7.3. Minimizers of P for H and M fixed. Recall that for v € €
Plu) = / Au(z)a() dL(z) = / (12 = Dlu(z)? dL(2).
C C

Given My, Hy > 0, we study
min P(u). 7.7
i (u) (7.7)
M (u)=My

Recall that, by Proposition for all u € £, u # 0, one has 8« ]3}((5))2 <1

Proposition 7.7. Fiz My, Hy > 0 such that 8%%% =, where vy € (0,1/2) is such that v # %
for alln > 1. Then there exists uw € £ which realises (7.7)). Moreover

(i) The function u is an M P-stationary wave.
(it) The function u statisfies [ z|u(2)]*dL(z) = 0.
(iii) The function u has an infinite number of zeros in C.
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Proof. (i) The Euler-Lagrange equation corresponding to the problem (7.7)) reads
Au = \u + pIT(|ul?u).
In order to get a M P-stationary wave, we have to check that u # 0. If u = 0, then u is an

eigenfunction of A in &, thus u(z) = \/%6_%|2|2 up to a constant factor. For such a u we have
1 (2n)! H(u) (2n)!
M(u) =1, H(u) = 87 220 ()2 and 87TM2(U) = 520 (1)

which is excluded by assumption (by the way we check that the sequence (2n)!/((n!)?2?") is de-
creasing and equals 1/2 when n = 1).

(73) Let @ € R and recall the definition (2.1]) of R,. Then H(Ryu) = H(u) and M (Ryu) = M(u),
and we can check that

P(Rou) = P(u) — a /C (2 + Dlu(=) PAL(2) + o? /C uz) 2L (2).

Thus, if u realises the minimum in (7.7), we get [~(z +%)|u(z)[*dL(2) = 0, and the same argument
with Riq then implies [i z|u(2)[*dL(z) = 0 — see also Lemma

(7i7) For this part, we rely on the classification in Theoremof the M P-stationary waves which
have a finite number of zeros. By the symmetries of the problem, we can assume that A = 1 and
p =0.

o Ifu(z) =(z— @)”eaz-éw, then the condition [ z|u(z)|?dL(z) = 0 implies & = 0. Thus we
are reduced to the case u(z) = Azre~3#” which is excluded, as we already observed.

e Assume that u(z) = <z - L@)e“'z_%‘ZP with a = b € R. Then thanks to (6.4) we

1+b
obtain for v(z) = (z + 5)60@7%"2'2 with o, f € R

_b_
1+b2>

1 / 2u(2)|PdL(w) = (2a+ B + af? + 2028 + o).
C

™

Therefore, by (6.2)), for all b € R

b b(2 + %)
2 == e —
/Cz|u(z)| dL(w) =0, when o= T B = e
vi(2+b2)

With this choice R_gu(z) = cpze 7 31#” with ¢, = e 204092 | and thus
T

7G40 + 2b%)e2”

M(u) = mep(14+ %), H(u)
which implies
H 1+ 462 +2v* 1
(W) 144742 1, (7.8)
M?(u) 2(1 + b2)? 2
Hence if we choose My, Hy as in the proposition, the stationary solution we find has an infinite
number of zeros, by Theorem O

81

Now we consider the minimizing problem (7.7)), when 8%%% =~ € [1/2,1). In this case, by (7.8),
H ()
M (¢py)?
Proposition 7.8 (Local minimizers). Let b > 0 and consider the minimization problem

min  P(u),
H(u)=Hg
M(u)=1

there exists a unique b > 0 such that 87 ==, and we have
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with Hy = H(¢y) = é (1 - W) Then the function vy is a strict local minimizer (modulo the

rotation of phase and the rotation of space symmetries).

2
(b el b
Proof. Let b > 0 and recall that ¢(z) = \;f(llj’;)) (2= M) e 2. We set o = ol

Consider a deformation of v, at constant mass M = 1 and constant Hamiltonian H = H (1)) in
coordinates given by the (¢%),>0. We have

+oo
o b
v(s, 2) = ch(s)gon(z), a = 112
n=0

with
(0) b (0)=
C = — s C = 5
0 Jire NG

The condition 3,720 |c,(s)|? = 1 gives after differentiation

cn(0) =0 for n>2. (7.9)

— b9Re(¢o(0)) + Re(é1(0)) = 0, (7.10)

and differentiating a second time

b 1 =
— ——Re(¢0(0)) + ——=Re(é1(0)) + Y [¢x(0)]* =0. 7.11
e @(0) + B 0) + 3 160 (711)
Next
d - B (k+0! |
£H(U) =0 = fRe . Z;L>O mcchmcn
1 2
= (e + coc?)Reéy + (ciey + ic:f)i)‘ieél + \Zcoc%%eég,
hence
1 2
—b(1 + bH)Reco + (B* + o) Recr — \4[59%(‘;2 = 0. (7.12)
Define
+oo
u(s, z) = Rav(s, z) = Z cn(8)en(2),
n=0

P(v) = P(R_,u) = P(u)+ 2aRe(Q(u)) + o?

= e 2 = b \2
= E TL|Cn‘ + 1+ b2 9%( E VN + 1CnCn+1> + (m) .

Firstly, one checks that d%P(v) =0 at s =0, thanks to (7.10) and ([7.12]).
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An immediate computation shows that (everything being evaluated at s = 0)

() ro-

2b = N
=9 Z n|cn]2 + 2c1Recy + T (cliﬁec"o + 2%2(2 vVn+ 1c'nc'n+1> + cofRec) + \/icl%ec"g)
n=0 n=0

2
— 2 24 ( N ) b T (BRech + Redt + V20R )
Zn|cn] T b2 Z n + 16,6041 T b2)% (bRech + Recy + V2bRec
(7.13)
The condition (%)2 H =0 at s =0 gives
(k4 0)! . (k+0)!
Re Z ———————CCiCmCn + Re Z ————————CiCiCmCn
k+e k+e
b lmm>0 26/ kN0 ImIn! klmm>0 26+E\/E10mIn!
k+l=m+n k—i—Z m+n
(k+0! .
+ 2Re Z — CLCCmCn =
k+e
b fmm>0 26/ k0 ImIn!
k+l=m+n

1 2
= BRe(&) + 20001 RelGoi) + SeIRe() + ‘gc‘f’me(éoc'g)

. 1 .. 2 ,
+ (€3 + coc?)Redy + (ciey + Qci’))%ecl + \4[600%%262

+o0o +oo 400
1. m+1),, vVm+1,
+2¢3 Z 2—m|cm|2 +ci Z ( 5 )!cm|2 + 2cpc1Re Z o ¢mCm+y1 = 0.
m=0

m=0 m=0
Then by ([7.9)), the previous line reads
1 1 2
71( — b(1 + b%)Redo + (b* + =)Reéy — fbf)‘ie@) ry =0, (7.14)
(1+b2)2 2 4
with

1 2
¥ = b2 Re(c2) — 260Me(coéy) + 59%(@%) + \2[9%(6'06'2)

(26% + m + 1) \/m+
+Z—2m |ém|? — 2b%e Z

m=0 m=0

We simplify the last term in (7.13]). Thanks to and ( we obtain

Cmcm+1

—+00
1
(bR + Red + \/§bi)%ec"2> = (@ +3) Y Jenl? +45 =

+oo
1 2
= (42 +3)> Jel? + 4[b29%e(c‘3) — 2Re(coin) + 5Re(e) + \2[9%(0'06'2)}
n=0

Cmém+l]

+
[Z (262 —|—m+1)| inl? — 2bRe Z \/m—l—l

m=0
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As a consequence, from ([7.13]) we get

d 2P =2 4b 1
s Zn\cn| +1+62 <Z\/n+ cncn+1)

2 . . .. 1., . V2, ..
tTE [ — (4b% +3) ;} eal? + 4(0%Re(f) — 20%e(ocr) + 5Re(e) + 7me(cm))}
8 20 +m+1). , \/m +1
e [mzz:o gm |em|” — 200 mzo Cm%“]
2
= 1+b2 (Ql + Q2+ Qg), (715)
where

Q1 = (4b? + 1)|col® + (0 + 2)|é1 > + 2|¢2)? + 4b*Re(c2) + 2Me(é?)
— 6bRe(cocr) — 8bRe(Cocr) + 2V20Re(Coca) — 2V 2bRe(é1¢2),

4

- 2 (n+ 1) 2 4 L—
ngnz:;)[(n—él—i— b+ =3+ = [l +2bmenz;( —27)\/n+1cncn+1
1 Aln+ 1), ! : 4 J—
Z [n—3+ 27] || + b2 Z [n—3+ ]|cn+1| + 20%Re Z( — 27)\/714— 1CnCnt1
n=3 n=3 n=3
and
S An+1) 2, e &g -
Q3:Z[n—3+27]|cn\ +b Z[n—?)—}— ]\cn+1| +2b9‘{eZ(1—2—n)\/n+1cncn+1
n=> n=> n=>5

(one can notice that the interaction JRe(¢a¢3) vanishes in (7.15)).
Let us now study the sign of ([7.15]).
The quadratic form Qs is positive definite : For n > 5 one has the equality

4(n+1)
2n

Vn—3+ >

1 21 < (n-3+ =)

2n
then one get Q3 > 0.
The quadratic form Qs + Qs is positive definite : Set ¢; = x; + iy;, then

b b 3 V/5b 3 V/5b
Qy = 2(x3 + 5934)2 +2(y3 + §y4)2 + (2364 + 5 x5)? + (* ya + 73/5)27

and the claim follows.

Under the constraints ((7.10)) and (7.12)), the quadratic form Q; is non-negative : Set ¢; = z; + iy;.
Then (7.10) and (7.12)) imply that 2, = bz and 9 = —v/22¢. Therefore

Q1 = (0% +1)%2d +yd + b2yT + 293 + 2byoyr — 2V 2y0y2 — 2V 2byrye
= (b +1)%3 + (yo + by1 — V2y2)*.

The matrix of this quadratic form has two positive eigenvalues ((b2 +1)% and (b% + 3)), and the
eigenvalue 0 has multiplicity 2, which corresponds to the symmetries 7., and L. ]
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7.4. Stability of stationary waves with finite mass and a finite number of zeros.

Theorem 7.9. (i) The stationary wave ¢f, for a € C, is orbitally stable in L? for the
symmetries of the equation. More precisely, there exists C > 0,09 > 0 such that, if
luo — ¢§lz2(c) = 0 < do, then the associated solution u of (LLL)) satisfies

su inf Hu t) — et? 5‘
teﬂgeeﬂr,ﬂec ®) 0

< OV,

L2(C)

(ii) The stationary waves o3 and ¢S are orbitally stable in L** for the phase rotation symmetry.
More precisely, there exists C' > 0,00 > 0 such that, if j = 0 or 1, [[ug — ¢j|L2.1(c)y = 0 < do,
then the associated solution u of (LLL|) satisfies

sup inf ||u(t) — ewcijLz,l((c) <CVs .
teR 0T
(iii) For all b > 0, the stationary waves vy, are orbitally stable in L*' for the phase rotation and

the space rotation. More precisely, there exists C > 0,50 > 0 such that ||ug — ¥p||r21(c) =
0 < do, then the associated solution w of (LLL) satisfies

. .0
sup  inf_ [lu(t) = ¢ Lavll 2a(c) < Vs .
(iv) More generally, consider vy(z) = ()\oz—k,uo)eaoz_%'ZP. Then there exists C > 0,9 > 0 such
that |[uo — vol| 2.1 (c) = 6 < do, then the associated solution u of (LLL) satisfies

ilelﬂgf’ET,;gR,aecHuO e’ Ly Rty r20(c) < CVo

(v) The stationary waves %, n > 2, are not orbitally stable.
Numerical evidence for the above stability results can be found in [7].

Proof. The proofs of (i), (ii), (iii), and (iv) are variational. Indeed, assertion (i) follows from
Proposition assertion (7i7) from Proposition and assertion (iv) from Proposition As
for property (i), it is a consequence of the following observation : the Hessian £ of %M — 27H has
a kernel spanned by ivg, 1,701, and it satisfies

L(0) = =200 , L(pn) = (1 =20, , Lipn) = (1 —2")ipn,n > 2.

This implies the following bound, from which (¢) follows easily.

Lemma 7.10. If 6g > 0 is small enough and
S(u) = [M(u) = M(po)| + [H(u) — H(po)| < do ,

then
inf u—eR 2, <6(u) .
pnt = e Ryaol 2 < a(u)
Proof. By contradiction, combining Corollary[7.3] modulation by the group T x C, and the following
coercivity estimate,

Vh e &, CH|R|32 < (Lh k) + C(h, 0)* + (hyipo)® + (h,¢1)* + (hyig1)?
where (f, g) denotes the real part of the inner product of f, g € L?. Details are left to the reader. [J

Finally, the proof of (v) is mostly contained in [20, Section 8.2], but we include it here for the
sake of completeness. Up to the symmetries of the equation, it suffices to consider the stationary
wave

(2n)!

—iwnt :
nto with w, =

¥nt



ON THE CUBIC LOWEST LANDAU LEVEL EQUATION 39

Switching to the variable, dj, = ™ tc;, the linearized equation reads

10vd,, = wndy,, + wndy,
i0¢dy = (np — Wn)dk, + Bppdon—r if k< 2n
10pdy, = (Ozn,k — wp)dg if k>2n+1,

(n+k)!

. (2n)!
where ay, ) = — oty and Bp g =

mnly/k!(2n—k)122n+1"
at most (corresponding to the phase invariance), while the equation for dj, with k > 2n + 1 is
obviously stable. Turning to the modes < 2n, k and 2n — k are coupled. Setting dy = x, it satisfies
the equation

The equation for d,, gives linear growth

T+ Z.(Oén,k - O‘n,?n—k)ij - (52,/.3 - (an,k - Wn)(an,Zn—k - wn))l' =0.

This equation has unstable (exponentially growing) modes if and only if the discriminant
An,k = 4572“,C — (Oznjk + Qnon—k — 2wn)2 > 0.
A computation shows that A, ,_o > 0, giving the desired (linear) instability. The next step is
classical: linear instability implies nonlinear instability. A proof of this can be found e.g. in [24]
Section 6. 0
APPENDIX A. SOME EXPLICIT M-STATIONARY WAVES

We start with stationary waves having simple zeros at yZ for some complex number v # 0.

Proposition A.1. For a € C, a # 0 the function

e — e ¥ e sinh(az) 1212
XC!(Z) = 5 3 [ 2 = Y 2 s
V2 (elel? — e=lal?) 7 sinh(|a?)
is an M -stationary wave in € which has an infinite number of zeros. It satisfies
laf* 1 g—lal
_ _ 28 T€ _
H(on) = 1671 M(Xa) =1, P(Xoe) = |Oé| olal? _ o—lal?’ Q(Xa) = 0.

The corresponding solution to (LLL) is xae ™ with A = 4.

Proof. Set

lz|? o
Xa(2) = A(e™ —e™™)e” 2 =/me 2 A(pf — ¢, %)(2),
where A > 0 is such that M(x,) = 1. Then, by (L.1)) and (6.3),

H“Xa’QXa] (Z)

_ 3]z)2 __ e B __ P __ _7
— ASH |:6 5 (€2az+o¢z _ eZoez 9z 4 ¢ 2az4+az e 2az—az 2e°% 1 % az)]
A? SEL —2|w|? 4wz [ 20w+aw 20w —aw —2aw+aw —20w—aw aw —aw
=—e 2 [e (e —e +e —e — 2 + 27 | dL(w)
T C
A3 az+|al? az—|al? —az—|al? —az+|al? _le?
= 7(6 —e +e —e )e
A3 1212

= (el — ey (e — ey

which shows that x, is a M-stationary wave with A = %142(e|a|2 — e*|°‘|2) and from the previous
lines we have H(xa) = 7. Set

(0% —
Va =¥y — %o -
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By (6.3) we have
2 —a|2 —
Ma) = [ 15+ [l -2 [ o5

= 2- 2%/6_'”“‘2‘”"“'2 = 2(1 — e 2l
s

which gives the values A = [2%(6""2 - e““|2)]_1/2, A=1/(4r) and H(xa) = 1/(16m7). Next,

/ 2P lual? = / 22108 % + / 2215 ? — 2% / Poion®
=2l +2 - 29%/ |22 I+ az—az—lal®
T

= 2af® + 2 — 2 1% 9,056

A=«
B=—«
=2lal* +2-2(1 - ]a!Q)e*Z‘O‘F,

thus P(va) = 2|a2(1 + e~2lo).
Finally, Q(xa) = 0 follows from |xa(—2)| = |xa(2)]- O

Our second example provides stationary waves having zeros located on vZ U %Z for some vy # 0
and for some integer k # 0.

Proposition A.2. For k € Z and o € C with k,a # 0, the function

sinh(az) sin (%) El

’Uk(Z) = e 2z,
\/ﬂ'sinh(|a|2) sinh (%)

is an M -stationary wave in € which has an infinite number of zeros. It satisfies

1
H(vg) = 55—, M(vg) =1, Q(vg) =0.
321
2, 72k2 2 w22 2 mw2k2 2 a2gk2
(laf? + T (T Ter — &) 4 (a2 — iy TR e
P(u) = 252 252

k
(e|a‘2 — e*|a|2)(ew — 67W)

The corresponding solution to (LLL) is vye ™™ with A = ¢-.

ink =12

Proof. Set 0(z) := (e** —e **)e’a “e” 2 . First of all we show, using (1.1]) and (6.3)), that, for all
ki1, ko, ks € Z such that kj, ko have the same parity,

1 kq+ko 72 (ky+ko)kg

H[g,ﬂgb%]:§(e\al2_e—\al2>(_1)k3+ z e 2lal? 9%

(k14k2)"

Then write

itk itk |2]

vp = —tA(e® —e ¥)(ew F—e @ f)e 2z = —iA(O —0_y) ,
with A > 0 such that M (vg) = 1. We obtain, from the above identity,
I[jog|*vx] = —iATL[070) — 020k + 02,0k — 02 ,0_1, — 20,010k + 20_1040_]
A2 w2k2 _‘rr2k2

— 7(e|a|2 _ 6_‘0{'2)(6 o7 — ¢ 1ol )y
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k%
Therefore \ = %2(6\042 — e—\alz)(

2 2 friadag _ n2k2
M(vg) = 47TA2(e|a\ _ o lal el —e o) =1,
which provides the value of A. Finally, with a repeated use of the formula
1 .
[l = et AT ) = apets
C

T
we get
P(Uk)
2k,2 2 7r2k2 _ Z_ﬁ 2k2
= 4nA? [(Iozl2 + Ta,z ) <e'°‘ el _ T e > + <\al2 -1

|of?

APPENDIX B. THE DICTIONARY
For f € %'(R), we define the Bargmann transform B by

1 22 _ (V22—y)?
(BNG) = e [ 5wy, zecC
™ R

_ (Vam—y)?
2

Then

1
T p3/4

w2

C

(B u)(y)

_Jw)?

e e 2 u(w)dL(w),

y ER,

)

) and H(v;) = 3. Then we compute

n2k2
la?

laf?~
—e

25,2
2

™

)|

and a direct computation gives BB* = el=l*/211 (see [4] for more details on the Bargmann transform.)

such that u =3, < ckpr, and f = B*u.

In the following tabular, for each stationary wave u, we list the corresponding coordinates (cy)

u Ck f
1 122 1 2
vo(z) = ﬁe : 00,k 771_1/46 2
1 1Pl af o 1 ar(v3y—an)—(Z—an)?
998<z) = 44;;6 2 2 toz ;7%?6 2 ;;I71 iar(vV2y a}d (vg aR)
1 n @ 5 1 H
QDTL(Z) 7r7l!z e n@k ;;I?ZEE;;Ei;;?;? 7l(y)
_LP s TR 7l/A
e -
2k/2(k/2)! k even —\/é
_‘22_%%; Tkﬂ 1 ‘ﬁ1/4y
ze
2(=1)/2((k — 1)/2)! kodd 2
where

a = ap +iag
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APPENDIX C. SOBOLEV SPACES
Define the harmonic Sobolev spaces for s € R, by
H*(C) = {u € #(C), H*u € L*(C)}.

This is a weighted Sobolev norm. In the Bargmann-Fock space, this norm simply corresponds
to the weighted L**-norm. In other words, regularity exactly corresponds to decay in the space
variable.

Precisely, setting (z) = (1 + |2|?)/2, we have the following result.

Lemma C.1. Let s € R. There exists C > 0 such that for all u € € NH?(C)

1 S
e ullze) < llulluee) < Cli{) ullz2(c)

Proof. Write u =} o cnpn. On the one hand, we have Hu =} -, 2°(n + 1)°cppy, therefore

[l cy _/CuHSudL = 2°(n+1)"[eq”. (C.1)

n>0
On the other hand,

G ultae, = [ @) PLe)
= ¥ [P ammenentire

n,m>0
2 [ e )
n,m>0
Now, we make the polar change of variables z = re? and use that f027r eln=m)0 g9 — 276, m.
’C'ﬂ‘Q 2s 2n+1 _—r2
1(2) 172 _22 <r) P2 tle = .
n>0
With the change of variables t = r? we get

2
(= uHLz Z |Cn| / (1+t)5t"e " dLt. (C.2)

n>0

Finally, we use the Stirling formula twice (n > 1)

1 1 teo
f(ﬁ)n\/ﬁ <nl < C(E)n\/ﬁ, “n"tsem /n < / (14 t)5t"e tdt < en™ e ™\/n,
ce e 0
and conclude with ( - ) that
*Z n+1)lenl® < [[(2)%ullf2c) < C Y (n+1)%|cal?,
n>0 n>0
which completes the proof thanks to (C.1)). O

Ethical statements: Funding: P. Gérard is supported by the grant “ANAE” ANR-13-BS01-0010-
03; P. Germain is supported by the NSF grant DMS-1501019; L. Thomann is supported by the
grants “BEKAM” ANR-15-CE40-0001, "ISDEEC” ANR-16-CE40-0013 and by the ERC Project
FAnFAre no. 637510. Conflicts of interest: the authors have no conflict of interest.



[1]

(13]
(14]
(15]

(16]

ON THE CUBIC LOWEST LANDAU LEVEL EQUATION 43

REFERENCES

J.R. Abo-Shaeer, C. Raman, J.M. Vogels and W. Ketterle. Observation of vortex lattices in Bose-Finstein
condensates, Science, 292 (2001), 476-479.

A. Aftalion and X. Blanc. Vortex lattices in rotating Bose-Einstein condensates, SIAM journal on mathematical
analysis, 38 (2006), 874-893.

A. Aftalion, X. Blanc and J. Dalibard. Vortex patterns in a fast rotating Bose-Einstein condensate, Physical
Review A 71 (2005), 023611.

A. Aftalion, X. Blanc and F. Nier. Lowest Landau level functional and Bargmann spaces for Bose-Finstein
condensates, J. Functional Anal. 241 (2006), 661-702.

A. Aftalion and S. Serfaty. Lowest Landau level approach in superconductivity for the Abrikosov lattice close to
H.,, Selecta Math. (N.S.) 13 (2007), no. 2, 183—-202.

H. Bahouri and P. Gérard. High frequency approzimation of solutions to critical nonlinear wave equations, Amer.
J. Math. 121 (1999), 131-175.

A. Biasi, P. Bizon, B. Craps and O. Evnin. Ezact LLL Solutions for BEC Vortex Precession, Preprint:
arXiv:1705.00867.

P. Bizoii, B. Craps, O. Evnin, D. Hunik, V. Luyten and M. Maliborski. Conformal flow on S® and weak field
integrability on AdS4, Preprint: arXiv:1608.07227.

V. Bretin, S. Stock, Y. Seurin and J. Dalibard. Fast rotation of a Bose-Einstein condensate, Physical review
letters 92 (2004), 050403.

E. Carlen, Some integral identities and inequalities for entire functions and their application to the coherent state
transform, J. Funct. Anal. 97 (1991), no. 1, 231-249.

M. Crandall and P. Rabinowitz. Bifurcation from simple eigenvalues, J. Functional Analysis 8 (1971) 321-340.

E. Faou, P. Germain and Z. Hani. The weakly nonlinear large box limit of the 2D cubic NLS, J. Amer. Math.
Soc. 29 (2016), no. 4, 915-982.

R. Frank, F. Méhats and C. Sparber. Averaging of nonlinear Schridinger equations with strong magnetic con-
finement, Commun. Math. Sci. 15 (2017), no. 7, 1933-1945.

C. Garcia-Azpeitia, D. Pelinovsky. Bifurcations of multi-vortex configurations in rotating Bose-FEinstein conden-
sates, Milan Journal of Mathematics 85 (2017), 331-367.

P. Gérard. Description du défaut de compacité de l’injection de Sobolev, ESAIM : Control, Optimization and
Calculus of Variations, 3 (1998), 213-233.

P. Gérard and Grellier. L’équation de Szegd cubique, Séminaire Equations aux dérivées partielles, 2008-2009,
exposé 11, Ecole Polytechnique, Palaiseau, 2010.

P. Gérard and Grellier. The cubic Szegd equation, Ann. Scient. Ec. Norm. Sup. 43 (2010), 761-810.

P. Gérard and Grellier. Effective integrable dynamics for a certain nonlinear wave equation, Anal. & PDE 5
(2012), 1139-1155.

P. Gérard and Grellier. The cubic Szegd equation and Hankel operators, Astérisque 389 (2017).

P. Germain, Z. Hani and L. Thomann. On the continuous resonant equation for NLS. I. Deterministic analysis,
J. Math. Pures Appl. 105 (2016), no. 1, 131-163.

P. Germain, Z. Hani and L. Thomann. On the continuous resonant equation for NLS. II. Statistical study,
Anal. & PDE. 8-7 (2015), 1733-1756.

B. Grébert, R. Imekraz and E. Paturel. Normal forms for semilinear quantum harmonic oscillators, Comm.
Math. Phys. 291(2009), 763-798.

B. Grébert and L. Thomann. KAM for the quantum harmonic oscillator, Comm. Math. Phys. 307(2011), 383—
427.

M. Grillakis, J. Shatah, W. Strauss. Stability theory of solitary waves in the presence of symmetry, 11, J. Func-
tional Analysis 94, 308-348 (1990).

T.L. Ho. Bose-Einstein condensates with large number of vortices. Physical review letters, 87, no 6 (2001),
060403.

F. Merle and L. Vega. Compactness at blow-up time for L? solutions of the critical nonlinear Schrédinger equation
in 2D, Internat. Math. Res. Notices (1998), no. 8, 399-425.

O. Pocovnicu. Traveling waves for the cubic Szegd equation on the real line, Anal.& .PDE 4(2011), 379-404.

O. Pocovnicu. Explicit formula for the solution of the Szegd equation on the real line and applications, Discrete
Cont. Dyn. Syst. 31(2011), 607-649.

F. Planchon, N. Tzvetkov and N. Visciglia. On the growth of Sobolev norms for NLS on 2D and 3D manifolds,
Anal. PDE 10 (2017), no. 5, 1123-1147.

F. Nier. Bose-Einstein condensates in the lowest Landau level: Hamiltonian dynamics, Rev. Math. Phys. 19
(2007), no. 1, 101-130.



44 PATRICK GERARD, PIERRE GERMAIN, AND LAURENT THOMANN

[31] I. Schindler and K. Tintarev. An abstract version of the concentration compactness principle, Revista Mat.
Complutense 15 (2002), 1-20.

[32] S. Solimini. A note on compactness type properties with respect to Sobolev norms of bounded subsets of a Sobolev
space, Ann. Inst. Henri Poincaré, Section C, 12 (1995), 319-337.

[33] K. Zhu. Analysis on Fock spaces, Graduate Texts in Mathematics, 263. Springer, New York, 2012. x+344 pp.

LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIV. PARIS-SUD, CNRS, UNIVERSITE PARIS-SACLAY, 91405
ORSAY, FRANCE

Email address: Patrick.Gerard@math.u-psud.fr

COURANT INSTITUTE OF MATHEMATICAL SCIENCES, 251 MERCER STREET, NEW YORK 10012-1185 NY, USA
Email address: pgermain@cims.nyu.edu

UNIVERSITE DE LORRAINE, CNRS, IECL, F-54000 NANCY, FRANCE
Email address: laurent.thomann@univ-lorraine.fr



	1. Introduction
	1.1. The cubic lowest Landau level equation
	1.2. Derivation of (LLL)
	1.3. Comparison with similar equations
	1.4. Main results
	1.5. Organization of the paper

	2. Symmetries, conserved quantities and special coordinates
	2.1. Hamiltonian structure
	2.2. The basis (n)
	2.3. Tempered distributions

	3. Well-posedness
	3.1. Local well-posedness in z coordinates
	3.2. Local well-posedness in (ck) coordinates
	3.3. Global well-posedness

	4. Long time results for the LLL equation
	4.1. Bounds of Sobolev norms
	4.2. Long time results for linear perturbations of the LLL equation

	5. Stationary waves and their decay: general results
	5.1. Definition and decay result
	5.2. Proof of (i) in Theorem 5.3
	5.3. Proof of (ii) in Theorem 5.3

	6.  Stationary waves with a finite number of zeros
	6.1. The classification result
	6.2. An invariant three–dimensional submanifold
	6.3. Proof of the classification result
	6.4. Construction of stationary waves by bifurcation from 0

	7. Variational questions and stability properties
	7.1. Maximizers of H for M fixed
	7.2. Minimizers of G= 8 H + P for M fixed
	7.3. Minimizers of P for H and M fixed
	7.4. Stability of stationary waves with finite mass and a finite number of zeros

	Appendix A. Some explicit M-stationary waves
	Appendix B. The dictionary
	Appendix C. Sobolev spaces
	References

