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MINIMAL PHOTON VELOCITY BOUNDS IN NON-RELATIVISTIC QUANTUM
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ABSTRACT. We consider non-relativistic quantum particle systems, such as atoms and molecules, coupled
to the quantized electromagnetic field. We prove several photon velocity bounds for total energies below the
ionization threshold. We also consider phonons coupled to such particle systems and prove velocity bounds
for them as well.

1. INTRODUCTION

In this paper we study the long-time dynamics of a non-relativistic particle system coupled to the quantized
electromagnetic or phonon field. For energies below the ionization threshold, we prove several lower bounds
on the growth of the distance of the escaping photons to the particle system.

Standard model of non-relativistic quantum electrodynamics. First, we consider the standard
model of non-relativistic quantum electrodynamics in which particles are minimally coupled to the quantized
electromagnetic field. The state space for this model is given by H := H, ® F, where H, is the particle
state space, say, L?(R3"), or a subspace thereof, and F is the bosonic Fock space, F = I'(h) := C 3, @b,
based on the one-photon space h := L?(R3,C?) (®7 stands for the symmetrized tensor product of n factors,
C? accounts for the photon polarization). Its dynamics is generated by the hamiltonian

n
1 , 2
H= %(ﬂvmi — kjAe(z))" + U(z) + Hy. (1.1)
j=1"""
Here, m; and z;, j = 1,...,n, are the (‘bare’) particle masses and the particle positions, U(x), z =
(1,...,2y), is the total potential affecting the particles, and k; are coupling constants related to the

particle charges. Moreover, A := €% A, where £ is an ultraviolet cut-off satisfying e.g. [0™&(k)| < (k)~3,
|m| =0,...,3, and A(y) is the quantized vector potential in the Coulomb gauge (div A(y) = 0), describing
the quantized electromagnetic field and given by

_ dk ik-y —ik-y  x
A= 3 [ T B a6 i ) (12)
(Here and in what follows, the integrals without indication of the domain of integration are taken over entire
R3.) In (1.2), w(k) = |k| denotes the photon dispersion relation (k is the photon wave vector), A is the
polarization, and ay(k) and a} (k) are photon annihilation and creation operators acting on the Fock space
F (see Supplement I for the definition). The operator Hy is the quantum hamiltonian of the quantized
electromagnetic field, describing the dynamics of the latter, given by Hy = dI'(w), where dI'(7) denotes the
lifting of a one-photon operator 7 to the photon Fock space, dI'(7)|c = 0 for n = 0 and, for n > 1,

AN(7)jgry = 1@ Q1l@TR1® - ®1. (1.3)
7=l j—1 n—j

(See Supplement I for definitions related to the creation and annihilation operators and for the expression
of dT'(7) in terms of these operators.)
We assume that U(z) € L2 (R3") and is either confining or relatively bounded with relative bound 0 w.r.t.

loc

—A,, so that the particle hamiltonian H, := — Z?=1 75— Ay, + U(z), and therefore the total hamiltonian
J

H, are self-adjoint.
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This model goes back to the early days of quantum mechanics (it appears in the review [22] as a well-known
model and is elaborated in an important way in [53]) (see [56, 62] for extensive references).

Phonon hamiltonian. Next, we consider the standard phonon model of the solid state physics (see e.g.
[45]). The state space for it is given by H := H, ® F, where H, is the particle state space and F =T'(h) =
C @22, ®"h is the bosonic Fock space based on the one-phonon space h := L?(R3,C). Its dynamics is
generated by the hamiltonian
H:=H,+H;+I(g), (1.4)
acting on H, where H, is a self-adjoint particle system hamiltonian, acting on H,, and Hy = dI'(w) is
the phonon hamiltonian acting on F, where w = w(k) is the phonon dispersion law (k is the phonon wave
vector). For acoustic phonons, w(k) < |k| for small |k| and ¢ < w(k) < ¢!, for some ¢ > 0, away from 0,
while for optical phonons, ¢ < w(k) < ¢!, for some ¢ > 0, for all k. To fix ideas, we consider below only the
most difficult case w(k) = |k|.
The operator I(g) acts on H and represents an interaction energy, labeled by a coupling family g(k) of
operators acting on the particle space H,. In the simplest case of linear coupling (the dipole approximation
in QED or the phonon models), I(g) is given by

I(g) := /(9*(k) ® a(k) + g(k) © a*(k))dk, (1.5)

where a*(k) and a(k) are the phonon creation and annihilation operators acting on F, and g(k) is a family
of operators on H, (coupling operators), for which we assume the following condition: there are bounded,
positive operators, 71 and 72, with unbounded inverses, s.t.

lmns 0 g (k) | 2o,y S IRIF10NR) 271 Jal < 2, (1.6)

where the norm is taken in the Banach space, £(H,,), of bounded operators, and for some ¥ > inf o(H,) the
following estimate holds

[ny "y "y " FH)| S L, 0<n,m<2, (1.7)
for any f € C3°((—o0,X)). The specific form of 7; and 1, depends on the models considered and will be
given below.

A primary example for the particle system to have in mind is an electron in a vacuum or in a solid in
an external potential V. In this case, H, = e(p) + V(x), p := —iV,, with ¢(p) being the standard non-
relativistic kinetic energy, €(p) = 7-|p|* = —5=- A, (the Nelson model), or the electron dispersion law in
a crystal lattice (a standard model in solid state physics), acting on H, = L?(R?). The coupling family
is given by g(k) = |k|*¢(k)et*™, where (k) is the ultraviolet cut-off, satisfying e.g. [0™¢&(k)| < (k)~27*#,
m =0,...,3 (and therefore g(k) satisfies (1.6), with 7, = 1 and 7y = (z)~" with (z) = (1 + |z|?)*/?). For
phonons, ;= 1/2, and for the Nelson model, > —1/2. To have a self-adjoint operator H we assume that
V is a Kato potential and that p > —1/2. This can be easily upgraded to an N—body system (e.g. an atom
or a molecule, see e.g. [37, 56]). A key fact here is that for the particle models discussed above (both for
non-relativistic QED and for phonon models), there is a spectral point ¥ € o(H)U{oo}, called the ionization
threshold, s.t. below ¥, the particle system is well localized:

I(p)*e’ ™ F(H) < 1, (1.8)

for any 0 < 0 < dist(supp f,X) and any f € C3°((—o0,X)). In other words, states decay exponentially in
the particle coordinates z ([34, 6, 7]). Hence (1.7) holds with n; = (p)~! and 7o = (z)~!. To guarantee that
Y > info(Hp) > inf o(H), we assume that the potentials U(x) or V() are such that the particle hamiltonian
H, has discrete eigenvalues below the essential spectrum ([34, 6, 7]). Furthermore, X, for which (1.8) is true,
is given by ¥ := limp_. infuep, (v, Hy), where the infimum is taken over D = {¢ € D(H)| p(x) =
0if |z| < R, |||l = 1} (see [34]; X is close to inf oess(Hp))-

Problem. In all above cases, the hamiltonian H is self-adjoint and generates the dynamics through the
Schrédinger equation,

10y = Hipy. (1.9
As initial conditions, 1y, we consider states below the ionization threshold X, i.e. g in the range of the
spectral projection E(_ ., vy(H). In other words, we are interested in processes, like emission and absorption
of radiation, or scattering of photons on an electron bound by an external potential (created e.g. by an
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infinitely heavy nucleus or impurity of a crystal lattice), in which the particle system (say, an atom or a
molecule) is not being ionized.

Denote by ®; and Ej; the eigenfunctions and the corresponding eigenvalues of the hamiltonian H, below
Y, ie. E; < X. The following are the key characteristics of the evolution of (1.9), in progressive order the
depth of information they provide:

e Local decay stating that some photons are bound to the particle system while others (if any) escape
to infinity, i.e. the probability that they occupy any bounded region of the physical space tends to
Zero, as t — oo.

e Minimal photon velocity bound with speed c stating that, as t — oo, with probability — 1, the
photons are either bound to the particle system or depart from it with the distance > c’t, for any
d <e.

Similarly, if the probability that at least one photon is at the distance > ¢t, ¢’ > ¢, from the particle
system vanishes, as ¢ — 0o, we say that the evolution satisfies the mazimal photon velocity bound
with speed c.

o Asymptotic completeness on the interval (—oo, ) stating that, for any 1 € Ran E(_ s)(H), and
any € > 0, there are photon wave functions f;c € F, with a finite number of photons, s.t. the
solution, ¥; = e~y of the Schrodinger equation, (1.9), satisfies

lim sup He_“Hz/)o — Z e_iEft<1>j Rs e_intijH <e. (1.10)

t—oo X

J
(One can verify that ®; ®; fje is well-defined, at least for the ground state (j = 0).) In other words,
for any € > 0 and with probability > 1 — €, the Schrodinger evolution vy approaches asymptotically
a superposition of states in which the particle system with a photon cloud bound to it is in one of
its bound states ®;, with additional photons (or possibly none) escaping to infinity with the velocity

of light.

The reason for € > 0 in (1.10) is that for the state ®; ®, f; to be well defined, as one would expect, one
would have to have a very tight control on the number of photons in f;, i.e. the number of photons escaping
the particle system. (See the remark at the end of Subsection 5.4 of [21] for a more technical explanation.)
For massive bosons € > 0 can be dropped (set to zero), as the number of photons can be bound by the energy
cut-off.!

We define the photon velocity in terms of its space-time (and sometimes phase-space-time) localization.
In a quantum theory this is formulated in terms of quantum localization observables and related to quantum
probabilities. We describe the photon position by the operator y := iV, on L?(R3), canonically conjugate
to the photon momentum k. To test the photon localization, we use the observables dI'(15(y)), where 15(y)
denotes the characteristic function of a subset S of R3. We also use the localization observables I'(15(y)),
where I'(x) is the lifting of a one-photon operator y (e.g. a smoothed out characteristic function of y) to the
photon Fock space, defined by

I'(x) = &2%0(8"X), (1.11)
(so that T'(e?) = ed'®)) and then to the space of the total system. Let also T}, = I'(r3,), with 7, : f(y) —
f(h~ly), where h € group of rigid motions of R3. The observables dI'(1s(y)) and I'(15(y)) have the following
natural properties:
o dI'(15,us,(y)) = dI'(1s, (y)) + dT'(1s,(y)) and T'(1s, (y))T'(1s,(y)) = Pa, for S; and Ss disjoint,
where P denotes the projection onto the vacuum sector,
o T, Xs(y)T, ' = X,,-15(y), where Xg(y) stands for either dI'(1s(y)) or I'(1s(y)).

The observables dI'(15(y)) can be interpreted as giving the number of photons in Borel sets S C R3. They
are closely related to those used in [24, 32, 47] (and discussed earlier in [49] and [1]) and are consistent with
a theoretical description of the detection of photons (usually via the photoelectric effect, see e.g. [50]). The
quantity (¢, T'(1s(y))) is interpreted as the probability that the photons are in the set S in the state 1.
This said, we should mention that the subject of photon localization is still far from being settled.?

IFor a discussion of scattering of massless bosons in QFT see [11].

2The issue of localizability of photons is a tricky one and has been intensely discussed in the literature since the 1930 and
1932 papers by Landau and Peierls [46] and Pauli [52] (see also a review in [44]). A set of axioms for localization observables
was proposed by Newton and Wigner [51] and Wightman [63] and further generalized by Jauch and Piron [43]. Observables
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The fact that for photons the observables we use depend on the choice of polarization vector fields, e (k),
X = 1,22 is not an impediment here as our results imply analogous results for e.g. localization observables of
Mandel [49] and of Amrein and Jauch and Piron [1, 43]: dT'(f2*") and d['(f§'"), where f2" := P+1g(y) P+
and f;jp := 15(y) N P+, respectively, acting in the Fock space based on the space h = L2, . (R? C?) :=
{f € L3(R3,C3) : k- f(k) = 0} instead of h = L2(R3;C?). Here P+ : f(k) — f(k) — |k|7%k k- f(k) is
the orthogonal projection on the transverse vector fields and, for two orthogonal projections P; and P», the
symbol P; N P, stand for the orthogonal projection on the largest subspace contained in Ran P; and Ran Ps.

In what follows, we denote by xs(v) a smoothed out characteristic function of the set S, which is defined
precisely at the end of the introduction. (For instance, x,—; stands for a C*°(R), function, which is = 1 if
|z —1] <1/10 and = 0 if |z — 1| > 1/9. For a self-adjoint operator A, x a—1 is defined by the spectral theory.)
We say that the system obeys the minimal photon velocity bound if the Schrédinger evolution, 1, = e~ #Hq)yg,
obeys the estimates

[ e Jarteg )bl S ol (1.12)

ct™

for some norm ||1g||o, some 0 < o < 1, and for any o > 0 and ¢ > 0 such that either & < 1, or o = 1 and
¢ < 1. In other words there are no photons which either diffuse or propagate with speed < 1. The mazimal
velocity estimate, as proven in [10], states that, for any ¢’ > 1,
i _ 1
A0 (X131 54) 2 e ]| S ¢ (A0 ((w)) + 1) = 0o

ot =

; (1.13)

with v < min(3(1 — %), &) for (1.1), and v < min(%(;’c/,__ll), ﬁ) for (1.4)—(1.6) with x> 0.

Results. Now we formulate our results. We consider both the minimal coupling model (1.1) and the linear
coupling model (1.4) with the linear interaction (1.5) and the coupling operators g(k) satisfying (1.6) with
w>—1/2.

It is known (see [7, 35]) that the operator H has a unique ground state (denoted here as ®4) and that
generically (e.g. under the Fermi Golden Rule condition), H has no eigenvalues in the interval (Egg, a], where
a < X can be taken arbitrarily close to 3, depending on the coupling constant and on whether the particle
system has an infinite number of eigenvalues accumulating to its ionization threshold (see [8, 27, 31]). We
assume that this is exactly the case:

Fermi’s Golden Rule ([6, 7]) holds for all excited eigenvalues < a of Hp,. (1.14)
Assumption (1.14) means that for every excited eigenvalue e; < a of H,, we have
HJWIHI((HO —e; — i0+)_1ﬂj)WHj > CjHj, cj > 0, (115)

where Ho := H), + Hy (for either model), W := H — Hy, II; denotes the projection onto the eigenspace of
Hy associated to e; and II; := 1 —II;. In fact, there is an explicit representation of (1.15). Since it differs
slightly for different models, we present it for the phonon one, assuming for simplicity that the eigenvalue e;
is simple:

/((bj,g*(k:)lm(Hp + (k) — e; —i07) Lg(k)g;)dk > 0, (1.16)

where ¢; is an eigenfunction of I, corresponding to the eigenvalue e; and the inner product is in the space
Hp. It is clear from (1.16) that Fermi’s Golden Rule holds generally, with a very few exceptions.

Let N := dI'(1) be the photon (or phonon) number operator and N, := dI'(w™”) be the photon (or
phonon) low momentum number operator. In what follows we let v, denote the Schrédinger evolution,
Py = e~y ie. the solution of the Schrédinger equation (1.9), with an initial condition 1)y, satisfying
Yo = f(H)o, with f € C5°((—00,X)). More precisely, we will consider the following sets of initial conditions

T, = {wo c f(H)D(N,,)%), for some f € Cg"((foovE))}y

describing localization of massless particles, satisfying the Jauch-Piron version of the Wightman axioms, were constructed by
Amrein in [1].

3Since polarization vector fields are not smooth, using them to reduce the results from one set of localization observables to
another would limit the possible time decay. However, these vector fields can be avoided by using the approach of [48].
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and
Ty = {0 € f(H)(D(A({y))) N D(AT'(b)?)), for some f € C((Eys,al)},

where b:= (k- y+y-k) and a < ¥ is given by Assumption (1.14).

For A > —C, we denote ||[(o]la := [|(A+ C + 1)2¢q|. We define v, > 0 as the smallest real number
satisfying the inequality

(e, Notoe) S 17 [0, (1.17)

for any 1o € Ran E(_ ) (H), where H’(/JHi = H’(/JH?VP It was shown in [10] (see (A.1) of Appendix A) that,
for any —1 < p < 1, the inequality (1.17) is satisfied with

1+p
<o/ 1.18
e (118)
(this generalizes an earlier result due to [32]). Also, the bound
[ellay S 1ol (1.19)

shows that (1.17) holds for p = —1 with v_; = 0. With v, defined by (1.17), we prove the following two
results.

Theorem 1.1 (Minimal photon velocity bound). Consider the hamiltonian (1.1), or the hamiltonian (1.4)-
(1.5) satisfying (1.6) with > —1/2 and (1.7). Let either o =1 and ¢ < 1 or

1 1
max (6(5—1—1/1—1/0)75—1— ) <a<l, (1.20)

3+ 2u
where p = 1/2 for (1.1). Then for any initial condition vy € Y1, the Schrédinger evolution, 1, satisfies,
for any a > 1, the following estimate

e ar ey )P < el (121)
1

|
cto

For the coupling function g, we introduce the norm (g) := /<2 ||n1n|2a‘8o‘g||Lz(R37Hp). We have

Theorem 1.2 (Weak minimal photon escape velocity estimate). Consider the hamiltonian (1.1) with the
coupling constants k; sufficiently small, or the hamiltonian (1.4)—(1.5) satisfying (1.6) with pn > —1/2, (1.7)
and (g) < 1. Assume (1.14), vy + 11 < a <1—1wvy and ¢ > 0. Then for any initial condition 1y € Yy, the
Schrddinger evolution, 1, satisfies the estimate

IT 1w <)%e]| S 77 (I[tollar ) + 1tollare)?) (1.22)

ctoe

where v < $min(1 — a — v, 3 (a — 1o — v1)).

Remarks.

1) The estimate (1.21) is sharp if vy = 0. Assuming this and taking v; < (3/2 + u)~! (see (A.7) of
Appendix A), the conditions on « in Theorems 1.1 and 1.2 become « > %+m, and (3/2+p) "t <a <1,
respectively.

2) The estimate (1.22) states that, as ¢ — oo, with probability — 1, either all photons are attached to
the particle system in the combined ground state, or at least one photon departs the particle system with
the distance growing at least as O(t*). (Remember that the set T4 excludes the ground state and the
exited states below ¥ are excluded by the condition (1.14). Note that (1.22) for u > 1/2, some o > 0 and
Yo € EA(H), with A C (Egs,e1 — O((g))) and e; the first excited eigenvalue of Hp, can be derived directly
from [9, 10].)

3) With some more work, one can remove the assumption (1.14) and relax the condition on v in The-
orem 1.2 to the natural one: ¢y € PsD(dT'({y))), where Ps is the spectral projection onto the orthogonal
complement of the eigenfunctions of H with corresponding eigenvalues in the interval (—oo, X).

4) For the spin-boson model, a uniform bound, (¢;,eVy;) < C(vhg) < 0o, § > 0, on the number of
photons, on a dense set of 1y’s, without controlling the dependence of the constant C(1)g) on this dense set,
was recently proven in [14]. See [21] for a discussion of such bounds.

5) Some key estimates used in the proof Theorem 1.1 were derived in the proof of asymptotic completeness
for Rayleigh scattering in [21].
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Remarks about the literature. Considerable progress has been made in understanding the asymptotic
dynamics of non-relativistic particle systems coupled to quantized electromagnetic or phonon field. The local
decay property was proven in [7, 8, 9, 12, 27, 28, 30, 31], by the combination of the renormalization group
and positive commutator methods. The maximal velocity estimate was proven in [10].

An important breakthrough was achieved recently in [14], where the authors proved relaxation to the
ground state and uniform bounds on the number of emitted massless bosons in the spin-boson model.

For models involving massive bosons fields, some minimal velocity estimates are proven in [18]. For
massless bosons, Theorems 1.1 and 1.2 seem to be new.

Asymptotic completeness was proven for (a small perturbation of) a solvable model involving a harmonic
oscillator (see [3, 61]), and for models involving massive boson fields ([18, 24, 25, 26]). Moreover, [32] obtained
some important results for massless bosons (the Nelson model) in confined potentials.

In [21], we have proven asymptotic completeness for Rayleigh scattering on the states for which the
expectation of either the photon/phonon number operator, N, or an operator, Ny, testing the photon/phonon
infrared behaviour is uniformly bounded on corresponding dense sets. By extending the result of [14] in a
straightforward way, we have shown that the second of these conditions is satisfied for the spin-boson model.

[21] contains also minimal velocity-type estimates (see the paragraph describing our approach), which
play an important role in the present paper.

Approach and organization of the paper. We prove Theorems 1.1 and 1.2 in Sections 2 and 3, respec-
tively. The proofs begin with estimates involving the operator b, := %(v(k) ~y+y-v(k)), where v(k) := wLJ'rE,
for e = t7", with some x > 0. The latter estimates were derived in the proof of asymptotic completeness for
Rayleigh scattering in [21]. We reproduce the first of these estimates here for reader’s convenience. Then we
use them to derive the estimates of Theorems 1.1 and 1.2.

Unlike the operator by := 3(£-y+y-£), used in [32], the operator b, is self-adjoint. This follows from the
fact that the vector field v(k) is Lipschitz continuous and therefore generates a global flow. Using b, avoids
some technicalities, as compared to the other operator. At the expense of slightly lengthier computations
but gaining simpler technicalities, one can also modify b. to make it bounded, by multiplying it with the

cut-off function x 1y ., with ¢’ > 1, such that the maximal velocity estimate (1.13) holds, or use the smooth

c't —
vector field v(k) = \/ﬁ, instead of v(k) = w’ie.)

As in earlier works, to prove the above estimates, we use the method of propagation observables, orig-
inating in the many body scattering theory ([58, 59, 42, 33, 64, 15|, see [17, 41] for a textbook expo-
sition and a more recent review). It was extended to the non-relativistic quantum electrodynamics in
[18, 32, 23, 24, 25, 26] and to the P(y)2 quantum field theory, in [19] and was used in [10] to prove the
maximal velocity estimate (1.13). We formalize the method of propagation observables in Appendix B.

To simplify the exposition, in Sections 2-3, we consider hamiltonians of the form (1.4)—(1.5), with the
coupling operators g(k) satisfying (1.6), where 77 and 73 obey (1.7). In Section 4, we extend the results
to a general class of hamiltonians that are introduced in the next paragraph. In Section 5, we show that
the minimal coupling model (1.1) can be mapped unitarily to a hamiltonian from this class, and we deduce
Theorems 1.1 and 1.2 for this model. Finally, a low momentum bound of [10] and some standard technical
statements are given in Appendices A, and C. The paper is essentially self-contained. In order to make it more
accessible to non-experts, we included Supplement I defining and discussing the creation and annihilation
operators (see also [20, 16]).

General class of hamiltonians. The QED hamiltonian (1.1) can be written in the form (1.4), with
I(g) being quadratic in the creation and annihilation operators aA# (k), and the coupling functions satisfying
estimates of the form (1.6) with = —1/2, 7, = (p)~! or 1, and 1, = (z)~!. This infrared behaviour is too
singular for our techniques. However, we show in Section 5 that under the generalized Pauli-Fierz transform
of [55], (1.1) is unitary equivalent to an operator of the form described below, whose infrared behaviour is

considerably better. We introduce the class of hamiltonians of the form
H=H,+ H;+I(g), (1.23)
with H, := —A+V(z), Hf = d['(w) and

I(g)=Y / dh i) dk(5) 95 (ko). ki) @ a” (g )alk;)), (1.24)
ij
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where the summation in 4, j ranges over the set i,j > 0,1 <i+j <2, k(,y = (k1,0 k), Ky oi= (Kj, Ag),

Jdkq,y =117 2)\], [ dk;, a#(ﬁ(p)) =10 a#(kj) ifp>land=1,ifp =0, a#(kj) = af (kj), and g := (gs5)-
We suppose that the coupling operators, g;; = g;; (E(i),k(j)) obey

Gij (E(i)vkzj)) = g;i(&zj)vk(i))v (1.25)
and satisfy the estimates
i+j i+j
3=k 0% i (s ) lrey, S D T (Veel™ ey =21 o 71, (1.26)
m=1/=1

where u > —1/2, and, as above, 11, 12 are estimating operators (unbounded, positive operators with bounded
inverses) on the particle space H, satisfying (1.7) (for some ¥ > info(H,)). We define the norm (g) :=
Di<iti<o ZI&\SQ an*ifjn‘flao‘gijﬂ of the vector coupling operators g := (g;;), extending the norms of the
scalar coupling operators g, introduced above. It is easy to extend Theorems 1.1 and 1.2 to the hamiltonians

of the form (1.23)—(1.26) satistying (1.7):

Theorem 1.3. Theorems 1.1 and 1.2 hold for hamiltonians of the form (1.23)—(1.24), satisfying (1.25)-
(1.26) and (1.7).

As mentioned above, Theorem 1.3 is proven in Section 4.

Notations. For functions A and B, we will use the notation A < B signifying that A < CB for some
absolute (numerical) constant 0 < C' < oo. The symbol Fa stands for the characteristic function of a set
A, while x.<; denotes a smoothed out characteristic function of the interval (—oo, 1], that is it is in C*(R),
is non-increasing, and = 1 if x < 1/2 and = 0 if # > 1. Moreover, x.>1 := 1 — x.<1 and x.=; stands for
the derivative of x.>1. Given a self-adjoint operator a and a real number a, we write Xq<q := X2<1, and
likewise for Y,>«. Finally, D(A) denotes the domain of an operator A, (z) := (1 + |z|>)}/2, O(e) denotes an
operator bounded by Ce.

Acknowledgements. The first author thanks Jean-Frangois Bony and Christian Gérard for useful discus-
sions. His research is supported by ANR grant ANR-12-JS01-0008-01. The second author is grateful to
Volker Bach, Jiirg Frohlich, and Avy Soffer for many useful discussions and for very fruitful collaboration.

2. THE FIRST PROPAGATION ESTIMATE

In this section we to prove the minimal velocity estimates of Theorem 1.1 for hamiltonians of the form
(1.4)—(1.5), with the coupling operators g(k) satisfying (1.6) and (1.7). We begin with a technical result
proving these estimates for the operator b., which is defined in the introduction, instead of |y|. Let v, > 0
be the same as in (1.17). We write the operator b, as

1
be = 5(06Vw ‘y+y-Vwb,), where 0.:= i, we:=w+e e=t". (2.1)
We

Theorem 2.1. Consider hamiltonians of the form (1.4)—(1.5) with the coupling operators satisfying (1.6)
with > —1/2 and (1.7). Let v; —vp < k < 1. If either a <1, ora=1 and ¢ < 1, and

a>max((3/2+u) Y (1+k)/2,1 — Kk + 11 — 1), (2.2)

then for any initial condition g € Y1, the Schridinger evolution, vy, satisfies, for any a > 1, the following
estimates

[ et ar e bl S ol (2.3)

Proof. We will use the method of propagation observables outlined in Appendix B. We consider the one-
parameter family of one-photon operators

be

qbt = t_aVOXOu Xa = Xv>1, V= Cta, (24)
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where a > 1. To show that ¢; is a weak one-photon propagation observable, we obtain differential inequalities
for ¢;. Recall that d¢y = O¢py + i[w, ¢¢]. To compute d¢;, we use the expansion

2
doy =t~ (dv) X, + Zremi7 (2.5)
i=1
rem; =t~ °[dx, — (dv)x,], remy:= —avpt ¢y (2.6)
Using the definitions in (2.1), we compute
1 ab
dv=— (0. — — be). 2.7
v= ) (2.7
Next, we have 0ybe = 545 (w0 Vw-y+ h.c.) on D(be ) which, due to the relation 3 (w; 0. Vw-y+ h.c.) =
—1/2, —1/2 )
We bewe , becomes
R _ _
Oibe = 1w w M 2bew 12, (2.8)

Using that (see Lemma C.1 of Appendix C)
w2 w2 = w2y w2 + O(t%"‘),
and that b > 0 on supp x,,, we obtain

const
Dibexy > e (2.9)

The relations (2.5)—-(2.9),

25X < Xh, imply
—av 96
doy >t o( xa + Zremz, (2.10)

where rem; and rems are given in (2.6) and

remg = O(t~ 17tz -av), (2.11)
This, together with 6, = 1 — t;—h and w1y, = we 1/2X;w€_1/2 + O(t*"‘*%”) (see again Lemma C.1 of
Appendix C), implies

depy > t_“”o( Xa Zrem27 (2.12)

1 K
W ;1/2X/ (.4) /2’ rems = O(t*QaJFi*aVO). (213)

We have ||¢¢|| <t~ and therefore the first estimate in (B.2) holds with § = 0. If either &« < 1 (and ¢
sufficiently large), or & = 1 and ¢ < 1, then p; := ¢~ ‘“’O(Ctla 2)X,, is non-negative, which implies the second

estimate in (B.2). Thus (B.2) holds. By the definition (2.5) and Corollary C.3 of Appendix C for i = 1, and
by an explicit form for ¢ = 2, 3,4, 5, we have the estimates

[|wPi/? rem; wPi/?|| <t (2.14)

remy =

1=1,2,3,4,5, with p1 = pa=p3=p5 =0, ps = 1, \1 =2a— Kk +avy, Ao = 1 +avy, A3 = 1+a—k/2+ avy,
A = a+k+av, and A5 = 2a — k/2 + avy. We remark here that the i = 2 term is absent if vp = 0. The
relation (2.14) implies (B.3) with p = p; and A = A; provided A; > 1+v,,.

Finally, in the same Way as [10, Lemma 3.1], one shows (by replacing |y| with b, in that lemma) that,
under (1.6) for some p > —1,

3
5 T (2.15)

which implies (B.4) with X < avg + (% + p)a. Hence ¢; is a weak one-photon propagation observable,
provided 2a > 14+ Kk 4+ vy — avy, a — /2 > vy — avy, a + Kk > 1+ v — avy, and (% + p)a > 1. Therefore, by

||77177§XC§3 Zlg(k)HLQ(R:’;'Hp) 5 t7T7 T < (
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Proposition B.2, we have, under the conditions on the parameters above,

/ dt = AT () 2 ul? < ol (2.16)
1

This, due to the definition of x/,, implies the estimate (2.3). O

Proof of Theorem 1.1 for hamiltonians of the form (1.4)—(1.5). To prove (1.21), we use several iterations of
Proposition B.4. We consider the one-parameter family of one-photon operators

. i—av
Gp =1 " Xwa>1,
lyl

with w, = (C,tQ)Z, a > 1, and v, > 0, the same as in (1.17). We use the notation Yo = Xw,>1. As in
(2.5)—(2.6), we use the expansion

2

dey =t (dwa) X + Y _ rem;, (2.17)
i=1
rem; =t~ [dX, — (dv)X,], rems := —avpt ¢y (2.18)
We compute
2bg 200wy
dwg = - , 2.19
o= oz~ Ty (2.19)

where by = %(Vw -y + h.c.). Note that by is not a self-adjoint operator, only maximal symmetric. Never-
theless, using Hardy’s inequality, one easily verifies that by is well-defined on D(|y|) and that bg(y)~! and
(y)~lbg extend to bounded operators. We write by = b, + e%(iVu -y + h.c.), where, recall, w. = w + ¢,
€ =t~". We choose k > 0 satisfying

da—3>Kk>2—-2a+ 11 — 1. (2.20)

Using the notation v =

+ (be — ct®)xw<1.
12 _

tC(
Commutator estimates of the type considered in Appendlx C (see Lemma C.5) give x Do (X%

O(t=***) for & > 2¢/, which, together with b.(Y,)"/? = O(t*), yields
(Xa)l/QbEX’U<1(Xa) Cta (Xa)1/2XU<1(Xa)1/2 Ctﬁf(:x

This estimate, together with Lemma C.1 of Appendix C and w, < 1 on supp Xa, give do; > p; — Py + rem,
where

12 >

2 c a\ _,
b= f(W )t

__20e+e 12, 1/2
bt = W(Xa) <1(Xa)"'7,

and rem = Z?:l rem;, with rem; and remy given by (2.18)

Cc

rems = (C/ta)2ti<;+a1/g(

Vw-y+ he)th,
and remy = O(¢t~2aF#=a0) If o = 1, then we choose ¢ > (c/)? so that p; > 0.

As in the proof of Theorem 2.1, we deduce that the remainders rem;, i = 1,2, 3,4, satisfy the estimates
(2.14), 1 = 1,2,3,4, with p1 = p3 =1, p2 = ps = 0, \y = 2+ avy, A2 = 1 4+ avy, A3 = o+ Kk + avp and
Ay = 2a—k+avy. In particular, the estimate for ¢ = 1 follows from Lemma C.4. Since 2a > a+k > 14+v1—avy
and 2« — k > 1, the remainder rem = Zle rem; gives an integrable term. (Note that rems = 0, if 19 = 0.)

Now, we estimate the contribution of p;. Let v = 2a — 1 < o and decompose p; = py1 + pi2, where

o
bt1 = tatavo (Xa) 1/2 Xeitv<bc<cte (Xa)l/Qv
L c’ 1/2 ~1\1/2
P2 = (X ) ’Y(Xa) )

toz+au0
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With Xe,iv<b. <cte = XyXv<1, Xy = X _be_s1> Xy = X_be_ <15 where ¢; < 1ify =1and ¢; < a(¢)?ify < 1, and
- - cpt¥ =

atv <

¢’ :=2(é+c)/(c)?. First, we estimate the contribution of p;. Since [(Y4)/2, (Xeytv<b. <cta ) /2] = O(E77FF)
(see Lemma C.1 of Appendix C) and since o + v — x > 1, it suffices to estimate the contribution of
"t MMox o v <b.<cte. To this end, we use the propagation observable

¢t1 = t—a’/oho‘x’y, (221)
where h = h(25), h(X) := [ dsxs<1. As in (2.9), we have
const const

haatbex; S m, h;@tbe)ﬁ Z (222)

- tl—r/2°
Using this together with (2.5)—(2.7), we compute

ab,

dop < .

€

!/
T Moy + ¢ t1+aro

3

be

ha X’ (0c — Wt )+ Zremg,
i=1

where rem] is a sum of two terms of the form of rem; given in (2.5)—(2.6), with y, replaced by h,, in one,

and by x, in the other, rem} := Q(¢t~177+%/2=a%0) "and rem} := —avpt ' ¢y;. We estimate
1
6. — ab, S1- _ac
t Welh tl-o
on supp hl, and
0 _ ’ybf < 1 _ 1 _ ’Ycl
ot T wetr 2t1
on supp x4, Using hy, <0, x5, >0, ho <1— Clj; and cz; = O(t~**7) on supp x/,, this gives

dpy < —phy + P + rem’,

. 4 - a—h— -
with rem’ := "7 rem], rem/ := w™ /20t~ F"w0)w~1/2 and
1 /

_ (0% ~
P =t (= Doy, P = ey

t

By (2.3), since v > max((3/2+u)~ 1, (1+k)/2,1—Kk+11 —14), the term p;; gives an integrable contribution.
We deduce as above that the remainders rem}, i = 1,2, 3,4, satisfy the estimates (2.14), i = 1,2, 3,4, with
pr=p2=p3=0,ps=1, A1 =2y—k+avy, a=1+7—rK/2+ avy, A3 =1+ avy, and \y = a + k + avy.
Since 2y — k > 1, v > k/2, and a + k > 1 4+ v1 — avy, the remainder rem’ = )", rem/ is integrable. Finally,
(B.4) with X < avg+ (3 + )7y holds by the inequality (2.15). Hence, ¢;; is a strong one-photon propagation
observable and therefore we have the estimate

/ dt AT (pen) 462 < / dt AT () F4be 2 < aboll2- (2.23)
1 1

(In fact, by multiplying the observable (2.21) by t° for an appropriate § > 0, we can obtain a stronger
estimate.)

Now, we consider pi. Recall the notations Yo = Xw.>1, Wa = (c‘fiL)Q, and let h, = h(vv), with
h(\) = f;o ds xs<1 and vy = cf;. We use the propagation observable
¢t2 =0 ()NCozhw + h,,y)za). (224)

Using (2.7), (2.8), (2.19), b = bg—i—eé(in-y—F h.c.), be < c1t” on supp xu, <1, 7 = 2a—1 and [(XL)Y2, R,y =
O(t~71%) (see Lemma C.1 of Appendix C), we compute

4

—av c 2 Y < < <

b <t (55 = 0) (%) V2R () /2 4 X ) + (dhn 0, o) + 3 rem!
i=1

Z b rem/ is a term of the form of rem; given in (2.6), with y, replaced by Xa, likewise,

c1tY clt’Y‘H 9
remy is a term of the form of rem; given in (2.6), with x, replaced by h., rem = OQ(t~1=7+%/2=a%0) and
rem)) := —avpt "' ¢i2. To estimate dv., we use that Y., > 0, Rl <0,0. =1~ trw L, vyhl < B, and

Xally (dvy) + (dvy )y Ko = =X/ 2 (=h0) 2 (doy ) (=R V252 + O(¢7H)

where dv, =
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(see again Lemma C.1 of Appendix C), to obtain

dpra < —pio + rem”,
with rem” = Y20 rem/, rem{ = O(t~27tr=00) reml! = w20t ®0)y~1/2 and (at least for ¢
sufficiently large)
201
(¢)?

Since (fﬁ < « and either vy < 1, or vy =1 and ¢; < 1, and X/, > 0 and hi/ < 0, both terms in the square

avp _(

B 1, 5 ye 1 . .
Pio =t — 20) 5 (¥) /Ay ()2 + (1 = 20) —= X3/ W7

ti—=v c1t? «

braces on the r.h.s. are non-positive. We deduce as above that the remainders rem/, i = 1,...,6, satisfy the
estimates (2.14), i =1,...,6, with p1 = pg = 1, p2 = p3 = pa = p5 = 0, A1 = 2a+avy, Ao = A5 = 2y—k+avs,
A3 =14+~v—kr/24+avy, \y = 1+ avy, ¢ =7+ K+ avy. Since 2a >v+k > 1+ —avy, 2y —k > 1
and v > r/2, the condition (B.3) is satisfied. Moreover, (B.4) with X < avy + (2 + p)a holds by (2.15).
Therefore ¢;5 is a strong one-photon propagation observable and we have the estimate

[ mwmmwws[twa@ﬁmwamﬁ (2.25)

(Again, by multiplying the observable (2.24) by #° for an appropriate § > 0, we can obtain a stronger
estimate.)
Since Py = pi1 + Pi2, estimates (2.23) and (2.25) imply the estimate

/dwmm%wgwm, (2.26)
1

which due to X, = Xw,=1, implies the estimate (1.21). O

3. THE SECOND PROPAGATION ESTIMATE
In this section we to prove the minimal velocity estimates of Theorem 1.2 for hamiltonians of the
form (1.4)—-(1.5), with the coupling operators g(k) satisfying (1.6) and (1.7). Recall the norm (g) =
2 lal<2 ||n1n‘2a|8ag||L2(R3,Hp) for the coupling function g and the notation (A)y = (1, Ay). We begin with
a technical result, proven in [21], which proves these estimates for the operator b., which is defined in the
introduction, instead of |y|.

Theorem 3.1. Consider hamiltonians of the form (1.4)—(1.5) with the coupling operators satisfying (1.6)
with p > —1/2 and (1.7). Assume that (1.14) holds. Let (g) be sufficiently small, vy < k< 1, and 0 < a < 1.
Let 1pg € Ty. Then the Schrédinger evolution, )¢, satisfies the estimate

||F(X%§1)%¢t’|2 St ([1oll3r gy + IPolldre)2), (3.1)

for0 <6 <min(k — 11,1 — K, 1 —a — ) and any ¢ > 0, where, recall, b = %(ky—&—yk)

Proof of Theorem 1.2 for hamiltonians of the form (1.4)—(1.5). Recall the notations v = 2t and w, =

cte

( Lyl )2. To prove (1.22), we begin with the following estimate, proven in the localization lemma C.5 of

o/t

Appendix C:
Xoz1Xwa<1 = O~ @7H), (32)
fore=t"" Kk < a, and ¢ < ¢/2. Now, let X'%Sl + X'¢2;21 =1 and write
Xiag = ngnguanggl +R< X%g + R, (3.3)
where R := Xu<1X5, <1Xv>1 + Xo>1Xa, <1 Xo<1 + Xv>1Xa, <1Xv>1- The estimates (3.2) and (3.3) give
Xfuaﬁl < X12)§1 + o), (3.4)
which in turn implies
1 1 (a—r 1
T (wa<1) 29| S [T (xo<1) 20| + Ct ( )/QH(N+ 1)z4||. (3.5)

Choosing k = (a + v1 — 1) /2, the estimate (3.5), together with (3.1), yields (1.22). O
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4. PROOF OF THEOREM 1.3: THE MODEL (1.23)—(1.24)

In this section we extend the results of Sections 2-3 to hamiltonians of the form (1.23)—(1.24), satisfying
(1.25) —=(1.26) and (1.7), and prove Theorem 1.3. First, to extend the results of Appendix B to the present
case, we replace the assumption (B.4) by the assumptions

([ Imnd @)l w’ar)” 5 @i+ j=1,

([ 13(@ig)ssthn, kB, TT (1wl wl))ahe)” S 0, 15 =2

(=1,2

(4.1)

Nl=

where )\’ is the same as in (B.4) and, for any one-particle operator ¢ acting on h, we define (ég)ij = $gij,

for i +j =1, and (¢g)2.0 = (6952 = (6 @1+ 1® $)g2.0, ($9)11 = (6 ®1 — 1 ® ¢)g1.1. Then we replace
the second relation in (B.9) by the relation (see Supplement I)

ilI(g),dT(¢y)] = —I(idg), (4.2)

which is valid for any one-particle operator ¢, and replace the estimate (B.11) by the estimate

Mol < Y ([ Inmndos (I, 0ae) i s wl vl

i+j=1

+ 30 ([ Mmooy, TT (i)™ wlh))de) "z ol + 1ol -0wls,— (43)

i+j=2 (=1,2
which, as in (B.11), implies, together with (4.1) and (1.7),
(T (ideg))p.) S 2+ lwoll3, (4.4)

for any g € Y5, where Y5 is defined in (B.6). This completes the extension of the results of Section B, and
therefore of Section 2, to hamiltonians of the form (1.23)—(1.24).

5. PROOF OF THEOREMS 1.1-1.2 FOR THE QED MODEL

5.1. Generalized Pauli-Fierz transformation. We consider the QED hamiltonian defined in (1.1)—(1.2).
The coupling function gd®d(k, ) := |k|=1/2¢(k)ex(k)e™ ¥ in this hamiltonian is more singular in the infrared
than can be handled by our techniques (u > 0). To go around this problem we use the (unitary) generalized
Pauli-Fierz transformation (see [55])

H o Bl e S 800y o S s, (5.1)
where ®(h) is the operator-valued field, ®(h) := %(a*(h) +a(h)), and the function ¢, (k, \) is defined below,

to pass to the new unitarily equivalent hamiltonian H.

To define ¢, (k, \), let ¢ € C°(R;R) be a non-decreasing function such that ¢(r) = r if |r| < 1/2 and
lo(r)] =1if |r] > 1. For 0 < v < 1/2, we define
§ (k)
‘k| +l/
We note that the definition of ®(h) gives A(y) = ®(g3°!). Using (1.7) and (1.8) of Supplement I, we compute

qy(k; A) = o(lk|"ex(k) - y). (5:2)

H= 4" ZTlnj(—iVIj —njfl(xj))g—i-E(x)—l—Hf—i—V(x), (5.3)
where, recall, © = (z1,...,x,), and
Aly) = 2(3y),  Gy(k,A) = g (k. A) = Vagy (k, M),
E(z) = _Ej 1“1 Dleq,),  ey(k, A) = ilklqy(k, N), (5.4)
V(z):=U(z)+ 5, 1223 L K7 Jra 1kllge, (k, X) Pdk.

The operator H is self-adjoint with domain D(H) = D(H) = D(p® + Hy) (see [38, 39]).
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Now, the coupling functions (form factors) g, (k, A) and e, (k, ) in the transformed hamiltonian, H, satisfy
the estimates that are better behaved in the infrared ([10]):

1057y (e, M) S (k) =2 e] 7~y ot (5.5)
|05y (ke M) S () =5 e[ 2~ () 1, (5.6)
We see that the new hamiltonian (5.3) is of the form
H=H,+ H;+I(g), (5.7)
with 7y, = = 327, 5= A, + V(2), and 1(g) := = X7, w;(p; - Alwy) + A(wy) - p; — 1 A(25)?) + E(x). We

see that the latter operator is of the form (1.24)—(1.26), with n; = (p) =, 72 = (2) """, u=1/2, |a| <2,
and 1 <i+j <2, where p:= (p1,...,pn), and therefore the hamiltonian (1.1) satisfy the bound (1.8) and
is of the class described in the introduction.

5.2. Proof of Theorems 1.1-1.2 for the QED model. We have shown the statements of Theorems 1.1
and 1.2 for hamiltonians of the form (1.23)-(1.26), with the operators n;, j = 1,2, satisfying (1.7), and
therefore for the operator (5.3). To translate Theorems 1.1 and 1.2 from H, given by (5.3), to the QED
hamilonian (1.1), we use the following estimates ([10])

arcatunte]” < (. avoa ) + P, (53)
[reenie] < (v, Tom@)u) + )P, (59)

where U := ¢~ 25=17%(0;) and = —, valid for any functions xi(w) and x2(w) supported in {|w| < e}
and {|w| > €}, respectively, for some € > 0, for any ¢ € f(H)D(N'/?), with f € C5°((—o0,%)), and for
0 <d<1/2. (5.8) follows from estimates of Section 2 of [10] and (5.9) can be obtained similarly (see (I.8)
and (1.9)). Using these estimates for ¢, = e =", with an initial condition 9y in either Y or Y4, together
with Ue= )y = e~ #Hf1)y, and applying Theorems 1.1 and 1.2 for H to the first terms on the r.h.s., we
see that, to obtain Theorems 1.1 and 1.2 for the hamiltonian (1.1), we need, in addition, the estimates

($ U NUY) S (6, (N + 1)), (5.10)
(U dr()Uw) < (4, (d0((y) + (@))8), (5.11)
e ar p)ed || < [|(dT(b) + {2)*) (5.12)

where, recall, Ny = d['(w™!) and b = %(k Yty k).
Let qu := Y. Kjqa, so that U := e~*®(4). To prove (5.10), we see that, by (I.8) of Supplement I, we
have

* 1y i I 1. _
U N U = @) dD (w1 )e @) = Ny — d(iwq,) + §Hw 1/quHﬁ. (5.13)
(Since w™lq, ¢ b, the field operator ®(iw 1g,) is not well-defined and therefore this formula should be

modified by introducing, for instance, an infrared cutoff parameter o into g,. One then removes it at the
end of the estimates. Since such a procedure is standard, we omit it here.) This relation, together with

20| S ([ oan) arom o vl (5.14)
for any € > 0, which follows from the bounds of Lemma I.1 of Supplement I, and
lo™ 2 gully < llw™ " (k) [lg, (5.15)

implies (5.10).
To prove (5.11) and (5.12), we proceed similarly, using, instead of (5.14) and (5.15), the estimates

(@, ®(i{y)an) )] S ( / o220k [ar by ol
N (/w—2—2V<k>—6dk)EHdF(<y>)%¢HH<x>wH’ (5.16)
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and
) 2aally < ()% o™ (k) 3y, (5.17)

and
|19 (ibg. ¥ || < ( / w*2*2"<k>*6dk)§|\<x><Hf +1)7y, (5.18)

and
(4o, bqa)p < (@) llw™ 27 (k) 733 (5.19)

APPENDIX A. PHOTON # AND LOW MOMENTUM ESTIMATE

For simplicity, consider hamiltonians of the form (1.4)—(1.5), with the coupling operators g(k) satis-
fying (1.6) and (1.7) with 4 > —1/2. The extension to hamiltonians of the form (1.23)—(1.24) is done
along the lines of Section 4. Recall the notations (A)y = (¥, Ay), N, = dI'((w™") and T, = {3y €
f(H)D(N;/Q), for some f € C3°((—o0,))}. The idea of the proof of the following estimate follows [32] and
[10].
Proposition A.1. Let p € [-1,1]. For any vy € T,
v L+p

(Npyy, St lvol?, v, = PR (A1)

Proof. Decompose N, = K 4+ K3, where
Ky :=dl(w "xtew<1) and Ko :=dl(w  Xtow>1).

Then, by (1.19),

{Ka)y < AT P wxews1))y, < U (Hy)y, S0y (A.2)
On the other hand, we have by (B.10),
DKy = dl(aw" Pt e ycq) — I(iw P Xpow<19).- (A.3)
Since [|n1g(k)||ln, S |k[*(k)=27* (see (1.6)), we obtain
/dk w(k) "2 xeewzt g (k) IR, (w(k) T+ 1) S e720Femele, (A.4)
This together with (B.11) and (1.19) gives
({0 Xeowz19)) | S ¢ HFP2 g 2. (A.5)

Hence, by (A.3), since 9;(K1)y, = (DK1)y,; Xiaw<y < 0, We obtain
at<K1>¢'t g t*(l*HL*P)Ot”,lZ)O”Q’

and therefore
<K1>¢t < Ct” ”wOH2 + <Nl)>¢’ov (A6)
where v/ =1—-(1+p—pla, if (1+p—pla<land v’ =0,if (14 p—p)a> 1. Estimates (A.6) and (A.2)

with o = ﬁ, if p > —1, give (A.1). The case p = —1 follows from (1.19). O
Remark. A minor modification of the proof above give the following bound for p > 0 and V;) =g iu,
2
(Noywe St ([0l % + 10l1?) + (Np)yo- (A7)
Corollary A.2. For any o € T,, v >0 and ¢ > 0,
—2 1+p _x
XN, et tbell® S 87 2T || |® + 872 (V) - (A.8)

Proof. We have
2
2

1 1
I, zeotell <€ FTF (X, zan KF vl < ¢ 373 |INF
Now applying (A.1) we arrive at (A.8). O
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Corollary A.3. Let ¢y € T1. Then ¢y € D(N) and
(N2}, <1755 [0l . (A.9)
Proof. By the Cauchy-Schwarz inequality, we have N? < dI'(w)dI'(w™') = H¢ Ny, and hence
(N%)y, < (N} H NPy,
= (N Hy(H = By + 1) N} (H = By + 1)y,
+ (NEHSIND, (H = B + 1)) (H = B+ ).

1
Under the assumption (1.6) with g > 0, one verifies that H¢[N?,(H — Eg + 1)7!] is bounded. Since
H{(H — Eg + 1)~ ! is also bounded, we obtain

(N?)y, SINE Q[ (INF (H = Egs + 1)t + [(H — Egs + 1)34]]).- (A.10)
Applying Proposition A.1 gives
1 1 1
[INE el S ¢257 ||9boll + [INY ol (A.11)
and
Yoll + INF (H — Egs + 1)t0]|
1
S 75 9ol + INY ol (A.12)

INZ (H — Ege + 1)y S t77

where we used in the last inequality that Nlé F(H)(Ny 4 1)~ 2 is bounded for any f € C3°(R3). Combining
(A.10), (A.11) and (A.12), we obtain

1
(N?)y, S 25 (|INZ ol + [[dbo]?). (A.13)
Hence (A.9) is proven. O

APPENDIX B. METHOD OF PROPAGATION OBSERVABLES

Many steps of our proof the minimal velocity estimates use the method of propagation observables which
we formalize in what follows. Let 1, = e~ 1)y, where H is a hamiltonian of the form (1.4)—(1.5), with the
coupling operator g(k) satisfying (1.6). The method reduces propagation estimates for our system say of the
form

/0 at[|GFe])* < ol (B.1)

for some norm ||-||x > |||, to differential inequalities for certain families ¢; of positive, one-photon operators
on the one-photon space L*(R?). Let

doy = Opdy + ilw, ¢4,
and let v, > 0 be determined by the estimate (1.17). We isolate the following useful class of families of
positive, one-photon operators:
Definition B.1. A family of positive operators ¢; on L?(R?) will be called a one-photon weak propagation
observable, if it has the following properties
e there are § > 0 and a family p; of non-negative operators, such that
72602 S ()7 and déy = pi+ > rems, (B.2)
finite

where rem; are one-photon operators satisfying
[[wPi/? rem; wP/?|| < (1), (B.3)

for some p; and A;, s.t. Ay > 1+ v,
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e for some N > 1+ vs5 and with 7y, 7y satisfying (1.7),

([ I I, wm’ar)” 5 0. (B.4)

(Here ¢; acts on g as a function of k.)
Similarly, a family of operators ¢; on L?(R3) will be called a one-photon strong propagation observable, if
doy < —pe + Z rem;, (B.5)
finite
with p; > 0, rem; are one-photon operators satisfying (B.3) for some A; > 1+ v,,, and (B.4) holds for some
N>1+ vs.

Recall the notations N, = dI'(w™") and

T, = {1 € F(H)D(N}), for some f € CF((—o0, 1))} (B.6)

Notice that, since N_y f(H) = Hy f(H) is bounded, one easily verifies that Y, C T, for p > p’ > —1. The
following proposition reduces proving inequalities of the type of (B.1) to showing that ¢, is a one-photon
weak or strong propagation observable, i.e. to one-photon estimates of d¢; and ¢g.

Proposition B.2. If ¢; is a one-photon weak (resp. strong) propagation observable, then we have either
the weak propagation estimate, (B.1), or the strong propagation estimate,

(eS) 1 9
(e, ®oape) + / at||GE e |® < o3 (B.7)
0
with the norm [oll%, = o |3 + lboll2, where B, := dT(éy), Gt := AT(py), [[bolls := [olls and ol =

> 1ol on the subspace Yiax(s,p;)-

Before proceeding to the proof we present some useful definitions. Consider families ®; of operators on
‘H and introduce the Heisenberg derivative

D(I)t = 8tq)t + Z [H, q)t]y

with the property

at<1/Jt7 (I)twt> = <1/Jt7 Dq’t¢t>- (B-S)

Definition B.3. A family of self-adjoint operators ®; on a subspace H; C H will be called a (second
quantized) weak propagation observable, if for all 1y € Hi, it has the following properties

o sup, (Yr, Pithy) S ||7/’0||35
° Dq)t > Gt + Rem7 where Gt >0 and fooo dt |<wt7R’em ¢t>| 5 ”w()”%)’

for some norms ||[¢oll«, || ‘|| ¢ > || - ||. Similarly, a family of self-adjoint operators ®; will be called a strong
propagation observable, if it has the following properties

e &, is a family of non-negative operators;

e D®; < —Gy+ Rem, where Gy > 0 and [ dt |(1, Rem )| < HwOHi,

for some norm || -|| % > - ||

If ®; is a weak propagation observable, then integrating the corresponding differential inequality sand-
wiched by ;’s and using the estimate on (¢, ®;1);) and on the remainder Rem, we obtain the (weak
propagation) estimate (B.1), with ||¢0||3¢ = [[voll% + [[¥oll2. If @, is a strong propagation observable, then
the same procedure leads to the (strong propagation) estimate (B.7).

Proof. Proof of Proposition B.2. Let ®, := dI'(¢;). To prove the above statement we use the relations (see
Supplement I)

Dodl'(¢¢) = dI'(d¢r), i[1(g),dl(¢¢)] =
where Dy is the free Heisenberg derivative,

DO(I)t = 6tq)t + i[HQ, (I)t},

—I(idrg), (B.9)
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valid for any family of one-particle operators ¢;, to compute
D&, = dT(déy) - 1(id.g). (B.10)

Denote (A)y = (¢, AY). Applying the Cauchy-Schwarz inequality, we find the following version of a
standard estimate

(1ol < 2( [ Immah) B, w(0°dK) I n5 1. (B.11)

Using that ¢; = f1(H)iy, with fi € CP((—00, %)), fif = f, and using (1.7), we find ||n;  n5 2w || < [Jve)-
Taking this into account, we see that the equations (B.11), (B.4) and (1.19) yield

(I(i69)) | S (8) 7[00 3 (B.12)

Next, using (B.3), we find +rem; < |[w?/?rem;w?i/?||wfi < (t)~*w=Pi. This gives +dI'(rem;) <
(t)~dl(w=P%), which, due to the bound (1.17), leads to the estimate

(T (vems))y, | < (8) 74 [[0olI7, - (B.13)
Let Gy :=dI'(p;) and Rem := ), .. dI'(rem;) — I(i¢g). We have G; > 0, and, by (B.12) and (B.13),

[t Rem )] S el (B.14)
0
with [[vol% = l[vollE + l1ollZ, Il := [¥olls, lIvollo = 3= ¥ollp-
In the strong case, (B.5) and (B.10) imply
Dq)t S —Gt + Rem, (B15)
and hence by (B.14), ®; is a strong propagation observable.
In the weak case, (B.2) and (B.10) imply

Since ¢y < [|w¥2pw®?||w= < (#)"¥ w9, we have dT(¢y) < (t)~*dI'(w~?). Using this estimate and using
again the bound (1.17), we obtain

(v, ®utpn) S (07 (A0 W) S ol (B.17)
Estimates (B.14) and (B.17) show that ®; is a weak propagation observable. O

To prove Theorem 1.1, in Section 2, we also used the following proposition.

Proposition B.4. Let ¢; be a one-photon family satisfying

e cither, for some 6 >0 ,

w20’ < ()" and doy > py — dgy + rem, (B.18)
or ~
dor < —pe + doy + Z rem;, (B.19)
finite

where p; > 0, rem; are one-photon operators satisfying (B.3), and ét is a weak propagation observ-
able,
e (B.4) holds.

Then, depending on whether (B.18) or (B.19) is satisfied, ®; := dTU'(¢;) is a weak, or strong, propagation
observable, on the subspace Y ax(s,p,), and therefore we have either the weak or strong propagation estimates,
(B.1) or (B.7), on this subspace.

Proof. Given Proposition B.2 and its proof, the only term we have to control is dI‘(d(,th). Using that q~5t isa
weak propagation observable and using (B.8), (B.10) and (B.12) for ®; := dI'(¢;), we obtain

[ deariadon| < ol (B.20)

with ||w0H2# = [[Yoll % +llvollZ, 1oll« == [[volls, [[Yollo := 3= [[4ollp,, which leads to the desired estimates. [
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Remarks.

1) Proposition B.2 reduces a proof of propagation estimates for the dynamics (1.9) to estimates involving
the one-photon datum (w, g) (an ‘effective one-photon system’), parameterizing the hamiltonian (1.4). (The
remaining datum H,, does not enter our analysis explicitly, but through the bound states of H, which lead
to the localization in the particle variables, (1.7)).

2) The condition on the remainder in (B.2) can be weakened to rem = rem’ + rem”, with rem’ and rem”
satisfying (B.3) and

rem”| < Xjy(>erts (B.21)

for ¢’ as in (1.13), respectively. Moreover, (B.3) can be further weakened to

/0 ~ dt (AT (rems )by} < 0o. (B.22)

3) An iterated form of Proposition B.4 is used to prove Theorem 1.1.

APPENDIX C. ONE-PARTICLE COMMUTATOR ESTIMATES

In this appendix, we estimate some localization terms and commutators appearing in Section 2. We begin
with recalling the Helffer-Sjostrand formula that will be used several times. Let f be a smooth function
satisfying the estimates |07 f(s)| < Cp(s)?~™ for all n > 0, with p < 0. We consider an almost analytic
extension f of f, which means that f is a C°° function on C such that f\R =f,

supp f C {z€C, |[Imz| < C(Rez2)},
|f(2)] < C(Rez)? and, for all n € N,
of
0z
Moreover, if f is compactly supported, we can assume that this is also the case for f. Given a self-adjoint
operator A, the Helffer-Sjostrand formula (see e.g. [17, 41]) allows one to express f(A) as

(z)‘ < Cp(Re 2)P~ 1= Tm z|".

f(A) = l/ 0f(2) (A—2)""dRezdIm 2. (C1)

T 0z

Now recall that b := %(9€Vw -y + h.c.), where 0. = 2, w. :=w+¢, e =1"", with x > 0. We have the
relations ’

. ) 1
Z[wabs} :965 Z[wva] = i(va+va)7 (02)
and, using in particular Hardy’s inequality, one can verify the estimate

Ily?, bel )~ = O(t%). (C3)

The following lemma is a straightforward consequence of the Helffer-Sjostrand formula together with (C.2)
and (C.3). We do not detail the proof.

Lenilma C.1. Let h, h be smooth function satisfying the estimates |8?h(s)‘ < Cp(s)™™ for n > 0 and likewise
for h. Let wy = (|y|/c1t®)?, vg = b/ (c2t?), with 0 < o, B < 1. The following estimates hold

[A(wa),w] = O(t™*),  [h(vg),w] = O,

h(wa), 03] = O@F=3%), (y)lh(wa). 0] = O(tH1),

vp)we 7= O ), blh(og).we T = OE3),  [h(vg),02] = O(t*P),

[(wa),b] = O@t"),  [h(wa), h(vg)] = O(™"*%),  belh(wa), h(vg)] = O(").

Now we prove the following abstract result.
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Lemma C.2. Let h be a smooth function satisfying the estimates |8§h(s)’ < Cp(s)™™ forn > 0. Assume
an operator v is s.t. the commutators [v,w] and [v, [v,w]] are bounded, and for some z in C\ R, (v — z)~*
preserves D(w). Then the operator r := [h(v),w] — [v,w]h/(v) is bounded as

(1S {[Tos fo, ] (C4)

Proof. We would like to use the Helffer-Sjostrand formula (C.1) for h. Since h might not decay at infinity,
we cannot directly express h(v) by this formula. Therefore, we approximate h(v) as follows. Consider
¢ € C3°(R;[0,1]) equal to 1 near 0 and ¢r(-) = ¢(-/R) for R > 0. Let h be an almost analytic extensions
of h such that hlg = h

supp h C {2 €C; |Imz| < C(Rez)}, (C.5)

|h(z)| < C and, for all n € N,

;(z)' < Cp(Re 2)P~ 17" Im 2|". (C.6)

Similarly let ¢ € C5°(C) be an almost analytic extension of ¢ satisfying these estimates. As a quadratic
form on D(w), we have

[A(v).w] = s-lim [(prh)(v), 0] ()

Since (v — 2)~! preserves D(w) for some z in the resolvent set of v (and hence for any such z, see [2, Lemma
6.2.1]), we can compute, using the Helffer—Sjostrand representation (see (C.1)) for (¢rh)(v),

[(prh) (v /8 (rh) (2 )[(v—2)"", w] dRezdIm 2

= /62(@Rh)(z)(v — z)fl[v,w](v - 2)71 dRezdIm 2
= [v,w](¢rN) (V) + TR, (C.8)

as a quadratic form on D(w), where

= —7/8 (Prh) (2 ) —2)"" [v,w]](v—2)""dRezdIm z

= 7/85(@Rh)(z)(v —2) v, [v,w]](v — 2)"2dRe zdIm 2. (C.9)
7r
Now, using (v — z)~! = O(|Im z|~!), we obtain that
(0= 2)" o, [v,w]](v — 2) || S [Tm 2| 7||[v, [v,w]]||- (C.10)
Besides, for all n € N, B
|0:(Pr)(2)] < Cp(Re )~ 7" Im 2", (C.11)

where C,, > 0 is independent of R > 1. Using (C.9) together with (C.10), we see that there exists C > 0 such
that |[rgl| < C||[v, [v,w]]|, for all R > 1. Finally, since (¢rh)’(v) converges strongly to h/(v), the lemma
follows from (C.8) and the previous estimate. 0

We want apply the lemma above to the time-dependent self-adjoint operator v = Cl;;.

Corollary C.3. Let h be a smooth function satisfying the estimates ‘8”h ’ < Cp(s)™™ for n > 0 and let
v:= Lo wherec >0, e =t ", with0 < k < § < 1. Then the operator r := dh(v) — (dv)h'(v) is bounded as

7] St A =20 — k. (C.12)

Proof. Observe that
dh(v) = (dv)l (v) = [1(v), iw] — [v,iw]h'(v) + Oth(v) — (Opv)h/ (v).

It is not difficult to verify that (v — z)~! preserves D(w) for any z € C\ R. Hence it follows from the
computations

[v,iw] = t~0,, [v, [, iw]] = t 20w ?e, (C.13)
that we can apply Lemma C.2. The estimate
[v, [v,w]] = O(w, 1t72*) = O(t—2*") (C.14)
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then gives

1h(v), iw] = [v, iw]h’ (V)| S 720
It remains to estimate ||Oph(v) — (Ggv)h/(v)]]. It is not difficult to verify that D(b.) is independent of t. Using
the notations of the proof of Lemma C.2 and the fact that 9;h(v) = s-limpg_,c d:(prh)(v), Wwe compute

Or(prh)(v /8 (Zrh)(2)8 (v — 2) ' dRe zdIm z

= /@(@Rh)(g)(@ — )7 (0w)(v — 2) dRe 2 dIm 2
= (0r)(orh)'(v) + TR,

where

= 77/6 (Prh)(z (v —2)"", 0] (v — 2) ' dRe zdIm 2

— / (%(@Rh)(z)(v — z)*l[v, opvl(v — 2)72 dRe zdIm z. (C.15)

Now using Oyv = — Ct(,“ + o= —L_9;b. together with (2.8), we estimate
[v, 0] = Ot~ 172Fm)p, 4 Ot~ 172 F2m),

From this, the properties of @, h, and x < 3, we deduce that || S t71mots < ¢=29tF yniformly in R > 1.
This concludes the proof of the corollary. |

The following lemma is taken from [10]. Its proof is similar to the proof of Lemma C.2
Lemma C.4. Let h be a smooth function satisfying the estimates |07h(s)| < Cp(s)™" forn > 0 and
0<6<1. Let w, = (|y|/ct*)? with 0 < o < 1. We have

[h(wa), iw] = Ct%h’(wa)( -Vw+Vw- Zt/ ) + rem,
with
Hw% remw? H < e+,

Now we prove a localization lemma. Let v, := Cf’ﬁ, wo = (|y|/ct®)?.

Lemma C.5. Let k < . We have, for ¢ < c'/2,
Xoo>1Xwa<1 = O(t~(@7)), (C.16)

Proof. We omit the subindex « in w, and v, write w = w, and v = v,. Observe that by the definition of x
(see Introduction) and the condition ¢ < ¢//2, we have x|y|>crto X|y|<ete = 0. Let ¢ < €< /2 and let X|y|<a
be such that x|yj<ctX|y|<et = Xjy|<et and X|y|>ertX|y|<ee = 0. Define b := X‘y‘gazabe)z‘mgaa. It follows from
the expression of b that |(u,b.u)| < ||ul||||y|ul|, and hence we deduce that |{u,b.u)| < ct|lu||?. This gives
Xp, >erte = 0. Using this, we write

Xbe>c'te X|y|<ctr = (XbEZc't(’ - Xl_)ezc/ta)xw\gcto" (017)
Let v := Cf_’;a. Denote g(v) := xy>1 and ¢(?) := xz>1. We will use the construction and notations of the
proof of Lemma C.2. Using the Helffer-Sjostrand formula for (¢rg)(c), we write
(er9)(v) — (prY)( /6 (pr9)(2)[(v—2)"" = (v—2)"'] dRezdIm 2
:—7/8 ?r9)(2)(v —2)" (v —0) (v — 2) ' dRe zdIm z. (C.18)

Now we show that (v — 0)(0 — 2) 1 x|y|<cre = Ot~ @7%)|Im 2|~2). We have

_ - b 5
v—10= (1= Xy<ate) o +X|y|<cta72(1*)<|y|gata)7

/t()l
and we observe that, by Lemma C.1,
[(1 - X\y\gét")a be] = O(tﬁ)' (019)
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Thus

> s bﬁ s —(a—k
v—v=(1+ Xmgaa)@(l — Xjyl<ate) + O™ *7),
Moreover, we can write
(1= Xjyi<ete) (0 = 2) "' Xpyi<ete = [(1 = Xpyi<are), (0= 2) 7 Xy <ete
b

(:T;] (0 — 2) " Xyl <cte

—(@ = 2) 7 (1 = Xy <ate);
= Ot % |Im 2| 72),
where we used (C.19) to obtain the last estimate. This implies the statement of the lemma. ]

Remark. The estimate (C.16) can be improved to Xy, >1Xw, <1 = O(t~™*%)), for any m > 0, if we replace
we := w + € in the definition of b, by the smooth function w, := Vw? + €2.

SUPPLEMENT I. CREATION AND ANNIHILATION OPERATORS ON FOCK SPACES

Recall that the propagation speed of the light and the Planck constant divided by 27 are set equal to 1.
Recall also that the one-particle space is b := L2(R?; C), for phonons, and b := L2(R3; C?), for photons. In
both cases we use the momentum representation and write functions from this space as u(k) and u(k, \),
respectively, where k € R? is the wave vector or momentum of the photon and A € {—1, +1} is its polarization.

With each function f € b, one associates creation and annihilation operators a(f) and a*(f) defined,
for u € ®7H, as

a(f):u—=vVn+1f@su and a(f):u— /n(f, up, (L.1)
with (f, u)y == ff u(k, k1,...,kn—1)dk, for phonons, and (f,u)y := Zz\zl,Q J dkf(k, Nun(k, X, k1, Ar,
v kn_1, An—1), for photons. They are unbounded, densely defined operators of T'(h), adjoint of each other
(with respect to the natural scalar product in F) and satisfy the canonical commutation relations (CCR):

[a®(f).a*(9)] =0,  [a(f),a*(9)] = (£, 9),

where a” = a or a*. Since a(f) is anti-linear and a*(f) is linear in f, we write formally

n= [ (1) = [ 10

Z/kaa,\ Z/fk)\

A=1,2 A=1,2

for phonons, and

for photons. Here a(k) and a*(k) and ax(k) and a} (k) are unbounded, operator-valued distributions, which
obey (again formally) the canonical commutation relations (CCR):

[a* (k),a” (K')] =0, la(k),a*(K)] = 6(k — k),
[a¥ (k),a%,(K)] =0, [aa(k),a} (K)] = 6 n0(k — &),

where a# = a or a* and a7 = a, or a}.

Given an operator 7 acting on the one-particle space b, the operator dF( ) (the second quantization of 7)
defined on the Fock space F by (1.3), can be written (formally) as dI'(7) := [ dka*(k)Ta(k), for phonons,
and dT'(7) := 3°,_, » [ dka}(k)Tax(k), for photons. Here the operator 7 acts on the k-variable. The precise
meaning of the latter expression is (1.3). In particular, one can rewrite the quantum Hamiltonian Hy in
terms of the creation and annihilation operators, a and a*, as

Hp= Y /d/mA ax(k) (1.2)
A=1,2

for photons, and similarly for phonons.
The relations below are valid for both phonon and photon operators. Commutators of two dI" operators
reduces to commutators of the one-particle operators:

[dT(7),dD(7")] = dT([r, 7']). (1.3)
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Let 7 be a one-photon self-adjoint operator. The following commutation relations involving the field

operator ®(f) = %(a*( f) +a(f)) can be readily derived from the definitions of the operators involved:
[@(f), ®(9)] = iTm(f, g)y, (L4)
[®(f),dl(7)] = i®(iTf), (L5)
[C(r), ()] = T(T)a((1 = 7)f) = o (1 = 7) /)T(7)- (L.6)
Exponentiating these relations, we obtain
D (g)e ) = d(g) — Im(f, g)y, (L.7)
e *NAD(1)e W) = AT (1) — (it f) + %Re(w £ e (1.8)
eI (r)e ) = (1) + /1 ds e*®*O(D(T)a((1 —7)f) — a*((1 — 7) /)T (7))e > P, (1.9)
0

Finally, we have the following standard estimates for annihilation and creation operators a(f) and a*(f),
whose proof can be found, for instance, in [7], [31, Section 3], [37]:

Lemma I.1. For any f € b such that w=P/2f € b, the operators a*(f)(dl'(w?) + 1)~Y/2, where a* (f)
stands for a*(f) or a(f), extend to bounded operators on H satisfying

[a(f)(d0(w?) + 1)7F || < |2 fls,
la* (F)(AD(w?) + 1) 72 || < o™ 2flly + |1 £y

If, in addition, g € b is such that w=P/?g € b, the operators a*(f)a#(g)(dT(w?) 4+ 1)~ extend to bounded
operators on 'H satisfying

la(f)a(g)(@L(@?) + 1) < o2 F [l lw ™" 2glly,
la* (Fa(@)(@Cw?) + 1) < (lw ™2 f g + 1L£1ls) ™" ?glls,
la*(f)a"(9)(@C(w”) + )M < (™2 flly + 1/ 1ls) (o™ 2glly + llglly)-
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