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Abstract

This paper presents the spectral analysis of 1-dimensional Schrédinger operator
on the half-line whose potential is a linear combination of the Coulomb term 1/r and
the centrifugal term 1/r%. The coupling constants are allowed to be complex, and
all possible boundary conditions at 0 are considered. The resulting closed operators
are organized in three holomorphic families. These operators are closely related to
the Whittaker equation. Solutions of this equation are thoroughly studied in a large
appendix to this paper. Various special cases of this equation are analyzed, namely
the degenerate, the Laguerre and the doubly degenerate cases. A new solution to the
Whittaker equation in the doubly degenerate case is also introduced.
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1 Introduction

This paper is devoted to 1-dimensional Schrodinger operators with Coulomb and cen-
trifugal potentials. These operators are given by the differential expressions

N1 B
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The parameters o and § are allowed to be complex valued. We shall study realizations

of Lg . as closed operators on L?(Ry), and consider general boundary conditions.



The operator given in (1.1) is one of the most famous and useful exactly solvable
models of Quantum Mechanics. It describes the radial part of the Hydrogen Hamiltonian.
In the mathematical literature, this operator goes back to Whittaker, who studied its
eigenvalue equation in [32]. For this reason, we call (1.1) the Whittaker operator.

This paper is a continuation of a series of papers [2, 6, 7] devoted to an analysis of
exactly solvable 1-dimensional Schrédinger operators. We follow the same philosophy as
in [6]. We start from a formal differential expression depending on complex parameters.
Then we look for closed realizations of this operator on L*(R.). We do not restrict
ourselves to self-adjoint realizations — we look for realizations that are well-posed, that is,
possess non-empty resolvent sets. This implies that they satisfy an appropriate boundary
condition at 0, depending on an additional complex parameter. We organize those
operators in holomorphic families.

Before describing the holomorphic families introduced in this paper, let us recall the
main constructions from the previous papers of this series. In [2, 6] we considered the
operator

Lo = -0+ (a - i)% (1.2)

As is known, it is useful to set o = m?. In [2] the following holomorphic family of closed
realizations of (1.2) was introduced:

H,,, with —1 < Re(m),

defined by L,,,> with boundary conditions ~ g2 tm,
It was proved that for Re(m) > 1 the operator H,, is the only closed realization of L,,.
In the region —1 < Re(m) < 1 there exist realizations of L,,> with mixed boundary

conditions. As described in [6], it is natural to organize them into two holomorphic
families:

H, ., with —1<Re(m) <1, m#0, k€ CU{oc0},

defined by L,,2 with boundary conditions ~ z3tm 4 m:%_m,

and
Hy, withv e CuU{oo},
defined by Ly with boundary conditions ~ 2 (v + In(z)).

Note that related investigations about these operators have also been performed in [30,
31].

In [7] and in the present paper we study closed realizations of the differential operator
(1.1) on L?(Ry). Again, it is useful to set a = m?. In [7] we introduced the family

Hg,,, with g€ C, —1 < Re(m),

defined by Lg,,2 with boundary conditions ~ x%+m<1 __F x)
’ 142m

It was noted in this reference that this family is holomorphic except for a singularity at
(B,m) = (0, —%), which corresponds to the Neumann Laplacian.



For Re(m) > 1 the operator Hg,, is also the only closed realization of Lg 2. In the
region —1 < Re(m) < 1 there exist other closed realizations of Lg 2. The boundary
conditions corresponding to Hpg ,, are distinguished—we will call them pure. The goal of
the present paper is to describe the most general well-posed realizations of Lg,,2, with
all possible boundary conditions, including the mixed ones.

We shall show that it is natural to organize all well-posed realizations of Lg > for
—1 < Re(m) < 1 in three holomorphic families: The generic family

Hg e, with e C, —1 <Re(m) <1, m¢ { — %,0, %}, k € CU{o0},
defined by Lg,,2 with boundary conditions

(o ) (a2
v 11 om”) Tree 1—2m")

the family for m =0
Hp,, with 8 €C, veCU{oo},

defined by Lg with boundary conditions ~ o3 (y + ln(x)),

and the family for m = %

Hgl, with g € C, v € CU {0}

2

defined by Lg 1 with boundary conditions ~ 1 — Sz In(z) + va.
4

The above holomorphic families include all possible well-posed realizations of Lg,,2 in
the region |[Re(m)| < 1 with one exception: the special case (8, m,x) = (0, —3%,0) which

-1
corresponds to the Neumann Laplacian H_1 = H_1, = H: and which is already
27 2
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covered by the families H,, and H,, .. ’

After having introduced these families and describing a few general results, we provide
the spectral analysis of these operators and give the formulas for their resolvents. We
also describe the eigenprojections onto eigenfunctions of these operators. They can be
organized into a single family of bounded 1-dimensional projections Pg,,(A) such that
Lg‘;’;Pg,m(/\) = AP3,m(\). Here L7, denotes the maximal operator which is introduced
in Section 2.3.

There exists a vast literature devoted to Schrodinger operators with Coulomb po-
tentials, including various boundary conditions. Let us mention, for instance, an inter-
esting dispute in Journal of Physics A [10, 21, 22] about self-adjoint extensions of the
1-dimensional Schrédinger operator on the real line with a Coulomb potential (without
the centrifugal term). Papers [11, 20, 23] discuss generalized Nevanlinna functions nat-
urally appearing in the context of such operators, especially in the range of parameters
|[Re(m)| > 1. See also [4, 9, 12, 13, 14, 15, 16, 17, 18, 24, 25, 26, 27, 28] and references
therein. However, essentially all these references are devoted to real parameters 5, m and
self-adjoint realizations of Whittaker operators. The philosophy of using holomorphic
families of closed operators, which we believe should be one of the standard approaches
to the study of special functions, seems to be confined to the series of paper [2, 6, 7],
which we discussed above.

The main reason why we are able to analyze the operator (1.1) so precisely is the fact

that it is closely related to an exactly solvable equation, the so-called Whittaker equation
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Its solutions are called Whittaker functions, which can be expressed in terms of Kummer’s
confluent functions. The theory of the Whittaker equation is the second subject of the
paper. It is extensively developed in a large appendix to this paper. It can be viewed
as an extension of the theory of Bessel and Whittaker equation presented in [6, 7).
We discuss in detail various special cases: the degenerate, the Laguerre and the doubly
degenerate cases. Besides the well-known Whittaker functions Zg ,, and Kg,,, described
for example in [7], we introduce a new kind of Whittaker functions, denoted X . It is
needed to fully describe the doubly degenerate case.

The Whittaker equation and its close cousin, the confluent equation, are discussed
in many standard monographs, including [1, 3, 29]. Nevertheless, it seems that our
treatment contains a number of facts about the Whittaker equation, which could not be
found in the literature. For example, we have never seen a satisfactory detailed treatment
of the doubly degenerate case. The function X3, seems to be our invention. Without
this function it would be difficult to analyze the doubly degenerate case. Figures 1
and 2, which illustrate the intricate structure of the degenerate, Laguerre and doubly
degenerate cases, apparently appear for the first time in the literature. Another result
that seems to be new is a set of explicit formulas for integrals involving products of
solutions of the Whittaker equation. These formulas are related to the eigenprojections
of the Whittaker operator.

2 The Whittaker operator

In this section we define the main objects of our paper: the Whittaker operators Hg ,, .,
HE% and Hj , on the Hilbert space L?(]0, o0f).
2.1 Notations

We shall use the notations Ry =]0,00[, N={0,1,2,...} and N* = {1,2,...}. Likewise,
we set C* = C\ {0} and R* = R\ {0}. We will often consider functions on the Riemann
sphere C U {oo} with the convention § = co, = = 0. Besides, & c0 = oo for any
a € C\ {0} and 0o + 7 = 0.

The Hilbert space L?(Ry) is endowed with the scalar product

(halhs) = /OOO h1 (@) ho () da.

We will also use the bilinear form defined by

(halh) = /O @) ho () da

The Hermitian conjugate of an operator A is denoted by A*. Its transpose is denoted
by A#. If A is bounded, then A* and A% are defined by the relations

(h1|Ahg) = (A"hy|ha),
(h1]Ahg) = (A% hi|hy).

The definition of A* has the well-known generalization to the unbounded case. The
definition of A# in the unbounded case is analogous.



The following holomorphic functions are understood as their principal branches, that
is, their domain is C\| — 0o, 0] and on ]0, co[ they coincide with their usual definitions
from real analysis: In(z), v/z, 2*. We set arg(z) := Im(In(z)). Sometimes it will be
convenient to include in the domain of our functions two copies of | — 0o, 0], describing
the limits from the upper and lower half-plane. They correspond to the limiting cases
arg(z) = +m.

The Wronskian of two continuously differentiable functions f and g on R, is denoted
by # (f,g;-) and is defined for z € Ry by

Y (f,g:2) = f()g'(z) = f'(z)g(). (2.1)

2.2 Zero-energy eigenfunctions of the Whittaker operator

In order to study the realizations of the Whittaker operator Lg, one first needs to
find out what are the possible boundary conditions at zero. The general theory of 1-
dimensional Schrodinger operators says that there are two possibilities:

(i) there is a 1-parameter family of boundary conditions at zero,
(ii) there is no need to fix a boundary condition at zero.
One can show that (i)<(i’) and (ii)<(ii’), where

(i’) for any A € C the space of solutions of (Lg , —A)f = 0 which are square integrable
around zero is 2-dimensional,

(ii’) for any A € C the space of solutions of (Lg o —A)f = 0 which are square integrable
around zero is at most 1-dimensional.

We refer to [5] and references therein for more details.
In the above criterion one can choose a convenient A. In our case the simplest
choice corresponds to A\ = 0. Therefore, we first discuss solutions of the zero eigenvalue

Whittaker equation
N1 B
( 02 + <m 4>x2 x)f (2.2)

for m and § in C. As analyzed in more details in Section B.7, solutions of (2.2) can
be constructed from solutions of the Bessel equation. More precisely, for 8 # 0, let us
define the following function for x € R :

jm(x) = Wﬁimzl/%m (2/Bz),

where 7, is defined in Section B.6. For § = 0 we set

Jom () == P
Then, the equation (2.2) is solved by the functions jg,, see [7, Sec. 2.8] and Section
B.7. For 2m &€ 7, jg.m and jg ., span the space of solutions of (2.2). They are square

integrable around zero if and only if |[Re(m)| < 1.



We still need to consider the special cases m € { - %,O, %} In fact, we shall not
consider separately m = —% because Equation (2.2) with m = —% coincides with the
case m = % As companions to jgo and Jga for 5 # 0 we introduce

2

(In(8) + 2v)
\/7?

s y(o) = Bt = v (2v/Bw) + OB =0 g 0 )

where « is Euler’s constant and ), is defined in Section B.6. For 5 = 0 we set

yso(@) = B4 |V (2/Ba) — Fo(2v/B)|

yo,0(x) := 22 In(z) and yo’%(x) =1

Then jg 0, ys,0 and jﬁ,é ,Yp,1 span the space of solutions of (2.2) for m = 0 and for m = %

respectively. Indeed, a short computation leads to
P (js0:ysosx) =1 and #(jg1,ys150) = —1.

Since the solutions jg 0, ys,0 and jg 1,Yp 1 are also square integrable around zero, for any
m € C with |Re(m)| < 1 the space of solutions of Lg . f = 0 is 2-dimensional.

Let us describe the asymptotics of these solutions near zero. The following results
can be computed based on the expressions provided in the appendix of [6]. For any
m € C with —2m ¢ N* one has

Jgm(x) = gatm (1 — 1 —i—Bme + O(mZ)). (2.3)

In the exceptional cases one has

Jpo(r) ==

[SIE
-~
=
|
™
N— 5/
o+
S
—
8
(VIS
SN—

(@) = a(
together with

ygo(x) = 22 In(z)(1 — Bz) + 26:33 + O(xg|ln(x)|),
yﬁé(a:) =1 — BzIn(z) + O(2*| In(z)|).

2.3 Maximal and minimal operators

For any o and € C we consider the differential expression

N1 g
92
Loai==0t+ (0= )z -5
acting on distributions on R;. The corresponding maximal and minimal operators in
L?(Ry) are denoted by Ly and Lg"g}, see [7, Sec. 3.2] for the details. The domain of

Lglax is given by

,Q

D) = {f € LX(Ry) | Lyaf € L(Ry) |,

7



while Lg“;j is the closure of the restriction of Lg, to Cg° (]0, oo[), the set of smooth

functions with compact supports in R;. The operators Lg“;l and Lglzx are closed and

we have

(L5)" =L5er and  (LED)™ =152

We say that f € D(Lglg‘) around 0, (or, by an abuse of notation, f(z) € D(Lglgl)
around 0) if there exists ¢ € C¢°([0,00[) with ¢ = 1 around 0 such that f¢ € D(Lg“o‘j)
The following result follows from the theory of one-dimensional Schrodinger operators.

Proposition 2.1. Let o, 5, m € C.

(i) If f € D(Lrﬁnzx), then f and f’ are continuous functions on Ry and converge to 0
at infinity.

(i) If f € D(Lrﬁn,i(;l), then near 0 one has:
(a) f(z)= 0($%| In(z)]) and f'(z) = o(x%]ln(x)D if a =0,
(b) f(z)= o(x%) and f'(z) = o(a:% if a # 0.

(iti.a) If [Re(m)| < 1 with m ¢ { —1,0,1}, then for any f € D(LE) there exists a
unique pair a,b € C such that

f—ajsm—bjg—m € DL, around 0.

191. € , then there exists a unique pair a,b € C such that
b) If f DLg‘f)X h h beC h th

n

J—ajso—bypo € D(Lgfio ) around 0.

(ivi.c) If f € D(Lg‘af), then there exists a unique pair a,b € C such that
’4
1 min
f— ajg 1 — byg,% € D(Lﬁ,i) around 0.

() If |Re(m)| < 1, then

D(Ln:) = {f € DLERL) | #/(£,9:0) = 0 for all g € D(LE)}

= {f € D(Lghe) | f(z) = o(w%HRe(m)‘) near 0}.

(v) If |[Re(m)| > 1, then D(L™1,) = D(L1a,).

ﬂ7m2 ﬂ7m2

Proof. The statements (i)—(iii) and (v) are a reformulation of [7, Prop. 3.1] with the
current notations. Only (iv) requires elaboration. The first equality in (iv) follows from
[5, Thm. 3.4], given that #'(f,g;00) =0 for all f,g € D(L®?%,) by (7).

ﬁ7m2

The inclusion D(Lgli;;z) C {f eDLy>,) | f(z) = o(x%HRe(m)') near 0} is a conse-

ﬁ?mQ

quence of (i7). To prove the converse inclusion, let f € D(L?ax

%%,). Assuming for instance

that m ¢ { — %, 0, %} and applying (iii.a), one can write

fC = ajﬁ,m< + bjﬁ,—m< + fmin,



for some ¢ € C°([0, oof) such that ¢ = 1 around 0, a,b € C and frin € D(Lg‘i;;ﬁ,). From
(2.3) and (i7), we deduce that if f(z) = o(m%+|Re(m)|) near 0 then, necessarily, a = b = 0.
Hence we have proved that {f € D(L5%%,) | f(z) = o(x%HRe(m)') near 0} C D(L¥2,)

B7m2 67m2
in the case where m ¢ { — %, 0, %} The same argument applies if m = :t% or m = 0,
using (¢i1.b) or (7ii.c) instead of (iii.a). O

2.4 Families of Whittaker operators

We can now provide the definition of three families of Whittaker operators. The first
family covers the generic case. The Whittaker operator Hg,, . is defined for any § € C,
for any m € C with [Re(m)| <1 and m ¢ { — £,0,4}, and for any x € CU {oo}:

D(Hgmyr) = {f € D(Lg5,2) | for some c € C,
f- c(jg,m + /‘ﬂj/&_m) € D( g“;;g) around O}, K # 00,
D(Hgm,0o) = {f € D(L352) | for some c € C,
f—cig—m€ D(Lglyinig) around 0}.
The second family corresponds to m = 0:
D(HY,) = { feD(LE) | for some ¢ € C,
f— c(y@o + I/j@o) € D(Lgfion) around 0}, vecC,
D(Hgy) = {f € D(Lg5") | for some c € C,

f—ciso € D(Lgion) around 0}.
Finally, in the special case m = 1 we have the third family:

D(H? ) = {f € D(LTFY) | for some ¢ € C,
675 571

f— c(yﬁé + I/jﬂé) € D(Lglél) around 0}, veC,

D( ;o%) = {f € D(L?,a{‘) | for some c € C,

f—cig1 € D(Lgﬁf) around 0}.
2 4

Remark 2.2. Observe that the above boundary conditions could be described with the
help of simpler functions. For example, in the above definitions we can replace

with 2+ (1 1 +62m1’> if —1<Re(m) <0,
1

with  x2t™ if 0<Re(m)<1,
with 22 In(z)(1 — Bz) + 261‘%,
with 1 — pxlIn(x).



Note that this can be seen directly, without passing through Bessel functions. We describe
this approach below, and refer to [5] for the general theory.

The idea is to look for elements of D(LE‘:‘:L‘Q) with a nontrivial behavior near 0. First
we consider the general case and observe that

L57m21‘%+m = —ﬁl‘_%—"—m, (2.4)

1 I3 (2 1
L +m (1 _ ) = +m 25
Bm2T? Trom’) " 11om™ (2.5)

Clearly, the function in the r.h.s. of (2.4) is in L? near 0 for Re(m) > 0 but not for
Re(m) < 0. On the other hand, the r.h.s. of (2.5) is in L? near 0 for Re(m) > —1.
Thus, for m # +3, we obtain two elements of the boundary space D(LE%‘Q)/D(LEIEQ)
For m #£ 0 these elements are linearly independent since

A )

f (e (1

2
- (G )

= —2m.

It remains to find a second element of ’D(Lglj‘:;) when m = 0 or when m = % (as

already mentioned we disregard m = —%) Firstly, we try to find the simplest possible
elements of D(Lg‘%’() with a logarithmic behavior near 0. We add more and more terms:

Lgy ln(x)x% = —Bx_% In(z), (2.6)
Lgyo ln(:p)x%(l — pzr) = 2ﬁx_% + 52:1;% In(z), (2.7)
Lgo(In(z)z? (1 — Br) + 2827) = B2 (In(z) — 2). (2.8)

For B # 0, the r.h.s. of (2.6) and of (2.7) are not in L? near 0. However the r.h.s. of
(2.8) is in L* near 0. We have thus obtained two elements of D(LmaX)/D(Lgl,ion) which

are linearly independent since
. 1 1
il{ﬂ)%/(m?(l — Bo), (In(@)a (1 - Bz) + 282 );2) = 1.

Finally, let us look for the simplest possible elements of ’D(Lg‘ax) with a logarithmic
4

behavior near 0:
L/374 11=—px" (2.9)
Ly (1 - Bzn(z)) = fZln(z (2.10)

For B # 0, the r.h.s. of (2.9) is not in L? near 0, but the r.h.s. of (2.10) is in L? near 0.
We have thus obtained two elements of D(Lmax)/D(me) which are linearly independent

since

ii{‘]%W(x, (1 — Ba:ln(a;));m) = —1.

10



The three families Hg ,, ., HE , and H E o cover all possible well-posed extensions of
D) ’
Lg 2 with |[Re(m)| < 1. As already mentioned, we do not introduce a special family for
m = —%, since it is covered by the family corresponding to m = % For convenience, we
also extend the definition of the first family to the exceptional cases by setting for g € C
and any k € CU {oo}

Hyyni=H3y, Hpowi=Hfp, and Hgy o= HE

An invariance property follows directly from the definition:

Proposition 2.3. For any 8 € C, |[Re(m)| <1 and k € CU {0} the following relation
holds

Hgmyx=Hg -1

It is also convenient to introduce another two-parameter family of operators, which
cover only special boundary conditions, which we call pure:

Hﬁ7m = Hﬁ7m’0 - H/ﬁ’f’n’L’oo' (2'11)
With this notation, for any g € C, one has

H@—% = Hofl7 Hﬁ,o = Hg?m and Hﬁé - Hool .

B 2 /87§
Remark 2.4. The family Hg p, is essentially identical to the family denoted by the same
symbol introduced and studied in [7]. The only difference with that reference is that
the operator corresponding to (B, m) = (O,—%) was left undefined in [7]. This point
corresponds to a singularity, neverthelss in the current paper we have decided to set
H =H, 1.
0 0

77% : 1)
Here is a comparison of the above families with the families H,, ., Hj introduced in
[6] when 8 = 0. In the first column we put one of the newly introduced family, in the

second column we put the families from [6, 7].

Homx = Hp e [Re(m)| <1, m ¢ { — %,% , k€CU{oo},
HDV,O — H(l)/ vreCu {OO},
&%:H_%’V:H%’% I/ECU{OO}.

For completeness, let us also mention two special operators which are included in these
families (for clarity, the indices are emphasized). The Dirichlet Laplacian on R is given
by

_ _ oo —
Hﬂzﬁ,mz—% - Hﬂ:(),m:% - 07% - Hm:%,n:O - Hm:—%,n:oo
while the Neumann Laplacian is given by
0 _ —
Hﬁ:07m:% - Hm:—%,/{:() - Hm:%,n:oo'

Note that the former operator was also described in [6] by H,__1 while the latter operator
2
was described by H_ _ 1.
2

We now gather some easy properties of the operators Hg, .

11



Proposition 2.5. For m € C with |[Re(m)| <1 one has

(Homw) = Himu  (Homs)” = Ha K € CU {oo},
(HE,O)* = Hﬁlz,o (HE,O)# = Hpy, v e CU{oo},
(Hg%)* - Hg% ( Z%)# = HE% veCU{x}.

Proof. Let us prove the first statement, the other ones can be obtained similarly. Re-
call from Proposition 2.1 (see also [2, Prop. A.2]) that for any f € D(LF}Y,) and
g € D(L%ﬁ;’;), the functions f, f’,g,¢’ are continuous on Ry. In addition, the Wron-
skian of f and g, as introduced in (2.1), possesses a limit at zero, and we have the
equality

(L2 flg) = (fILEm29) = =7 (f,9;0).

In particular, if f € D(Hg ) one infers that
(Hp,mwfl9) = (fILGm29) — ¥ (f. g;0).

Thus, g € D((Hgmx)*) if and only if #/(f,g;0) = 0, and then (Hgmx)*g = Lgli’%gg.
By taking into account the explicit description of D(Hpg ), straightforward Comf)uta—
tions show that #/(f,g;0) = 0 if and only if g € D(Hp 7, 7). One then deduces that
(Hgmup)" = Hp 5 - The property for the transpose of Hg, can be proved simi-

larly. O

By combining Propositions 2.3 and 2.5 one easily deduces the following characteri-
zation of self-adjoint operators contained in our families:

Corollary 2.6. The operator Hg,, . is self-adjoint if and only if one of the following
sets of conditions is satisfied:

(i) BeER, me]—1,1] and k € RU {0},
(i) B € R, m€iR* and |k| = 1.
The operators Hp, and HE , are self-adjoint if and only if 5 € R and v € RU {oco}.
’ 2

Let us finally mention some equalities about the action of the dilation group. For
that purpose, we recall that the unitary group {U, },cr of dilations acts on f € L(R;)
as (U-f)(z) = e™/2f(e"z). The proof of the following lemma consists in an easy compu-
tation.

Proposition 2.7. For m € C with |[Re(m)| < 1 one has

UTHB,WL,HU_T — eiQTHeTﬁ,m7ef2TmH/ K E C U {OO},
U-HyoU_r = e " HY veCU{ool,
UTHV lUfT = e_QTHeT(y;ﬁT) v E (C U {OO}

B3 e, 5

with the conventions coo = 0o for any a € C\ {0} and oo + 7 = oo.
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3 Spectral theory

In this section we investigate the spectral properties of the Whittaker operators.

3.1 Point spectrum

The point spectrum is obtained by looking at general solutions of the equation

Ly f =—k*f

for k € C with Re(k) > 0, and by considering only the solutions which are in the domain
of the operators Hg , i, H;l, or Hf .

In the following statemen%, I" stands for the usual gamma function, %) is the digamma
function defined by v¥(z) = I"(z)/I'(z) and v = —1(1). Since the special case 8 = 0 has
already been considered in [6], we assume that § # 0 in the following statement, and
recall in Theorem 3.4 the results obtained for 8 = 0. It is also useful to note that the
condition 8 & [0, co[ guarantees that either +Im(y/3) > 0 or —Im(y/3) > 0, due to our

definition of the square root.

Theorem 3.1. 1. Let § € C*, |Re(m)| < 1 with m ¢ {— %,0,%}, and let Kk €
CuU{oo}. Then the operator Hg , , possesses an eigenvalue A € C in the following
cases:

(i) A=~k Re(k) >0, & +m — 1 ¢ N and

K= (2k)72m

(ii) A= p?, 0 < pu < £Im(B) and

r(2m) T(3 —m¥Fig)

T2m T +mid)

K = e:l:iﬂm(Qlu)—Qm

(i1i)) N =0, 5 &[0,00], and
B I'(2m)
- T(=2m)(=p)*™

2. Let p € C* andv € CU{oo}. Then HY |, possesses an eigenvalue A in the following
2
cases:

(i) A=~k Re(k) >0, & ¢ N and

v=—-8 <;1/1<1— %) +%w(—%) +2v—1+1n(2k)),

(i) X = p?, 0 < p < £Im(B), and

v=—8 <;¢<1 $i2i) + ;w<$i2ﬁ”) 2y — 1+ In(2p) ;i;T) ,
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(iii) A =0, £Im(/B) > 0, and
v=—3(In(8) + 2y — 1 Fin).

3. Let p € C* and v € CU{oo}. Then HE  possesses an eigenvalue A in the following
cases:

(i) A= —k* Re(k) >0, & — L ¢ N and

(i) A= pu%, 0 < p < +£Im(B3), and

1 _.p T
v —¢(§ qilﬂ) Fig + 2y + In(2p),

(11i) X =0, +Im(y/B) > 0, and
v =In(B) + 2y + 2In(2) Fin.

Proof. We start with the special case A = —k? = 0. The two solutions of the equation
Lg 2 f = 0 are provided by the functions

T — hgm(m) = x1/47-[§tm (2 ﬁx), (3.2)

with H the Hankel function for dimension 1, see [6, App. A.5]. We then infer from [6,
App. A.5] that for any z with —7 < arg(z) < 7, one has as z — 0

. 1 -

il%w (111(2) +Fig

() = FigR(3) 2 i (n

if m=0,

For |Re(m)| < 1, this implies that the two functions him belong to L?(R;) near 0. On
the other hand, for large z and |arg(Fiz)| < m — &, € > 0, one has

HE (2) = 237 (14 0(|2) 7).
Since |arg(2y/Bz)| < 7/2, it follows that
hz{t’m(x) _ x1/4eii(2\/ﬁ77ﬂ'M7%ﬂ) (1 + O(|.CC’7%)),

Hence if Im(y/B) = 0, then h; .. do not belong to L? near infinity, while if £Im(y/3) > 0,
then hg,m belongs to L? near infinity, and h;m does not. For +Im(y/B) > 0, we thus
have that hf{m € L*(Ry) and hence, since in addition Lg,,» héﬁm = 0, we deduce that
him € D(Lgﬁi)ﬁ;). It only remains to check in which domain of the operators Hg , i,

HY L, or Hj, does hjﬁtm belong to. By Proposition 2.1, it suffices to determine the
i) ) )

asymptotic expansion near 0 of hg[ m Uup to remainder terms of order o(x%HRe(m)}). This

14



can easily be obtained from the expansion provided above, and yields to the statements
1.(4i7), 2.(4i7) and 3.(ii7).

Let us now prove the statements 1.(i7), 2.(i7) and 3.(ii). We consider the equation
Lgp2f = p2f for some p > 0. Two linearly independent solutions are provided by
the functions = +— HE  (2uz) introduced in [7, Sec. 2.7], see also (A.29). From the

2n 1M
asymptotic expansion near infinity given by

" (2ua) = oF3 (e (2u) 55 o0 (14 0@ )), (3.3)

2p?

one infers that at most one of these functions is in L? near infinity, depending on the
sign of Im(B). More precisely, for Im(3) > 0, the map z — H7, m(2,ua:) belongs to L?
ﬁ7

near infinity if 4 < Im(3) and does not belong to L? near infinity otherwise. Under
the same condition Im(f8) > 0, the map x — H, m(2u$) never belongs to L? near
2

infinity. Conversely, for Im(8) < 0, the map z +— H, (2ux) belongs to L? near
5™

infinity if 4 < —Im(B3) and does not belong to L? near infinity otherwise. Under the

same condition Im(8) < 0, the map z — H¥, m(2,u:v) never belongs to L? near infinity.
2y

Finally, for Im(/3) = 0, none of these functiorl;s belongs to L? near infinity.

For the asymptotic expansion near 0, the information on ’H(Si,m provided in [7, Eq. (2.31)]
is not sufficient. However, the appendix of the current paper contains all the necessary
information on these special functions. By taking into account the Taylor expansion of
Zsm near 0 provided in (A.3) and the equality I'(a)I'(1 — o) = =—— one infers that for

sin(ma)
[Re(m)| < 1and m & { — 3,0,3} one has

T o 1 O(22 3.4
5,m<z>—r(1+2m)( - g H0() (3.4)
and
— I'(—2m) 1 )
+ — Fimm +m _
Hsm(z) =Fie —F(%—mq:ié)zz <1 1+2mz)

'(2m) 1 )
S\ s m( ]
TS +msio) (1= =57) +ol

[SI3Y

=)

For 2m € 7Z one has to consider the expression for ;1 and K50 provided in (A.18)
2

Fi

and (A.19) respectively. Then, by considering the Taylor expansion near 0 of these
functions one gets

1 1

IC(;,%(z) :F(l =3 + 11(_6)211[1(2)
+F(16)(;¢(1—5)+ SU(=0) + 27 1)z +o(z1). (3.5)
Kso(z) =— 1“(;1—5) [z% In(z) + (1/)(% - 5) + 27),2% — 52t In(z)
—5(1/)(%—5) +2'y—2>z%] +0(z%). (3.6)



From Equation (A.29) one finally deduces the relations

N
Hé’%(z) _:Flf(liFi(S) F(IFi(S)Zln(z)
1 1 1 3
- 9 (5@@(1 Fi0) + JU(Fi0) + 27— 1F ig>z +o(23)
: 1 1 I_. . 1 3 3
”Hf{o(z) ::I:17F(% $15) {22 In(z) + <¢(5 $15> $lg +2’Y)z2 —0z2 ln(Z)} +O(z2).

To show 1.(ii) we consider the function z — H% (2ux) if Im(8) > 0 and z —

21 1

Hy m(Z,u:z:) if Im(f) < 0, and check for which x these functions belong to D(Hg ).

2p?
For [Re(m)| <1and m & { — 5,0, 3} one has

o I'(—2m) 15}
,H:I: ) — Fimrm 92 +m 1—
o O18) =TT ey )’ (1= %)
. '(2m) _ 154 3
2 ™1 - +
i (g el

1

— 12

K= 1 F(Qm) 2:“')2 mo_ eiiﬂm(z )72m F(Qm) F(§ m:FlQM)
cT (1 B I'(—2m) (L 2y
(2+m:|:12,u) (2+m$12;¢)

Note that the conditions +Tm(8) > 0, [Re(m)| < 1, and p < +Im(8) imply that +ig +
m — % ¢ N.

The proof of 2.(i7) and 3.(4¢) can be obtained similarly once the following expressions
are taken into account:

+ RIS N
H%é(%m) S T(iL) (1— Bzn(z))
2u 1 B 1 B o N
_w[21/’(1:121%)+2¢<:F12M>+2’y—1+ln(2,u)¢12]a:+o(ggz),

HE (Quz) = + SECOLES 31
5o =i g (2% n(a)
+ [1#(% F 125/) F ig + 2y + ln(Z,u))a:% - Bx% ln(m)] + O(m%)

We shall now turn to the generic case (statements 1.(7), 2.() and 3.(7)), namely the
equation Lg 2 f = —k%f for some k € C with Re(k) > 0. In the non-degenerate case,
solutions of this equation are provided by the functions

v Kps  (2kr) and r—Zs . (2kz). (3.7)

2k’ 2k’
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We refer again to the appendix for an introduction to these functions. The behavior for
large z of the function /Cs,, (%) has been provided in (A.7), from which one infers that
the first function in (3.7) is always in L? near infinity. On the other hand, since for
|arg(z)| < 5 one has

1

Tsam(z) = ——
o4m(2) I‘(%:l:m—é)

203 (1+0(=1)
it follows that the remaining two functions in (3.7) do not belong to L? near infinity
as long as % Fm — % ¢ N. Still in the non-degenerate case and when the condition

% +m — 3 € N holds, it follows from relation (A.8) that the functions K (2k-)
2k’

and Zp _ (2k-) are linearly dependent, but still Zs (2k-) does not belong to L? near
2k’ 2k

infinity. Similarly, when % —-—m — % € N it is the function Zp _(2k-) which does not
2k’

belong to L? near infinity.

Let us now turn to the degenerate case, when m € { — %,O, %} In this situation
the two functions Zs,, and Z5 _,, are no longer independent, as a consequence of (A.4).
In the non-doubly degenerate case (see the appendix for more details), which means for
(Q%,m) ¢ (Z,j:%) or for (Q—Bk,m) ¢ (Z + %,0), the above arguments can be mimicked,
and one gets that only the function IC g ,m(2k') belongs to L? near infinity. In the doubly
degenerate case, the function X ,,, inzl;oduced in (A.9), has to be used. This function is
independent of the function Cs,,, as shown in (A.24). However, this function explodes
exponentially near infinity, which means that X 8 m(2k) does not belong to L? near

infinity. Once again, only the function K s (2k-) plays a role.
2k’

As a consequence of these observations, it will be sufficient to concentrate on the

function s (2k-) and to check for which x or v does this function belong to the
2k’

domain of the operators Hg,, ,, HE 1,

2

function near 0 one infers from (A.6) and (3.4) that for m ¢ { — 3,0, 5}

- Ts , (2kx) I%ﬁm(%:x)
S )

or Hf respectively. For the behavior of this

2k’

G-m—5) Tlh+m-&
E e (R

F(%—m—%) + 2m

Ks m(2k:c) = —
2k

sin(27m)

1
%—m F(2m) %—m . B %
+(2k) i (1 1_2mx)+0(:c ).

Similarly, it follows from (A.18) and (A.19) that

o = 2 e 2 - )+ (- )
+29 = 1+ In(2k) |2 + o(a?), (3.8)
K§70(2kx) == E?kf);k) [(1 — Bz) In(z) + <¢(§ - %) +2v+ 1n(2k))
—5(1#(%—%) +27—2+1n(2k)>:c} —|—0($%) (3.9)
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The statements 1.(7), 2.(7), and 3.(7) follow then straightforwardly. O

Remark 3.2. A special feature of positive eigenvalues described in Theorem 3.1 is that
the corresponding eigenfunctions have an inverse polynomial decay at infinity, and not
an exponential decay at infinity, as it is often expected. This property can be directly
inferred from the asymptotic expansion provided in (3.3).
Remark 3.3. Self-adjoint operators that are included in the families Hg 1, HE . and
2

o do not have eigenvalues in 10,00[. Indeed, in Theorem 3.1 a necessary condition
for the existence of strictly positive eigenvalues is that Im(B) # 0. This automatically
prevents these operators to be self-adjoint, as a consequence of Corollary 2.6.

For completeness let us recall the results already obtained in [6, Sec. 5] for 5 = 0.

Theorem 3.4. (i) If[Re(m)| <1, m & {—3,0,5} and k € CU{oc}, the eigenvalues
of the operator Ho . are of the form k2 with Re(k) > 0, where

" @)% rr((—n;i)’

(ii) If v € CU {oo}, the eigenvalues of the operator H"l are of the form —k? with
’2
Re(k) > 0, where v = —k,

(iii) If v € CU {oo}, the eigenvalues of the operator Hg are of the form —k? with

Re(k) > 0, where
k
v=v-+In (5)

Remark 3.5. Note that Theorem 3.4 can be derived from Theorem 3.1. Indeed, for
m ¢ { — %,0, %} we infer from the Legendre duplication formula

F(z)l"(% ) =22 VAT (),

that
(-2 LCm) DG —m = ‘1)‘ _ (Byr
F-2m) T s m_ £ lo=~ \2)  Tm)
For m = %, we first note that I'(3) = Vm and T(— 1) = —2\/7. Then we use the

A

relations (1

+2) =¢(z) + ; and (1) = —~, and infer that

élg—ﬁ( w( fk)Jr w( ﬁ)+27—1+1n(2k)):(’;)r(_5)

Finally for m =0, from the equality 1[)(%) = —21In(2) — v one gets

@[;(% — %) + 2y +ln(2k)‘ﬁ:0 =~v+1In (g)

As a consequence of the expressions provided in Theorem 3.1, the discreteness of the
spectra of all operators can be inferred in C \ [0, ocol.
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3.2 Green’s functions

Let us now turn our attention to the continuous spectrum. We shall first look for an
expression for Green’s function. We will use the well-known theory of 1-dimensional
Schrodinger operators, as presented for example in the appendix of [2] or in [5]. We
begin by recalling a result on which we shall rely.

Let AC(R4) denote the set of absolutely continuous functions from Ry to C, that
is functions whose distributional derivative belongs to L. (R.). Let also AC'(R.) be
the set of functions from Ry to C whose distributional derivatives belong to AC(R,). If
V e Ll (Ry), it is not difficult to check that the operator —92+V can be interpreted as
a linear map from AC'(R;) to L (R4 ). The maximal operator associated to —92 + V/
is then defined as

D) = {f € LA(Ry) N AC'Ry) | (= 02+ V) f € IA(Ry)}
L f = (=R +V)f, feDL™™).

Lmax

The minimal operator L™ is the closure of restricted to compactly supported

functions. Note that LM% = (L™in)#

As before, we say that a function f: R, — C belongs to L? around 0 (respectively
around oo) if there exists ¢ € C°([0,00[) with ¢ = 1 around 0 such that f¢ € L*(Ry)
(respectively f(1 — () € L?(Ry)).

The following statement contains several results proved in [5].

Proposition 3.6. Let V € Ll (Ry). Let k € C and suppose that u(k,-),v(k,-) €
ACH(R4) solve

(= 2+ V)ulk,") = —ku(k,),
(=02 +V)o(k,) = —kv(k, ).
Assume that u(k,-), v(k,-) are linearly independent and that u(k,-) € L? around 0,

v(k,-) € L? around co. Let W (k) := # (u(k,-),v(k,"); ) be the Wronskian of these two
solutions. Set

_ 1 u(k,x)v(k,y) for0<z<y,
R(—k*;z,y) := W (k) { u(k,y)v(k,z) for0<y<um,

and assume that R(—k?;x,y) is the integral kernel of a bounded operator R(—k?). Then
there exists a unique closed realization H of —02 +V with the boundary condition at 0
given by u(k,-) and at oo given by v(k,-) in the sense that
D(H) = {f € D(L™), f —u(k,-) € D(L iy ground 0},
= {f € D(L™), f —v(k,-) € D(L™") around oo},
Hf=(-0:+V)f, feD(H).
Moreover —k? belongs to the resolvent set of H and R(—k?) = (H + k?)~1

By using such a statement, it has been proved in [7] that, for k£ € C such that Re(k) >
0 and % — 3 —m & N, we have that —k? ¢ o(Hg,,) and Rgn(—k?) := (k* + Hgm) !
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has the integral kernel

Rﬁ,m(_k27 €, y)
(2kx)

ILF(l_Fm_ﬁ) 2, K (Qky) for 0 <z <y,
2%+ \2 %)\ 1, m(%y)lC

m(2kz)  for 0 <y <.

w‘m §‘E

Let us now describe the integral kernel of the resolvent of all operators under inves-
tigation. We recall that our parameters are § € C, k € CU {0}, v € CU {o0}, and
m € C satisfying —1 < Re(m) < 1.

Theorem 3.7. Let k € C with Re(k) > 0. We have the following properties.

(i) Fork# 00 andm & { —3,0,3} set

(2k)™™
m(k) = ,
8.m (k) Tt DT —om)
7/37771(]{:) + H,yﬁ,—m(k) ™
m,K k) = - . 1
“pime () KYg,—m(k) sin(27m) (3.10)
If vp.m (K )+ kY5 —m(k) # 0, then —k* &€ o(Hgm,) and the integral kernel of
Rg (= k?) = (Hﬂmn + k2) s given by

Rﬁ,m,n(_kZ; €, y)
1

B VB,m(k) + K’Yﬁ,fm(k)

D(3+m— )T (3 —m—4)
2 2%kz).
2kwsm (k) Kg m(ZEyK s . (2k)
(3.11)

(Wﬁ,m(k)Rﬁ,m(_ka z, y) + K'Y,B,—m(k)Rﬂ,—m(_kg; xZ, y))

= R,B,m(_kZ; z, y) +

If Kk = o and % +m—3 &N, then —=k? ¢ 0(Hgmoo) and Rgmoo(—k?) =
Rg —m(—K?).

(ii) Forv # oo, m = 3 and%%NX set

w4 (k) :—71/1( fk) —%1/;(—%) —27—1n(2k)+1—%.

If w” ( ) # 0, then —k* € o(HY ) and the integral kernel of RY, ,(—k?) :=
2

ﬁ?Q
(HE ) —|— k%)=t is given by
3
R (=K% 2,y)
2

(2ky). (3.12)

N0 4),
2k

=Ry 1(—k*z,y) + (2k2)K 5
’2 2k

N
N

If v =00 and & ¢ N*, then —k> & o HEy) and R, (= k) = Ry 1 (k7).
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1i) Forv#o00, m=0 andﬁ—lgN set
2k 2

W o (k) = w(% - %) + 2y + In(2k) — 1.

If wjo(k) # 0, then -k ¢ o(Hj,) and the integral kernel of RE’O(—kQ) =
(Hp o+ k*)~" is given by

RY o(—k*; z,y)

2
= Rpo(—k*2,y) + 27%)/C£ 0o(2kz)K 5 ((2ky). (3.13)
2k

Ifv =00 and & — 12 &N, then —k* ¢ o(Hg%) and Rffo(—kQ) = R o(—k?).

For the proof of this theorem, we shall mainly rely on a similar statement which was
proved in [7, Sec. 3.4]. The context was less general, but some of the estimates turn out
to be still useful.

Proof of Theorem 3.7. The proof consists in checking that all conditions of Proposition
3.6 are satisfied.

For (i) we need to show that the integral kernel R, (—k?; z,y) defines a bounded
operator on L?(Ry). This follows from (3.11), because all numerical factors are harm-
less and because by [7, Thm. 3.5] Rﬁ’m(—kQ; x,y) and R/gy_m(—k:Q;x, y) are the kernels
defining bounded operators.

Moreover, we can write

1
2k (v8,m (k) + £v,-m(k))
(%I (2/638) + /{F((fi)z )Ia ’_m(2k:x)>lC£ m(2ky) for0 < x <y,

2k’

Rﬂ,m,n(_kz; x, y) =

o (3.14)
(%I% (2ky) + rpitegm Lo 7m(2k:y))lC£ (2kx) for0<y<u.

2k’ 2k’

Since K s (2k-) belongs to L?(R.), this solution is L? around oo. For the other solution,
2k’
one verifies by (3.4) that

(2k)~™ (2k)™
(1 = 2m) Laem PRt r a5 T m
_ (2k)2 lim B 1m B

T T(1+2m)(1 - 2m) [w ’ (1 T+ me) T (1 T1- 2mx>]

+ O(x%—lRe(m)l)_

Therefore, this function belongs to L? around 0 and satisfies the same boundary condition
at 0 as jgm, + Kjg,—m. By Proposition 3.6, this proves (i) when x # co. Note that in
the special case k = 00, it is enough to observe that Hg ,, oo = Hpg _m 0 and to apply the
previous result.

To prove (ii), consider first v # oo and % ¢ N*. It has been proved in [7, Thm. 3.5]
that the first kernel of (3.12) defines a bounded operator. The second kernel corresponds
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to a constant multiplied by a rank one operator defined by the function K5  (2k-) €
2k’

L?(Ry) and therefore this operator is also bounded. Next we write

F(_%)F(l_%) (3.15)

v 1.2, —
Ry (=F52.9) 2kt (K)
2
W (k)
(FB’%@ Ts 1 (2kz)+ K5 l(%x))/cﬁ L(2ky)  for0 <z <y,
_ﬁ) 2k’ 2 2k’2 2k’2

(2kz) for 0 <y <.

(
“,
<r(—%) f3 (20 + K 2RIy

1
2

g, (k)
r(-2) s 1(2k2) + K5 4 (2ke)
2k
1 3
= 7(1 — BxIn(z) + yg;) + 0(:,35)7
M- %)

which belongs to L? around 0 and corresponds to the boundary condition defining HY ,.
2
The proof of (iii) is analogous. We use first (3.13) for the boundedness. Then we
rewrite Green’s function as

2
L3 — )

Rjo(—k*a,y) = 5220
ol ) 2kwy o (k)

(S228z, ((2ha) + K g o(2h2))K 5 o(2hy) for 0 <o <y,

N(53—25) 28 2% 2% (3.16)
W} o (k) '

(F(%_%)I%’O(Zky) +K 5 o(2ky))K s o(2ka)  for 0<y <.

We check that

7F(1 ~ ﬁ)I;%D@kx) +K%70(2kx)
2 7 2%

=— (175(95%(1 — Bz)In(z) + 2Bz + va2 (1l — Bz)) + O(wg\ In(z)]),
INCEE
by (3.4) and (3.9), see also (A.19). O
Strictly speaking, the formulas of Thm 3.7 are not valid in doubly degenerate points,
when the functions Kg,, and Zg,, are proportional to one another, and the operator
Hpg ,, has an eigenvalue. To obtain well defined formulas one needs to use the function
X3 m defined in (A.9), as described in the following proposition:

Proposition 3.8. Let k € C with Re(k) > 0. We have the following properties.

13 orm= 3,V # 00 and 33 € , set
) F Lv# d 5 € N~
1 I3 1 I} v
Vik)i==yl14+ = | — 2 In(2k) — 1+ —.
&1 (%) 2¢( +2k)+2¢(2k>+ 7+ In2k) — 1+ 3
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Then —k? ¢ o(HY |) and the integral kernel of Rg 1 (—k?) is given by
2

B3
RB 1 (—k2;:z:,y)
D)X, 4 (2k 53 e k) ) (2K 0
1 (ORI R E-TrE s L 1 D) g 1 @hy), Joro<a <y,
= ((—1)%;( (2ky) + S (2k ))/c (2kz), for0<y<z
s TR Erar g g ) ey D s
(i1i’) For m =0, v # oo, and%—%EN,set
v oLy 1 B
&5 o(k) == ¢(§+%) 2y — In(2k) + v.

Then —k* ¢ O'(ng) and the integral kernel of Rg,o(—kQ) is given by

&.0(k)

1
X ((—1)2k+§x2ﬁ70(2kx) + @K%O(ZmDK%O(%y), for0<az <y,
:ﬂ ﬁ+l fg’o(k)
((—1)2k 2X2£70(2ky) + @K%,O(2kg/)>,€%7o(2k$>, fO’I" 0< y < .

Proof. (ii") is proved similarly as (i) of Theorem 3.7, by using for m = %, v # oo and
J € N* that

)35 X5 1 (2k p3®) Ks 1 (2k
- 2k 1 + 1
(=1 QEE( z) F(%)F(l—k%) %7§< 7)
8
(~EH
=——~—(1—Bzlnx+vx+o(z)).
=T )

This follows from (A.24), (A.20), and (3.5).
(#i") is proved similarly as (iii) of Theorem 3.7. In particular, using (A.24), (A.21),
and (3.6) one verifies that

1 & ok
(—1)%+§X%70(2kx) + F(fi(giﬁ%’o(%@
B8 1 (Qk‘)% 1 3
:(_1)2[1 :—————22((1 — Bz)In(z) + 2Bz + v(1 — Bx)) + o(x2).
T )+ ole?)

3.3 Holomorphic families of closed operators

In this section we show that the families of operators introduced before are holomorphic
for suitable values of the parameters. A general definition of a holomorphic family of
closed operators can be found in [19], see also [8]. Actually, we will not need its most
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general definition. For us it is enough to recall this concept in the special case where the
operators possess a nonempty resolvent set.

Let H be a complex Banach space. Let {H(z)},co be a family of closed operators
on H with nonempty resolvent set, where © is an open subset of C?. {H(z)},co is
called holomorphic on © if for any zp € O, there exist A € C and a neighborhood
©p C O of zg such that, for all z € Oy, A\ belongs to the resolvent set of H(z) and the
map Oy > z — (H(z) — A\)~! € B(H) is holomorphic on ©g. Note that if Oy > z
(H(z) — A\)~! € B(H) is locally bounded on ©g and if there exists a dense subset D C H
such that, for all f,g € D, the map ©¢ > z — (f|(H(z) — \)~!g) is holomorphic on
Oy, then ©¢ > z +— (H(z) — A\)~! € B(H) is holomorphic on ©g. Besides, by Hartog’s
theorem, z — (f|(H(z) — )~ 1g) is holomorphic if and only if it is separately analytic in
each variable.

This definition naturally generalizes to families of operators defined on (C U {cc0})?
instead of C?, recalling that a map ¢ : CU{oc} — C is called holomorphic in a neighbor-
hood of oo if the map 9 : C — C, defined by ¢(z) = ¢(1/z) if z # 0 and ¥(0) = ¢(o0),
is holomorphic in a neighborhood of 0.

Recall that the family Hpg ., has been defined on C x {m € C | Re(m) > —1} in [7],
see also (2.11). However, it is not holomorphic on the whole domain. The following has
been proved in [7].

Theorem 3.9. The family of closed operators (5, m) — Hpg p, is holomorphic on

C x {m € C|Re(m) > —1}\{(0,—3)}.

Howewver, it cannot be extended by continuity to include the point (O, —%)

Let us sketch what happens at (O, —%) Recall that in [2, 6] a holomorphic family
{m € C | Re(m) > —1} > m +— H,, has been introduced, and satisfies H,, = Hy,, for
m # —%. Note also that for any 8 we have HB 1= Hﬁ 1. It then turns out that

b 2 72

lim H

Jimy -1 :H% #H_% = lim Hyp,

where these limits have to be understood as weak resolvent limits. Note that in the
sequel and in particular in (3.19), (3.20), and (3.21), the limits should be understood in
such a sense.

Let us consider now the families of operators involving mixed boundary conditions.
To this end, it will be convenient to introduce the notation

II:={meC|—-1<Re(m)<1}.

Recall that (5, m, k) — {Hgm} has been defined on C x II x (C U {oco}). However, it
is not holomorphic on this whole set:

Theorem 3.10. (i) The family of closed operators {Hg p, .} is holomorphic on C x
II x (CU{oo}) except for

(0,—3)x(CU{oc}) U (0,3)x(CU{oc}) U C x (0,-1). (3.17)
(it) The family of closed operators {HJ ,} is holomorphic on C x (CU {oc}).
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(iii) The family of closed operators {Hg 1} s holomorphic on C x ((C U {oo})

’2

Proof. For shortness, let us set

18,mw (k) = Y8,m (k) + K78 —m (k). (3.18)

This expression appears in the numerator of (3.10) and plays an important role in the
expression (3.14) for the resolvent of Hg , .

(i) Let (8o, mo, ko) belong to the domain C x II x (C U {oc}). First assume that
mo ¢ { —1,0,1} and that rg € C. Let k € C with Re(k) > 0 such that ng, .., (k) # 0,
where 73, (k) is defined in (3.18). By continuity of the map (8, m, &) — g m (k), there
exists a neighborhood Uy of (By, mo, ko) such that for all (5, m, ) in this neighborhood,
we have 13, (k) # 0. Hence, by Theorem 3.7, we infer that —k* ¢ 0(Hg ), and the
resolvent (Hg . +k*) ™! € B(L*(R4)) is the operator whose kernel is given by (3.14). It
then easily follows from the analyticity properties of the maps (8, m, k) — Z 8 4 (2k)
and (8, m, k) — IC%M(QIM:) (for fixed # > 0 and k) that, for all f,g € L?(R), the map
(B,m, k) = (fI(Hgmux + k*)~1g) is holomorphic on Uy. Hence {Hpg .} is holomorphic
on UO.

If mo ¢ { — %, 0, %} and kg = 0o, the statement directly follows from the equality
Hﬁ,m,oo = Hﬂ,—m,0~

Suppose now that my = 0 and that kg € C\ {—1}. We extend by continuity the
definition of 1g , (k) in (3.18) for m = 0 by setting

1+ k
n,0,x(k) i= ———.
L(5 - %)

We also choose k € C with Re(k) > 0 such that 5—2 — % ¢ N. This latter requirement
implies that 73, mg.x, (k) # 0, and by continuity of the map (8, m, k) — ng m «(k), there
exists a neighborhood Uy of (5,0, ko) such that for all (5, m, ) in this neighborhood,
ng.m.x(k) # 0. In particular, by Theorem 3.7, one verifies that, for all f,g € L?(R4.), the
map (B8, m, k) — (f|(Hgmnr + k?)"1g) is well-defined and holomorphic on Uy provided
that (3.14) is extended to Uy N {(5,0,k) | B € C,k € C} by

F( B 2%) I%VO(Qk:U)IC%’O@ky) for 0 < x <y,

2k Zs ((2ky)K s ((2kz) for 0 <y <.
2k’

2k?

N[

R,B,O,H(_k2; T, y) =

Note that this corresponds to the integral kernel of (Hg oo+ k?)"1 = (H5% +k?)~L. This
shows that {Hpg .} is holomorphic on Uy (provided that Uy is chosen small enough so
that (8,0,—1) & Up).

If mg = 0 and kg = oo, the argument is similar once it is observed that

(Hp .00 +k°) " = (H3 + k)" = (Hg oo + k%) 7"

It remains to consider the cases mg = :l:% and By # 0. Assume for instance that
my = —%, Bo # 0, and kg € C. We extend by continuity the definition of 7, (k) in
(3.18) for m = —3 by setting

(2k)2
Ug,_%,ﬁ(k‘) = @



We also choose k € C with Re(k) > 0 such that g—z ¢ N. Then we have 80, L o (k) #0,

and by continuity of (3, m, k) = 1g.m. (k) there exists a neighborhood Uy of (o, —%, Ko)
such that ng (k) # 0 for all (8,m, ) in Uy. By Theorem 3.7, one then verifies that
for all f,g € L*(Ry), the map (8,m,k) — (f|(Hgmn + k*)"1g) is well-defined and
holomorphic on Uy provided that (3.14) is extended to Uy N {(ﬁ, —%, H) | BeC,k e (C}
by

(2/@)%1%7_ (2ky) for 0 <z <y,

L 1
2k 2

N =

(2kx)K
K

a 2k 1K) | 2k)izs

k

2%
F(l—ﬁ) I%’%(le’)lc

2ky)K s 1(2kx) for0<y <z,
2k 2

N[

(2ky) for0<z <y,

D=

B
2k

2k Zs 1(2ky)Ks 1(2kx) for0<y <.
2k 2k

1
2

Note that this corresponds to the integral kernel of (Hﬂ 19+ kQ)_l = (Hgol + k2)_1.
727 75

This shows that {Hpg,, .} is holomorphic on Uy. The argument easily adapts to the case
mozéandﬁg#O.
As before, if mg = :l:%, Bo # 0, and kg = oo, the statement follows from the equalities
1

(Hpoit oo+ K3) 7 = (HZ) +8) 7" = (Hyu1 o +F) 7

The second part of the statement () follows directly from [7, Thm. 3.5]. To prove (i7)
and (i77), the argument is analogous and simpler: it suffices to use the formulas (3.15)
to prove (i¢) and (3.16) to prove (ii). O

The following statement shows that the domains of holomorphy obtained in Theorem
3.10 are maximal for m € II. In particular, we will prove that (3.17) are sets of non-
removable singularities of the family (5, m, k) — {Hgmx}

Proposition 3.11. (i) For any fized k € C*, the family of closed operators (S, m)
Hg e defined on C x I1\ {(0,—3),(0,3)} cannot be extended by continuity at
(0, —%) and (0, %) If k = 0, the family (B, m) — Hpg o defined on CxII\{(0, —%)}
cannot be extended by continuity at (0, —%), and for k = oo the family (8, m) —

Hg oo defined on C x IL\ {(0, 3)} cannot be extended by continuity at (0, 3).

(it) For any fized B € C, the family (m, k) — Hpg s defined onIIx (CU{oo})\{(0,—1)}
cannot be extended by continuity at (0,—1).

Proof. (i) Let us first consider 5 = 0. Recall that in [6] the family of closed operators
IIx (CU{o0}) > (m, k) — Hp, x has been introduced, and that this family is holomorphic
on II x (CU {o0}) \ {0} x (CU {oo}). Here is its relationship to the families from the
present article:

Homy ifmé¢ {33}
H, . = Hg; if m =

K : _ 1
HO,% ifm= 5

N[
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Let us now focus on m = —% and on m = 1. We have for any x € CU {oc}

H57_7 K Hﬁ7%7ﬁ = Hﬁ7% = H001

ﬁ7§.
Therefore, for k # 0,
hmHﬁ@ﬁ— &0%75 1= = lim Hom,x-

B—0 m%§

Similarly, for k # oo,

lim H #Hol— lim HOm/@

B_>0 57_57 *)75

This proves (i) when k ¢ {0,00}. The proof in these special cases is similar.

(3.19)

(3.20)

(74) Let us first consider a fixed parameter § € C and m = 0. By definition we have

Hﬁ7071{ = ngzo - Hg?(ﬁ

independently of k € CU {oco}. We now con51der a fixed parameter § € C and k = —1.
Choosing k € C with Re(k) > 0 such that o — 2 ¢ N, it follows from (3.14) that for any
m # (0 in a complex neighborhood of 0, the mtegral kernel of the resolvent of Hpg ,, _1 is

given by
1

R, 1 (=K% z,y) = W1 (k)

(%zﬂk (2ka) - ritesmLs (2@))/@ (2ky) for0 <z <y,

T(1+2m 2,

( (2k) ™ —~Zs . (2ky) — (2k) ™ oL e 7m(2ky))lCﬁ m(2kr)  for 0 <y <,

where 73, —1(k) is defined in (3.18). One then infers that

Goa(m) = 1 (F(Qk)*m T (2kz)— ﬂzﬁ (2@;))

n8,m,—1(k) \I'(1 — 2m) " 25-™ I'(1+2m) 2=—™

1

2k) 2 F S,

F(1—2£n,)I)‘(1+2m) (zzFm —227™)
e 2k

P(l4m—L)r(1-2m)  T(L-m—L)r(1+2m)

+ Oz Rem)ly

r — 0.

By using this expression, one can verify that the map m — gg.(m), defined in a

punctured complex neighborhood of 0, can be analytically extended at 0 with

(2k)2F( Qk)

9p.k2(0) = = 23 In(z) +o(x?), 0.

In(2k) + (% — %) + 27

Thus, the family of operators { H 3,m,—1} defined by

~ _ Hﬁ,m,—l ifm;éO
G-t = HYy  ifm =0,

is holomorphic for m € II. It thus follows that
lim Hﬂo;-; = H,BO % HBO = hm Hﬂm—h

K——1

which concludes the proof.
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3.4 Blowing up the singularities at m =0 and at m = i%

As presented above, the boundary conditions for m = 0 and m = :t% are described
by separate holomorphic families of operators HY 50 and HY ;. One can however view

1)

these exceptional families as limiting cases of the generic famlly Hpg . What is more,
after an appropriate change of parameters near the points m = 0 and m = i% one
can holomorphically pass from the generic family to the exceptional families. Such a
procedure is referred to as blowing up a singularity.

More precisely, let us define two new families of operators:

_ (0 o 1

Héo v {H@mﬁ, m # 0, K = K )(m, V)= ~2m)’ (3.22)
m HY m = 0:
8,0 !

Hgmp, m#3,  w=rE(Bmp) = ——

H(%),U — By, 2 (—(zmﬁ—n‘“’) (3.23)
B,m HY _1
8L m=3

1
Thus H(O)’V includes both HB o and Hg,, ., and H(Q) includes both HE 1 and Hg k-

,m

Theorem 3.12. (i) The family {HY"} is holomorphic on C x I x (CU{oo}) except
" (0.-5)%(CU ) U (0.5)%(CU {o0)).
(ii) The family {H "3 is holomorphic on C x II x (C U {co}) ezcept for
(0,—3)x(CU{oc}) U {(B,0,-1-p) | BeC}.

Proof. For any fixed m € II, Theorem 3.10 shows that (8,v) — H (o ) is holomorphic on
C x (CU{oo}) if m # £5 and on (C\ {0}) x (CU {oo}) if m = il Likewise, (8,v) —

Héa” is holomorphic in Cx (CU{o0}) if m ¢ {—1,0}, on Cx(CU{oc})\{8,1-B| 8 € C}

if m =0, and on (C\ {0}) x (CU {oo}) if m = —3. It remains to study holomorphy in
m for fixed (3,v).
Recall that in Theorem 3.7 we introduced the functions wg m,x(k), wjo(k), and

¥ (k). Let us now define two more functions

w
/37 1

N]]

(0)’1’(]{;) . wg, mﬁ(k) m 7é Oa K= H(O) (mv V)v
' wﬂo(k‘), m = 0;
v ) wﬁm/ﬂ(k) m# 2a K=K %(ﬁvm V)
(k) = { o (1), mol

&
=™
3 -

Clearly, by Theorem 3.7 one has

0),v
RN (—k*2,y)

= Rgm(—k*2,y) +



and

( )7

= Ry m(—k?;x,y) +

)Kﬁ kYK s (2kx).
k) 2k’ 2k>

Let us show that, for fixed (/3,v) such that % - % ¢ N, the map
(i A\t = B
- (3+m Qk()l) 52 m— 3 (3.24)
2kwg’, (k)

is holomorphic for m near 0. It is clearly holomorphic in a punctured neighborhood of
0. Hence it suffices to show that it is continuous at m = 0. Recall from (3.10) that

(2k)72"T (3 —m — 2)r(1 + 2m)> 7r
KU(L+m— )01 —2m) /sin(2rm)’

W (k) = (1 + (3.25)

Then, by inserting £ = £ (m, v) for m # 0 into (3.25) we obtain
T(3+m—2)0(1-2m) — (2k)72"T (3 —m — £)0(1 +2m)
I'(3+m-— i)F( — 2m) sin(27wm)

(2k)=27T (3 —m — £)T(1 + 2m)2rm
I(3+m-— %)F(l — 2m) sin(2wm)

wéon’:(k) =7

1B
m_—>>0 ¢(§ — %) + 2y + 1D(2k) -V
= Wiy (k).

Thus (3.24) is holomorphic for m near 0.
Similarly, let us show that, for fixed (3, v) such that % ¢ N, the map

P(+m— )T -m—4)

m — ()
2kwi?” (k)

(3.26)

is holomorphic for m near 1. By inserting k = x (2) (B,m,v) for m # % into (3.25) we

obtain

(1 V() = T(3+m— )02 —2m) + B(2k) 2T (3 —m — )T (1 + 2m)
“Bm - L(5+m-— A )0 (2 — 2m) sin(27m)
(k)T (5 - m— —)F(l +2m)m(2m — 1)
L(3+m-— %)I’(Q — 2m) sin(27m)
p B v
e —f¢(1— 7) - fzp(— 7> 27~ In(2k) +1-
=W ),

/87

[N

which proves that (3.26) is holomorphic for m near 3.

The remaining restrictions on the domain of holomorphy are inferred directly from
Theorem 3.10. O
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3.5 Eigenprojections

Let us now describe a family of projections {Pg,,(A)} which is closely related to the
Whittaker operator. We will define it by specifying its integral kernel.
We first introduce a holomorphic function for m ¢ {—%, 0, %} by

w(2m o+ o m = ) — 503 -m - )

sin(27m)

(B,m, k) = Cgm(k) ==

One easily observes that (g, (k) = (g,—m(k). We can extend this function continuously
tom € {—3,0,3} by
_ g1 B
Golk) =1+ v (2 2k>’
_ . B B B B
G-y (k) = Cg (k) := _<1 T Y (1 - 2/<;> T (‘ Qk) '

We now consider A € C\[0, oo, and as usual we write A\ = —k? with Re(k) > 0. We

then define the integral kernel Pg n,(\; x,y):

kT 1 _ B T 1 _ B
(2 +m Qk) (2 m Zk:) Ks (2kx)Ks (2ky). (3.27)
Cﬁ,m(k) 2k 2k

The definition (3.27) naturally extends to A €]0, co[, where we distinguish between
points coming from the upper and lower half-plane by writing A\ £1i0 = —(Fip)? with
> 0. Thus, let us set k = Fiyp and

m(2m 4Lyt +mFid) Fido(t - mFif))

sin(27m)

Pﬁ,m(_k2; €, y) =

<ﬁ,m<:|:i,u> =
which can be naturally extended to m € {—3,0,%} by

(1
GuolFin) =1 i v/ (57 i7-).

Co, 1 (Fin) = Gy 1 (Fipr) = —<1 + iiw( F 125“) - iﬁw’(l T ifu))

For k = Fip we can then rewrite (3.27) as

Ny ) B\T(L il
Tl (g +mF i) LG M Fig) (2ux)H5 | (2pmy)
Com (Figs) e .

Py (1 £10;2,y) ==

Finally, to handle A = 0 we shall use the function % extended to {—3,0, 3}
by
sin(27m) sin(27m)
e L R e
m(4m?2 — 1) ’m:O Toon m(4m? — 1) lm=+1

2
We set, for +Im(v/5) > 0,

= —T.

sin(27m)

P3 (05 2,y) := Seiiﬂmﬁm (555)%7'@%(2\/5?) (ﬁy)inim(Q\/ﬁiy)

The integral kernel Pg ,,(—k?; z, y) defines an operator-valued map (3, m, k) — Pg (—k?)
described in the following proposition.
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Proposition 3.13. On the set
CxII x {keC|Re(k)>0}
U{(B,m,Fip) | € C,mell, 0 < p< £Im(p)} (3.28)
U{(8,m,0)| B €C, mell 0< £Im(y/B)},

the function (8,m, k) v Pg.m(—k?) has values in bounded projections. Moreover, it is
continuous on

CxIIx {keC|Re(k)>0}

U{(B,m,Fip) | € C,mell, 0 < p < +Im(B)}, (3.29)
and holomorphic on C x II x {Re(k) > 0}. It satisfies
Py (—k?) = Ps_n(—k?), (3.30)
Py (—k*)* = Py (—K?), (3.31)
Pgn(—k*)" = Pj 5 (—k?), (3.32)

for all (B,m, k) in the set (3.28).

Proof. The fact that Pg,,,(—k?) are rank-one projections follows directly from their ex-
pressions together with Corollaries A.3 and A.5 and Proposition B.5. Continuity on the
domain (3.29) and holomorphy on C x II x {Re(k) > 0}, as well as the relations (3.30)—
(3.32), follow again from the expressions involved in the definitions of Ps,(—k?). O

We recall from Proposition 2.5 that the operators Hg,y, s, HEO and Hg . are self-

, 3

transposed. Moreover, it follows from Theorem 3.1 and its proof that all eigenvalues
of these operators are simple. If A is a simple eigenvalue of a self-transposed operator
H associated to an eigenvector u such that (u|lu) = 1, we define the self-transposed
etgenprojection associated to A\ as

P = (ul]-)u.

In the case where A is in addition an isolated point of the spectrum, it is then easy to
see that the self-transposed eigenprojection P coincides with the usual Riesz projection
corresponding to A.

Theorem 3.14. Let 3 € C, m € I\ { — 3,0,3}, K € CU{oo} and v € CU {oc}. Let
A € C be an eigenvalue of Hg b, Hp or Hg . respectively. Then the self-transposed
’ 3

eigenprojection is Pg () for the corresponding value of m.
Proof. We prove the theorem in the case where A\ = —k? with Re(k) > 0 and m ¢
{ — %, 0, %} The other cases are similar.

From the proof of Theorem 3.1, we know that if \ is an eigenvalue of Hg,, ., then a
corresponding eigenstate is given by z +— K s (2kx). Corollary A.3 shows that
2k’

(o) [ Ks (2h)) = T2 mv(a tm ) (3 = m - )

2% 2% sin(27wm) kD (3 +m — 2%){‘(% —m— 2%)

This proves that P@m(—sz) is the self-transposed eigenprojection corresponding to A, as
claimed. O

31



The point k£ = 0 is rather special for the family Pg,m(—k2), as shown in next propo-
sition.

Proposition 3.15. Let m € II and 8 € C such that +Im(y/B) > 0. Then the map
k — Pgm(—k?) is not continuous at k = 0.

Proof. We consider the case where m ¢ { —%, 0, %} The other cases are similar.
First, we claim that for all continuous and compactly supported function f,

lim (f1Psn(—k*)f) = (f|Pa.n(0)f).

where k € C is chosen such that Re(k) > 0 and +(arg(3) — arg(k)) €le,m — e[ with
€ > 0. To shorten the expressions below, we set in this proof

o PGm = gp) By
98,mk(x) = :'ZIT(ﬂ) Ks . (2kz),

2k’

and )
9amo(x) == (Bz)3 M3, (21/Bz).

We show that gg,, x is uniformly bounded, for k£ satisfying the conditions above, by a
locally integrable function. From the definition (A.3) of Zg,, and proceeding as in the
proof of Proposition B.2, we obtain that, for k¥ € C such that Re(k) > 0, |k| < 1, and
+(arg(8) — arg(k)) €le,m — e[ with e > 0,

1m ) o (1 _ By ;
‘ (%) a I%,m@kx)) = ‘(5$)5+me_km jgo £‘2(1+—|—W;m —2}—’63; <2§T)J ‘

PRERD g
< |Bz|2 75
S [T(1+2m + )|

for some constant ¢ > 0 depending on 8 and m but independent of k and x. Using that

_ FiE By Tatm—g)
gﬂ,m,k(f) — m (ﬁ) ( m12ﬂ7m(2k$) + I%ﬁm(QkI)),

together with Lemma B.3, one then deduces that

|98m.k(2)| < €167,

for some positive constants ¢y, co independent of k and .
The previous bound together with the dominated convergence theorem and Propo-
sition B.2 show that

llll)% <gﬁ,m,k|f> = <gﬂ,m,0|f>7
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for all continuous and compactly supported function f, and for k satisfying the conditions
exhibited above. We then have that

<f‘P,8,m(_k2)f>

ksin(2rm)T(3 +m Qﬁk)r(% —m-— 2%)

QRICEES TR i Ay L
k sin(27m) I’(%—m—%) B 2m—1< )
- YA 9s,m, ‘f>
- ) il BT rm gy ) (o
B 2k? sin(27m) r(3-—m—25) B2 5
Bl (35)" 5 (—1+ 4m2) + o(1)] F(;+m—2i>(2k) e

35 s1n(27rm) :i:17r2m
k—0 m(4m? — 1)

= (f|1P3,m(0)f),
where we used Lemma B.7 in the third equality.
Now, we claim that Pg7m(—k2) is not continuous at k£ = 0 for the strong operator

topology. Indeed, using that Pﬁﬁm(—kQ) is a self-transposed projection, we infer that, for
f continuous and compactly supported,

<(Pﬁ,m(_k2)_P5m( ))f|(Pﬁm(_k2)_Pﬁm )f>
= (Pam (k) fIf) + (Pam(0) | f) — 2( P31 (0) f| Pam(—k>) f).

A similar computation as above gives

<96m0|f>

(P5m(0) [ Ppm(—k)f)
_ 3B sm(27rm) 2k2 sin(27rm) (3 -—m-— %) (E)Qm
meFim2m (4m?2 — 1) ﬁ[fk(%“)?’m( 1+ 4m?) + o(1)] L(3+m-— %) 2k
X (£198,m.1)(98,m,k98,m.0)(98,m.0l f)
o 0

since lii%(gﬁ,m,kmﬁ,m,@ = 0 by Remark B.6, while the other terms converge. Therefore,
—

<(P6,m(_k2) - Pﬂ,m(o))f‘(Pﬁ,m(_kz) - Pﬁ,m(o))f> _> 2<P,B m f‘f> 7é 0

for suitably chosen compactly supported functions f. This proves that Pg’m(—kZ) is not
continuous at k£ = 0. 0

A The Whittaker equation

A.1 General theory

In this section we collect basic information about the Whittaker equation. This should
be considered as a supplement to [7, Sec. 2].
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The Whittaker equation is represented by the equation
1 1\ 1 1
(Lﬁ,mz+4)f::(—6§+<m2—>—6+)f:0. (A1)

We observe that the equation does not change when we replace m with —m. It has also
another symmetry:

(Lﬂ,mz + i) f)=0 = (L,ﬁ7m2 + i) f(=2) =0. (A.2)

Solutions of (A.1) are provided by the functions z + Zg +,,(2) which are defined by

o §1F1(%+m¢6;1+2m;:|:z)

(1 + 2m)
> (1 k
B (3+mFB), (2)
221 Me 22F(1+2m—|—k) AR (A.3)

k=0

where (a); :==a(a+1)---(a+k—1) and (a)o = 1 are the usual Pochhammer’s symbols
and 1 F; is Kummer’s confluent hypergeometric function. For Re(m) > —% and Re(m F
B+ %) > 0 the function Z3,, has also an integral representation given by

zztm
(3 +m+pB)T(

1
Iﬁm(z) = T e ﬁ) /0 eiz(s—%)sm#?—%(l _ S)miﬂ—% ds.
2

Based on (A.3) one easily gets

W(Iﬁ,mazﬁ,me m) = _75111(27rm) (A.4)
™
as well as the following identity
I m(z) = ejFi”(%er)I,/g,m (eF172). (A.5)

Another solution of (A.1) is provided by the function z — Kgn(2). For m ¢ 37Z it
can be defined by the following relation:

— 4 _ Iﬁ,m Iﬁ,—m
’C’B’m_sin@ﬂ'm)< F(%—m—ﬁ)—'_r(%—{—m—ﬁ))' (A.6)

For the remaining m we can extend the definition of Kg ,,, by continuity, see Subsect. A.3.
Note that Kg _,;, = Kg,m, and that the function Kg,, can also be expressed in terms of
the function o Fp, namely:

Kpm(2) = Zﬂe*%zﬂ)(% +m—f,5—m—8;—; —zfl).

An alternative definition of K3, can be provided by an integral representation valid for
Re(—BFm+ 1) >0 and Re(z) > 0:

lrm —2 0o
Kpam(2) = o / o= EBFI (1 | g 3HBFIG,

L(3-B8Fm) Jo
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Note that the function g, decays exponentially for large Re(z), more precisely, if € > 0
and |arg(z)| < 3w — ¢, then one has

Kpm(z) =272 (1+0(z"Y). (A7)

By using the relation (A.6) one also obtains that

1

W(Zﬁ,ma IC/B7m, ﬂf) = —m
2

(A.8)

We would like to treat Zg ,,, Zg _, and Kg,y, as the principal solutions of the Whit-
taker equation (A.1). There are however cases for which this is not sufficient. Therefore,
we introduce below a fourth solution, which we denote by A ,,. To the best of our
knowledge, this function has never appeared elsewhere in the literature.

The function Kg ,, is distinguished by the fact that it decays exponentially, while the
solutions Zg 1,,,(2) explode exponentially, see [7, Eq. (2.14) & (2.22)]. This is also the
case for the analytic continuations of K_g,, by the angles &7, which by the symmetry
(A.2) are also solutions of (A.1). It will be convenient to introduce a name for a solution
constructed from these two analytic continuations. There is some arbitrariness for this
choice, but we have decided on:

Xg,m(z) = %(e*iﬂ’(%+m)/c,57m (ei”z) + eiﬂ'(%er)IC,B’m (eiiﬂz)> . (Ag)
As a consequence of this definition and of (A.5) one gets the relations

Xy (2) = — s (F( Igm(z) cos(27rm)Ig,m(z)>’ (A.10)

sin(27m) T —m+p) I'(3+m+p)
and - )
FIT(GHm e () =y (5) F —mBmmlE)
g (e772) ) F STt )
In addition, by using the equalities
cos (m(m — B)) = cos (2rm — w(m + 3))
= cos(2mm) cos (7(m + B)) + sin(2mm) sin (7(m + 3)), (A.11)

one infers from (A.6) and (A.10) that

cos(2mm)K g m X3.m

r(l+m+p) TE+m—p)
1

= M(COS (m(m — B)) — cos(2mwm) cos (m(m + ﬁ)))l’@m

= sin (7(m + 8))Zg,m,

which finally leads to the relation

_ 1 cos(2mm) R >
Igm = sn(x(m + B)) <F(% i B) Ka,m F(% I ﬁ) Xgm |- (A.12)
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By taking formulas (A.6), (A.10), and (A.11) into account, one infers that the Wron-
skian is provided by
W (Kgm, Xgm;x) = —sin (W(m + [3))

Hence for m + 8 € Z the solutions Kg,, and Xjp ,, are proportional to one another. In
fact, for such 8, m, we have

Xﬁ,m (Z) =

Note that this corresponds to the lines m + § = n € Z. However in our applications, we
need X3, on the lines m+ B—% =n € Z, where Kg ,,, and X3 ,,, are linearly independent.

A.2 The Laguerre cases

Let us now consider two special cases, namely when —% —m+ f:=n € N and when
—% —m — 3 :=n € N. In the former case, observe that the Wronskian of Zg ,,, and Kg,,
vanishes, see (A.8). It means that in such a case these two functions are proportional
to one another. In order to deal with this situation we define, for p € C and n € N, the

Laguerre polynomials by the formulas

z7Pe* d" , _
WPE) == g ™)

_ z”: (p+k+1)pk(—2)"

— (n — k)k!

+1
_t+Dn - )”1F1(—n;p+ 1;2)
_1)n -
- n') 2" Fy(—n, —p —n; —; —2z 1).
Then, by setting 2m = p, we get

T nlz#es

14p —

Kip,,»=(-1)"n! e 3L, (A.13)

We shall call this situation the decaying Laguerre case. In this case the relation (A.12)
reduces to

iy  p = L/cip (A.14)

(_1)€ (_1)€+1
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In the special case —% —m — (8 :=n € N a similar analysis with p = 2m leads to

T _ p)(_
*1?*”75( ) Fl+p+n) " (=2)
and to
L 14 . 1 z
X_%p_n’g(z) = ejF‘Tp”IC#JFn’g (ei”rz) = (=1)"nlz 2 e2 LW (—2). (A.15)
We shall call this situation the ezploding Laguerre case. In this case the relation (A.12)
reduces to
7 S Gl Y (A.16)
—rnE T D4 pan) e mE '

(- (-1)f
B A G s e A (S )

A.3 The degenerate case

In this section we consider the special case m € %Z, which will be called the degenerate
case, see Figure 1. In this situation the Wronskian of Zg ,, and Zg _, vanishes, see (A.4).
More precisely, for any p € N one has the identity

p—1
rg=(-5-150) 5

or equivalently,
1 1

——— Ly v = ——TIgp.
LEE-p) 7 T -p)

Based on this equality and by a limiting procedure, one can provide an expression
for the functions Kg » (see [7, Thm. 2.2]), namely

(~1)P" n(e) Zy g (2)
(5 -8)
(C1)Ptemie o (2 - 8),

* r(L52 - B) Z (p+ k) k!

k=0

’Cﬂyg(z) =

(A.17)
X (1/1(# —B+k) —¢(p+1+k)—¢(1+k))

. (—1)ptle 5572 Z”: (52— 8) (=171 = 1)l
L(52—8) j=1 (p=J)!
where 1) is the digamma function defined by 1(z) = I;((ZZ)). Note that the equality (or
definition) (a); = F%‘l(z)] ) has also been used for arbitrary j € Z. For our applications the
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most important functions correspond to m = % and m = 0:

Kﬁ,l('z) = + (A.18)

2 i (1—8),="**

+r(e—5) (1+k)l&! @(1_5““)—1/1(2+k)—¢(1+k)),
k=0
Kso(z) == 1nr(z)11_,0ﬁ()z (A.19)
2
e~ 3 > (L-p L3tk
_P(%—ﬁ) Z & (k?)kQ <¢(%—B+k)—21/;(1+k)),
k=0

Let us still provide the expression for the function Xg L. Starting from its definition

in (A.9) and by using the expansion (A.17) as well as the identity provided in (A.5) one
gets

(=1 In(z) Zg 2 (2)

Xp2(2) =

L(52+5)
(— 1p+1ezzg o 1+p +5) (— )kzk
T p) kZ (p+ k)1

0
x (S(H2+B+k) = v+ 1+k) w1 +k)
(A8 G- 1)
> .

( p+1622 2
F(1P+B = (p—4)!

In particular, the expansions for m = % and m = 0 will be useful:

1 1

Xﬁ’%(z) =— T+ 5) + F(ﬁ)zln(z:) (A.20)
1 1 1 1 9 1
1 (G + B+ 59(8) + 27— 1)+ o(z)
Xsolz) = — F(;iﬂ)[u ~B2)In(=) + (0 (3 +6) +2v) (A21)
— 5(¢(% —|—B> + 2y — 2)2’} + o(z%)

Note also that the following identity holds:

as a consequence of (A.9).
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o4

A A

Figure 1: The vertical lines correspond to the degenerate cases, the lines with slope 1 to
the decaying Laguerre case, the lines with slope —1 with the exploding Laguerre case.

A.4 The doubly degenerate case

We shall now consider the region
{m,)|peiz, meiz, p+m+iez). (A.22)

In other words, we consider m € Z, 8 € Z + %, orm € Z+ %, (B € Z. This situation will
be called the doubly degenerate case. We will again set m = 5 with p € Z. Note that for
(m, B) in (A.22) we have the identity

(Copemte (e (A23)
Igm=——Kgm+=—7———Xsm, 23
S N  E) R N P M
which is a special case of (A.12). In this case we also have
1
W (Kgms Xgmi ) = (=1)" %2 (A.24)

Hence Kg, and X3, always span the space of solutions in the doubly degenerate case.
In order to analyze the doubly degenerate case more precisely, let us divide (A.22)
into 4 distinct regions (see Figure 2).

Region I_. 4+ m € —(N—F%), —B+me—(N+ %)
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We have
Igm =0,

which follows for example from (A.23). By setting ny := f —m — % € N and ny =
—B—-m— % €N, then Kg,, = Ki+p, p is the decaying Laguerre solution, see (A.13),
2 ’2

and X, = X_14p»_, p is the exploding Laguerre solution, see (A.15).
2 ’2

Region 1. 6+mEN+%, —5+mEN+%.
First note that (m, ) € I_ if and only if (—m, ) € 1. By setting ny := g+ m — % eN
and no := -8 +m — % € N, one has g = "5, m = %”2“, and the equality (A.23)
can be rewritten as

o N G Vit

Tom =~ Kgm +

Xg.m.-
niy pm

)

TLQ!

Note then that Kg,, = Ki-p tn 2 = Kiyp —p corresponds to the decaying Laguerre
. ) ’ 2 ) 7 tn1,5

solution, while A, = X_1;2p_n2’g = (—1)7’)(_1;2;7_”27_g = (—1)p/'\,’_1;p_n2’77p corre-

sponds to the exploding Laguerre solution. In this region, the space of solutions can also
be spanned by the pair Kg,, and Zg,,, or by the pair Zg ,,, and X3 ,,.

Region II_. S+ m € —(N—F%), —B+m EN—F%.
By setting n:= —8 —m — % € N, then the equality (A.16) reduces to
_ =y
Toogtong = prmit-siong

Thus Zg,, is proportional to X3, and corresponds to the exploding Laguerre case. The
second solution is Kg,,. It decays exponentially and has a logarithmic singularity at
zero, therefore we call this function the decaying logarithmic solution.

Region II,. 3+meN+3, —f+me—(N+3).
By setting n := 8 —m — % € N, then the equality (A.14) reduces to

T _ K

Thus Zg ,, is proportional to Kg,, and corresponds to the decaying Laguerre case. The
second solution is Xg,,. It explodes exponentially and has a logarithmic singularity at
zero, therefore we call this function the exploding logarithmic solution.

The results of this section are summarized in Figure 2.
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Figure 2: Solutions for the doubly degenerate case: Region I_: the decaying Laguerre
and the exploding Laguerre solutions. Region I;: any of the three solutions. Region
II;: the decaying Laguerre and the exploding logarithmic solutions. Region II_: the
exploding Laguerre and the decaying logarithmic solutions.

A.5 Recurrence relations

Solutions of the Whittaker equation satisfy interesting recurrence relations. These re-
lations can be checked by using the series provided in (A.3). The computations are
straightforward, but rather lengthy. These relations read

Tgm(2) = ( — % —m— ﬁ)Ing%,er%(z),

v T2 (34 m = 8) T pnss )
(20: + 8~ 2)Zpm(z) = (5 +m+8)Tps1m(2)
(z(“)Z - B+ g Igm(z) = (% +m — B)Ig,lm(z)
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By using the relation between the functions Kg,, and the functions Zg,, provided in
(A.6), one infers from the above relations the following ones:

(vzo. + _5;;” F YK m(2) = (— 5 m 4 8)K s (o),
1
(\/Eaz + _2\/—;m - f)lc,&m(z) - ICB—&—%,m—%(z)a
1
(Va0 4 T2 () = (= g =k )y g 2
20, + B—= ICB m(z) = _ICB—H m(z)7
( >)
(20~ B+ 2)Kam(z) = (% tm—g) (% —m— 8)Ksam(2)

A.6 Integral identities

Let us start with a general fact about 1-dimensional Schrodinger operators, see for ex-
ample [5, Eq. (3.24)].

Lemma A.1. Fori € {1,2}, suppose that v; € D(L%) satisfies Lg ovi = Ajv; for some
A\i € C. Then, for all a,b €]0, 00|,

b
(A — )\2)/ vi(x)ve(x)dx = # (v1,v2;b) — W (v1, v2; @), (A.25)

where W is the Wronskian introduced in (2.1).
As a consequence of this lemma one has:
Proposition A.2. Let k,p € C with Re(k) > 0 and Re(p) > 0.
(i) If =1 < Re(m) <1, m ¢ { - %,0,%}, then
o0

(% —p?) Ks m(2k:x)lC2ﬁ7m(2p:z:)d:B
P

0 2k’

s kKMp™™ Pk
:\/4kp< 3 il AN il 5 ﬁ))

) VAN - PG -m-5) TG+m- )G -m- 4

(ii) If m =0, then
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(iti) If m = £3, then

2_p? / Ks 1(2kx ICB 1(2px) x
2k’2

31— 55) +30(- )

30 (1—45) — 5¢( = 45) +In(k) —In(p)
P(1— )T ( ~ 3%)
Proof. The proof consists in an application of Lemma A.1. Consider k,p € C with

Re(k) > 0, Re(p) > 0 and set \; = —k? and Ay = —p?. As shown in the proof of
Theorem 3.1 the functions v; defined by

=B

vi(r) =Kp (2kr) and we(x)=Kjps (2pz)

2k 2p°
belong to D(Lglff;g) and are eigenfunctions of Lg,,2 associated with the eigenvalues \;.

Let us then set # (v1,v2;0) := li{% W (v1,v9;x) and observe that lim % (vy,vq;x) = 0,
x

xr——+00
as a consequence of Proposition 2.1. This yields directly

(k:2 — p2)/ vi(z)va(z)dz = # (v1,v2;0). (A.26)
0
Let us now set

2k

ur+(x) =Zs im(?kzaz) and  ug+(z) = I%im(pr).

Then, the identity (A.6) leads to

() = o uy (@) uy, ()
1) sin(27rm)( F(%fmf%)+lﬂ(%+mi%) ’
o) — T B ug 4+ () ug,—(x)
2(2) Sin(2ﬂ'm)( r(3 —m—%) + r(l+m- 2/;))’

and with the expansion provided in A.3 one directly infers that

W (u1,4,u2,430) = # (u1,—,uz,—;0) = 0,

1 1
dmkztmpa ™ 2sin(27m) 1 1
v 10) = — _ k3 tmpz—m
(1,4 25 0) F(1+2m)F(1 “om) x P
dmkz—mpztm 2sin(27wm) | 1 1
/4 _ :0) = — k3 Mpatm.
(w1, u2.450) = 7 2m)r(1 ~9m) - Lo

As a consequence of these equalities one gets

W (v1,v2;0)

o ( 2k2tMp3 B 2kz—mpztm >
" \F(} - NG em - £) TG G om )

This proves (i). The equalities (i7) and (¢ii) can be proved similarly by using (A.18) and
(A.19). O
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By using the L’Hospital’s rule one directly obtains:
Corollary A.3. Let Re(k) > 0.
(i) For —1 <Re(m) <1, m¢ {—1,0,3} one has

/ Ky (2ke)tde = T 2 at(atm = o) — (s mm o g)
25m ~ sin(2rm) (A +m—2)rl-—m-2
(11) For m =0,
= 14+ Byl - £
/ K ,(2kz)’ds = + 3¢ (5 gw
0 2k kF(%—%)
(iii) Form = %,
> 1 B — B B ll_ﬁ
K s 1 (2kz)2da = + ¥ 2;)+4k¢ﬁ( 2
0 2k’2 k‘T(—ﬂ)F(l_ﬂ)

A.7 The trigonometric type Whittaker equation

Along with the standard Whittaker equation (A.1), sometimes called hyperbolic type, it
is natural to consider the trigonometric type Whittaker equation

(Lﬁmg—i)f:<—8§+(m2—i);—f—i>f:(). (A.27)

n [7, Sec. 2.6 & 2.7] we introduced the functions
Tom(z) = T EGHNT s (655 2) (A.28)
and

HE 0 (2) =75 MK (0715 2)
+irr (e:Fi”mj@m(z)  Tsem(2) ) (A.29)
L(z-m=Fif) T(z3+mFip)

- sin(27m)

which solve (A.27). Note that the function Hgﬁ has been used in the proof of Theorem
3.1 when dealing with positive eigenvalues of the Whittaker operators.
A.8 Integral identities in the trigonometric case

Here are the analogues of Proposition A.2 and Corollary A.3 in the trigonometric case.
The approach can be mimicked from Section A.6 because of the identity

Lg 2 Hfﬁ m(2u:c) = u? ’Hiﬁ m(Q;w)
o

2p?
valid for any p > 0.

Proposition A.4. Let ju,n > 0 with p < +Im(3) and n < £Im(5).
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(i) If -1 <Re(m) <1, m¢ { —1,0,3}, then

(=) | MG (Que)H  (2nz)de
m Pk

0 2w
et pry " "
= /4 — )
sn(2rm) “”(r( prmEig) G- mFig)  TGmEiy r(g—mwfn))

(ii) If m =0, then
(1 —n? / HB o (2uz) %O(an)d:r

:\/mw(gﬂF %)—w( Tis) +In(u) — In(n)

INCES l%)F(a Tig)

(iti) If m = %, then

(2nz

1
2

(12 —n? / Hﬁl%w YHE
2pn2 2n
8

=p

F(1F i) T (15 )

Corollary A.5. Let 0 < p < £Im(5).
(i) For =1 <Re(m) <1, m¢&{—1%,0,1} one has

7—[i (2um)2dm =

)dx

3 (1 Fig) + 30 (Fig) — 0 (1 F ln) 3¢ (Figy) +In(w) —In(y)
) :
2

0 m sin(27m) ul (% +mﬂpi%)F(% —mzpi%)

(i) For m =0,

(iii) Form = %,

/ By (1xil
T opa)de = i (F i) — 4“1/_}5( i)
- /J,F(:Flﬂ)r(lqilﬂ)

B The Bessel equation

B.1 The modified Bessel equation

The modified (or hyperbolic type) Bessel equation for dimension 1

(—8§+<m2—i);+1>f:0,
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is up to a trivial rescaling, a special case of the Whittaker equation with 5 = 0. Its
theory was discussed at length in [6, App. A]. Nevertheless, we briefly discuss some of its
elements here, explaining the parallel elements to the theory of the Whittaker equation,
as well as the differences.

Let the modified Bessel function for dimension 1 be

1
SR
Tn(2) = 'r;() n!ll'(m+n+1)

S G e (e (2)),

(B.2)

The equation (B.1) is invariant with respect to m — —m. At the level of the function
(B.2) this property is reflected by

T(2) = T TMT (o472,
For the Wronskian we have
W (L, I—m;z) = —sin(mm).

The function KC,,, can be introduced for m ¢ Z by
1

sin(mm)

Kn(z) = (= Zn(2) + I-m(2)).
For m € Z the definition is extended by continuity. Note that the relation K,,(z) =
K_(2) holds, and that

W (K I z) = 1.

To make our presentation of the hyperbolic Bessel equation as much parallel to that
of the Whittaker equation as possible, we introduce the function

X (2) = %(e*iﬂ(%er)lCm (ei”z) + ei”(%J“m)lCm (e*i”z)>.

Then the following relations hold:
1

Xy = —
" sin(mm)

(Zm — cos(2mm)I_p,),

7

™ 2 sin(mm)

(cos(2mm)Kp — X). (B.3)

The precise relations between the Whittaker functions for § = 0 and Bessel-type func-
tions are of the form

Zom(z) = F(;—km)Im<;>’ (B.4)
’Co,m(z) =Km (g);
Xon(2) = Xy (%)
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B.2 Recurrence relations

For the functions Z,, and K,,, the following recurrence relations hold:

(az +(m-1) 1) To(2) = T ()
(az i (—m- ;)1) T(2) = T (2),

B.3 Integral identities

It is proved for example in [6, Sec. A.8] that for |Re(m)| < 1, m # 0 and for Re(a+b) > 0
one has

oo a2m _ p2m)qz—Mmpz—m
/0 K (az) Ky, (bx)dz = ( sin(ﬂm)zaQ — (B.5)
Observe that the r.h.s. of (B.5) can be extended by continuity to a = b and m = 0 since
i pP™)az bz 2 (In(a) - In(b))azbz
m—0  sin(rm)(a® — b?) T a? — b2 ’
lim (a®™ — me)a%_mb%_ _ m
b—a  sin(mm)(a? — b2) sin(mm)a’
lim lim i bzm)a%imb%im = i
m—0b—a  sin(mm)(a? — b2) ma

We shall need another integral identity:

Proposition B.1. For |Re(m)| <1 and Re(a+b) > 0 one has

/OO 2 Ko (a) Ky (b)) di (B.6)
0

4a%fmb%fm{(m _ 1)(a2m+2 _ b2m+2) + (m+ 1)a2b2(62m_2 _ a2m—2)}

sin(7mm)(b? — a?)3 (B-7)

In addition, the following limiting cases hold:

1.1 1.1
o 8a2b? 8azbz (a® + b?
/0 2*Ko(ax)Ko(bz)dz = TR =) + 7r(b2(— a7) ) (In(b) — In(a)),
o0 2m(1 — m?)
2 " 2d —
/0 v Km(az)"dx 3ad sin(rm)’
& 2
2 _
/0 x“Ko(ax)Ko(ax)dz = T
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Proof. Assume first that —1 < Re(m) < 0. By using twice the recurrence relations of
Section B.2 one gets

00 1 00
/ 22 (az) Ky (b )da = — (ab+m22> / oK (a2) i1 (bz)de,
0 0

and

m

0o 1 00
/ 2l (ax)KCrpy1 (bx)dr = — <8a+ +2) / K1 (az)KCppr (bx)dz.
0 0

a

Then, we infer that

/00 22K (a2) Iy (b ) da
0

Ot a )(ab+ b )/0 Knt1(az) K41 (bz)dx

- m—l—% m—i—% (a2m+2 _ b2m+2)af%fmb7%7m

B <8a+ a ) (ab+ b ) sin(7mm)(b? — a?)
a2m+2 _ p2m+2

sin(7m) (b — a2)>

= a—z—mb—é—maaa,,<

where we have used (B.5) with m + 1 instead of m, and the fact that 8a(a_%_m) =

m:%cf%*m. Clearly, a similar relation holds for a replaced by b. By computing the
derivatives, one gets the expressions provided in the statement. This proves (B.6) for
—1 < Re(m) < 0. We then extend the equality to |[Re(m)| < 1 by analytic continuation.
Finally, the limiting cases are obtained by taking the limit m — 0 in the first case, the
limit b — a in the second case, and from this result the limit m — 0. Note that the
same result is obtained if we take the limits in the reverse order. O

B.4 The degenerate case

For m € Z the following relation holds:

T m(z) =ZIn(z2).

Assuming that m € N, we also have

and

PR () s e g e ) ey
G S a6
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B.5 The half-integer case

The half-integer case of the hyperbolic Bessel equation is a special case of the doubly
degenerate case of the Whittaker equation. However, it is worthwhile to discuss it
separately. In particular, for n € N the function Z__, is not proportional to the
function 7, _ 1o which is identically 0 by (B.4).

By analogy of the presentation of Section A.4 we can divide the half-integer case into
two regions, namely Region I_ with m € —% —N, and Region I with m € %—i—N. The
following schematic diagram of various special cases for the Bessel equation is an analog
of Fig. 2.

—4 -3 —2 —1 0 1 2 3 4 m
—_— —— —— —— ———

Figure 3: The two regions in the half-integer case

Note that unlike for the Whittaker equation, in both regions I_ and I, the functions
I, Z_m and K, are well defined and distinct, and any two of them form a basis of
solutions of (B.1). In this case all solutions are elementary functions: For n € N and
m = £(% + n) one has

Ko (3 (2) = (—1)"nl(22) e L2 (22),
Xi(1ip(2) = +(—1)"n!(22) "e* LE1 2 (—22),
Ty, () = —%n!(zz)*n (e’qu(fl’Q”)@z) - engfl’Q")(—Qz)), (B.8)
T ()= %n!(zz)*n (e*ZL;*Hn)(zz) + engfl’Q”)(—Qz)) . (B.9)

Note also that (B.8) and (B.9) are special cases of (B.3), namely

_1\n+1
I%+n(z) - (1;(,C;+n(z> - X%-f—n(z))’
Iféfn(z) = (—21)" (’C%Jrn(z) + X%M(z)).

B.6 The standard Bessel equation

The standard (or trigonometric-type) Bessel equation for dimension 1

1,1
2 2 —
is up to a trivial rescaling, a special case of the trigonometric-type Whittaker equation
with § = 0. One can introduce the following functions which solve this equation (see [6,
App. A] for more information) :

00 2n+m+1
‘m o —1)" /7 (2 2
Tn(2) = 5D, (72 = J,p(ﬁi% 1)

n=0

)
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e:Fiﬂmjm(Z) — J-m(2)

sin(7m)

HE(2) = e T 5T, (e¥122) = +i

)

and
cos(mm) Tm(z) — j—m(z).

sin(7m)

Vm(z) =

B.7 The zero eigenvalue Whittaker equation

The zero eigenvalue Whittaker equation is provided by the equation

Lgmaf = <—a§+ (mQ—i)l—ﬁ)f:O. (B.11)

It is easy to see that if v solves the trigonometric Bessel equation of dimension 1 (B.1)
with parameter 2m, then the function f defined by f(z) := (ﬁx)iv(Q\/Bix) solves the
equation (B.11).

One can also obtain solutions of (B.11) by rescaling solutions of the hyperbolic-type
or trigonometric-type Whittaker equation:

Proposition B.2. For any fixed x € Ry, m € II and 5 € C*, one has

lim (2113)%%157 (2k) = (5})4& Tom(24/B2), (B.12)
lim (i) %mjgﬁk’m(zkx) — g3 (ﬁf; Tom(27/B). (B.13)
For any fized x € Ry, any m € II and B € C*, one has
lim ;iW(i) 5_’”%”(%@ — (B2)¥HE, (24/Ba), (B.14)
Ty e Z’": ') (1) mHi (o) = (Bn) i, 2B (B)

where the first limit is taken such that +(arg(8) — arg(k)) €le,m — e[ with e > 0, and
the second limit is taken with p > 0 and is valid if Re(3) > 0.

Proof. Using the definition of Pochhammer’s symbol recalled in Section A.1, one infers
that
s

j:2k: —BY.
In addition, for all k¥ € C with |k| < 1, one has

B
2k

I (1 +
11m m
k—0 \2 T 2%

’(;+m$ ) i2k)j’ < ¢!

for some constant ¢ independent of k and j. Hence, by an application of the version of
the Lebesgue dominated convergence theorem for series, one gets

. ( —|—m$2k) (£2kx)’
kli%;) (14 2m + j)j! ZFl—i—Qm—i—])J"
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which leads directly to the equality (B.12). The equality (B.13) can then be deduced
from (B.12) by using the relation (A.28) between the functions Zg ,, and Jg .
For (B.14), by using successively (A.6), (B.16), (B.12), and [6, App. A.5] one gets
:FlF( +m — 2ﬁk) (5)§m
NS

L Loim_ B
CFivm B ) ( FE%*%)I 5, (2kx)+Ts _m(zm))
! m 2 2k

N sin(27m) \ 2k o 2%) ,
— :Fl\r oTim2m g+m E 3—m
N sm 27rm ( ) I%’m(Qk::v) + <2k:) Iz%v*m(mm)) + 0(1)

(-
= T (= T ()i Ty (2y/B) + (B2) T-am(2/B2) ) + o(1)

sm 27rm

= (B2) 1M, (2/Br) + o(1),

where we have used that + arg (%) €]0, 7] and that |arg (— 2%)‘ < m—e¢fore>0. The
equality (B.15) can then be deduced from (B.14) by using the relation (A.29) between
the functions Kg,, and Hgm O

The following lemma plays a key role in the above proof.

Lemma B.3. Let a,b € C. For |z| — oo with |arg(z)| < m —e and € > 0 one has

lim F(CL + Z) bea

Jim TP =t (B.16)

Proof. Recall first the logarithmic version of Stirling formula [1, Eq. 6.1.41]:
1 1 1
In (T'(2)) = zIn(z) — z + 3 In(27) — 3 In(z) + O(;)
This readily implies that
In (P(a+2)) —In (C(b+2)) + (b —a)In(z) — 0.

After exponentiation it leads to the statement. O

B.8 Integrals for zero eigenvalue solutions of the Whittaker equation

Based on the results of the previous sections and on Lemma A.1, one easily gets:

Proposition B.4. Let k € C with Re(k) > 0 and let 8 € C with £Im(y/B) > 0. If
m € C with |Re(m)| < 1, one has

/0 " (Be) ¥ g 2V BK (k)
= i (27[']‘3/8)% (%)_m o eIiZTrm (%)m ) B.17
¥ (F( S EpR— (B.17)

sin(27m) I—m— 2%) r(L+m- %
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Observe that the r.h.s. of (B.17) can be extended by continuity to m € {0, %} with

01 025 (o5~ ) - () )

2k
m=;:iiﬁp(il}k)<§¢( )+ 30(1 ) (zi)i”)

In the next proposition, we consider the integral of ((Ba:)%Hécm(%/ [31:))2 which can-
not be computed by the same means.

(B.17)|

Proposition B.5. Let 8 € C with £Im(y/B) > 0. For all —1 < Re(m) < 1, one has

m(4m? — 1)e:Fi7r2m

/000 <(ﬁx)i7—[§tm(2 ﬂx)>2dx = (3,8 @) (B.18)

Proof. Let us consider for [Re(m)| < 2 the integral [~ y*Kam(y)?dy. After a change of
variable and by taking into account the relation between the MacDonald function for
dimension 1 and the usual MacDonald function one infers from [33] that

% 2
/ Y2 Kom(y)2dy = —T'(2 — 2m)T(2 + 2m)
0 37T

‘;':(1 —2m)(1 + 2m)I(1 — 2m)T(2m)
4m
= m@ —4m?). (B.19)

Note that this result can also be obtained by an analytic continuation of the result
obtained in B.6. By a contour integration with a vanishing contribution at infinity, one
gets that for £Im(y/3) > 0,

/000 <(Bm)%7{2im(2 ﬁa:))Qdm

1 [o.¢]
= 2/ 2 B:L'ejF”r(Qer Kam (eqE 22\/61')
0
e:Fi7r2m ) )
- K 2dy.
5 ), Y 2m(y) " dy
This leads to the statement of the proposition. O

Remark B.6. Curiously, a naive computation suggests incorrectly that

| (6oin,0v6) =0

Indeed, for m & { - %,0,%} and k € C with Re(k) > 0, and such that :I:(arg(ﬁ) -
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arg(k)) €le,m — e[ with e > 0, one has

/0 (Bx)iHE 2\/@%1%(5{:);”%2%”(%@]@ (B.20)

::FlW(i)ém/o 5. (2V/B)C 5 (2ka)d

_ /8 P(l—i_m_QBk)(ﬁ) 2m_e:|:iﬂ'2m
sin(27wm) INE 7) 2k '
By taking a limit as k — 0, one obtains from Lemma B.3 that

: F( +m Bk) ﬁ —2m im2m | __
%%(W(gﬁ —erm ) =0. (B.21)

Although by (B.14) the term in the square braket of (B.20) converges pointwise to
(,Bm)iﬂfm(%/ﬁx), a limit limg_,o and the integral in (B.20) can certainly not be ex-
changed, since otherwise it would lead to a contradiction.

To conclude, we give a lemma which was used in the proof of Proposition 3.15.
Lemma B.7. For |z| — oo with |arg(z)| < ™ —¢ and € > 0 one has

b—c (b—c)(l=b—c¢)
z + 222
b—c)[1 —3(b+c)+2(b%* + b+ 2 1

Gl (+613+ (b° + be + )]Jro(i)

W(b+2)—(c+2) =

-4

Proof. The asymptotic expansion of the 1 function is provided in [1, Eq. 6.3.18] and
reads as |z| — oo with |arg(z)| <7 —¢ and £ > 0:

1 1

1
Vi) =z = os — et O(?)‘
Hence
P(b+2) —Y(c+ 2)
1 1 1 1 1
= In(b - — -1 o|—
n(b+2) 2(b+2) 12(b+2)? n(e+z)+ 2(c+ z) * 12(c+ 2)? + (z4>
1 1
=n(l1+-) - -
n< Z) 2:(1+2)  1222(1+2)2
1 1 1
“1n(1 -
n(1+7)+ 22(1+9) | 1222(1+ 9)2 +0( )
b—c -’ +b—c b—c—3b>+32+2° -2 1
oz + 222 623 * O(;)
which leads directly to the statement. O
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