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ABSTRACT. This article is devoted to the boundary stabilization of a non-homogeneous n-
dimensional wave equation subject to static or dynamic Neumann boundary conditions. Using
a linear feedback law involving only a damping term, we provide a simple method and obtain an
asymptotic convergence result for the solutions of the considered systems. The method consists in
proposing a new energy norm. Then, a similar result is derived for the case of dynamic Neumann
boundary conditions with nonlinear damping feedback laws. Finally, the method presented in this
work is also applied to several distributed parameter systems such as the Petrovsky system, coupled

wave-wave equations and elasticity systems.
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1. INTRODUCTION

Let €2 be a bounded open connected set in R having a smooth boundary I' = 052

of class C%. Given a partition (g, ') of ', consider the following wave equation:
yu(z,t) — Ay(z,t) =0, in Q x (0,00) (1.1)
with either static Neumann boundary conditions and initial conditions

Oay(z,t) =0, on Iy x (0,00)
) =Ul(t), on I'y x (0,00) (1.2)
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or dynamical Neumann boundary conditions and initial conditions

p

m(x)yy(z,t) + 0ay(x,t) =0, onTy x (0, 00)
M (z)yy(x,t) + 0ay(x,t) = U(t), onI'y x (0,00)
y(z,0) = yo(z) € H'(Q), ye(2,0) = 20(z) € L*(9),

Yelr, (2, 0) = wy(z) € L*(To), yilr, (2,0) = wi(x) € L*(T1),

\

(1.3)
where A = ZZj:l @(aij@j), 0,4 = ZZj:l Cl,z'jl/jaj, ak = a;gk, V= (1/1, ceey Vn) is the unit
normal of I pointing towards the exterior of Q and a;; € C'(Q) such that there exists

ap > 0 satisfying

n n
Q55 = Qjq, VZ,j = 1,...,n, ZCLUQE]‘ ZO&()ZE?, V(El,...,En) € R™ (14)
i=1

ij=1
Moreover
m € L*(Ly); m(z) > my > 0,Va € Ly; 15)
1.5
M e L°°(F1), M(l’) > M; > O,VI’ el.
Furthermore, U is a feedback law depending only on a damping term, that is,
U(t) = —a(z) ye(z,t), (2,t) € I'1 x (0, 00), (1.6)
where the function a satisfies
a € L>(Ty); a(x) > ap > 0,Vx € T'y. (1.7)

Note that I'; is supposed to be nonempty (vol(I';) # 0) whereas I'y may be empty.

In this article, it is proved that the solutions of each of the above closed loop
systems (1.1)-(1.2) and (1.6) as well as (1.1), (1.3) and (1.6) asymptotically tend

towards a constant depending on the corresponding initial data.

There is a rich literature concerning the stabilization problem of the wave equa-
tion with static boundary conditions (1.1)-(1.2) and (1.6) (see [2], [5]-[8], [26], [28]-[31],
[33], [35]-[38] and the references therein). In all references cited above, at least one

of the following conditions is assumed to be satisfied:

e the equation (1.1) involves also the displacement term y.

e the stabilizing feedback law U(t) contains not only a boundary dissipation
y; but also a boundary displacement y.

e the first boundary condition in (1.2) involves the displacement term y (the
boundary condition (1.2) is replaced, for instance, by y = 0 or 04y +y =0
on I'y x (0,00)).

In other words, the term y is present in the closed-loop system. This type of as-

sumption was impossible to circumvent for the stabilization of the wave equation
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because most of the authors defined the energy-norm of the system on the state space
H'(Q) x L*(Q) as:

1 n
Ey(t) = 5/{) (Z aij0iydyy + \%\2) dz,

ij=1
which is only a semi-norm in our case. Note that J. Lagnese [27] has proved the
energy decay of Ey(t) in the case when I'y = 0 and a;; = ¢;; for the closed-loop
system (1.1)-(1.2) and (1.6). Nevertheless, the proof of this result is very technical

and requires a preliminary result (see Theorem 2 in [27]).

We also point out that in the case when a;; = d;;, m = 0 and M = 1, it was
shown in [39] and [40] that the closed loop system (1.1), (1.3) and (1.6) is strongly

stable but under two restrictive conditions:

e the domain € is a bounded open set in R? (n = 2).

e y = 0 on a part of the boundary I' = 952.

The main contribution of this paper is twofold: (i) to provide an alternative proof
of Lagnese’s result [27] by means of a simple and direct method and (ii) to extend
the results of [13], where the one-dimensional equation is dealt with, and those of [39]
and [40] to a general domain in R" and a general operator A without any boundary
displacement term y in the system. The key idea of the proof is to introduce the

following new energy associated to the closed-loop system (1.1)-(1.2) and (1.6):

1 n
E(t) = 5 {/Q (Z a;;0;y0;y + |yt|2> dx

i,j=1

+6[/Qytdx—i—/rlaydar}, (1.8)

where € > 0. Note that E(t) is a perturbation of the energy Ey(t) used in literature.
As mentioned above, the choice of the new energy F(t) is justified by the fact that
the usual energy function Ey(t) only induces a semi-norm on the state space H*(§2) x
L?(Q) for the closed-loop system (1.1)-(1.2) and (1.6). In fact, the constants are
solutions of (1.1)-(1.2) and (1.6) and have null energy for Ey(t). Moreover, an easy
formal computation shows that

B(t) = —/ ayl2do < 0, (1.9)

Iy

and thus the energy E(t) is non-increasing,.

Concerning the closed-loop system (1.1), (1.3) and (1.6), the following energy is

considered:

1 n
Eqy(t) = 5{/9 <Z aij@yajyﬂytl?) dz + A mly* do + | Mly|* do

i,j=1 N}
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2
+h l/ yedx + mytd0+/ (My; + ay) da} }, (1.10)
Q I r,

where > 0. A formal calculation gives
Ey(t) = —/ aly*do <0, (1.11)
I

and thus the energy FEy(t) is non-increasing.

The main results of this article are:

(1) For any initial data (yo,z0) € HY(Q) x L*(Q), the solutions of the closed-loop
system (1.1)~(1.2) and (1.6) satisfy: (y(t),v:(t)) — (x,0) in HY(Q) x L*(Q) as

t — 00, where
-1
X = (/ ada) {/ zodx+/ ayoda}. (1.12)
I Q I't

(11) The solutions of the closed-loop system (1.1), (1.3) and (1.6) stemmed from any
initial condition (yo, 20, wd, wy) € H'(Q) x L*(Q) x L*(Ty) x L*(T'y) satisfy:

(y(t>7yt(t)7 yt|F0(t)7 yt|F1 (t)) I (X7 07 Ov 0) ast — 0,

where x is defined by (1.12).

The nonlinear case of boundary control is also treated in this paper which is
organized as follows. In the next section, the well-posedness and the asymptotic
convergence of solutions for the wave-static boundary conditions system (1.1)-(1.2)
and (1.6) are established. Section 3 is dedicated to the wave equation with dynamical
boundary conditions. More precisely, we shall prove that such a system is well-
posed in the sense of semigroups theory and its solutions converge asymptotically to
a constant for both linear and nonlinear damping controls. Some of the results of
these two sections have been partially announced without detailed proofs in [11, 12]
for simpler systems. Section 4 is devoted to applications for several systems such as
Petrovsky system, coupled wave-wave equations and elasticity systems. Finally, in

the last section, some open problems are discussed.

2. THE WAVE EQUATION WITH STATIC BOUNDARY
CONDITIONS

2.1 Preliminaries and well-posedness of the problem. In this subsection,

we study the existence and uniqueness of the solutions of the closed-loop system
(1.1)-(1.2) and (1.6). Consider the state space

T = HY(Q) x L*(Q),
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equipped with the inner product

<(y,z),(ﬂ, 2)>T = /{; (Z aijﬁiyﬁjg‘i‘/zg) dzx

i,j=1

+e (/de:c—l—/rlayda) (/Q,%dmjL/Flagjda), (2.1)

where € > 0 is a constant to be determined. The first result is stated in the following

proposition:

Proposition 2.1. The state space Y = HY(Q) x L?(Q) endowed with the inner product
(2.1) is a Hilbert space provided that € is small enough.

Proof of Proposition 2.1. It suffices to show that the norm || - ||+ induced by
the inner product (2.1) is equivalent to the usual one || - || ;1) 12(0), that is, prove the

existence of two positive constants K and K such that

KH(y7Z)||H1(Q)><L2(Q) < Iy, 2)[I+ < f(||(y, z)HHl(me?(n)- (2.2)

On one hand, applying Holder’s inequality and using a trace Theorem [1] (see also
[32]) and noting that there exists ay > 0 such that

Z a;jei€; < oy Z .V (e1,...,6,) €R", (2.3)

ij=1 i=1
yields:

Iy, 217 < / (e Vy[* + [1 + 2evol(Q)]]2[*) d
Q
+2€||CLH2001V01(F1) (/ (|Vy‘2 + ‘y‘2) dl’) s
Q

where || || = || ||, and C} is a positive constant depending on Q (see [1] or [32]).

Therefore the direct inequality of (2.2) holds for a positive constant K depending on

C4, aq, €, a, vol(I'7) and vol(Q2). For the reverse inequality, we proceed as follows:

n 2 2
Iy, 2)||2 = /Q<Z aijﬁiyﬁjy+\z|2> dm+e</ﬁzdx) —|—€</F ayda)

i,j=1

+2e ( / a da) ( / zdx) . (2.4)

Obviously for any ¢ > 0, Young’s inequality gives

2 </Flayda) (/de) > gt </dex)2—6(/mayda)2. (2.5)

Combining (1.4), (2.4) and (2.5), we get

H(y,z)||32/Q(ozo|Vy\2+\z|2) do + (1 — 6°1) (/dex)2+e(1—5) (/Flayda)z.

(2.6)
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Using a classical compactness argument, one can show the following generalized

Poincaré inequality:

2
/|y|2d:c§02{/ |Vy|*dz + (/ ayda) }
Q Q Iy

where Cy > 0 depends on () and a. This implies that

2
(/ ayda) Zi/ |y|2dx—/|Vy|2dx. (2.7)
I C2 Jo Q

Inserting (2.7) into (2.6), it follows that

I, 25 = /Q{ [e(1=0)C ] [yl* + [oo — e(1 = 0)] [Vy|* + |Z\2}dl’

(5 —1)57! </Q : dx)2 | (2.8)

for any 0 < 0 < 1. Finally, applying again Holder’s inequality to the last term, one
can show the existence of a positive constant K depending on Cs, oy, a, § and vol(£2)
such that the reverse inequality of (2.2) holds, provided that 0 < § < 1 and e satisfies

the following condition

0<e<mi do 0
ST U owol(Q) [

This concludes the proof of Proposition 2.1. o

We turn now to the formulation of the closed-loop system (1.1)-(1.2) and (1.6)
in an abstract form in Y. Let z(t) = y(t) and ®(¢) = (y(¢), 2(t)). Then, the closed
loop system can be written as follows

{ D,(t) = Td(t), (2.9)

®(0) = D9 = (Y0, 20),

where T is an unbounded linear operator defined by:

D(T) = {(y, 2) € HY(Q) x HY(Q); Ay € L*(Q): day = 0onTo, 4y + az = OonFl}
(2.10)
and for any (y,2) € D(T),
T(y, z) = (2, Ay). (2.11)

Now we are able to state a well-posedness result for the closed-loop system (2.9):

Lemma 2.2. (i) The linear operator T, defined by (2.10)~(2.11), generates a Cj
semigroup of contractions S(t) on Y = D(T).

(ii) For any initial data ®y = (yo, 20) € D(T), the system (2.9) admits a unique strong
solution ®(t) = (y(t),y:(t)) = S(t)Py € D(T) for all t > 0 such that ® = (y,y;) €
CHRT; T)NC(RY; D(T)). Moreover, the function t — |T®(t)||y is non-increasing.

(i1i) For any initial data ®o = (yo,20) € T, the system (2.9) has a unique weak
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solution ®(t) = (y(t),y(t)) = S({t)Py € Y for all t > 0 such that ® = (y,y;) €
C(R*;T).

Proof of Lemma 2.2. (i) Let ¢ = (y,2) € D(T). Using Green formula, one can

obtain after a straightforward computation

< T(y, 2), (y, 2) >r= —/ alz|* do < 0. (2.12)

Iy

Therefore —T is monotone. Moreover, using Lax-Milgram Theorem [4], one can prove
that —T is maximal, that is, range(/ —T) = Y. Thus, Lummer-Phillips Theorem [34]

leads us to claim that T generates a Cj semigroup of contractions S(¢) on T = D(T).

(ii)—(iii) These claims are direct consequences of semigroup theory [34]. o

2.2 Asymptotic behavior. In this subsection, we will show an asymptotic behav-
ior result for the unique solution of the system (2.9) in T. To do so, we shall first

show the following lemma:

Lemma 2.3. The resolvent operator (A —T)™" : T — Y is compact for any X\ > 0
and hence the canonical embedding i : D(T) — Y is compact, where D(T) is equipped
with the graph norm.

Proof of Lemma 2.3. Based on the proof of Lemma 2.2 and using Sobolev
embedding, one deduces that (I — T)™" is compact. The proof of Lemma 2.3 follows

then from the well-known result of Kato [24]. o

The first main result of this paper is:

Theorem 2.4. For any initial data ®o = (yo, 20) € Y, the solution ®(t) = (y(t), y:(t))
of (2.9) tends in Y to (x,0) ast — oo, where

X = (/Flada)_l </ondzv+/rlayoda).

Proof of Theorem 2.4. Using the density of D(T?) in T and the contraction
of the semigroup S(t), it suffices to prove Theorem 2.4 for smooth initial data &y =
(v0,20) € D(T?). Let ®(t) = (y(t),u:(t)) = S(t)®o be the solution of (2.9). It
follows from the second part of Lemma 2.2 that the trajectory of solution {®(¢)},s,
is a bounded set for the graph norm and thus precompact by virtue of Lemma 2.3.
Applying LaSalle’s principle, we deduce that w (®g) is non empty, compact, invariant
under the semigroup S(¢) and in addition S(t)®y — w (Py) ast — oo [23]. In order
to prove the result, it suffices to show that w (®g) reduces to (x,0). To this end, let
o = (o, %0) € w(Pg) € D(T) and ®(t) = (§(t), :(t)) = S(t)®; € D(T) the unique
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strong solution of (2.9). Recall that it is well-known that ||®(t)||; is constant [23] and
thus 4 (||<i>(t)y|§) —0, ie.,

(T®, D), = —/ alz|? do = 0. (2.13)

Iy

This implies that Z = g, = 0 on ['; and therefore g is solution of the following system:

Yu — Ay =0, in £
047 = 0, on I'y
Yr = 04y = 0, on I'y (2.14)

t
(0) = Jo; :(0) = Zo, in 0

and Z = y; is solution of

Ztt — Ag = 0, n Q
042 =0, on Iy
(2.15)
Z=0x2=0, on I'y
2(0) = 20, 2t(0) = A’go, in €.

Obviously, to deduce the desired result, it suffices to show that § = constant is the
only solution of (2.14). To do so, we first use the standard Holmgren’s uniqueness
theorem for the system (2.15) to conclude that Z = 0. Thus the system (2.14) is
reduced to an elliptic problem:

Aj=0, inQ
04y =0, on Iy
04y =0, on I}y,

which clearly yields that § = constant. Thus, we have proved that for any ®, =
(70, 20) € w (®g) € D(T), the solution ®(t) = (§(t),(t)) = S(t)Pe € D(T) satisfies
(1), 5:(t)) = (x,0), for any t > 0, where x is a constant. In particular, &, =
(G0, Z0) = (x,0) and hence the w-limit set w (Py) consists of constants (x,0). Now, we
shall find the explicit expression of the constant x. Let (x,0) € w (®g). This implies

that there exists {t,} — 0o, as n — oo such that

O(tn) = (y(tn), yi(tn)) = S(tn) o — (x, 0) (2.16)

in the state space T = H'(Q) x L?(Q2). Furthermore, any solution of the closed-loop
system (1.1)-(1.2) and (1.6) stemmed from @y = (yo, 29) verifies

% {/Qyt(a:,t) dx + /Fl ay(z,t) da} =0.
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(This can be obtained by integrating yy(x,t) — Ay(z,t) = 0 with respect to z, then
using Green formula and finally using the boundary conditions (1.2) and (1.6).) Hence

Jo ve(x, t) do + frl ay(x,t) do is constant and so

/Qyt(:c,t)d:c—i-/ ay(z,t)do = /Qyt(x,O)dx—i-/ ay(z,0) do

F1 1—11

_ /Q zo(x) dz + / ayo(x)do.  (217)

I
Finally, let t = ¢,, in (2.17) with n — oo and use (2.16) to obtain:

X = (/Flada)_l (/ondﬂ/nayoda).

This achieves the proof of the theorem. o

3. THE WAVE EQUATION WITH DYNAMICAL BOUNDARY
CONDITIONS

In this section, we treat the case when the boundary conditions are dynamical.

Indeed, we shall consider both linear and nonlinear damping control.
3.1 Dynamical boundary conditions with a linear damping control.

3.1.1 Well-posedness of the problem. In this part, we study the well-posedness
of the problem (1.1), (1.3) and (1.6). To do so, let us consider the state space

Ty = H'(Q) x L2(Q) x L*(T) x L*(T),

equipped with the inner product

<(y,2,w0,w1),(?],2,7110,71]1)> = / (Z al]alyajg_l_z'g) dl'+ mUJ(ﬂZJO dO"l‘
T, Q

ij=1 Lo
Mw1w1d0+u(/zdsc+ mwoda—i—/ (Mw; + ay) da)
Q T'o Iy

I

X (/2d93+ mwg do + (M + ag) da),
Q T'o

I

(3.1)
where p > 0 is a constant to be determined. We have the following proposition:

Proposition 3.1. The state space Y, equipped with the inner product (3.1) is a
Hilbert space provided that p is small enough.

Proof of Proposition 3.1. We just need to show that the norm || - ||+, induced
by the inner product (3.1) is equivalent to the usual one denoted by || - ||, that is,

prove the existence of two positive constants K and K such that

K||(y7 Z7w07w1>H < H(yVZ?wO?wl)HTd < KH(:%Z?wO?wl)H‘ (32>
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On one hand, using (1.5) and applying Cauchy-Schwartz inequality yields:

1(y, 2 wo, wi)l3, < /(Zaz’j@-y@ijZIQ) dz + m|l. | |wol*do
Q

i,j=1 To

2 2
+HIM | [ wi]?do + 4p </ zdx) +4u ( mawg da)
I Q 1)

2 2
+4p ( Muw, da) +4u (/ ay da) . (3.3)
Fl 1—\1

Then we apply Holder’s inequality for the four last terms of the right-hand side of
(3.3) and use (1.5), (1.7) to get

1y, 2, wo, w7, < /[al\vy|2+(1+4uvol(9))|2\2}df€+0m [wol” do
Q

To
+CM/ lor |2 dor + 4palfal|%. vol(T') </ \y\2da),
Fl F1

where C,,, = ||m||. [1 + 4u||m|| vol(To)], Car = ||M]| [1 + 4p||M]| vol(T'y)] and
a; is defined in (2.3). On the other hand, using a trace Theorem [32], the above

inequality becomes
1w, 2o )2, < (on + dyaflal2.Cr vol(Ty) / VyP de
Q

+4,uHa||iC’1V01(F1)/|y\2dx+(1—|—4,uvol(Q))/\z|2dx
Q Q

+Cm |U)0|2d0'+CM |w1|2 dO',
To I

where (] is a positive constant depending on 2 (see [32]). Therefore

Gy I3, < Kl 2) I @20

where K is a positive constant depending on on, p, [|allo, ||[m)w, | M|, vol(I;),

i =0,1 and vol(2). For the reverse inequality, we proceed as follows:

I 2w w2, = [

Q

(Z a;;0;y0;y + |z|2> dx—i—/ ml|wo|*do + [ M|w:|?* do
To I

ij=1

2
+1 {/ zdr+ [ mwydo +/ (Mw; + ay) da] (3.4)
Q T I

2
+u [/ ayda] +2u [/ ayda]
I I'1

X [/Zd(ﬂ+ mw0d0+/ (Mw; + ay) da]
Q T'o Iy
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Applying Cauchy-Schwartz inequality to the last term yields

2[/ ayda] {/zdxjt mwoda+/ (Mw; + ay) da}
I Q Ty I 35)

2 > (3.
> ¢! </zd:)3+ mw0d0+/ (Mwy + ay) da) —5(/ ayda) ,
Q Fo Fl 1—\1

for any > 0. Now, using (1.4), (1.5) and combining (3.4) and (3.5), we get
I|((y, z,wo,wl)Hid > / (a0 Vy|* + |2]?) dz + mO/ lwo|? do + M1/ lw:|? do
Q To N}

2
+u(l—61) (/dex+ A mwoal0'+/F (Mwy + ay) da)
0 1

(1 — ) (/ ayda)z.
(3.6)

Choosing 0 < § < 1 and applying Cauchy-Schwartz and Holder’s inequalities for the
2
term (fQ zdx + [, mwodo + [ (Mw; + ay) da) of the right-hand side of (3.6), we

obtain
I 2w w)l?, = [ aolPyPdet (1= 3u(1 =55 vol) [ |of do
Q Q

+my (1 — 3umo(1 — 6)5~" vol(Ty)) lwo|? do (3.7)
To

"‘Ml (1 - 3MM1(1 - 5)5_1 VOl(Fl)) |w1|2 do

et =) ([ aydgf.

Inserting (2.7) into (3.7) yields
2wl = L= 8)aEC" [ [yl de+ (o0 = (1 = )ai) [ [V da
(1= 3u(1 — )5 vol() /Q 12| da
+my (1 — 3umo(1 — )0~ " vol(Ty)) / lwo|? do

To

+M; (1= 3pM;i(1—8)6~ " vol(I'y)) lwi|? do,

Iy
for any 0 < 0 < 1. Finally, provided that p satisfies the following condition

g ) ) )
(1—=10)az’ 3(1 —d)vol(Q2)” 3(1 — d)mgvol(Ty)” 3(1 — 5)M1v01(f‘1)) ’

0<,u<min<

one can provide a positive constant K depending on «g, my, ag, M1, 6, Cs, vol(€2) and
vol(I';), i = 0,1 such that the left inequality in (3.2) holds. This concludes the proof
of Proposition 3.1. o
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We turn now to the formulation of the closed-loop system (1.1), (1.3) and (1.6)
in an abstract form on Yy Setting z = y,wo = 2|, w1 = 2[r, and P(t) =

(y(t), z(t), wo(t), w(t)), the closed loop system can be written into the following form:

@(O) = q)O = (y07 20, w(0)7 UJ?),
where T, is an unbounded linear operator defined by:
D(T) = {(v. 2, w1) € H(Q) x HI@) x L0 x LT o
Ay€L2(Q)awO:Z|Fo>w1:Z|F1}> .
and for any (y, z, wg, wy) € D(Ty),
T )= (2 Ay, — L0, — = (aws + Oay) (3.10)
d(y7sz07w1 =\ %, A4y, m AY, M awy AY . .

The well-posedness result for the closed-loop system (3.8) is:

Lemma 3.2. (i) The linear operator Ty, defined by (3.9)—(3.10), generates a Cj
semigroup of contractions Sq(t) on Tq = D(Ty).

(ii) For any initial data ®y = (yo, 20, w),w?) € D(Ty), the system (3.8) admits a
unique strong solution ®(t) = (y(t),y:(t), wo(t), w1(t)) = Sq(t)®y € D(Ty) for all
t > 0 satisfying ® € C*R';Ty) N C(RT; D(Ty)). Moreover, the function t ——
|Tq®(t)]x, is non-increasing.

(iii) For any initial data ®¢ = (yo, 20, wd, w?) € Y4, the system (3.8) has a unique
weak solution ®(t) = (y(t), y:(t), wo(t), w1 (t)) = Sa(t)Po € Yy for all t > 0 verifying
o e C(RT;Ty).

Proof of Lemma 3.2. (i) Let ¢ = (y, 2, wy, wy1) € D(Ty). Using Green formula,

one can obtain after a straightforward computation
(Tl 200, 0), 0 22,00, = — [ alunPdo <0 (3.11)
I

Therefore —Ty is monotone. Now, given (f,g,&,1m) € T4, we seek (y, z,wp,wq) €
D(Ty) solution of the equation (I — Ty)(y, z, we, w1) = (f, g,&,n), that is,

p

y—2z=f in Q2
z— Ay =g, in Q2
1
wo + —0ay =&, onl,
1
wy + — (awy + Jay) =mn, onl}y.
\ M
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Then eliminating z and using wo = z|r,, w1 = 2|r,, we find that y satisfies the system

Ay—y=—(f+g) € L*(), inQ)
1
y+ —0ay =¢, on Ty (3.12)
a 1 a

Using Green formula, one can prove that the system (3.12) is equivalent to the fol-

lowing variational equation:

/Q<yw + Z a,-j@-yﬁjw) dx + . my do + /Fl(M + a)yy do

h,j=1

(3.13)
Z/Q(f+g)¢dx+

for any ¢ € H'(Q). Thanks to Lax-Milgram Theorem [4], one can prove that (3.13)

admits a unique solution y € H'(Q). Then defining z =y — f, wy = 2|y, and wy =

mgwda+/ (Mn+ (M +a)f)¢do,

To Iy

z|r,, we find that the element (y, z,wo, w1) € D(T4) and is solution of the equation
(I —Ty)(y, z,we,w1) = (f,9,&,n). Thus —T is maximal, that is, range(I —T,) = T4.
Finally, Lummer-Phillips theorem [34] permits us to claim that T, generates a Cy

semigroup of contractions S(t) on Y, = D(Ty).

(ii)—(iii) These claims follow from semigroups theory [34]. o

3.1.2 Asymptotic behavior for the solution of (3.8). We will now show an
asymptotic behavior result for the unique solution of (3.8) in T4. To do so, one
can use Lemma 3.2 and Sobolev embedding to show that the canonical embedding
i: D(Ty) — Yy is compact, where D(Ty) is equipped with the graph norm. Therefore
(I — T4)™" is compact and the spectrum of T, consists of only isolated eigenvalues
with finite multiplicity [24].

The second main result of this paper is:

Theorem 3.3. For any initial data ®y = (yo, 20, wy, w?) € Yq, the solution ®(t) =
(y(t), ye(t), wo(t), w1 (t)) of (3.8) tends in Ty to (x,0,0,0) as t — oo, where

X = (/Flada)_l{/ondw/nayoda}.

Proof of Theorem 3.3. By a standard argument of density of D(T?) in Y4 and
the contraction of the semigroup Sy(t), it suffices to prove Theorem 3.3 for smooth
initial data ®y = (yo, 20, w), w?) € D(T?). Let ®(t) = (y(t),y:(t), wo(t), w1 (t)) =
Sa(t)Pg be the solution of (3.8). It follows from Lemma 3.2 (ii) that the trajectory
of solution {®(t)},s, is a bounded set for the graph norm and thus precompact by
virtue of the compactness of the operator (I —Ty)”'. Applying LaSalle’s principle,

we deduce that w (®g) is non empty, compact, invariant under the semigroup Sy(t)
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and in addition Sy(t)®y — w (Pg) as t — oo [23]. In order to prove the strong

stability, it suffices to show that w (®y) reduces to (x,0,0,0). To this end, let Oy =

(o, Z0. o, 1) € w(Po) C D(Tq) and () = (§(t), Gu(t), wo(t), w1 (t)) = Sa(t) o

D(Tg) the unique strong solution of (3.8). Recall that it is well-known that [|®(%)]|,
2FE,(t) (see (1.10)) is constant [23] and thus % (||<i>(t)||§d) =0, i.e,

m

E4(t) = (Ty®, ®), = 0. (3.14)

This, together with (3.11) (see also (1.11)), implies that wy = y;|r, = 0 and therefore

7 is solution of the following system:

(

g — Ay =0, in (2
myy + 0ay = 0, onTly,
Ur = 04y = 0, onT'y, (3.15)

§(0) = go; %:(0) = Z5,  inQ
| 7€ HY(Q); Ag € L*(Q).

A straightforward computation shows that Z = ¢, is solution of

p

Ztt — Aé = 0, an
Z=042=0, onTIy,
(3.16)
Z=04z2=0, onl'y,
| 2(0) = Zo; %(0) = Ago. infL.

Obviously, to deduce the desired result, it suffices to show that § = constant is the
only solution of (3.15). To do so, we first use the standard Holmgren’s uniqueness
theorem for the system (3.16) to conclude that Z = 0. Thus the system (3.15) is
reduced to an elliptic problem:

Ag =0, in{)

day =0, only,

04y =0, onl'y,
which clearly yields that 7 is constant. This, together with (3.14), implies the desired

result in the same way as for the proof of Theorem 2.4. o

Remark 3.4. Integrating with respect to x and ¢ and using Green formula for the
closed loop system (1.1)-(1.2) and (1.6) (resp. (1.1), (1.3) and (1.6)), we obtain the

following identity:
/ytdx—i-/ aydo = / zodx—i-/ ayo do.
Q Fl Q 1—‘1

Therefore, if the initial values (yo and zj) satisfy the additional condition

/zodx+/ ayodo = 0,
Q I
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then the constant y of Theorem 2.4 (resp. Theorem 3.3) is zero. In other words, the
energy defined by (1.8) (resp. (1.10)) tends to 0 as t — oc.

3.2 Dynamical boundary conditions with a nonlinear damping control.
The aim of this subsection is to extend the previous results to the case of nonlin-
ear feedback control. For sake of simplicity and without loss of generality, we shall

consider the system with constant coefficients

;

yu(z,t) — Ay(z,t) =0, in  x (0,00)
myu(z,t) + ,y(x,t) =0, on I'y x (0, 00)
My (x,t) + 0,y(x, t) = — f(y(z, 1)), on I'y x (0,00)

y(,0) = yo(x) € H'(Q), w(x,0) = 20(x) € L*(Q),
Yilro(7,0) = wi(x) € L*(To), yelr, (2,0) = wi(zx) € L*(I'y),

\

(3.17)
where f satisfies the classical assumptions, namely, f is a non-decreasing continuous

function such that f(0) = 0. Here and in the sequel, 0, denotes the normal derivative.

Then, one can check that, although with such a function f, the energy defined in
(1.10) is not necessarily non-increasing. Hence a new methodology should be adopted.

Indeed, we shall consider, as in the previous subsection, our state space
Ty=HY(Q) x L*(Q) x L*(T'y) x L*(Ty),

but equipped with the new inner product

<(y7z7w07w1)7(g727w07w1)> = / (vyvﬂ_'_z’g) d$+ mwOwO do
Te VO To (3.18)

+M w1u~)1 do + P yg dO',
Fl F1

where p is any positive constant. Clearly, the norm induced by this inner product is
equivalent to the usual one. Then one writes the system (3.17) in the space T, as

follows:

{ ®,(t) + (B+ P)®(t) =0, (3.19)

q)(o) - q)() = (yOa ZOaw(O)aw?)a
where ®(t) = (y(t), 2(t), wo(t), w1 (1)), 2 = Y, wo = 2|r,, w1 = z|r, and B is a nonlinear
operator defined by:

D(B) = {(y, 2, wo, w1) € H(Q) x H' () x L*(Ty) x L*(I");

Ay € L*(Q), wy = 2|r,, w1 = 2|1, } ,

and for any (y, z, wg, w1) € D(B),

1

1
B(y> Z, Wo, wl) = <_Za _Aya Eal/?% M (f(wl) + aI/y + py)) .
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Moreover, P is a linear Lipschitz compact operator on Y, such that

P(yv Z,'lU(),'UJl) = (0?0707 _%y)

Our objective is to show that B is a nonlinear maximal monotone operator in T4 [3].

To do so, a straightforward computation gives:

<B(y,Z,U)0,U)1) - B(g727w07w1)7 (y7 va(]vwl) - (g727w07w1)>’rd

- / (f(wr) — F(0n)) (wr — i) dor > 0, (3.20)

for any ¢ = (y, z, wp, w1), (J, Z,Wo, w1) € D(B). Thus, the operator B is monotone
in Ty.
Next, we are going to show that B is maximal in T,. For this, given (u,v,&,n) €
T4, we seek a solution (y, z, wp, wy) € D(B) of the equation (I + B)(y, z, wy, wy) =
(u,v,&,7m), ie.,
y—Ay=u+wv, in (2

1
y+E0,,y:u+§, on Iy, (321)
1
(14 L) v+ — (Fy—w) + ) =u+n, onl,
with 2 =y — u, in Q, wy = 2|r, and wy = z|;,. Now let us define the function J on
H'(Q) by

I0) =5 [ @ Vo) deem [ o oran [ vtdo

To I

+/F1F(w—u) da—/ﬂ(u+v)¢dz—m/ (u+&vdo— M | (u+n)do,

To IR

where i
Fla) = / f(s)ds, Y € R.
0

From the assumptions on f, we deduce that J is convex, coercive and continuous in
H'(Q). Hence by a minimization theorem [41], there exists a function y € H'(Q)
such that

J(y) = inlf J ().
YeH(Q)

This implies that the function © : A — O(\) = J(y + A¢) admits a minimum at
A =0 and thus

(T 20 o =0, Vo € 10, 1),

This means that for any ¢ € H'(0, 1), the element y is a weak solution of the system
(3.21). Then one can show that y is indeed the unique solution (see [9, 10] and the
references therein for similar arguments for one-dimensional systems). Therefore the

operator B is maximal monotone on Y.
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This, together with the fact that P is a linear Lipschitz compact operator on
Ty, implies that the operator — (B + P) generates a Cy-semigroup S(t) on Ty (see
Remark 3.14, p. 106 in [3]).

Now, using the semigroups theory of nonlinear operators (see for instance [3]),
one can claim that for any initial data (yo, 20, w3, w?) € D(B), the system (3.17) (or
(3.19)) admits a unique strong solution (y, z, wo, w1) = S(t)(yo, 20, wd, w?) € D(B)

such that
d
%(ywsz(]awl) € L*¥(R™;Ty).

In turn, for any initial data (yo, zo, w3, w) € Y4, the system (3.17) (or (3.19)) has a
unique weak (y, z, wo, wy) = S(t)(yo, 20, wl, w?) € Ty such that

(y, 2z, wo, wy) € C(RT;Ty).

This yields in particular
/ wy (t) f(wi(t))dt < oo. (3.22)
0

Integrating the equation (3.17) and assuming that the function f is differentiable,

it follows that
/ y(x, t)de +m [ y(x,t)do+ / (My(z,t) + f'(0)y(z,t)) do = / yi(x,0) dx
Q To Iy Q

+m/ yi(z,0) da—l—/ (Muyy(z,0) + f'(0)y(z,0))do

Iy

tl“o
[ ] o) - fae.s) do
v (3.23)
Then, suppose that there exists a positive constant K such that f satisfies the fol-
lowing hypothesis:

[f'(0)s = f(s)| < Ksf(s), (3.24)
for any s in some neighborhood of 0. This leads us to claim that the solution
(y, z,wo, w1) = (Y, Yt, Ye|rys Y¢lr,) stemmed from any initial condition (yo, 2o, wf), w?)

in Y4 satisfies the following:

the function ¢ — (y, ¥¢, Y¢|r,» Y¢|r,) is bounded in Y.
This, together with (3.22)-(3.24), implies that as ¢ — oo, the solution

(y(t)7 yt(t)7 yt|Fo(t>7 ytlm (t>> - ()Zv 07 07 0) 9

where

¥ = (f'(0)vol (T})) ™" {/Q 2odx +m . w) do + /Fl (M + £(0)yo) do
i /OOO /pl <f,(0)w1(5) - f(wl(S))>da} .



558 B. CHENTOUF AND A. GUESMIA

4. APPLICATIONS TO OTHER SYSTEMS

The method presented in the previous sections can be applied for a large class of
distributed systems (where the classical energy defines only a semi-norm in the state
space) to prove that the solution converges to an equilibrium point (when the time
goes to infinity) which can be determined. We give here some particular applications
to Petrovsky system, coupled wave-wave equations and elasticity systems. There
are many results concerning the stability of this type of systems (see [14]-[22] and
the references therein) with different controls (linear, nonlinear, internal, boundary,
of memory,...) and different boundary conditions (Dirichlet, Neumann,...). In all
these works, the considered contexts of systems guarantee that the classical energy
defines a norm on the state space. This property is not valid in the case of our

applications.

1. Petrovsky system. Let 2 be a bounded open connected set in R™ having a
smooth boundary T' = 9 of class C* with a partition (I'p,T';). We consider the
following Petrovsky system:

(

yie(w, 1) + A2y(x,t) =0, in 2 x (0, 00)

Oy(x,t) =0, on I' x (0,00)

0, Ay(z,t) =0, on I'y x (0, 00) (4.1)
0, Ay(x,t) = ay(z,t), on I'; x (0,00)

y(@,0) = yo(2), ye(x,0) = z0(x), inQ

\

where a is defined by (1.7). The classical energy is defined by

~ 1
Buft) = 5 | (80P + uf?) da,

which is only a semi-norm for (y,y;) in the space
T, = H*(Q) x L*(Q).

The new energy associated to our system is defined by

E,(t) = Eo(t) + ¢ [/Qytd:cjt/rl aydar

which is a norm in T, equivalent to the usual one of H?*(Q) x L*(), for € > 0 small

enough. An easy formal computation shows that
B(t) =~ [ alufdo <o
IN]

and thus the energy E,(t) is non-increasing. Using LaSalle’s principle and following

the arguments used before, we obtain that, for any initial data T,, the solutions of
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the system (4.1) satisfy: (y(t),(t)) — (x,0) in T, as t — oo, where

X = (/Flada)_l{/ondw/nayoda}.

Remark 4.1. One can consider dynamical boundary conditions as (1.3); that is

(

Ovy(z,t) =0, on I' x (0,00)
—m(z)yu(z,t) + 0,Ay(x,t) =0, on I'y x (0,00)
_M(x)ytt(x> t) + aVAy(xv t) = ayt(xv t)> on F1 X (Oa OO)

y(z,0) = yo(z) € H'(Q), ye(2,0) = 20(x) € L*(),
Yelro (2, 0) = wy(x) € L*(To), yilr, (x,0) = wi(x) € L*(T),

\

(4.2)
where m and M are defined by (1.5). We obtain that (y(t), y¢(t), y¢|r, (t), |, () —
(x,0,0,0) in H*(Q) x L*(Q) x L*(Ty) x L*(T'y) as t — oo where Y is defined above.

Furthermore, one can propose on I'; a nonlinear damping term f(y;(z,t)) for the

system (4.2) and use the same arguments as in subsection 3.2 to obtain very similar

results.

2. Coupled wave-wave equations. We consider the following coupled system:

(

yu(z,t) + Ay(z, t) + buy = 0, in Q x (0,0)
Utt(flf,t) + BU(QE, t) + bytt = 0, in Q x (O, OO)

Oay(z,t) = dgu(x,t) =0, on Iy x (0,00)
8Ay<$, t) = _alyt(xvt)v on 1—‘1 X (07 OO) (43)
Opu(z,t) = —asuy(x,t), on I'y x (0,00)

y(I, O) = y0($), yt(x70) = ZO($), in (2
u(x,0) = ug(x), u(z,0) = vo(x), in Q,

where

A= Zzg 1 (aZ] ) B = Zz] 1 (bwa) -
04 = Zzg 1 aiv;0;, Op = Zzy 1 bijv05, aig, by € C1(Q)
such that there exist g, Fy > 0 satisfying

aij = afji,bij = bjz’, VZ,] = ]_, Lo,y
n
E awe,e]Zaog e E b”eze]>ﬁog e Y (e1,...,6,) € R™.
i,j=1 i,j=1

Moreover, a; and ay are defined as for the function a in (1.7), and b € L*°((2) satisfies

|bllc < 1. The classical energy is defined by

Eo(t) = 1/ <Za”8yajy+ > by 0ud; u> dx

2,7=1 i,7=1
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1
+ 5/ (Jyel? + Jue|* + 2byyuy) da
Q

which is only a semi-norm for (y,u, y;, u;) in the space
T, = (H'(Q))* x (L*(Q))*

The new energy associated to our system is defined by

Ey(t) = Eo(t) + € {/Q(b + 1) (ye + wy) dv + / (a1y + asu) alcr}2

I
which is a norm in T, equivalent to the usual one of (H'(2))? x (L*(Q))? for € > 0
small enough (note that, thanks to the fact that ||b||. < 1, the expression

/ (|yt‘2 + |Ut‘2 + Qbytut) dx
Q

defines a norm for (y;, u;) which is equivalent to that of (L?*(€2))?). A formal compu-

tation gives that
E,(t) = —/ (a1 |y + az Ju[*)do < 0,
I

and thus the energy E, () is non-increasing. Using LaSalle’s principle and following
the arguments used before, we obtain that, for any initial data (yo, uo, 20, Vo) € T,
the solutions of (4.3) satisfy:

(y(t), u(t), (1), ue(t)) — (x1,x2,0,0)

in T,, as t — 00, where

X1 (/1“1a1d0) + X2 (/Flagdd) = {/Q(l+b)(zo+v0)da:+/rl(a1yo+a2uo)da}.

If A= B, a; = ay and (Yo, 20) = (uo, vp), then it follows from the symmetry that

—1
X1:X2=(/ alda) {/(1+b)z0dx+/ alyoda}.
IN] Q Iy

Remark 4.2. (i) One can consider dynamical boundary conditions as in (1.3) and

then obtain the same result with the constants x; and y, defined above.

(ii) We can consider Neumann or dynamical boundary conditions only for y, and the

homogeneous Dirichlet one for u (or the reverse). In this case, we get

(y(t>7 u(t)v yt(t>7 ut<t)) - (Xv 07 07 0)7

X = (/Flalda>_1{/Q(leb)zodx—i—/Flalyoda}.

(iii) Similar results can obtained for a coupled Petrovsky-Petrovsky or wave-Petrovsky

where

system with Neumann or dynamical boundary conditions (as in (1.2) or (1.3) for the

wave equation, and as in (4.1) or (4.2) for Petrovsky one).
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(iv) In the case of dynamical boundary conditions, it is easy to check that a nonlinear
boundary damping term may be used to obtain similar results to those of subsec-
tion 3.2.

3. Elasticity systems. We consider the following elasticity system:

(Yo, t) = Y oyy(e,t) =0, i Qx(0,00),¥i=1,....n
Z?:laijyjzoa on [y x (0,00),Vi=1,...,n

(4.4)
> iy OigVj = —ayi(T, 1), onI'y x (0,00),Vi=1,...,n
| %i(2,0) = y)(2), yu(2,0) = 2)(2), inQ,Vi=1,...,n

i

Here y = (y1,...,yn) :  — R" is the solution, the a; are defined as @ in (1.7), 0y ; =

80”- . n 1 _ Oy; o 8yj 1/0
Dz, 05 = Zhl:l QijkI€KL, Eij = 5(%,;’ + yj,i)v Yij = %;.7 Yii = Ba, and ikl € C (Q)

such that there exists ay > 0 satisfying

Qijkl = Qilij = Qjikl, Vi, J, k0 =1,...,n,
n n
E Qijkl€ij€kL = Qo E €ij€ij
i,k l=1 i,j=1

for all symmetric tensor €;;. For more details concerning these systems, see [14]-[17]

and the references therein. The classical energy of this system is defined by

Eo(t) = %/Q (Z 0ij€ij + Z ‘yit|2> de,
ij=1 i=1
which is only a semi-norm for (y,y;) in the space
Te = (H'(2)" x (L*(Q)".
The new energy associated to our system is defined by

n n 2
/ Z Yir dx + / Z a;Y; da]
o r

14=1

Ee(t) = E(](t) +e€

which is a norm in Y, equivalent to the usual one of (H(Q2))" x (L*(Q))" for € > 0

small enough (here one needs to apply Korn inequality). We also have

Ee(t) = —/F ZCLZ' ‘yit|2do- S 0,

=1
and thus the energy E.(t) is non-increasing. Using LaSalle’s principle and following
the arguments used before, we obtain that, for any initial data (yo,29) € Y., the

solutions of (4.4) satisfy: (y(t),y:(t)) — (x,0) in Y. as t — oo, where xy =
(X1, .-+, Xn) and

Xn:Xi (/ aida) :{/zn:z?dx+/ Zn:aiy?da}.
i=1 I Q1 T
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If a; = aj, y) =y and z) = 2) for all 4,j = 1,...,n, then, by symmetry, we have
-1
Xi = (/ alda) {/ z?dm+/ aly?da},
I Q I
foralli=1,...n.
Remark 4.3. We can consider Neumann conditions for y;, ¢ = 1,...,r, dynamical
boundary conditions for y;, it = r 4+ 1,...,p, and the homogeneous Dirichlet ones for
Yi, t=p+1,...,n, where 0 < r < p < n; that is
( Z?:l OV = 0, on F() X (0, OO), Vi = ]_, e, T
Z;Ll oijvj = —a;yi(T, 1), onI'y x (0,00), Vi=1,....r
> -1 0iVj + My = 0, on Ty x (0,00), Vi=r+1,...,p (4.5)
2?21 OV + Miyitt - _aiyit(xv t)> on F1 X (Oa OO), Vi=r + ]-7 » D
L v =0, onI'x (0,00),Vi=p+1,...,n.

In this case, the energy of the system will tend to x = (x1,-- ., Xn), Where x; = 0 for
i=p+1,...,n, and

zp:Xi (/ aida> :{/zn:z?dx+/ zn:aiy?da}.
=1 Iy Q1 T

Moreover, the method adopted in subsection 3.2 can also be used to treat the case

when the damping boundary control is nonlinear.

Remark 4.4. Clearly, one can check that all the results stated in this work remain

valid if the damping control ay, is distributed, i.e., the equation (1.1) is replaced by
ytt(']:vt) - Ay(l‘, t) + a(:c)yt(a:,t) = 07 in € x (07 OO)

In fact, in this case, the Neumann boundary conditions (static or dynamical) are
homogeneous and one just needs to change, in the energy norm, the integral term
Jr, a(@)y(x,t) do to [, a(z)y(w,t) dz and do the appropriate modifications.

5. OPEN PROBLEMS

1. We have proved using a simple approach that the energy of each of the considered
systems converges to a constant. It would be desirable to use the same approach to

provide the decay rate as done in [27] for the wave equation.

2. We have tried, without much success, to obtain an explicit expression of the
constant y for the simple case of a wave equation with dynamical boundary conditions
and a nonlinear damping control. Therefore, it would be interesting to have a more
profound result than that of subsection 3.2. Also, the case of the wave equation
with static boundary conditions needs to be investigated if the damping control is

nonlinear.
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3. In the case of coupled systems, we have considered the same partition (I'g, I';) of

I' for both equations. One could treat the case of different partitions of I'.
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