RESOLVENT SMOOTHNESS AND LOCAL DECAY AT LOW ENERGIES
FOR THE STANDARD MODEL OF NON-RELATIVISTIC QED
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ABSTRACT. We consider an atom interacting with the quantized electromagnetic field in the
standard model of non-relativistic QED. The nucleus is supposed to be fixed. We prove
smoothness of the resolvent and local decay of the photon dynamics for quantum states in a
spectral interval I just above the ground state energy. Our results are uniform with respect
to I. Their proofs are based on abstract Mourre’s theory, a Mourre inequality established in
[FGS1], Hardy-type estimates in Fock space, and a low-energy dyadic decomposition.
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1. INTRODUCTION AND MAIN RESULTS

We study the dynamics of a non-relativistic atom interacting with the quantized electro-
magnetic field in the so-called standard model of non-relativistic QED. If simplified to the
extreme, the physical picture describing the evolution of states according to the dynamics
associated with this model can be summed up as follows: As time goes to infinity, any ini-
tial state will eventually relax to the ground state by emitting photons that escape to spatial
infinity. In the last years, a lot of works have been devoted to rigorous mathematical justifica-
tions of some aspects of this physical picture. In particular, among many others, we mention
the following references on the proof of existence of a ground state ([BFS1, GLL, BFP]),
the study of resonances and lifetime of metastable states ([BFS1, BFS2, AFFS]), spectral
analysis ([Sk, GGM, FGS1]) and partial results on scattering theory ([Sp, DG, FGSc, Gé]).
Completely justifying the above picture in a mathematically rigorous way would require, of
course, to develop a full scattering theory for the model, in particular to prove asymptotic
completeness of the wave operators, which remains an important open problem for systems
of non-relativistic particles interacting with massless bosons.

In this paper, we study spectral and dynamical properties of the standard model of non-
relativistic QED in the low-energy region, more precisely, in a spectral interval located just
above the ground state energy and strictly below the first excited eigenvalue of the electronic
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Hamiltonian. In some sense, our main results will justify that the propagation velocity of
low-energy photons is momentum independent, which, of course, reflects the constant speed
of light. On the technical level, as is often the case, the infrared singularity intrinsic to
the interaction between the atom and photons involves substantial difficulties related to the
infrared problem.

Generally speaking the issue we address concerns the study of a self-adjoint operator near
a threshold. The asymptotic behavior of the resolvent (and of associated quantities) near
thresholds has been the subject of many studies in various fields of mathematical physics.
The employed methods are varied, too. As in the work of Jensen and Kato [JK], perturbation
theory can be used to consider —A + V(x). Resonance theory is very effective to treat
dilatation analytic operators (see e.g. [BFS1]) and compactly (or exponentially decaying)
perturbation (see e.g. Vainberg [Va]). One can also use Mourre’s theory to prove limiting
absorption principles at low energies. This approach was adopted, for example, by Richard
[Ri] who gives an abstract formalism, Bouclet [Bol, Bo2] and Héfner and the first author [BH1,
BH2] for long range metric perturbations of —A, Vasy and Wunsch [VW] and Rodnianski
and Tao [RT] on manifolds with conic ends, Boussaid and Golénia [BG] for Dirac systems,
Soffer [So] for (—A)Y2 4+ V(z), ...

Our paper rests on abstract results established in the framework of Mourre’s theory ([JMP,
HSS]), in conjunction with a Mourre inequality obtained recently by Frohlich, Griesemer and
Sigal in [FGS1]. Since the work of Jensen, Mourre and Perry, [JMP], it is a well-known
fact that a Mourre inequality combined with multiple commutator estimates and regularity
properties yield smoothness of the resolvent. More precisely, given a self-adjoint operator,
P, another self-adjoint operator, A, conjugate to P in the sense of Mourre, and a compact
interval J where the Mourre inequality holds, the following is satisfied:
dn

AP T

sup < 00, (1.1)

RezeJ, Im z#0
for any € > 0, where (A) := (1 + A%)Y/2, provided that the iterated commutators ad (P)
(defined, as usual, by ad%(P) := P and ad"™ (P) := [ad¥(P), A]) are suitably bounded for
1 <k <n+2; (see Theorem 2.1 of the present paper for a precise statement). From (1.1)
follows the existence (and smoothness) of the boundary values of the resolvent (A)~'/2=¢(P —
A +10)"1(A)~1/2=¢ and the absolute continuity of the spectrum of P in .J.
In [HSS], under similar assumptions, Hunziker, Sigal and Soffer establish the local decay
property:

[(A) e X (PYA) | S (1) 7% teER, (1.2)

for any s > 0 and x € C3(J), provided that the commutators ad%(P) are bounded for
0 < k < n, where n > s+ 1 (see Theorem 2.2 below). It should be noted that, via Fourier
transform, resolvent smoothness (1.1) implies local decay (1.2) with, however, the weaker rate
of decay (t)~5+1/2+¢. Likewise, (1.2) implies (1.1) with the “bigger” weights (A)~"~1-¢,

For the standard model of non-relativistic QED describing an atom with static nucleus and
interacting with the quantized electromagnetic field, a Mourre estimate at low-energies has
been proven in [FGS1]. The conjugate operator in [FGS1] is the generator of dilatations in
Fock space, denoted by the symbol B. If o < 1 represents the size of the spectral interval J,
under consideration and its distance to the bottom of the spectrum of the Hamiltonian H,
(see (1.9) for the definition of H,), then the Mourre inequality is of the form

1, (Ho)[Ha.iB|1y, (Hy) > cooly, (Hay), (1.3)
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for some positive constant cy. Assuming in addition uniform bounds with respect to o on
the iterated commutators ad%(x,(Hy,)) (such bounds are proven in Appendix B below), this
Mourre inequality yields the local decay property

[(B) e oo (Ha)(B)*|| S (ot)™, (1.4)

for any x, € C°(J,). Similarly, one obtains bounds on weighted powers of the resolvent of

the form
1

sup H<B>fn+§f€(Ha _Z)fn<B>fn+§fs
Re z€Js,Im 2#0
This non-uniformity with respect to o is, in fact, a typical problem one encounters when
analyzing spectral and dynamical properties of a self-adjoint operator near thresholds.

Now, it is not difficult to verify that the weights (B)~° in (1.4) can be replaced by (X)~*,
where X is the second quantization of the norm of the photon “position” operator (see (1.16)).
The local decay property (1.4) then becomes a statement on the photon dynamics that can
be interpreted as follows: Assume that the system is prepared in an initial state ® that is
in the domain of (X)® and with spectral support in J, (where, recall, J, is an interval of
size o located at a distance o < 1 from the bottom of the spectrum of H,). Then, for large
time ¢ > o~ !, the probability that the evolved state e *He® has remained in the domain of
(X)® is small (of order (ot)~*). In other words, during the scattering process, some photons
disperse to spatial infinity. This is in agreement with the physical picture mentioned above.

Our aim in this paper is the following: Since photons travel at the constant speed of light,
it can be expected that resolvent smoothness and local decay hold uniformly in ¢. This is
precisely what we intend to prove.

Our starting point is [FGS1]. For technical reasons, we consider the Mourre estimate with
a modified conjugate operator, B?, given as the generator of dilatations in Fock space with a
cutoff in the photon momentum variable; Roughly speaking, B? restricts the action of B to
low-energy photons (see (2.9) for the exact definition of B?). Asin (1.3), the Mourre estimate
is of the form 1; (H,)[H,,iB|1;, (H,) > cooly (H,). This inequality is established in
[FGS1] and is one of the main ingredients of the present paper. Next, we use methods similar
to the ones of [BH1, BH2|. From (second quantized versions of) Hardy’s inequality, we derive
bounds of the type

<o, (1.5)

~

(X)X (Ha)(B)*|| S 0°. (1.6)
Thanks to a suitable low-energies dyadic decomposition, we then obtain uniform resolvent
smoothness and local decay estimates, with weights expressed in terms of the second quanti-
zation of the norm of the photon position operator, X.

Our paper is organized as follows. Before stating our main results and comparing them
with the literature in Subsection 1.2, we begin with precisely defining the model we consider
in Subsection 1.1. In Section 2, we recall results previously established in [JMP], [HSS] and
[FGS1], and we state a uniform estimate on multiple commutators. The latter is proven in
Appendix B. In Section 3, we derive Hardy-type estimate in Fock space as well as several
other related inequalities. Our main theorems are proven in Section 4. In Appendix A, various
technical lemmata are gathered. Finally, frequently used notations are collected in Appendix

C

1.1. Definition of the model. We consider an atom interacting with the quantized electro-
magnetic field in the standard model of non-relativistic QED. The nucleus is supposed to be
infinitely heavy and fixed at the origin. Moreover, to simplify the presentation, we consider
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a hydrogen atom, and we suppose that the electron is spinless. The Hilbert space of the
total system is then the tensor product H := He ® F, where He is the Hilbert space for the
electron given by H, := L%(R3), and F is the symmetric Fock space over L2(R? x {1,2}),
that is

F =T(L*R3 x {1,2})). (1.7)

Here, for any Hilbert space b, I'(h) denotes the symmetric Fock space over f defined by

I'(h) := Ca P ary, (1.8)
n=1

where ®7 denotes the symmetric nth tensor product of . The Hamiltonian of the model acts
on ‘H and is given by

H, = (p—|—a%A(ozx))2+Hf—|—V(1‘), (1.9)

where « is the fine-structure constant (which will be treated as a small coupling parameter), =
is the position of the electron, and p := —iV,. The units are chosen such that 4 = ¢ = 1. The
operator Hy = dI'(w) denotes the second quantization of the multiplication by w(k) := |k|,

that is
m—Z/wAm> (1.10)

where a3 (k) and ay(k) are the usual creation and annihilation operators which obey the
canonical commutation relations

[aff (k) afi ()] = 0, [ax(k), a3 (K)] = dawd(k — k). (1.11)

Here a stands for a or a*. For any 2 € R3, A(x) is the vector potential of the quantized
electromagnetic field in the Coulomb gauge given by

ik Iaj(k) _i_efik'ﬂﬁa)\(k))dk. (112)

=127 R? |]‘3|

In (1.12), the vectors e)(k), A = 1,2, are normalized polarization vectors which are supposed
to be orthogonal to each other and to k, and such that e)(k) = ex(k/|k|). For instance, they
can be chosen as

(—Fk2,k1,0)
VE kS

Moreover, k € CSO(R?’;]R) denotes some given ultraviolet cutoff function. As usual, for any
feL2(R3 x {1,2}), we set

er(k) = eo(k) = |’;’ A (k). (1.13)

=y f (k, \a (k)dE =y f (k, Nax(k)dk, (1.14)
A=1,2 A=1,2
and ®(f) = a*(f) + a(f). Hence, for any = € R3, we have that
A(z) = ®(h(z)) where h(x,k,\):= Tk(:r?@(k)eik'x. (1.15)

The external potential V belongs to L2 (R?) and is supposed to be A-bounded with relative
bound 0. We assume in addition that e; := inf Spec(—A + V') is a simple isolated eigenvalue.
We set e := inf(Spec(—A + V) \ {e1}) and egap := €2 — €1 > 0.
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1.2. Main results. Let E, := inf Spec(H,). It follows from [BFS2, GLL| that E, is an
eigenvalue of H,. Let II, be the projection onto the eigenspace associated with E,, and let
I, := 1 — II,. Thus, in particular, Iy = m ® Il, where 7 denotes the projection onto
the eigenspace of H, associated with e;, and Il is the orthogonal projection onto the Fock
vacuum €2 := (1,0,0,...). Likewise, IIg = 71 @1 +m ®Ilq, with 7; = 1 - and 1o = 1—Ig.
To simplify notations, let

X =dI(|iV)), (1.16)

denote the second quantization of the norm of the photon position operator. Our main results
are stated in Theorems 1.1, 1.3 and 1.5.

Theorem 1.1 (Limiting absorption principle). There exists a, > 0 such that, for all s > 1/2,
there exists Cs > 0 such that, for all 0 < a < a,

sup [(X)™* (Ho — 2) o (X)7%|| < C
z€C\R, Re z<Ey+egap /4

Remark 1.2. i) The fact that the assumption s > 1/2 is sufficient for the limiting absorption
principle to hold illustrates that the propagation velocity of photons does not depend on their
momentum.

it) Theorem 1.1 implies that the spectrum of H, in (Eq, Eq + €gap/4) is purely absolutely
continuous (see e.g. [RS, Theorem XIII.20]), which was already proven in [FGS1].

The next result provides a further information on the regularity of the weighted resolvent.

Theorem 1.3 (Resolvent smoothness). There exists o, > 0 such that, for all 1/2 < s < 3/2
and € > 0, there exists Cs. > 0 such that, for all 0 < a < a,

1667 ((Ha = 2) ™ = (o= )7 THad X) ]| < Gl = 177577,
uniformly for z,2" € C\ R with Rez,Re 2’ < Eq + €gap/4 and Im z - Im 2" > 0.

Theorem 1.3 and a standard argument imply that the weighted resolvent has limits on the
real axis. More precisely, letting B(H) denote the set of bounded operators in H, we have

Corollary 1.4. For all 0 < o < ¢, s > 1/2 and X\ < E, + €gap/4, the limits
(X)7*(Hy — A £i0) I (X) 7 = ljﬁ}(XYs(Ha — A Eip) I (X)F
exist in the norm topology of B(H). Moreover, for 1/2 < s < 3/2 and € > 0, the maps
(=00, Bo + egap/4] 2 A — (X)"*(Hy — A £i0) "I, (X) % € B(H)
are Holder continuous of order s — 1/2 — & with respect to .
Eventually, we prove the following local decay property.

Theorem 1.5 (Local decay). There exists o, > 0 such that, for all x € CF((—o0, Eq +
egap/4);R) and 0 < s < 2, we have

(X) o ax (Ho ) (X) 7 = e Fax(Ea)(X) T (X) ™5 + O(() ),
for all t € R, uniformly with respect to 0 < a < a.

In the previous statement, O((t)~*) stands for an operator bounded by C(t)~* where C is
uniform in t € R and 0 < o < av.
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Remark 1.6. i) By Fourier transform, Corollary 1.4 implies the local decay property
(X) e Moy (Ho ) (X) 7 = e oy (Ba) (X) *Tlo(X) ™ + O((1) 7 2+),

for 1/2 < s < 3/2 and € > 0, which is of course weaker than Theorem 1.5.

i1) The restrictions s < 3/2 in Theorem 1.3 and s < 2 in Theorem 1.5 are due to the
infrared singularity of the model. More precisely, if one replaces the electromagnetic vector
potential in (1.12) by its infrared regularized version,

ik-x * —ik-x
Z /RS Uﬁ\i—u ( ax(k) +e a,\(k:))dk,

A=1,2

for 0 < p < 1, then one can verify that Theorem 1.3 holds for any s < 3/2 + u and Theorem
1.5 for any s < 2+ p (provided in addition that the weights (X)~* are replaced by the bigger
ones (dI'((iV)))~®). For u > 1, the proofs we give do not yield better results than s < 5/2
in Theorem 1.3 and s < 3 in Theorem 1.5. Here the restrictions are due to Hardy’s inequality
Ikl =5pll < Cs||[iVe[*¢|| in L2(R3), which is valid provided that 0 < s < 3/2.

i1i) One could replace egap/4 by €gap — 0, with 6 > 0, in the statements of Theorems 1.1,
1.3 and 1.5. Of course the critical value o, would then depend on 6.

As mentioned in the introduction, our main achievement compared to [FGS1] lies into the
fact that our results do not depend on the spectral interval I C (Eq, Eqy + €gap/4) on which
resolvent smoothness and local decay are proven. Recently, several papers have been devoted
to spectral analysis at low-energies for various quantum field theory models. We mention
[FGS2] where, for the standard model of non-relativistic QED, an alternative proof of the
limiting absorption principle is given, based on an application of the spectral renormalization
group, [CFFS] where a dressed electron in non-relativistic QED is considered, and [ABFG]
where a mathematical model of the weak interaction is studied. In all the previously cited pa-
pers, however, the obtained estimates are not uniform with respect to the considered spectral
interval.

Let us also mention that another approach has been used in the literature to study spectral
and dynamical properties of non-relativistic, massless quantum field theory models. Instead
of the generator of dilatations, one can, in some cases, consider the generator of radial trans-
lations, say B, as a conjugate operator (see e.g. [Gé, GGM]). Since B is not self-adjoint and
since the commutator of B with the considered Hamiltonian H cannot be controlled by any
powers of the resolvent of H, serious technical difficulties appear to implement the Mourre
method. Nevertheless, as shown by Georgescu, Gérard and Mgller, Mourre’s theory can be
extended to cover such a case. Within this approach, it may be possible to obtain a uniform
Mourre estimate (at least for the Nelson model that is considered in [GGM]) and, hence,
uniform bounds on the resolvent and on local decay. Indeed, in some sense, if the generator
of radial translation is chosen as the conjugate operator, the bottom of the spectrum is not
a threshold anymore. Another significant advantage of the approach of [GGM] is that the
obtained results hold for any value of the coupling constant; It is presently not known whether
similar results can be proven using the generator of dilatations instead. On the other hand,
the infrared singularity in the iterated commutators adjé(H ) is increased by a power |k|™/
(while the order of the singularity does not change when commuting with the generator of
dilatations), which makes difficult to control these iterated commutators unless one imposes
from the beginning some regularity assumption on the form factor Hamiltonian.



2. PRELIMINARY RESULTS

2.1. Abstract setting. Let H be a separable Hilbert space and let P, A be two self-adjoint
operators on H. We recall that, if P is bounded, P is said to be in C"(A) if and only if the
map

5 — e $APelsAP, (2.1)

is of class C™(R) for all ® € H. This property is equivalent to the fact that, for 1 < k < n,
the commutators ad” (P) defined as quadratic forms on D(A) x D(A) extend by continuity
to bounded quadratic forms on H x H. If P is unbounded, P is said to be in C"(A) if and
only if (P — z)~!is in C*(A) for some (and hence for all) z in the resolvent set of P.

We recall that if P is in C'(A), then D(P) N D(A) is a core for P and the quadratic
form [P, A] defined on (D(P) N D(A)) x (D(P)N D(A)) extends by continuity to a bounded
quadratic form on D(P) x D(P) (denoted by the same symbol). Moreover, if P is in C1(4),
then (P — 2)~! preserves D(A) for all z in the resolvent set of P. We also recall that if P is
in C"(A), then for all ¢ € C(R;R), p(P) is in C"(A).

An operator P in C!(A) is said to satisfy a Mourre estimate [Mo] with respect to 4 on a
bounded open interval I C Spec(P) if there exists a positive constant ¢y such that

ﬂ[(P)[P,lA]]].[(P) ZCOHI(P), (22)

in the sense of quadratic forms on H x H.
We now state a standard result on the power of the resolvent [JMP].

Theorem 2.1 (Jensen, Mourre, Perry). Forn € NU{0}, let P, A be two self-adjoint operators
such that P € C"1(A), that the commutators ad!, P are bounded for 1 < j < n+ 1 and
that the Mourre estimate (2.2) holds with c¢o > 0 and I C Spec(P) an open interval. Then,
for all J @ I and € > 0, there exists a positive constant C ;. such that

sup [[(A)TTETE(P — ) THA) TR < Oy (2.3)

RezeJ
Im z#0

The following abstract result is taken from [HSS].

Theorem 2.2 (Hunziker, Sigal, Soffer). Let s > 0 and s = min{n € N; n > s+ 1}. Let P, A
be two self-adjoint operators such that P is bounded, P € C3(A), and the Mourre estimate
(2.2) holds with co > 0 and I C Spec(P) an open interval. Then, for all x € CJ(I), there
exists a positive constant C, s such that

[[{A) e X (P)(A)*| < Crs(t) ™ (2.4)

Moreover, from the proofs of these results, the constants C;. and C, s appearing in (2.3)
and (2.4) only depend on the constant ¢y and on ||ad!, P||. In other words, if P and A
depend on a parameter in a such way that the Mourre estimate and the upper bounds on the
commutators are uniform with respect to this parameter, then the constants C;. and C, s in
the conclusion of Theorem 2.1 and Theorem 2.2 do not depend on the parameter.

2.2. Infrared decomposition. In this subsection, we introduce notations related to the
infrared decomposition which will be an important tool in our proof of Theorem 1.1, Theorem
1.3 and Theorem 1.5.

For any o > 0, let F=% and F>, denote the Fock spaces over L2({(k,\); |k| < o}) and
L2({(k,\); |k| > o}) respectively. The Hilbert spaces F and F>, ® F=? are isomorphic and
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we shall not distinguish between the two of them. Moreover we set H>, := L?(R?) @ F>,.
The infrared cutoff Hamiltonian acts on H and is defined by

Hy o= (p + a%AZU(ax))Q + Hy +V(x), (2.5)
where
AZU(:’L‘) = Q(hzﬂ(l‘)% hZO’(xuk7)‘) = ]]'\k\ZU(k)h(kaaA) (26)
Using Lemma A.1 and the Kato-Rellich theorem, it is not difficult to verify that for all ¢ > 0
and « small enough, H, . is self-adjoint with domain D(H,,) = D(Hp). The restriction of
H, , to H>, is denoted by K, >, so that we can decompose
Hoc,a = Ko >0 (9 ﬂ}-ga =+ ]]'HZO (9 Hf. (27)
Let E,, = inf Spec(H,,») = inf Spec(Ky,>0) and let 11, >4 = ]l{Ea’U}(Kazg). We recall
the following proposition from [BFP, FGS1]:

Proposition 2.3. There exists o, > 0 such that, for all 0 < o < a, and 0 < 0 < egap/2,
Spec(Ko,>0) N (B, Bae +0) = 0.

Let us mention that, in [BFP], Proposition 2.3 is proven for some sequence o, — 0, while
in [FGS1], the result is established with a smooth infrared cutoff. However, slightly modifying
the proof of [BFP], it is not difficult to obtain the gap property as stated in Proposition 2.3.

For any function ¢, we set ¢,(-) := ¢(-/o). Observe that by Proposition 2.3, for any
v € C§°((0,1);R) and 0 < 0 < egap/2, we have

@U(Ha,o - Ea,o) = HmZg & SDU(Hf> (28)

Let n € C3°(R3;[0,1]) be such that n(k) = 1 if |k] < 1/2 and n(k) = 0 if |[k| > 1. The
generator of dilatations in Fock space with a cutoff in the momentum variable is denoted by
B? and is defined by

B :=dD(), b7 = s (k) (k- Vic+ Vi K)o (k). (2.9)
Finally we set
AS(2) = ®(h=(2)), h=7(2,k,\) = Ljgj<, (k) (2, K, N). (2.10)
We recall the following commutation properties which will be used in the sequel:
[A(z),iB%] = [AS9(z),iB?] = —®(ib"h=7 (z)), (2.11)
[Hy,iB] = dD(n, (k)?|)), (2.12)

in the sense of quadratic forms on D(Hy) N D(B?).

2.3. The Mourre inequality and multiple commutators estimates. In this section,
we recall the Mourre estimate obtained in [FGS1] with B? as a conjugate operator. We also
state uniform estimates on the commutators of B? with functions of H,. For the convenience
of the reader, the proof of these multiple commutators estimates are deferred to Appendix B.
Applying the abstract results from Subsection 2.1, we then deduce resolvent smoothness and
local decay estimates for H,, with weights expressed in terms of B?. Notice that, here, the
obtained estimates are not uniform in o.

The next Mourre estimate follows from Proposition 6, Proposition 7, Lemma 17 of [FGS1]
and their proof.
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Theorem 2.4 (Frohlich, Griesemer, Sigal). Let I € (0,1) be an open interval. There exist
a. > 0 and cg > 0 such that, for all 0 < a < o, and 0 < 0 < egap /2,
]]-JI(Ha - Ea)[Haa iBJ]ﬂaI(Hoz - Ecx) > COUﬂaI(Hoz - Ea)-
The following lemma is proven in Appendix B below.

Lemma 2.5. There exists o > 0 such that, for all n € NU {0} and ¢ € C§°((—o0,1);R),
there exists a positive constant C,, , such that, for all 0 < a < a, and 0 < 0 < egap /2,

H ad?B" (SDO'(HOl - EO&))H < Cn,go-
Combining these results with Theorem 2.1, we get the following proposition.

Proposition 2.6. Let I € (0,1) be a open interval. There exists a, > 0 such that, for all
n € N and € > 0, there exists C,, . > 0 such that, for all 0 < a < a, and 0 < 0 < €gap/2,

C
sup (BT (Hy — ) (BT) T <
2€C\R,Re z€Eq+0l g

Proof. Let J be an open interval such that I € J € (0,1) and let ¢ € C*(R; [0, +0o0)) be a
non-decreasing function such that

0 near (—o0, 0],
w(x) =z near J,
Const. near [1,400).
In particular, ¢ is a bijection from J onto itself. We define
P, o :=1s(Hy — Eq).
From the properties of v, Theorem 2.4 yields
1)(Po)[Pac,iB°|1j(Pay) = 155(Ho — Eo)[Ha, 1B |1, 5(Hy — Ey)
> colyy(Ho — Ea) = COHJ(Pa,o)> (2.13)

uniformly for 0 < 0 < egap/2 and 0 < o < a.
On the other hand, since H, — E, > 0, we can write

Poy = Vo (Ha — Eo) = Const. + g (Hy — Ea),

for some v € Ci°((—00,1)). Then, Lemma 2.5 implies that, for all j € NU {0}, there exists
a positive constant C; such that
| ad{po (Pao)|| < Cj, (2.14)

uniformly for 0 < 0 < egap/2 and 0 < o < a.
Therefore, combining the uniform Mourre estimate (2.13) and the uniform upper bounds
(2.14) with Theorem 2.1 and the remark below Theorem 2.2, we get

sup  [[(B%) "I (Pag — w) T(BT) TR < O
weC\R, Rewel

and then

Sup H<Bg>7n+%7€((apa,a + Ea) - Z) _n<Bg>7n+%*€H < Cn,a

)
2€C\R,Rez€Eq+0l o"
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uniformly for 0 < 0 < egap/2 and 0 < o < a.. Now the proposition follows from

- _ C
sip |[|((0Pag + Ea) —2) " = (Ha —2) 7" < =2,
2€C\R,Rez€Eq+0l o
which is a consequence of the spectral theorem and the choice of . ]

Likewise, the next proposition follows from Theorem 2.2, Theorem 2.4 and Lemma 2.5.

Proposition 2.7. Let ¢ € C5°((0,1);R). There exists o, > 0 such that, for all s > 0, there
exits Cg,, > 0 such that, for all 0 < a < o, 0 < 0 < egap/2 and t € R,

H<BU>_S€_itHD‘(PU(Ha _ Ea)<Ba>—sH S g;,;

Proof. We use the notations of the proof of Proposition 2.6 with I such that supp(yp) C I.
From the properties of 1, we have

H<Ba>_56_itHa(pg(Ha _ Ea)q)H — H<BJ>_8€_it0Pa’J<P(Pa,g)‘I)H,

for all ® € H. On the other hand, combining the uniform Mourre estimate (2.13), the uniform
upper bounds (2.14) with Theorem 2.2 and the remark after it, we get

H<BU>7867iTPa’0§0(Pa,U)(I)H < CS7¢<T>*SH <BU>S(I)

)

uniformly for ® € D((B?)*), 0 < 0 < €gap/2, 0 < o < ¢ and 7 € R. The proposition follows
from the last two equations. ]

3. HARDY TYPE ESTIMATES IN FOCK SPACE

3.1. Hardy estimates. The classical Hardy estimate in R? states that

T 2
/RS 'ﬁ;@' dz < 4/Rg Voio(e)Pda, (3.1)

for any ¢ € C(R?). Since C(R3) is a core for [iV,| = v/—A,, this implies that D(]iV,|) C
D(|z|71) and that for all ¢ € D(|iV.|), |||z| " ¢|| < 2||[iV.|¢]|. In this subsection we transfer
this inequality to Fock space by means of the following lemma. We do not present its proof;
(it is essentially the same as the ones of [Gé, Lemma A.2] and [GGM, Proposition 3.4]).

Lemma 3.1. Let n € N. Let a,b be two self-adjoint operators on L2(R3 x {1,2}) with b > 0,
D(b™) € D(a™) and ||a™¢|| < ||[b"p|| for all ¢ € D(b™). Then D(dT'(b)") C D(dI'(a)™) and
[T (a)"®|| < [|[dT'(b)"®|| for all ® € D(AT'(b)™).

For any vector space V C L2(R3 x {1,2}), we set
Tan(V) = {® = (89,0, .. ) e D(LAR? x {1,2}));
vn, ®™ €V and 3ng, Vn > ny, " =0},
and the number operator in F is defined by

Ni= )" /RS a’(k)ay(k)dk. (3.3)

A=1,2
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Theorem 3.2 (Hardy estimate in Fock space). For all p > 0, the operator (dI'(|iV|) +
p) N2 defined on Tg,(CP(R3) x {1,2}) extends by continuity to a bounded operator on
D(dI'(|k|)) and we have that

[(dD(iVk]) + p) "N 22| <

for all ® € D(dI'(|k])).

Proof. Let p > 0 and ® € TI'g,(CP(R3) x {1,2}). Hardy’s inequality (3.1) together with
Lemma 3.1 with n = 1 implies that D(dl'(|iVg|)) € D(dT'(|k|~!)) and that

4T (k[ )(@T([iV4) + p) 7 < 2
Therefore
[@C(iV4]) + ) N8| < 2+ )| (@R + )7 A (3.4)
for all p > 0. An easy application of the Cauchy-Schwarz inequality shows that
[NV 2W|| < ||dD (k| 1)dD(|k|) ¥
for all ¥ € T, (CEP(R3) x {1,2}). This implies that
|@r(k=) +5) A 20| < [|ar(k)e]. (35)
for all p > 0. Combining (3.4) and (3.5), we obtain that
(AT ([iVk]) + p) N2 || < (2 + pp~ 1)||dT(|k|) @

for all p > 0. Letting p — 0 and using the fact that I, (CS°(R?) x {1,2}) is a core for dT'(|k|)
conclude the proof of the lemma. O

Remark 3.3. In particular, Theorem 3.2 implies the following resolvent estimate away from
the real axis: for all K € C \ R, there exists Cx > 0 such that

14X) 72 (@0 (k] = )7 (0 22| < Cxe[[(A)
for all ® € F and z € K, Where X =dI(|iV|) from (1.16).
Lemma 3.4. There exists C > 0 such that, for all o > 0, p > 0 and ® € F,

(X +p) M (1r, ®Ig)®|| < Co||(1£,, ® o)®||. (3.6)
Moreover, there exists C' > 0 such that, for allc > 0,7 >0, p >0 and ® € F,
(X +p) " (e, @ Lo (Hp)®|| < C'7||(Lr, @ Lo(Hy))®|. (3.7)

Proof. Let {e;}32, denote an orthonormal basis of F>,. Any state ® in Ran(1 Foo ® ) can
be written as ® = Y, ¢; ® ®; where for all i € N, ®; € Ran IIg. For n € N, we have

co n—1
Ok, k) = ZZ > e ey ke ) Ry hr)e (38)
i=1 j=0 TeX,
and
n—1 oo
[P =33 lle™ | (3.9)
7=0 =1

Thus, using the fact that, for all j € {1,...,n — 1},
. . ~1,,. .
iV 4+ [ Ve, | 4 0) ™ (Vi oy | -+ [ VE, | + )] <1,
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we can write

< i Z Z H Z ez('j)(kf(l)v SRR kT(j))((’X + p)il@i)(n_j%kﬂﬁrl)v s 7kr(n))H

n—1 [e'e) . 1
=3 (e k) (X + )7 ) "Dy, k) [F)
=0 =1
i—l o'} 1
(ZH (X + )" )"y, e >H2)2~ (3.10)
7=0

Applying Theorem 3.2 and using that ||(H;®;)" || < (n — j)a”fbgn_j)ﬂ, this yields

1(X + ) 1¢>“>H<2Z (ZH (Hy) )
<2azn_j(zuq>“ M)

Applying then the Cauchy-Schwarz inequality, we obtain that

n—1 n—1 oo

”“X”“‘PV”)W%(Z ) (23 e )’

7=0 =1
<2\/ H(I)

and hence (3.6) is proven. In order to prove (3.7), it suffices to proceed in the same way,
using instead that, if ® € Ran(Lz, ® L5 (Hy)), then ||(H;®;) || < r[|@{" 7| O

(3.11)

Corollary 3.5. There exists o > 0 such that, for all ¢ € C§°((0,1);R), there exists C, > 0
such that, for all 0 < o < o and 0 < 0 < €gap/2,

H<X>_1(AOJ(HO¢,U - Ea,a)H S C(pU-
Proof. 1t suffices to use (2.8) and next to apply Lemma 3.4. 0

Corollary 3.6. There exists o, > 0 such that, for all ¢ € C§°((0,1);R), there exists C, > 0
such that, for all 0 < a < o and 0 < 0 < egap/2,

(X) 00 (Ho — Eo)|| < Cyo. (3.12)

Proof. 1t suffices to decompose ¢, (Ho — Eo) = ¢o(Ha,o — Eao) + (0o (Ha — Eo) — 9o (Ha,o —
E,.)). Estimate (3.12) is then a consequence of Corollary 3.5 together with Proposition
A.6. t

3.2. Relative bounds on the conjugate operator. The next lemma is an easy conse-
quence of Lemma 3.1.



Lemma 3.7. There exists C > 0 such that, for all o > 0, D(X) C D(B?) and
|7 (x) 8] < Col o],
for all ® € F.

Proof. Observe that

b = %(%(k))2 + ino (k)& - (Vine) (k) +i(no (k) *k - V.

Hardy’s inequality (3.1) implies that, for all ¢ € C*(R?),

[ (e (1)1l < 20111l
and likewise
[0 (k) - (Vo) (k) || < Co[[iVi|]|-
Moreover, we obviously have that

[ (no (k) k- V|| < o|[iVxle]-

13

(3.13)

Since CE°(R3) is a core for [iVg], (3.13) and the previous estimates imply that D([iV|) C

D(b%) and that, for all ¢ € D(|iVy]),
167l < o4l

Applying Lemma 3.1 with a = b” and b = Col|iVy| concludes the proof of the lemma.

(3.14)
0

Corollary 3.8. There exists o > 0 such that, for all ¢ € C§°((0,1);R), there exists C, > 0

such that, for all 0 < o < o and 0 < 0 < €gap/2,
(X Heoo — Eaq)BY|| < Cyo.

Proof. Using Lemma B.7, we can write

i<X>71‘PJ(Ha,J - Ea,J)BU = (X)~ adlBU (‘PG(HaU - Ea,U)) + i<X>7lBG‘PU(Ha

as an identity on D(B?). Note that, by (2.8) and (2.12), we have

adilBU (SOU(Ha,o - Ea,a)) =1lla>0c ® (dr((na(k))2|k|)(@0)/(Hf))7
and hence, since (¢,)'(Hy) = Ha(ps) (Hf), we can write

adilBa(SOU(HaJ — FEoo)) = (]lfzg ® ﬁﬂ) adilBa(SOU(HaJ — Eo))-
Then, Lemma 3.4 and Lemma B.7 imply

H 1BJ @U(Hao_Ea,U))H < Cyo.
Moreover according to Lemma 3.7,
H 1BU()00' H o,0 Ea,o‘)H S CU,

and hence the proof is complete.

o Ea,c)a

0

Corollary 3.9. There exists o, > 0 such that, for all ¢ € C°((0,1);R) and 6 > 0, there

exists Cy 5 > 0 such that, for all 0 < a < a, and 0 < 0 < egap/2,

[X) " o (Ho — E) B < Copg .
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Proof. As in the proof of Corollary 3.6, we decompose
<X>71§00(Hoc - Ea)BU - <X>71S00'(H0170' - Ea,a)BU
+ <X>71(900(H04 - Ea) - @U(Ha,a - Ea,a))Ba'

The first term in the right hand side is estimated thanks to Corollary 3.8. As for the second
term, it suffices to write (as an identity on D(B7))

<X>71(‘P0(Hoz — Eo) = 9o(Hao — Ea,a))Ba
= <X>7lBo((PU(Ha —Ey) — SOJ(Ha,a - Ea,a))
+ <X>71 [(@O(Ha - Ea) - SOU(HOM - E0670))7BG]7
and next to use Lemma 3.7, Proposition A.6 and Proposition B.8. ]

3.3. Relative bounds on powers of the conjugate operator. We now estimate (B7)?
relatively to (X)2. Since Hardy’s inequality |||k|~*¢|| < Csl|[iVk|*¢|| does not hold for s > 3/2,
we cannot directly apply Lemma 3.1. Nevertheless, some aspects of the following proof are
taken from the proof of Lemma 3.1.

Lemma 3.10. There exists C > 0 such that, for all 0 < 0 < egap/2, D(X?) C D((B?)?) and
|B7)*(x) 72| < o2l
for all ® € F.

Proof. First, we will collect some estimates on powers of ?. Since b7 is self-adjoint, an
interpolation argument and (3.14) imply that there exists C > 0 such that

[[iV%] 267 [iV4| 2| < Co, (3.15)
iV 71(07)2[iVe| 7t < Co?, (3.16)

uniformly for all ¢ > 0. Here and in the rest of the proof, [iV,|~! is an abuse of notation. To
be rigorous, one has to replace [iVy|™! by (|iVk| + p)~! with p > 0, say that the estimates
are uniform with respect to p and, at the end, let p goes to 0. Since this presents no problem,
and to avoid heaviness in the notations, we will omit these technical details and simply write
iVE|
A direct computation shows that (b°)3 is a linear combination of terms of the form
r®) .= o3 D; (Dj fs(k) + fo(k)D;) Dy, r® .= oD, f,(k)D;,
v = o(Difo(k) + fo(k)D;), 7O = f (k).

where Dy is a short-cut for %gk— and f is a real valued CSO(]R?’) function which may change

from line to line. Using Hardy’s inequality (3.1), we get
11761727V 72 ]| < Ol fo(BiVel 2 * < Co. (3.17)
Since the operator (V) is similar to b7, we can proceed as in (3.14) to obtain
IrMel| < Col[[iVile]]
for all ¢ € D(|iVg]|). Using that r() is self-adjoint, an interpolation argument gives

V%] ~2rD}iv,| 2| < Co. (3.18)
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On the other hand, since D4 and [iVy| commute, (3.17) implies
e A el (e [ [ AT
< Co®. (3.19)
Eventually, using (3.18), we obtain
[iV5] =27 @ iV, 72 || < 02[|[iV5]"2r O iV 72 ||| DiliV5| ||| DeliVi]) |
< Co3. (3.20)
The same way, (b°)? is a linear combination of terms of the form rO @ @) G) and
rW = 6*D;D; f, (k) Dy D

The terms 79, ...,7() have already been studied in (3.17)-(3.20), but we will need other
estimates to control (b°)*. Using Hardy’s inequality (3.1), we have

1iV5| " OV, 7| < | £5 (R) Ve Y? < Co?, (3.21)
iV~ Ve 7| < 20| £ (R) [V ||| D31V 7| < Co?, (3.22)
[[iVe| @iV 7| < Co?||DiliVe| ||| D5 iV | < Co?, (3.23)

and

118V 72 Vel =2 < 207 DifiV el ||| D0V 7 ([ fo () 3981 [[Deli 7]

< Co?, (3.24)
592012 < oM DT Dl DAl i
< Cot. (3.25)
We now estimate (B)2® for ® € I, (CP(R? x {1,2})). Assume that n € N. For i €
{1,...,n}, let by denote the operator b’ acting on the variable k;. We can write
[(B72®) W ke, kP = 30 Qnpage™, o)
7,'1,2'271'3,7:46{1 ..... n}
= A0+ A3 + Ay, (3.26)
where
Ag= > (B05p500, o),
il,i27i37i4€A#
and

Ay = {(i1, i2,13,14); all the iy’s are equal},
Az = {(z’l, io,13,14); three of the iy’s are equal} \ Ay,
Al,z = {(il)iza i37i4)} \ (A3 U A4)

Note that for (iy,i2,43,74) € A2, only b3, and (b%)2 can appear in b7 b2 b2 b? and not

11712713 "4

(b;)?’ or (b;;)‘l. Thus, using that the operators b and [iVy,| commute with the operators b7
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and [iVy, | for i # j, the estimates (3.15)-(3.16) imply

. _1 _1 . _1
Miol < D0 (I, 7R iV, IR0 ik, |7 (i, |
11,12,13,i4 €A1 2
. 1 . 1 . 1 . 1
ylvkil ’2 - |1vki4 | 2@)(”)’ ylvkil ’2 - |1vki4 | 2@)(”)>‘
<Co' 3 iV, 211V, |2 [V, |2V, 200
i1,i2,i3,i4€A1 2
Z <‘ivki1 Hivkm | |ivki3 | ’ika ’(I)(n)v (I)(n)>
11,12,13,14

= Co* || (dT(iVg])2@) ™| (3.27)

On the other hand, using that (b%)3 is a linear combination of terms of the form r(® (1),
2) and r®), we can write

s =4 ()b, q><”>>‘

(

i#]
<O S [0+ e, a0 + 0 Y S [ o)), 00|
1#7 finite 1#7 finite

where r( ) denoted the operator 7(*) in the ky-variables. As in (3.27), (3.17)-(3.18) yield

. _1,. G S _1
(O 4+ 2™ &Y < |(1iV, 72 () 4+ D) iV, | 72 iV, [ 2071V, |2
iV, ]2 [V, |2 @0, |19, |21V, | 200
< Co?|iV, |2 iV, 70|
_ 2/1: . n n
= Co?{|iV,[[iV, | @™, &),
The same way, (3.19)—(3.20) give
[+ P20, )| < (10|72 (7 4 )iV, |30V, 72571, 2
3. 1 (n) |: 3. 1 =(n)
\1Vki|2|1vkj|2<1> ,|1Vki]2\1vkj|2<1> >|
< Cot||[iV, |21V, |20 ||
= Co{|iVy, [[iVy,; |2, (M),
Combining the previous estimates, we obtain

| As| < Co? ) ([iVi,[[iVk, |2, ™)) + Co* >~ ([iVy, P iV, |2, 2

i#] i#]
< Co? Y {[iVi, |[iVi,, |20, 8M) + Co* Y~ ([iVk, [[iVi,, [V, [V, [2T, &)
11,12 11,82,13,%4

— Co?||(aT(iVk))®) ™||” + Cot|| (AT ([iV4])?®) || (3.28)
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Eventually, we have

\A4\<Z\ (7)), 2]
gczz\«rgomg 3™ )|+ 3 |((r 3™, ™).

i finite ¢ finite

Using the estimates (3.21)—(3.25) and proceeding as in the proof of (3.28), we get
‘.A4‘ < Co? Z <‘ivki|2q>(n), (I)(n)> + Cot Z <\ini\4<I’(”)v (I)(n)>

< Co? Y {|iVi, |[iVi,, [0, @MW) + Co* Y ([iVi, [[iVi,, [V, [V, [0, &)

11,82 11,12,13,%4
— Co?||(dr([iVe)®) "™||” + Cot || (dT (i) 2®) ™| (3.29)
Combining (3.26) with the estimates (3.27), (3.28) and (3.29), we eventually obtain
1((B7)?®) ™| < Co?|| (ar([iVi @) ™||* + Co?|| (AT ([iv,])?®) ||

< Co?||((ar(jivy]) + 1)%®) ™|,

with C > 0 uniform with respect to n € N and ¢ > 0. Since this estimate is trivial for n =0
and since I, (CP(R? x {1,2})) is a core for D(dI'([iVk|)?), the lemma follows. O

Corollary 3.11. There exists o > 0 such that, for all p € C3°((0,1);R), there exists C, > 0
such that, for all 0 < o < o and 0 < 0 < €gap/2,

(X)) ™00 (Hao = Bao) (B7)?|| < Cpo
Proof. By Lemma (B.7), we can write as an identity on D((B)?):
¢o(Ha,o = Bao)(iB7)? = adipo (¢ (Hao — Bao)) + 2187 adipe (9o (Ha — Eaq))
+ (1B")?*¢0(Ha,o — Eoo). (3.30)
As in the proof of Corollary 3.8, we have that
adie (o (Ha,o = Bapw)) = (L1, @ Io) adipe (o (Hao — Ea))s
and hence it follows from Lemma 3.4 and Lemma B.7 that

1(X) "2 ad?30 (05 (Ha,o — Eayo))|| < Cyo. (3.31)
On the other hand, using Lemma 3.7 and Lemma B.7, we obtain that
1(X) 2B ad{ps (¢o (Ha,e — Fa0))|| < Cyo. (3.32)
Eventually, Lemma 3.10 gives
[(X)2(iB”)*¢o(Ha,o — Fa,0)|| < Cyo. (3.33)
The lemma now follows from (3.30), (3.31), (3.32) and (3.33). O

Corollary 3.12. There exists o > 0 such that, for all ¢ € C((0,1);R) and § > 0, there
exists C, 5 > 0 such that, for all 0 < a < o, and 0 < 0 < egap/Q,

(X)) 200 (Ho — Eo)(B)?| < Cp 50’0

Proof. The result can be proven exactly in the same way as Corollary 3.9, using Lemma 3.10,
Corollary 3.11, Proposition A.6 and Proposition B.8. O
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4. PROOF OF THE MAIN THEOREMS

4.1. Proof of the limiting absorption principle. We are now ready to prove Theorem
1.1. We can assume that s € (1/2,1]. We define the set of dyadic numbers

D:={2"" neZand 27" < egap/2}.

Recall that, for any function ¢, we have set ¢, (-) := ¢(-/o). Consider ¢ € C5°((0,1);R)
satisfying

Vo € (0,egap/3], D wo(z) =1, (4.1)
oD
and define € C*(R;R) by @(x) =0 for x < 0 and
Vo >0,  Bla)=1- ¢.(). (4.2)
o€D

In particular, supp(@) C [egap/3, +00). Let ¢ € C3°((0,1);R) be such that gy = ¢.
For Rez < E, + €gap/4, the properties of the support of % and the spectral theorem give

J = |(X) 7 (Ha — 2) " o X) |

< To + (X)) (Ha — 2) 7' @(Ha — Ea)(X) ™|
ceD

Y J-+C (4.3)

oceD

IN

with C > 0 and
Jo = H<X>_S(Ha - z)_l‘Pa(Ha - Ea)<X>_8H-
Theorem 1.1 follows from (4.3), the next lemma and the assumption s > 1/2.

Lemma 4.1. There exists o > 0 such that, for all s € (1/2,1] and § > 0, there exists
Cs,5 > 0 such that, for all 0 < a < a., Rez < Ey + €gap/4, Im2z # 0 and 0 € D,

Js < CS750_28—1—(S.

Proof of Lemma 4.1. Let M > 2 be a large enough constant such that supp(y) C [2/M, M/2].
We define
A :=DN[Re(z — Ea)/M,MRe(z — E,)].
In particular, A = () when Rez < E,. We distinguish between different cases.
Assume first that o € D\ A. For h in the support of ¢, (- — E,), we have |h—z|~! < Co~ 1.
Then, the spectral theorem gives

H(Ha — z)_lgoc,(Ha — Ea)H < Co !, (4.4)
for 0 € D\ A. Corollary 3.6 (with an interpolation argument) and (4.4) yield
To < |[(Ha = ) 0o (Ha = E) | [(X) 730 (Ha — Ea)||* < Colo™ = Co™ 1.

We now assume that o € A, that is Rez € E, + o[1/M, M]. From Proposition 2.6 for
n = 1, Corollary 3.6 and Corollary 3.9 (with an interpolation argument), we get

Jo < |{X)™*Go(Ha — Ea)(B7)*||[[(B7) ™ (Ha — 2)~H(B7)"*[|[[{B")*¢0 (Ha — Ea)(X) ™|
< 08’50_5750_710_875 — (38’60_23717267

which finishes the proof of the lemma. ]
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4.2. Proof of the smoothness of the resolvent. We now show the Hélder continuity of
the resolvent. Let z,2’ € C\ R with Rez,Rez’ < E, + egap/4 and Imz - Im 2" > 0. We
can assume that Rez,Rez’ > —1 and —1 < Imz,Im 2’ < 1. In the following, z# will denote
either z or 2z/. We have to estimate

= [(X)™*((Ha — 2)7" = (Ha — £) = (4.5)
Using (4.1)—(4.2) and the spectral theorem, we obtain, as in (4.3),
K<) Kot |(X)(z = 2)(Ha — 2) " (Ha — 2') 7 'B(Ho — Ba)(X) %]
oeD
<Y Ko +Clz -2, (4.6)
oeD

with C > 0 and
= (X)) ((Ha = 2) ™ = (Ha = 2) ") o (Ha — Ea)(X) 7.

Let M > 2 be a large enough constant such that supp(yp) C [2/M, M/2]. As before, we
define the set of dyadic numbers

A* := DN [Re(s* — E,)/M, M Re(z* — E,)].
The IC,’s satisfy

Lemma 4.2. There exists o, > 0 such that, for all s € (1/2,3/2) and £ > 0, there exists
Cse > 0 such that, for all 0 < a < o and z,2' € C\ R with —1 < Rez,Rez’ < E, + egap/4,
—1<Imz,Imz <1andImz-Imz >0, we have

N Cueo™n=2379)|; — /15727 forg e D\ (AUA),
<
Csﬁf.;\z—z'\s_%_8 foro e AUA,

We first assume Lemma 4.2 and finish the proof of Theorem 1.3. Using 1/2 < s < 3/2 and
that the cardinals of A and A’ are uniformly bounded with respect to z, 2/, (4.6) gives

K< Y Kot > Ko+Clz—7

c€D\(AUA) ocEAUA!
<Y Caeo™nCTRETIy — S PTEE (A + #A)Cyelz — 2TEE 4+ Oz - 2|
c€D\(AUA')

< Cyelz = #7275,
which is the required Hélder regularity of the resolvent from (4.5).

Proof of Lemma 4.2. We distinguish between different cases.
Assume first that o € D\ (AU A’). On one hand, Corollary 3.6 and (4.4) give

Ko < (|(Ha = 2) Yo (Ha — Bo)|| + ||(Ha — 2) "o (Ha — Ea)|)
x |(X)~* G0 (Ha — Ea)|”

<Clo '+ O_—I)O_Qmin(l,s) < Comin(12s-1). (4.7)
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On the other hand, the resolvent identity yields
Ko <|z— Z/’H<X>7S(Hoc - Z)il(Ha - Zl)il@a(Ha - Ea)<X>7SH
<z - Z/’H(Ha —2) " (Ha = 2") ' po(Ha — Ea)H H<X>_S@cr(Ha - Ea)H

<Clz— 21‘0_—20_2111111(1,5) < Camin(0,23—2)|z — . (4.8)

2

Thus, combining (4.7) and (4.8), we get

K, < CO_(%—S) min(1,2s—1)o_(s—%) min(0,25—2)‘z _ Z"S_% < Co_min(s—%,%—s) |Z o Z/|S_%,

and the first estimate of Lemma 4.2 follows.
We now assume that c € AUA and ANA’ = 0. If 0 € A, Proposition 2.6 with n = 1,
Corollary 3.6, Corollary 3.9, Corollary 3.12 and the proof of (4.7) imply

Ko < [[(X) ™G0 (Ha — Ba)(BY)[|*[[(B%) ~* (Ho — 2)71(B7) |
+ H(Ha - Z/)ilgoa(Ha - Ea)“ H<X>7S&U(Ha - Eoc)Hz

< 05750_2 min(l,s)—Q(SO_—l + CO'_10'2 min(1,s) < 05750'min(1’25_1)_26

)

for all § > 0. Furthermore, since A N A’ = (), we have o0 < C|z — 2/| and the last equation
becomes

in(s—1 3_ — N in(s—1 3_ N
Kagcs,cio'mm(s 3,5—8)+¢e 26|Z*Z/|s 5 s:Csyga_mm(s 305 s)|Ziz/|s 5 E’

with 6 = ¢/2. For 0 € A’, K, satisfies the same estimate if A N A" = ().

It remains to study o0 € A U A’ under the condition A N A" # (). We denote I :=
[1/M3, M3] C (0,+00). For 0 € AUA’" with AN A’ # (), we have Rez,Re?’ € E, + ol.
Proposition 2.6 with n = 2 then gives

sup  |[(B7)"3 7 (Ho —w) %(B°) "5 7%|| < C.o 2,

In particular, since Rez,Rez’ € E,+0I and Im z-Im 2’ > 0, the mean-value theorem implies
H<B‘7>_%_E((Ha —2) ' = (H, - z')_l)(Ba>_%_EH < Coo?|z— 7).

On the other hand, combining Corollary 3.6, Corollary 3.9 and Corollary 3.12 with an inter-
polation argument, we get

[(X) ™20 (Ho — E4)(B°)57¢|| < C. 5077,

for all x € C3°((0,1)) and § > 0. Then, the last two estimates yield

3

07372 (Ha = )7 = (Ha = )7 )al(Ha — Ba) (X) 737
< (B (Ha — )7t = (Ha =) )(B)
< [[00) 323, (Ho — Ea)(BO) 5| (X) 3200 (Ha — Ea)(B7)3*|

< C5750_26|z - 2.
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Moreover, from Lemma 4.1 with s = 1/2 + ¢, we have

10072 ((Ha = )7 = (Ha = 2) 7)o (Ha — Ba)(X) 72|
< (X)TF = (Ha — )" 0 (Ha — Ea)(X) 727
+ [[(X) 35 (Ha — ') Lo (Ho — Ea) (X) 7279
< C&(;U -9,

Then, an interpolation between the last two estimates implies, for € small enough,

1 1 1
Ko < Cs,a,50€(3728+2€+6)76(s+5)’Z - 2/187576 < Cselz — Z/|87§7€

)

for s € (1/2,3/2) and 0 < e. This finishes the proof of the lemma. O

4.3. Proof of the local decay. We finally prove Theorem 1.5. Since the assertion is clear
for s = 0, we can assume that 0 < s < 2. Let ¢, € C5°((0,1);R) be as in (4.1). Then,

Vo € supp(x(- + Ba)),  Lyop(@) + D pola) =1. (4.9)

oceD
From Corollary 3.6, Corollary 3.9 and Corollary 3.12, we have
. s C for s =0,
X) °0s(Hy — Ey)(B <
H< )P0 (Ha «)(B) H - 0501_5 for s =1,2,

for all § > 0. Therefore, an interpolation argument gives
(X)) @ (Hao — Eoa)(B%)*|| < Csomin(h)=0, (4.10)

for all s € [0,2]. Now, Remark B.6 implies that (B?)"x(H,)(B?)™" is a uniformly bounded
operator for all n € NU {0}. Therefore, an interpolation argument gives that, for all s > 0,
there exists Cs, > 0 such that

[{B7)*X(Ha)(B7)~"|| < Csx. (4.11)
Thus, using (4.10) and (4.11), Proposition 2.7 gives
H<X>7s€7itH&SOU(Ha — Eq) H
< H<X>_ @U(Ha - Ea BU HH<BU>_S€_HHQSDU(H& - Ea)<BU>SH
< [(B7)* x(Ha)(B7)~*||[{B7)* o (Ha — Ea)(X) ™"

< Csﬁ’xo_min(l,s)—&<t0_>—50_min(1,s)—5 < CS’&XO_min(Q—s,s)—Qé<t>—5. (412)

Eventually, (4.9) implies
[(X) e~ "o x(Ha)(X)~° — <X>7sefitE“X (Ba)a(X)™"|

< Z H —s —1tHa U(Ha _ EC!)X(HO()<X>_SH
oD
< Cs’é7x<t>75 Z O_min(Qfs,s)*Qé < CS,X<t>787 (413)
oeD

since min(2 — s,s) > 0 for 0 < s < 2. This finishes the proof of Theorem 1.5.
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APPENDIX A. PROPERTIES AND TECHNICALITIES

In this appendix, we collect a few properties regarding the infrared decomposition and the
infrared cutoff Hamiltonian which were used in Subsection 2.2. The notations are the ones of
Subsection 2.2. Moreover, for f: R3 x {1,2} + C and o > 0, we define

fa(kv)‘) = f(kv)‘)]]-|k|§0(k)7 (Al)
and, similarly, we set
Hf =) / \klak (k)ay(k)dk. (A.2)
A=1,2"7 [kl=o

Observe that Hf =1, @ dI'(|k[). We begin with recalling the following standard lemma.

Lemma A.1. Let f € L2(R® x {1,2}) be such that (k,\) — |k| /2 f(k,\) € L*(R? x {1,2}).
Then, for any o > 0 and p > 0, the operators a(f?)(Hf + p)~'/? and a*(f7)(Hf + p) /2
extend to bounded operators on F satisfying

la(fo)(HE + p) 73| < |[|kI72 ],
la* () (HG + p) 72| < ||[kI72 7] + o721 £]-

Let in addition g € L?(R® x {1,2}) be such that (k,\) — |k|~/2g(k,\) € L?(R® x {1,2}).
Then we have

la(f*)alg”)(HF + p)~ Y| < |12 17| 1k ~2 9],
a*(f7)a(e”) (HF + o)~ < (1K £7]| + o2 11271 |
a*(£)a*(g")(HT +p) 7Y < (k172 7)) + o2 171 (|| 1Kl 297

The following lemma is proven in [FGS1].

“2)g7|)).

Lemma A.2 ([FGS1, Lemma 22]). There exist a, > 0 and C > 0 such that, for all0 < a < a
and 0 < 0 < egap/2,

|Eq — Eo ol < Caso?.

Using Lemma A.1 and Lemma A.2, we now establish the following lemma which will be
useful in the sequel.

Lemma A.3. There exist a. > 0 and C > 0 such that, for all 0 < a < a. and 0 < o < egap/2,
|, © HY)®| < Cll(Ha — Eo)®|| + Col0]]
for all ® € D(Hy).
Proof. Let
Wao i= Hy — Ho g = 207 A% (az) - (p+ a2 Aso(az)) + o (A% (ax))”. (A.3)

Since Hp o = Ko>0 @ Lr<o + ]leo ® Hy, we have

(s, ® H)®| < [[(Hor = Bao)®l| < [(Ha = Ea)®|| + [Wao®| + Cazo®  (A4)
where we used Lemma A.2 in the last inequality. It follows from Lemma A.1 that

H (ASU(ozx))Q(]lHZG ® Hy + U)_lH < Co.
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Moreover, since ||(p + a%AZU(ax))\I/H < C|| Ko, 7| + C||¥| for all ¥ € D(Kp >,), we have

1A% (az) - (p + 0F Asp(az)) (Mo, @ Hy +0) 2 (Koso — e1+1) @ Lpes) 2 |
< [|[A=7 () (Un,, ® Hy + U)_%HH(P + a2 Asq(ax)) (Koszo —e1 +1) @ ]].,7-'3")_%“

< Coo. (A.5)
Combining the preceding two estimates with (A.3), we obtain
[Wao (1o, ® Hy + 0(Ko 50 —e1 + 1) © 1<) || < Caz. (A.6)
Since ||(Ko,>o — €1 + 1)®|| < C||(Hy — Eqo)®|| + C||®||, we conclude from (A.6) that
[Weo®|| < CaZo|(Ha — Ea)®| + CaZo|®| + Caz||(Ly., © Hy)9|, (A7)
For « small enough, (A.4) and (A.7) imply the statement of the lemma. O

The next lemma is established in [FGS1]. It is based on the fact that states with spectral

support below the ionization thresholds decay exponentially in the electron position variable
(see [BFS2, Gr]).

Lemma A.4 ([FGS1, Lemma 17]). For all A < ea, there exists oy > 0 such that, for all
0<a<ayandneNU{0},

sup |[(2)" 1 (Zoo \] (Hayo) || < C,
o>0

where C is a positive constant independent of o.
We now give the following result that will be useful in the next appendix.

Lemma A.5. For alln € NU{0}, there exists C,, > 0 such that, for alloc > 0,0 < 0 < egap/2,
7>0and z € C, 0 < +Imz < 1, the operator (ox) " (Hy, — z)"H{oz)™ defined on D({z)")
extends by continuity to a bounded operator on 'H satisfying

o) ™ (Har — 2~ o) < Cal w2 ) i (A%)

|Tm 2|/ |Imz|

Moreover, {(o2) " (Hur — ) Hox)"(Har — 2) defined on D(Hy) extends by continuity to a
bounded operator on 'H satisfying

[(2) " (Har = 2) o) (Har = 2)]| < Cu( 7o) (A.9)

| Im z|

Proof. We proceed by induction. For n = 0, (A.8) follows from the spectral theorem and
(A.9) is obvious. Now suppose that (A.8)—(A.9) hold for any k& € NU {0}, & < n, where
n € NU{0}. For any € > 0, we can write

1 y {oz)mt! 1
7 (Har — ! = H, .
<U:c>n+1( = 2) 1+ e(o)n 1+ €<0$>n+1( :
1 1 (o)t B
_ W(Haj - Z) |:Ho¢,7'7 W] (HOéﬂ' — z) , (AlO)

_ Z)—l




24 J.-F. BONY AND J. FAUPIN

in the sense of quadratic forms on ‘H x H. We compute

(ox)nt! . " ox 3
o T fert] = 0+ D0l o (4 o Azr(e)
Y >n,1( (n+1)  (n+1)(n+3)o%’ 2(n +1)%0%z? )
AT A ¥ eloz)y )2~ (o2)2(1 + eloz) ™™ )2 T (oa)2(1 + elozyr1)3 )
and
<U$>"+1 . n 3 oxr
Har W} = —2i(n+ Do{ox)" (p + a2 A>-(ax)) (ox)(1 + e{ox)ntt)?
o >n_1( (n+1) B 3(n +1)%0222 2(n + 1)%0222 )
T A T elow)™ )2 T {ow)2(1 + efow) )2 T {ow)2(1 + efow) )3 )’

in the sense of quadratic forms on D(Hy) x D(Hp). Combining the induction hypothesis with
the fact that

—1 3 C
H(Haﬂ— —Z) (p‘f’Oé?AZT(OA’L'))H S m,
next letting ¢ — 0, it is seen that (A.8)-(A.9) hold with n + 1 substituted for n, which
concludes the proof of the lemma. O

To conclude this section, we recall

Proposition A.6 ([FGS1, Proposition 7]). There exists o, > 0 such that, for all function
¢ € C§°((—00,1);R), there exists C, > 0 such that, for all 0 < o < o and 0 < 0 < egap /2,

HSDO'(HOZ - ED[) - QDO'(HC%,O' - Ea,o’)H S CLPOZ%O'

APPENDIX B. UNIFORM MULTIPLE COMMUTATORS ESTIMATES
We begin with recalling the following lemma.
Lemma B.1. ([FGS1, Proposition 9]) For all s € R and o > 0, ¢*B” D(Hy) C D(Hy).

For all s € R\ {0}, let BY := (e!*B” —1)/s. The preceding lemma shows that the multiple
commutators adjp, (Ha) are well-defined on D(Hp) for all n € NU {0}. For s = 0, we set
B§ := B?. Mimicking the proof of [FGS1, Proposition 10], one can verify the following
lemma.

Lemma B.2. There exists a. > 0 such that, for all 0 < a < a¢, 0 > 0, n € NU {0} and
¥ € H, we have

lim () ™" adie (Ha ) (Ho +1) '@ = (z)7"dL (n} (k) |k]) (Ho +1) '@

s—0

+(=1)" Z <x>*n(q)(j1) . pl2) L pli2) .(I)(jl))(HO +i)7tw. (B.1)

0<j1,525n
Ji+j2=n

Here n}(k) = n™(k/o) with n" € C3°({|k| < 1}) and we have set
3O .= p+ a2d(h(az)) (B.2)
oU) .= a2d( (b7 h(az)), j> 1. (B.3)
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Moreover,
|S|up |[{x) ™" adlps (Ha)(Ho +1)~'|| < Cu(0), (B.4)
s|<1
where C,,(0) is a positive constant depending on n and o, and for s = 0,
adle (Hy) := dp(%( )|k:|) + (=1)" Z ((I)(jl) . pli2) 4 pli2) . <1>(j1))’ (B.5)
0<g1,j2<n
Jitj2=n

as an operator in B(D(Hy); D({(x)™)*).

Remark B.3. Lemma B.1 and Lemma B.2 show that, for all m € N U {0} and |s| < 1,
the operators adg, (Ha)(z)™ (Ho + i)~! are well-defined on D({x)™). Commuting (z)™ with
ad{ps (Hq) In a way similar to what was done in the proof of Lemma A.5, it is not difficult to

verify that for all n,m € NU {0}, (x)~(+m) adis (Ha)(z)™ (Ho + i)~! extend by continuity
to bounded operators on H. Moreover, as in Lemma B. 2, we have that

lim (z) "™ adflyg (Ho) (@)™ (Ho +1) 70 = (z)7"dT (n} (k) k] ) (Ho + 1) '

s—0
+(=1)" Z <x>—(n+m)(q>(j1) . pl2) 4 pli2) . @(jl))<x>m(H0 +1)7'w,  (B.6)

0<g1,j2<n
Jit+j2=n

for all W € 'H, and
Fﬁg\RxY*”*"”adﬁg(H@)@ﬁ"%E%—%D_lH§§Cnmxa). (B.7)
Similarly, commuting now {(x)~"*"™ with adip, (Ha), one verifies that for all n,m € NU {0},
(Ho + 1)~ Hz)~(+m) adn o (Ha){(z)™ extend by continuity to bounded operators on H such
that
lim (Ho+1) ™" (2) "™ adfly, (Ho) (@)™ ¥ = (Ho + 1)~ (2) 7"dT (g (k)| k|) ¥

s—0
+ (=1)" Z (Ho + i) z)~(v+m) (q)(jl) L pl2) L pliz) . <1>(J'1))<x>m\1,7 (B.8)

0<j1,J2<n
Jitje2=n

for all W € 'H, and

Fgwm+r<>wmay( (@)™ < Cpm(0). (B.9)

Lemma B.4. There exists a. > 0 such that for all 0 < o < ., 0 > 0, n,m € NU {0},

0 < |s| <1 and z € C\R, the operators (z)~("+™) ad® g((Ha—z)_l)@}m defined on D({x)™)
extend by continuity to bounded operators on ‘H, and we have

lim (o)~ iy ((Ho - 2)71) )"0

= Y g @) T H — 2) )

1<j1,fn<n
Jitetin=n

[T (2) 7" ady, (Ho)(2) ()™ (Ho — 2) " a) 0, (B.10)
1<i<n
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for any ¥ € ‘H, wheretg =n+m, t; :=n—+m — Zlizl jgi for 1 > 1, and c;j, . j, are explicitly

computable integers. Moreover,

sJn

Cnm
sup [[(2) =04 ady ((Ho — )7 ()7 < S2ml?)

Py (| Im 2|71, B.11
o T 2] nom ([ Im 2] 77) (B.11)

where C,, (o) is a positive constant depending on n, m and o, P, ,, is a polynomial with
positive coefficients and degree n + m + >;'t;, and, for s = 0, (z)~("*™ adl, ((H, —
2)~H{x)™ is defined as the bounded operator appearing in the right hand side of (B.10).

Proof. Let us prove (B.10). A straightforward computation gives

a’dlBU (( - Z)_l) = Z le,...,jn - Z -1 H adleg — Z) 1), (B12)

1<j1,..,0n<n 1<i<n

for some explicitly computable integers c;, . j., where the right hand side is a well-defined
bounded operator on H according to Lemma B.1. Thus, (z)~(®+™) ad{go ((Ha — 2)~H(x)™
is equal to the right hand side of (B.10) with BZ in place of B?, and it remains to justify
the strong convergence. By Lemma A.5 and Lemma B.2, for all 1 < [ < n, the operators
(z)~t-radll, (Hy)(x)" (z) " (Ha — 2) "' (z)" strongly converge as s — 0, and are uniformly
bounded on |Ss| < 1 by a constant of the form given in the right hand side of (B.11). It follows
that

shim [ (@) 7"t adfh, (Ha)(2)" (@) " (Ho — 2) 7" a)"

50 1<i<n
= I @ adlp, (Ha)(@)" (@)~ (Ho — 2) 7 (2)",
1<i<n
and that (B.11) holds, which concludes the proof of the lemma. O

Lemma B.5. There exists o > 0 such that, for all 0 < a < a., 0 > 0, n € NU {0}
and ¢ € CF((—00, Eq + €gap/2);R), the quadratic forms ad. (p(Ha)) defined iteratively
on D(B?) extend by continuity to bounded quadratic forms on H. The associated bounded
operators on H are denoted by the same symbols. They satisfy

adipo (¢(Ha)) = slimadipe (0(Ha))-

Proof. We prove the lemma by induction. For n = 0, there is nothing to prove. Assume that
the statement of the lemma is established with n — 1 substituted for n, where n € N. For any
®, U e D(B?), we have that

(2, adipe (p(Ha))¥) :=(, [adi5 (0(Ha)),iB7] ¥)
= lim <<1>, [adi5,' (v(Ha)),1BI] W)
= lim <<1> adlps (p(Ha)) V). (B.13)

Set @g := ¢ and consider @1, ..., ¢, € CF((—00, Eq + €gap/2); R) such that @411 = ¢ for
any 0 <[ < n. Leibniz’ rule gives

adip (p(Ha)) = Y. Ciorgn || adlhy (0u(Ha)), (B.14)

0<j0,..,jn<n 0<i<n
Jo++in=n
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for some explicitly computable integers cj,, . j,. For each term [[o;<, adijfgg (p1(Hy)) ap-

pearing in the sum, there is at least one [y € {0,...,n} such that j;,, = 0. Given this ly, we
write
11 adijfgg(w(ﬂa)) = I (=~ adfﬁag(soz(ﬂa))@ysl“)
0<i<n 0<i<lp—1
((z)* ooy (Ha)(x)%0) [ ((z)~5 adfég(@l(Ha))<$>§l)7 (B.15)
lo+1<I<n

where sg = 0, s; = Zi;é Jiy 8 = Z?:loﬂ ji» and s, = 0. From Lemma A.4, the operator
(z)%0 @y, (Hg)(x)%0 is bounded Let ¢ € CF(C) denote an almost analytic extension of ¢;

satisfying |0:9;(z)| < C( ly|™ where m € N is fixed sufficiently large, and where z = = + iy
and 0; = 0, + 10, Then by Lemma B.4, we can write

slim () adih (r(Ha)) (2)~)
1

=—— [ 0:pi1(%) S—li%l ((z)* adijj’BU (Ho —2) M) () 5+1) da dy, (B.16)
™ JR2 s— s

where the strong convergence holds on H. Moreover using (B.11) and the properties of &y,
we obtain

sup [ (@)* adlp, (¢i(Ha)) (@)~ | < oo,
0<|s|<1 #
for any 0 < I < lgp — 1. The same holds for (z)~%-1 adijfgg (01(Hy)){x)® in the case where

lo+1 <1 <mn. It follows that [[o.;<, ad{jgg(gol(Ha)) strongly converges as s — 0 and is
uniformly bounded on |s| < 1. Together with (B.13), this shows that

(@, adip- (¢(Ha)) )| < Cl|2|]| 2], (B.17)

and that ad{- (p(Ha)) = s-lims—0 adips (¢(Ha)). Hence the statement of the lemma for n is
established, which concludes the proof. [l

Lemma B.5 shows that for all ¢ € C§°((—00, €gap/2); R), (Hy) € C*(B?). We are now
ready to prove the uniform bounds with respect to o on the commutators adizo (o (Ha — Eq))
given in Lemma 2.5.

Proof of Lemma 2.5. We start as in the proof of Lemma B.5 (see (B.14), (B.15) and (B.16)),
considering ¢, (Hy — Eo) = p(0 1 (Hy — Ey)) instead of p(H,, ), and introducing (o) instead
of (x) everywhere. Whence the statement of the lemma will follow provided we estimate
terms of the form

/R2 9:0(2)(ox)" adllze (07 (Ho — Eq) — z)*l)<aa:)*("+m) dz dy, (B.18)
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uniformly in o, for arbitrary n,m € NU {0}. By Lemma B.4, (c2)™ adz. (0~ (H, — Eqa) —
2)") (o)~ (™) decomposes into a sum of terms of the form

I1 (<am>t1—1 adlt, (07 H,) (oz) ™ (0 (Hy — Ea) —2)
1<i<n

(07 (Hy — Eo) — 2) (o) (07 (Ho — Eo) — z)*1<<m>—tz)

<Ux>n+m (U_l(Ha _ Ea) _ Z)71<Ux>—(n+m)’ (B.19)
with 1 <gj;<n, Y, ji=n,to=mand t; =m+ Zlizl j;- From Lemma A.5, it follows
_ —1 _ C
H(O’ 1(Ha_Ea) —Z)<o'x>tz( 1(Ha—Ea)—Z) <Ux tzH < ’Imt;w’ (B20)
[{oz)™ ™ (0 (Hy — Eo) — 2) {ow)~Fm)]|| < ¢ (B.21)

— | Im Z|n+m+1

It remains to estimate H(aaz)tl—l adijfgg (c7'Hy){oz) (07 (Hy — E,) — z)_lﬂ. To this end,
we compute

()=t adll, (07 Hy ) (ox) ™ = o~ Hox) IdD (1 (k) |k])
+ (=1)to Yoz) Z (q)(pl) . pP2) 4 plr2) . q)(pl))

0<p1,p2<7
p1+p2=Ji

n 21(—1)jl+1tl<0'$>_]l_1<%i> . (I)(jl)‘ (B.22)

where, recall that n (k) = n/t(k/o) with pit € Cg°({|k| < 1}) and that the ®()’s are defined
n (B.2)—(B.3). For the first term in the right hand side of (B.22), we use Lemma A.3 which
implies
o a0 (it (k) |K|) (0~ (Ho — Ea) — 2) ||
<|lo™ (M., ® Hy) (07 (Ha — Ea) ) gl
< Cllo " (Ha — Ea) (0™ (Ha — Eo) —2) ||+ C|| (67 (Ha — Ea) —2) ||

C
< B.2
CH ey (B.23)

Next, using again Lemma A.1, one verifies that

[(oz)= @) . @P2)(1y & Hy +0)7'|| < Co, (B.24)
for any 1 < p1,ps < j; such that p; + ps = j;, that
[{oa) =0 (L, | ® Hy +0)~3|| < Co3, (B.25)
and that
(o) ) Il -(ID(O)(HH>U ® Hy + G)_%(Ha —E,+1 _%H
< |[{oz) 71U (1, ® Hy + o) 22|l (p + @2 Aso () (Hy — Ea +1)72
+ [|{r2) 1B aE A7 (aw)(Lyes, @ Hy +0) ||| (Lres, © Hy +0)2 (Ho = Ea+1)72

< Coz, (B.26)
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since ®(0) = (p + a2A>a(ax)) + a%AS"(aaz). Using Lemma A.3, it then follows from (B.24)
and (B.26) that

Co

—J (1) . p(p2) (P2) . 1)) (51 _ _
H<0x> YT (@000 4 ) @) (07} (Hy - Ea) - ) H< gy (320
0<p1,p2<ji
P1+p2=]i
whereas (B.25) implies that
-1 9% @) H.—E) -2 < Co B.2
H<U$> (oz) ( H(Ha a) Z) H = TIm 2|’ (B.28)
Thus, combining (B.22) with the estimates (B.23), (B.27) and (B.28), we have shown
t— j -1 —ty(~—1 -1 C
H(crm> -1 adij]lgg(a H,){ox) l(o (Hy — Ey) — z) H < m,
which, combined with (B.19), (B.20) and (B.21), leads to
C
-1 -1 —(n+m n,m
(o)™ adipe (7! (Ha = Eo) = 2)71) (o) =] < (o

where Y m =>4 ti+2n+m+1. With (B.18), this concludes the proof of the lemma. O

Remark B.6. By similar (and simpler) arguments, one can also estimate the multiple
commutators ad{. (¢(Hy)) uniformly in o. More precisely, for all n € NU {0} and ¢ €
C((—00, Eq + €gap/2);R), there exists C,, > 0 such that, for all 0 < a < «a. and
0 <0 <egap/2,

H ad?B"(gp(Ha»H < Cn,(p-

The next lemma could be proven in the same way as Lemma 2.5, using Lemma A.5 with 7 =
0. The proof below is however much more simple, and simply follows from the commutation
relation (2.12).

Lemma B.7. There exists o, > 0 such that, for all n € NU {0} and ¢ € C§°((—o0,1);R),
there exists C,, , > 0 such that, for all 0 < o < a. and 0 < 0 < egap/2,

H ad?B" (SOU(HQ,U - Ea,a))H S Cn,p-

Proof. A direct computation based on (2.8), (2.12) and the Helffer-Sjostrand formula shows
that the commutators ad{zo (o (Ha,e — Fa,s)) (defined iteratively in the sense of quadratic
forms on D(B?) x D(B?)) extend by continuity to bounded operators on H, and that
ad{zo (o (Ha,e — Ea,s)) decomposes into a sum of terms of the form

0 Moo @ (AT (na(k)|K]) - - - dT (nd (k) |%]) (1) (HJ)),

with j € N satisfying 1 < j < n, nif (k) = n#(k/o) and n# € CP({|k| < 1}). Using that
dr (nf(k:)\k:D < HJ%, one easily obtains the required estimate. O

We conclude with the following proposition which was used in Section 3.

Proposition B.8. There exists a. > 0 such that, for all p € CF((—o0,1);R), n € N and
d > 0, there exists Cy 5 > 0 such that, for all 0 < o < o and 0 < 0 < egap/2,

H adian’ (()OO'(HC! - Ea) - SOU(Ha,a - E )H < Ctp,n 6(0&20)1 6
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Proof. Let ® € H be such that ||®| =1 and let, for s € R,
f(s) == (e*P°®, (po(Ha — Ea) — o(Hao — Bay))e P @),
It follows from Lemma 2.5, Lemma B.5 and Lemma B.8 that
F(s) = (4P, adlo (9o (Ha — Ea) — ¢o(Haw — Eag))e*?’ @),
and that || f| o < Cy,, for all n € N. On the other hand, by Proposition A.6, we have
[ flloo < Cpa®/20. The Kolmogorov inequality then implies that

n

150, < Conl I FIAIE < Conmtale) 5. (329

for all m > n. Taking m sufficiently large concludes the proof of the lemma. O

Remark B.9. Using a suitable Pauli-Fierz transformation as in the proof of [FGS1, Propo-
sition 7], one could presumably prove that

H aJdinBU (@U(Ha - Ea) - SOU(Ha,J - Ea,a)) H < C(p,na%0-7

for allm € NU{0}. For the purpose of the present paper, however, the statement of Proposition
B.8 is sufficient.

APPENDIX C. NOTATIONS

Notation Definition/description of notation Reference

A(z) vector potential of the quantized electromagnetic field (1.12)

AS9 () vector potential restricted to the low energies (2.10)

Asq(z) vector potential restricted to the high energies (2.6)

b7 truncated generator of dilatations (2.9)

B° dr'(s7) (2.9)

€gap spectral gap of the electronic Hamiltonian Section 1.1

E, bottom of the spectrum of H,, Section 1.2

Euo bottom of the spectrum of H, Section 2.2

F Fock space over L2(R3 x {1,2}) (1.7)

F=eo Fock space over L2({(k,\); |k| < o}) Section 2.2

Fso Fock space over L2({(k,\); |k| > o}) Section 2.2

H He ® F, total Hilbert space Section 1.1

Hel Hilbert space for the electron Section 1.1

HZJ Hel & fZU Section 2.2

Hy dr'(|&|) (1.10)

H, Hamiltonian of the standard model of (1.9)
non-relativistic QED

H, - infrared cutoff Hamiltonian (2.5)

Ko >0 restriction of Hy o t0 H>o (2.7)

N number operator (3.3)

P —iV,, momentum of the electron Section 1.1

11, spectral projection onto the ground state of H, Section 1.2

11, 1 -1I, Section 1.2

Iy >0 spectral projection onto the ground state of K, >4 Section 2.2

0o (*) (/o) Section 2.2

X dI'(JiVg|), second quantization of the norm of (1.16)



[AFFS]

[ABFG]

[BFP]
[BFS1]
[BFS2
[BH1]
[BH2]
[Bol]
[Bo2]
[BC]
[CFFS]
[DG]
[FGSc]
[FGS1]

[FGS2]

[GGM]
[Gé]
[Gr]
[GLLJ
[HSS]
[JK]
[IMP]
[Mo]

[RS]

31

the photon position operator

REFERENCES

W.K. Abou Salem, J. Faupin, J. Frohlich and I.M. Sigal, On the theory of resonances in non-
relativistic QED and related models, Adv. Appl. Math., 43, (2009), 201-230.

W. Aschbacher, J.-M. Barbaroux, J. Faupin and J.-C. Guillot, Spectral theory for a mathematical
model of the weak interaction: the decay of the intermediate vector bosons W+/- II., to appear in
Ann. Henri Poincaré, preprint mp.arc:10-99, (2010).

V. Bach, J. Frohlich and A. Pizzo, Infrared-finite algorithms in QED: The groundstate of an atom
interacting with the quantized radiation field, Comm. Math. Phys., 264, (2006), 145-165.

V. Bach, J. Frohlich and .M. Sigal, Quantum electrodynamics of confined non-relativistic particles,
Adv. in Math., 137, (1998), 299-395.

V. Bach, J. Frohlich and I.M. Sigal, Spectral analysis for systems of atoms and molecules coupled to
the quantized radiation field, Comm. Math. Phys., 207, (1999), 249-290.

J.-F. Bony and D. Héfner, Low frequency resolvent estimates for long range perturbations of the
Euclidean Laplacian, Math. Res. Lett., 17, (2010), no. 2, 303-308.

J.-F. Bony and D. Héfner, Local energy decay for several evolution equations on asymptotically
euclidian manifolds, preprint arXiv:1008.2357, (2010).

J.-M. Bouclet, Low frequency estimates for long range perturbations in divergence form, preprint
arXiv:0806.3377, (2008).

J.-M. Bouclet, Low frequency estimates and local energy decay for asymptotically euclidean Lapla-
cians, preprint arXiv:1003.6016, (2010).

N. Boussaid and S. Golénia, Limiting absorption principle for some long range perturbations of Dirac
systems at threshold energies, Comm. Math. Phys., 299, (2010), no. 3, 677-708.

T. Chen, J. Faupin, J. Frohlich and I.M. Sigal, Local decay in non-relativistic QED, preprint
arXiv:0911.0828, (2009).

J. Dereziriski and C. Gérard, Asymptotic completeness in quantum field theory. Massive Pauli-Fierz
Hamiltonians, Rev. Math. Phys., 11, (1999), 383-450.

J. Frohlich, M. Griesemer and B. Schlein, Asymptotic completeness for Rayleigh scattering, Ann.
Henri Poincaré, 3, (2002), 107-170.

J. Frohlich, M. Griesemer and I.M. Sigal, Spectral theory for the standard model of non-relativistic
QED, Comm. Math. Phys., 283, (2008), 613-646.

J. Frohlich, M. Griesemer and .M. Sigal, Spectral renormalization group and local decay in the
standard model of the non-relativistic quantum electrodynamics, Rev. Math. Phys., 23, (2011), 179-
209.

V. Georgescu, C. Gérard and J.S. Mgller, Spectral theory of massless Pauli-Fierz models, Comm.
Math. Phys., 249, (2004), 29-78.

C. Gérard, On the scattering theory of massless Nelson models, Rev. Math. Phys., 14, (2002),
1165-1280.

M. Griesemer, Ezxponential decay and ionization thresholds in non-relativistic quantum electrody-
namics, J. Funct. Anal., 210, (2004), 321-340.

M. Griesemer, E.H. Lieb and M. Loss, Ground states in non-relativistic quantum electrodynamics,
Invent. Math., 145, (2001), 557-595.

W. Hunziker, I.M. Sigal and A. Soffer, Minimal escape velocities, Comm. Partial Differential Equa-
tions, 24, (1999), no. 11-12, 2279-2295.

A. Jensen and T. Kato, Spectral properties of Schridinger operators and time-decay of the wave
functions, Duke Math. J., 46, (1979), no. 3, 583-611.

A. Jensen, E. Mourre and P. Perry, Multiple commutator estimates and resolvent smoothness in
quantum scattering theory, Ann. Inst. H. Poincaré Phys. Théor. 41, (1984), no. 2, 207-225.

E. Mourre, Absence of singular continuous spectrum for certain selfadjoint operators, Comm. Math.
Phys., 78, (1981), 391-408.

M. Reed and B. Simon, Methods of modern mathematical physics -1V, New York, Academic Press
1972-78.



32
[Ri]
[RT]
[Sk]

[So]
[Sp]

[Va]

[VW]

J.-F. BONY AND J. FAUPIN

S. Richard, Some improvements in the method of the weakly conjugate operator, Lett. Math. Phys.,
76, (2006), no. 1, 27-36.

I. Rodnianski and T. Tao, Effective limiting absorption principles and applications, preprint
arXiv:1105.0873, (2011).

E. Skibsted, Spectral analysis of N-body systems coupled to a bosonic field, Rev. Math. Phys., 10,
(1998), 989-1026.

A. Soffer, The mazimal velocity of a photon, preprint arXiv:1103.3031, (2011).

H. Spohn, Asymptotic completeness for Rayleigh scattering, J. Math. Phys., 38, (1997), no. 5, 2281—
2296.

B. Vainberg, Asymptotic methods in equations of mathematical physics, Gordon & Breach Science
Publishers, 1989.

A. Vasy and J. Wunsch, Positive commutators at the bottom of the spectrum, J. Funct. Anal., 259,
(2010), 503-523.

(J.-F. Bony) INSTITUT DE MATHEMATIQUES DE BORDEAUX, UMR-CNRS 5251, UNIVERSITE DE BORDEAUX
1, 351 COURS DE LA LIBERATION, 33405 TALENCE CEDEX, FRANCE
E-mail address: bony@math.u-bordeauxl.fr

(J. Faupin) INSTITUT DE MATHEMATIQUES DE BORDEAUX, UMR-CNRS 5251, UNIVERSITE DE BORDEAUX
1, 351 COURS DE LA LIBERATION, 33405 TALENCE CEDEX, FRANCE
E-mail address: jeremy.faupin@math.u-bordeauxl.fr



