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Well-posedness and optimal decay rates for the viscoelastic Kirchhoff
equation

A. Guesmia, S. A. Messaoudi, C. M. Webler

ABSTRACT: In this paper, we investigate the well-posedness as well as optimal
decay rate estimates of the energy associated with a Kirchhoff-Carrier problem in n-
dimensional bounded domain under an internal finite memory. The considered class
of memory kernels is very wide and allows us to derive new and optimal decay rate
estimates then those ones considered previously in the literature for Kirchhoff-type

models.
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1. Introduction

The nonlinear vibrations of an elastic string are written in the form of partial
integro-differential equations by

R Eh (X [ou\? R
A - 1.1
ph po + /0 <5‘x> do | 5 + [, (L.1)

for 0 <z < L and t > 0, where

w is the lateral deflection,

x is the space coordenate variable while ¢ denotes the time variable,
FE represents the Young’s modulus,

p designates the mass density,

L indicates the string’s lengh,

h represents the cross section,

po denotes the axial tension,

f represents an external force.

The model (1.1) has been introduced by Kirchhoff [15] in the study of the
oscillations of stretched strings and plates, so that equation (1.1) is called the wave
equation of Kirchhoff type until now. It is worth mentioning that, when py = 0,
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2 GUESMIA, MESSAOUDI AND WEBLER

the model (1.1) is called degenerate, and when py > 0, we denominate it as a
non-degenerate model.

There is a large literature regarding the Kirchhoff equation. In the sequel, we
would like to mention some important works on this subject. Regarding the well-
posedness of problem (1.1), the analytic case is rather known in general dimensions,
as, for instance, [8], [9] and [25]. In what concerns solutions for (1.1) lying in
Sobolev spaces and, as far as we know, the results presented in the literature are
only local in time, as, for example, [1] and [24]. However, when equation (1.1)
is supplemented by some type of dissipative mechanism, which allows us, roughly
speaking, to derive decay rate estimates for the solutions of the linearized problen of
(1.1), it is possible to recover the global solvability in time. Consequently, deriving
global solutions in time deeply depends on the decay structure of the solutions to
the corresponding linearized problem of (1.1). Therefore, we are led naturally to
consider the Kirchhoff equation subject to a dissipative term which guarantees the
decay properties of the linearized problem. When the dissipation is given by a
frictional mechanism, like g(9;u), there is a large body of works in the literature,
see, for instance, [2], [10], [4], [13], [16], [17], [18], [24], [21], [23] and a long list

of references therein.

In this paper, we investigate the well-posedness as well as optimal decay rate
estimates of the energy associated with the following Kirchhoff-Carrier problem
with memory:

t
u” = M(||Vu(t)|3)Au +/ gt —s)Au(s)ds =0 inQ xR,
0

(1.2)

u = 0 on F X RJ’_,
u(x,0) = uo(x), u(z,0) =wuz(x)in Q,

where 2 is a bounded domain in R™, n € N*, with smooth boundary 902 := T.
While there is a great number of papers regarding the Kirchhoff equation subject
to a frictional damping, in contrast, there is just a few number of papers concerned
with the Kirchhoff equation subject to a dissipation given by a memory term. We
are aware solely the paper [22]|, where stronger conditions were considered on the
kernel of the memory term. The assumption given in (1.7), firstly introduced in
[20], is much more general and allows us to consider a wide class of kernels, and
consequently, get new and optimal decay rate estimates then those ones considered
previously in the literature for the linear viscoelastic wave equation. In the present
paper, we combine techniques given in [20] with new ingredients inherent to the
nonlinear character of the Kirchhoff equation (1.2).

It is worth mentioning some important contributions in connection with vis-
coelasticity, among them, we would like to mention [3], [5], [6], [7], [11], [12], [14],
[20], [26] and references therein.

The following assumptions are made on the function M:



10

11

12

13

14

15
16
17
18
19

20

21
22

23

24

25
26

VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 3

Assumption 1.1.

Ime>0: MeC'Ry) and M(N\) >mg, VA>0. (1.3)
Fy,6>0: M(\) <A, VYA>0. (1.4)
Ja, B>0:  |M'(N)|<BAY, VA>0. (1.5)

We shall assume the following assumptions on the kernel g:

Assumption 1.2. The function g : Ry — Ry belongs to the class g € C1(R,),
g <0 and, in addition

+oo
g(0) >0 and go:= / g(s)ds < mg. (1.6)
0

Moreover, there exists a differentiable non increasing function § : Ry — R
such that

/ o0
% € L*°(R,), /0 &(s)ds = 400

and
g'(s) < ~E(8)g(s), Vs > 0. (1.7)
Now, we are in a position to state our main result.

Theorem 1.3. Assume that Assumption 1.1 and Assumption 1.2 are in place.
Then, there exists an open unbounded set S in (H*(Q) N Ha(Q)) x H(Q) which
contains (0,0) such that, if (ug,u1) € S, and, in addition, the initial data are taken
in bounded sets of H3(2) x L*(Q), problem (1.2) possesses a unique global solution
u satisfying

w e (R HA(Q) N HA(Q) N WE(R s HA(Q) N W2 (Ry; L2(Q).  (18)

Furthermore, we have the following decay estimates for the energy E given in
(2.10):

E(t) < cE(0)e ?Jo€@ds vy >0, (1.9)

where 0 and ¢ are positive constants independent of the initial data.

Our paper is organized as follows: in Section 2, we prove the general stability
(1.9). The Section 3 is devoted to the proof the well-posedness (1.8).
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4 GUESMIA, MESSAOUDI AND WEBLER

2. General stability

In what follows, let us consider the Hilbert space L?(£2) endowed with the inner
product

(u, 0) 29y = /Q u(z)v(x) dz

and the corresponding norm

|w%/wm%,
Q

and the Banach space LP(Q2), for p > 1, endowed by the norm

lalf; = [ Ju(@)]" ds
Q

Let —A be the operator defined by the triple {H&(Q),IP(Q), (("'))Hé(fl)}’
where

((va))Hg(Q) = /QVqud:c, Vu,v € Hy ()

and
D(—A) = H*(Q) N Hy (Q).

We recall that the Spectral Theorem for self-adjoint operators guarantees the

existence of a complete orthonormal system (w, ) of L?(Q) given by the eigenfunc-
tions of —A. If ()\,) are the corresponding eigenvalues of —A, then

D<A <XA<--- <A\ <--- and A\, - +o0 when v — +00.

Moreover,

w
( = ) is a complete orthonormal system in Hj (1)

VA
and

(%) is a complete orthonormal system in H?(Q) N Hy(Q).

We denote by V;,, the subspace of H?(Q) N H}(Q) generated by the first m
vectors wy, « -+ , Wy, namely, V,, = [wy, -+, w,,] and

(1) = D~ Ay (s, 1)
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VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 5

where u,,, is the solution of the approximate Cauchy problem
(up (1), w5) 2(0) + M(|[Vum (O] 3)(Vum (1), V) £2()

t
—/ 9t — ) (Vo (), Voy) gy ds = 0, j=1,--- ,m,
0

Uom = Z%‘m(o)w]’ — up in H*(Q) N HL(Q),

j=1

(2.2)

By standard methods in differential equations, we can prove the existence of a
solution to (2.2) on some interval [0,%,,). Then, this solution can be extended to
the interval R4 by using of the first estimate below.

The first estimate. Multiplying the first equation in (2.2) by 7}, (¢), j = 1,--- ,m,
and summing the resulting expressions, we obtain

li ! 2 1 21 2
S O1F MO (0)]3) 1V (0] (23
t
= [ ot = (T () Vi )20y ds =0,
0
Defining

M) = /O M(s) ds, (2.4)

and since

oy o d IVl
vy = 5 [ M) as

d
= M([|Vu(®)[2) 7 [[Vu@)][3,
then we deduce, taking (2.3) and the last identity into account,

—

M(||Vun(t)]13) - /0 9(t = 8)(Vum(s), Vuy, (t)) r2(0) ds = 0.
(2.5)

d
5l 1B+ 55

N | =

Using the binary notation

(g00u) () = / ot - $)lu(t) — u(s)? ds.
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6 GUESMIA, MESSAOUDI AND WEBLER

we infer
d L 2
pn (gDVu)( Ydr = /Q/o g’ (t = 8)|Vu(t) — Vu(s)|* ds dx
+ /Q/O g(t — S)%|Vu(t) — Vu(s)|* dsdx
= /(g'DVu)(t) dx
Q
+2 /Q / g(t — 8)(Vu(t) — Vu(s))Vu'(t) ds dx
= /(gDVu)( dx+2/g/ (t — s)Vu(t)Vu'(t) ds dz

—2// (t — 5)Vu(s)Vu'(t) ds de,

which implies that, for u,, instead of u,

¢ 1 /
_/Og(t—s)(Vum(s),Vu:ﬂ(t))p(m ds = /(gDum)( )dx—§ /Q(g OVu,)(t) dx

<AE@”“)%NV%AU@- (2.6)

| —
| = Q.|&

Then substituting (2.6) in (2.5) yields

5 gl O 5 3 TN+ 5.5 [ @umaa—3 ([ aras) 419 o
1
ZQA@DWMWM%
and using
1d ¢ 1 1 t d
§£K/0 g(s)als>IIan(t)lli}5L(1(t)llwm(t)||§+5 (/O g(s)ds)EHVUm(t)H%,
we get

537 |1 OB+ (V0 ([ B)+ / 0¥ 0ds — ([ 9061 ) [Vmo 3]

1 , 1 )

On the other hand, the hypothesis (1.3) implies that

_ 19w (0113
M (|[Vum (t)]13) /0 M (s) ds > mo||Vum(t)]]3,
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VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 7

consequently, taking (1.6) into account,
. t
M ([[Vum(®)]3) — (/O g(s) d8> IVum@®)I13 = (mo— go)l[Vum(®)ll3.  (2.8)
Combining (2.7) and (2.8), and observing that g > 0 and ¢’ < 0, we deduce

1mum@+%m~%mme@+A@mmmww (2.9)

2 2
1 2 1= 2
< Slluaml 3+ 5 M (|[Vatom|I3)

< Ly (|luall3, [[Vuol3) . ¥t >0, ¥m €N,

where L1 does not depend neither on m € N nor on ¢ > 0. This implies that the
approximated solution u,, exists globally in the topologies given in (2.9).

Defining the energy E associated to problem (1.2) by
~ 1 / 2 1~ 2 1 K 2
E@) = Sl'@lz+5M([Vu®)l) -5 ; g(s)ds | [[Vu(?)[|z (2.10)
1
+—/(gDVu)(t)dx,
2 Jo

then, in view of (2.7), it is non increasing function. In addition, as a consequence
of (2.7), the following identity of the energy holds:

o~

~ 1 [tz
E(ty) — E(t1) = §/t /Q (¢'OVu = g(t)|Vul?) dedt <0, Vity >t >0. (2.11)

Energy decay estimate. Define

<wm@=Agwwmwww@@@

and

@o@@)lég@@@mv@»w.
Lemma 2.1. Let ¢ € L'(Ry,Ry) and u € L*(R4; L?(Q2)). Then

1@ o w) B3 < [l (W 0 u)(t).
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8 GUESMIA, MESSAOUDI AND WEBLER

Proof. Applying Hélder inequality and Fubini theorem, we have

o ut ||2—/(/ Nz N u(s))ds)de

< ( / ¢<od<) / wit =) [ (@lt) - u(9)? dods.

From now on, for short notation, we shall drop the parameter "m" in u,,. We
have the following useful lemma:

a

Lemma 2.2. Let u be a solution to the approxzimated problem (2.2) corresponding
to initial data taken in bounded sets of HE(Q) x L*(Q). Then, we have the following
decay rate estimate:

E(t) < cE(0)e o ée)ds 4 >0

for some positive constants ¢ and 6 which do not depend on m € N.
Proof. From (2.2), we have,

W' (t),w)2) + M(IVu@®)|3)(Vu(t), Vw) 2o (2.12)

t
— / gt —5)(Vu(s), Vw)r2q)yds =0, Vw € V.
0

Recovering the potential energy.

Substituting w = v in (2.12), multiplying by £(¢) and integrating over [0, 7], we
can write

/ B (" (1), u(t)) 2@y dt + / M|V u(t)|2)][Vu(t)] 2 dt (2.13)
= [ e [ o= s)(Vuts). Vut) ey dsat =,

Having in mind that

% () (' (1), u(t) 120y = E@) @ (1), u(t)) + E@) [ (O] + &' () (u'(£), u(t)) r2(0),

from (2.13) we obtain
§O (W (8),u(t) 2l / &)l (8 dt - / (1) (), u(t)) 12 oy
/ EOMIVu(t)|[3)[Vu(t)| 13 de (2.14)
- / ) / 9(t = 5)(Vu(s), Vu(t)) (e ds dt = 0,



10

11

12

13

14

15

16

17

18

19

VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 9

and, using (1.3) from (2.14), we find
mo [ EOIVaOIBd < — OOz (215)
T T
+ /0 f(t)||ul(t)||§dt+/0 €' (1) (t), u(t)) 2 (o) dt
T

+ /0 f(t)/o g(t — 8)(Vu(s), Vu(t))r2(q) ds dt.

Now, we will estimate separately the last terms on the right hand side of (2.15).
We have, using Cauchy-Schwarz and Young’s inequalities,

| €0 [ ot~ 9(Tuls). ut) o ds
0 0

IN

T t
/ £(t) / ot = 8)[[Vu(s)| ]| Val®) |2 ds di
0 0

IN

/ &(t)/ g9t = s) ([[Vu(s) = Vu(®)||2 + [[Vu(t)]|2) [[Vu(t)||2 ds dt
0 0

T t
/ (1) / g(t — )| Vu(s) = Vu()|2]| Vu(b)]2 ds di
0 0
T t
+ / () / gt — 5)||Vu(t)| 2 ds di

IN

1+ [ &) [Ca=9Vu@las i+ [ oo v a

that is,

T t T
/ £(1) / gt = 8)(Vu(s), Vu(t)) g0y ds dt < (1+€)go / £(1)|[Vu(t)2 dt
’ ’ ’ (2.16)

+4i€ /0 £(t)(g o Vu)(t) dt.

On the other hand, because % is bounded, we see that, for any ¢y > 0,

T T
[ et < o [ a0 (alw @l + IVa@IF) 217
0 0 €0

where co = 2(1+ A7 /%) $ p~ r, )
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10 GUuEsMIA, MEsSsAOUDI AND WEBLER

From (2.15), (2.16) and (2.17) we arrive at

T T
mo/ EDVu(®)][5 dt < =€) (u' (), u(t)) 2ol6 + (1 + 6oco)/ ()] (8)]]3 dt
’ ’ (2.18)

+((1+Ego+ )/ E@)||Vult ||2dt+—/§ (g o Vu)(t)dt

Recovering the kinectic energy. Substituting w = gou € V,, in (2.12) and multi-

plying by &(t), it results that

/ ft ’U/lt g<>u t))L2(Q) dt (219)
/ SOM (IVa(d)|13) (Vul), (9.0 Va)(0) ooy ot

- / £(t) / 9lt = $)(Vu(s), (g0 Vu)(t)) 20y ds dt = 0.
0 0

But

ié(t)(U’(t),(QOU)(t))LZ@ = £O@(1), (g ou)(t)) L2

dt
LE@O W (1), (9" o 0)(0)) 2
() <u’<t>, R ds)

+ (O (1), (g0 u)(t) 12(0)-

L2(Q)

Integrating the last identity over (0,7"), we obtain,

T

/O )W (1), (gou)(t)) 2@y dt = &)W (L), (gou)(t)) 2o (2.20)
/E s (gou)(t))p2 (o dt
/§ g<>u ))L2(Q)dt

‘/o @) (/ 9(s)d )Ilu ()13 dt.
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VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 11

Substituting (2.20) in (2.19), we conclude

/OTg(t) (/Otg(s ds) [/ (t)]|3 dt (2.21)

= W (1), (g0 u)(D)zzo] / <l o0
/5 (IVu(®)[13) (Vu(t), (g0 Vu)(O) 12 dt
/ ) / 9(t = 5) (Vu(s), (g © Vu) (1)) (g ds dt
/5 ), (g 0u)(t)) 120 dt.

Let to > 0 such that g(to)to > 0. This is possible in vertue of Assumption 1.2.
Then one has
t
/ g(s)ds > g(to)to >0, Vt > to. (2.22)
0

Combining (2.21) and (2.22) yields

T
olto)t / £(0)] ol (1)) 2 dt (2.23)

IN

T
£ (1), (g 010) (£)) 2y |T / O (1), (g o u)(#)) oy dt
+ [ €OMARUOIB) (¥, (0 T00) 20
/ () / glt — ) (Vu(s), (9.0 Vu) (£)) gy ds dt

/ g'(t J(gou)(t))r2(odt, VT > to.
On the other hand, it is convenient to observe that
ar t
/ &(t) (/ g(t — s)Vu(t)ds, (g o Vu)(t)> dt (2.24)
0 L2()

/ £(t) ((g o Vu)(t), (g0 Vu)(t)) 2o dt

+/0 £(t) </0 gt — s)Vu(s) ds, (goVu)(t))Lz(Q) dt.
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12 GUuEsMIA, MEsSsAOUDI AND WEBLER

Combining (2.23) and (2.24) we infer, for all T > tg,
T
g(to)to/t D' @)3dt < @)W/ (B), (90 uw)t)L2(o)lo
T
+ [Cewllige vyl
/ &(1) (9" ou)(t)) L2 dt
/ DM (IVuI) (Tu(t), (g0 Vu)(b)) 20, dt

—/ £(t) (/t (t — s)Vu(t) ds, (goVu)(t))Lz(Q) dt

/ €)' (1), (g 0 u)(t)) (e d. (2.25)

Next, we shall analyse the terms on the right hand side of (2.25).
Estimate for Iy := £(t)(u/(¢), (g0 u)(t))2(0) |5 - We have,

7
L =¢(T) (u’(T),/ g(T — s)(u(T) — u(s))ds) . (2.26)
0 L2()

Thus, having in mind lemma 2.1, the definition of the energy in (2.10) and that
¢ is non increasing, we deduce

L =) / 9T = 8)((T), u(T) — u(s)) (s ds] (2.27)

iy
<60) [ o5 (GO + D) - w9 ) as
—-1/2 T
< 56Ol OB+ 250 [ gr - 9Ivur) - Tute) s
1 A%(0)

€(O)gollw'(T)|[3 +

; (90 Vu)(T)
< €(0) (90 + A '%) B(D).

2

Therefore

1| < CE(T), (2.28)
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VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 13

for some C' > 0, which, from now on, will represent various constants do not depend
on 7" and m € N, which is crucial in the proof.

Estimate for I := — fo (9" o u)(t))L2(0) dt. Employing lemma 2.1 and
the property £(t) < £(0), one has
T
L) stéémmwmm@wwmmﬁ (2.29)
T 1 T
< 5/ amwwn@m+——/ £0)ll(g! o w) ()13 dt
’ £() r
< dt 1 o t)dt
< /“sn Dl2dr + =Y |mmm+é<m|wo
—1/2 ar
< ”/ £ (0|12 dt — () Hgﬂumu[/ (o o V) (t) dr,

where ¢ is an arbitrary positive constant.

Similarly, because 5, is bounded, we have

T
«7/ €(6)( (1), (9.0 w)(6)) pay de] | < s[;s@mw@m2ﬁ (2.30)

A2 ! T
+1Tgo||%||Loc(R+) /0 £(t)(g o Vu)(t)dt,

where ¢ is an arbitrary positive constant.

Estimate for I5 := fOT @M ([[Vu@)|3) (Vu(t), (g o Vu)(t)) 12(q) dt- Let us define:

B(t) = gl ()13 + 5IVu(o) 3, (231)

the mechanical energy associated to problem (1.2). First, we observe that

B(t) >

N | —

(I @113 + (mo — go)l[Vu(®)][3) |

which implies that
E(0) > E(t) > agE(t), Vvt >0,

where ag = min{l,mg — go} (g > 0 in vertue of (1.6)). Thus, we get

E(t) < aj'E(t) < ag 'E(0), Vt > 0. (2.32)
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Using the assumption (1.4) and taking (2.32) into account, we deduce, similarly
to the estimate (2.29),

N T
Bl < 803 EO) [ &0Vl Tu)l d (2.33)
T ) 5%27 2E(0))27 oYy
< / £IIVu(t)|2 dt 4 /5 )i (g o Vu) (]2 dt
T 20[* 2'y
< e[ ewIvaepaes 22 giffE [ vwevua

where € is an arbitrary positive constant.

Estimate for I := fOT E)||(g o Vu)(t)||3. Lemma 2.1 implies that

T
<0 [ €@)go Va)o) . (234)
0
Estimate for I5 := ffOT (fo (t —s)Vu(t)ds (goVu)(t)) . dt. One has,
using again lemma 2.1,
T
FETRS 90/0 EONVu(t)ll2]l(g o Vu)(t)||2 dt (2.35)
a5 9 T
< 5/ §(t)||vu(t)||§dt+g—0/ E)](g o Vu)(8)]]3 dt
< / §0)IVue) 3 dr + 22 / £(1)(g 0 Vur) (1)

Combining (2.25), (2.28), (2.29), (2.30), (2.33), (2.34) and (2.35), we conclude,
for all T" > to,

T T T
g(to)to/t &(t)IIU’(t)IlgdtS%/o é(t)IIU’(lﬁ)IIthJr26/0 EW[Vu(®)|l3 dt (2.36)

+CE(T)+C /O (£(t)(g o Vu)(t) — (¢’ o Vu)(t)) dt.

Multiplying (2.18) by a constant 3; > 0, adding (2.36) and having in mind
that, according to the properity £(t) < £(0) and (2.32),

alto)to / )l @I dt < glto)toc (0) / W (0)|B dt < CE(0), Vi€ [0,t)
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VISCOELASTIC KIRCHHOFF-CARRIER EQUATION 15

and
| — €)W/ (t),u(t) 2@ lf | £ CE(0), vt >0,

we can write
(g(to)to — 22 — By (1 +eoco) / OO (2.37)
T
; <51 (mo g —0) ~ (8190 + 2)) / EOIIVu(D) dt

T
< CE(0) + C/O (€(t)(g 0 Vu)(t) — (¢’ o Vau)(t))dt, VT > to.

Choosing ¢y > —< 0<ﬂl<m and 0<e<

mo—go’ 1+eoco
ﬂ1(m0—go—z—8)

min {%(g(to)to — 51(1 + €pco)), W}' Hence, from (2.37), we deduce

/S(t)llf(t)U’(t)H%dtJr/ EW[Vu(®)|l3 dt (2.38)
0 0

T
< CE(0) + C/ (E(t)(goVu)(t) — (¢' o Vu)(t))dt, VT >ty.
0
Taking (2.31) and (2.38) into consideration, it results that

/OTg(t)E(t) dt < CE(0)+C/OT(§(t)(g o Vu)(t)—(g" o Vu)(t)) dt, VT > t9.(2.39)

Recalling that J/M\()\) = fA

o M(s)ds, from (1.3) and (1.4), we infer

— §
A<M < —AH wa>o. 2.40
moA < ()_%L1 > (2.40)

Considering (2.40) and using (2.32), we can write

~

B@) = 5 (1@ + FHONuI) + (0o Vo) - ([ ats)as) Ivutol)
< gooVurty (IWO)B + = ITuIVuol3) (2.41)

< %<govu><t>+§<||u/(t>||%+ g <3E(0))7”V““)”3)'

v+1 \a

We are assuming, by assumption, that the initial data are taken in bounded
sets of H}(Q) x L2(2). Consequently, let L > 0 (not depending neither on m € N
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nor on ¢t € Ry) such that E(t) < L. This implies that there exists d > 0 such that

E(O) < d. Then, from (2.41), we conclude

E(t) < =(g o Vu)(t) + BoE(t), Vt >0,

N)I»—l

5(2d)”

where By = max< 1, ——————
’ { (v + 1)ag

} ,-and, therefore

(2.42)

T N 1 T T
/ EWE() dt < 5 / €(t)(g o Vu)(t) dt+ By / EOBE(t)dt, YT >0. (2.43)
0 0 0

Combining (2.39) and (2.43) we deduce, for all T' > ty,

/g 1 dt < CE(0 +c/ (g o Va)(t) — (g o Vu) (1)) dt.

Since, according to (2.7),

~

E'(t) < (g o Vu)(t), Vt>0,

1
2
it implies that R

(=g o Vu)(t) < —2E'(t), Vt=0,

and consequently, from (2.44), we have

/OT cWB(t) dt < CE(0)+ C /OT £(t)(g o Vu)(t) dt — C /OT Byt

namely,

/§ t)dt < CE(0 JrC'/ E()(goVu)(t)dt, YT >to.

(2.44)

VT > th

(2.45)

Once we are assuming (1.7) and because £ is non increasing, we see that

£(t)(g 0 Vu)(t) < ((€g) o Vu)(t) < —(g" o Vu)(t) < —2E'(1),

then, we deduce from (2.45) that

~

g ) E(t) dt < CE(0) c/ E'(t), VT > to,

which leads us

(2.46)

(2.47)
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For 0 < T < tp, one has, using (2.11) and the fact that £(¢) < £(0),

/O Ts(t)E@) dt < TE(0)E(0) < to€(0)E(0),

which gives us (2.47), for all T > 0.

Let £(t) = fg &(s)ds and F(t) = E’(Eil(t)) Thanks to Assumption 1.2, &
defines a bijection from R, to Ry, F is non increasing and F(0) = E(0), and then
(2.47) implies that

T
/ F(t)dt < CF(0), YT >0.
0

Consequently, by applying Theorem 9.1 in [16], we find that ther exist positive
constants ¢ and 6 not depending on E(0) such that

F(t) < cF(0)e™%, vt >0.

d

By the definition of F'; this last inequality implies the general stability (1.9),
which finishes the proof.

3. Well-posedness

Lemma 3.1 (H?(Q) a priori bounds). Suppose that u is a local solution on [0,T]
such that
sup {[[Vu/(@)ll2, [|Au(®)]l2} < K,
te(0,T]

for some K >0 and T > 0. Then, the following estimate holds:

t 2a+1 s
VOB A} < CKHEO)™E [ e SFR IO 4 (31)
0

+ag ! ([[Vua]f3 + M(|[Vuo| )| Auoll3)
= G(t, Iy, ;,K) on[0,T7,

with Iy = E(0) and I = ||Vuy||2 + M(||Vuo||2)|| Auol|2.

Proof. Taking w = —Au’ € V,,, in the approximate problem (2.2) yields

3 IV (013 + MUV Au@)B] - fy 9t — )(Aus), Au'(s)) 120 ds
= M'([[Vu®)|[3)(Vt/ (t), Vu(t)) 2ol Au®)]]3. (3.2)
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Considering similar computations as done before, from (3.2), we infer

1d

535 IV OB MTaOBlSuI ([ ate)ds) I18uol+( o Ao

10

11

12

13

14

15

16

17

18

19

20

21

22

23

= %(9’ ° Au)(t) dx — 19( )| Au(t)|[3 + M'([[Vull2) (V' (£), Vu(t)) 2ol Au)]]3.

(3.3)

Integrating (3.3) over (0,t), t > 0, we deduce
IV (@5 + M (IVu®)]]3) [|Au@)]] ~ (/0 g(s)ds) [ Au(®)]3 + (g 0 Au)(t)
— (V|3 + M (|[Vuol[3) | Auol[3) (34)

¢
< 2/0 M’ ([[Vu()I3) (Vad'(s), Vu(s)) 2y || Au(s)]] ds.
On the other hand, we have, in vertue of (1.3) of and (1.6),

IV O3 + M ([[Vu@)l]z) [|Au®)]3 - (/O 9(8)d8> Au(®)][3 + (g 0 Au)(t) dz

> ||V (113 + (mo — go)l|Au(t)][3 (3.5)
> a (|[Ve' (D)1 + [[Au(®)[3) -

Combining (3.4) and (3.5), and taking (1.5) and (2.32) into account, we obtain
ao ([[Va' @13 + [|Au®)[3) = (IIVull3 + M(|[Vuol 3)| Auoll3)  (3.6)

< 2/0 M ([[Vu(s)[[5)]| Ve (3)][2] Vu(s)] || Au(s)|[3 ds

t
<23k [[Vu(s)B ds
0

Inequality (3.6) combined with Lemma 2.2 yields
IV ()5 + || Au(t)[[3 (3.7)

<og' (IIVmII% + M(|[Vuol[3)]| Auol[3)
FOK3(E(0)) ™5 [l e O Jo s gg,

which proves the Lemma 3.1. O
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Now, we finish the proof of (1.8) when

+oo 2a+1 s
/ e~ PR ST g o0, (3.8)
0

Remark 3.4. Condition (3.8) as well as Assumption 1.2 are satisfied, for
example, if g converges to zero at infinity faster than tid, for any d > 0, like

—by (t4+1) T —by (In(t+e2~1))a2
b

91(t) = aqe and g2(t) = ase

where a;, b;, ¢1 > 0 and g2 > 1 such that a; are small enough so that (1.6) holds.
For these two particular examples, ¢ is given, respectively, by

) =biqi(t+ 1)mi“{0"“_1} and  £(t) = baga(t + qu—l)_l(ln(t + eqz_l))qz_l.

Howover, when g converges to zero at infinity slower than tid, for some d > 0, like

g3(t) = as(t +1)"%,
where az > 0 and g3 > 1, Assumption 1.2 is satisfied with

() = gslt+ 1)

provided that as is small enough so that (1.6) holds. But (3.8) is not always
satisfied, since (3.8) is equivalent to %(2a +1)0g3 > 1.

Assume that Assumption 1.1, Assumption 1.2 and (3.8) hold, let K > 0 and
set

Sk = {(ug,u1) € (H*(Q) N Hy(Q)) x H}(Q), G(t, Iy, I, K) < K?, Vt >0},(3.9)
and

S={J Sk (3.10)

K>0

Recalling Lemma 2.2, one can assert that u (the approximate solution con-
structed by Galerkin method) and v’ exist globally in Ry. Suppose that (ug,u1) €
Sk for some K > 0. Thus, we would like to prove that

[|Au(t)||2 < K and [|Vd/(t)|]2 < K, Vt>0. (3.11)

In order to prove (3.11), we argue by contradiction. So, assume that (3.11) does
not hold. Then, there exists some 1" > 0 such that

[|[Au(t)]]z < K and ||Vd/'(t)||2 < K, Vte|[0,T] (3.12)
and

|Au(T)]l2 = K or |[Vu/(T)]]z = K. (3.13)
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Repeating the proof of Lemma 3.1, we see from (3.12) and (3.13) that (3.1)
remains valid, for 0 < ¢ < T, so that, taking (3.9) into account, one has

IVa'(T)[[5 + |Aw(T)| |3 < G(T, Lo, [, K) < lim G(t, Do, [, K) < K?,  (3.14)

t——+o0

which contradicts (3.13). Thus, we have shown (3.11). As a consequence, we
can repeat the continuation procedure indefinitely and we can conclude that, if
(ug,u1) € S, the solution u can be continued globally on Ry and (u(t),u'(t)) € S,
for all t > 0.

Uniqueness. Let u and v be two solutions to problem (1.2). Then w =u — v
satisfies

w'’ — M(||Vu(t)||§)Aw + /0 g(t — s)Aw(s)ds

= (M(||[Vu®)]l3) — M(|[Vo®)[[3)) Av in Q@ x Ry, (3.15)
w=0 onI xRy,
w(0) =w'(0)=0 in Q.

Taking the inner product in L?(Q2) of the first equation of the above system
with w’, we deduce

1d ¢
335 |1 OUBEA IVl E) 0@l ([ ate)as) IVl + (50 Tue
0
1 1
=359 0 Vu)(t) = 9@V w®)|5+M" (IIVull3) (V' (1), V() 12y [V (®)]]3
+ (M ([Va(®)][3) = M (IVo@I)) (Av(t), o (1)) 120
which implies
L ' @I + M (19 u)I3) Vw5 - (f; 9(s)ds) [Fw (@]} + (g0 Vw) ()]
< M (|[Vullf) (V' (8), Vu() 2o, V(@)1
+ (M (IVu®IE) - M (IVo(0]3)) (Ao(e), 0 () 20 -

Making use of the main value theorem, we infer

M ([Vu(®)|B) = M ([Vo0)[B) ] < ClIVu@® — [IVo(t)B
< C(IVu®)llz + [Ve(®)]l2) [IVa(?)]:
—[[Vo(t)l
< O[Vu(®)l2-
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5= | @IE+M ([[Vu@®)|3) IVw®)l - (/O 9(8)d8> IVw(t)[[3+(g 0 Vw)(t)
< C(IVw®)3 + [[Vw(t)|la]lw' (t)]]2) -

Integrating the last inequality over (0,¢) and noting that w(0)=w'(0)=0 yields

(Il O3+ (mo—go) [[Vw(t)|[3+(g 0 Vao) (1)) < C/O (Il ()13 + [[Vw(s)ll3) ds.

N =

This implies that
t
[l (O3 + [Vw(t)]]3 < C/O (Ilw'(s)I13 + [[Vw(s)l[3) ds, vt >0,

which, by Gronwall’s inequality, implies w = 0. This completes the proof of (1.8)
in case (3.8).
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