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ABSTRACT. We prove maximal speed estimates for nonlinear quantum propaga-
tion in the context of the Hartree equation. More precisely, under some regularity
and integrability assumptions on the pair (convolution) potential, we construct a
set of energy and space localized initial conditions such that, up to time-decaying
tails, solutions starting in this set stay within the light cone of the corresponding
initial datum. We quantify precisely the light cone speed, and hence the speed of
nonlinear propagation, in terms of the momentum of the initial state.

1. THE PROBLEM AND RESULTS

In contrast to the key principle of relativity, in Quantum Mechanics, a local change
of initial conditions effects the solutions everywhere instantaneously. As Quantum
Mechanics is the theory of the quantum matter in non-extreme conditions, it is
important to understand the limitations this imposes and to investigate universal
properties of the Quantum Mechanical (QM) propagation in some depth.

QM predictions are probabilistic and therefore so is the characterization of quan-
tum evolution. It was shown in [39] that, assuming the energy is bounded initially,
the supports of solutions of the Schrodinger equation, up to vanishing in time prob-
ability tails, spread with a finite speed. This result was improved in [22, 41} 1] and
extended in [5] to photon interacting with an atomic or molecular system, while
[14, 15] developed a related approach in condensed matter physics.

For an electron in an atom the maximal velocity of propagation obtained in [1]
is close to the one computed heuristically and to the one observed: of the order of
10°m/s which is less than 0.1% of the speed of light. Hence, in a few body case, the
QM predictions here are fairly reliable.

Though bounds obtained in [39, 22 41] and especially in [1] are valid for rather
general class of potentials, for many-particles systems, their dependence on the
number of particles (which in applications could vary from a few to 10?°) is rather
poor.

In this paper, we prove bounds on the speed of propagation for bosonic many-body
systems in the mean-field approximation, i.e. for the Hartree equation (HE),

0 1
iai/ft = (—§A + V) + v % |1/1t‘21/1t7 (1.1)

in the physical space R¢,d > 3. Here V and v are real functions, external (‘one-

body’) and internal (interparticle, or ‘pair’) potentials.
1
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We make the following two sets of assumptions on the pair convolution potential
v, and the external potential V:

e We assume that v : R? — R satisfies[|
ve W) if 1 < g<d/2, for d/(2q) <7,
or veW™ with ~>d/2,
where W74 is the standard Sobolev space (W7? = H7), and W (4%) denotes
the Lorentz-Sobolev space; see ([1.10]) below.

e We assume that V : RY — R satisfies Yajima-type conditioneﬂ (cf. [43] 17, 35],
[19, Eq. (2.10)], and references therein):

(1.2)

()" (V) VST, o>3d+3, a<y+[%F] (1.3)
where (z) := /1 + |z[2.
e Furthermore, we let H := —%A + V and assume that
H has neither nonpositive eigenvalues nor a resonance at 0. (1.4)
We recall that H := —%A + V is said to have a resonance at 0 if the equation

Hu = 0 has a distributional solution u € (z)"L? = {f = (-)*g|g € L?}, for any
v > % One can show that there are no zero energy resonances in dimensions d > 5.
In Proposition below we give explicit restrictions on V' for which condition
is satisfied.

The assumptions — are more than enough to guarantee that the propa-

gator e " is bounded on the Sobolev space H7, and satisfies the same dispersive

estimates as the propagator eits/ 2: see and .

Denote x = x(r) for a smooth bump function supported in [0, 1] and such that
x = 1on [0,1/2]. Let x4 denote the characteristic function of a set A. For I C R
a bounded open interval, we define the upper speed (or momentum, as the mass
of particles is set equal to 1) bound given that the energy of the initial state g is
supported in I as

ko= IV (). (L5)

Finally, let B*(¢) denote the ball in H*® centered at the origin and of radius ¢ > 0.
With this, we formulate our main result.

Theorem 1.1 (Maximal propagation speed for HE). Assume Conditions (|1.2)),
(1.3) and (1.4). Let I be a bounded open interval, g € C°(I;R), b > 0 and s > 7.
Then, there exist € > 0 and a set

S, C B*(Ce), (1.6)

IThe regularity assumptions on v are probably not optimal and can be weakened. We however
decided to state things in this way for technical convenience.

2Note that these conditions are not optimal, and we opted to state them in a simple and
concise form that applies to all dimensions d > 3. We refer to the cited papers for more precise
assumptions.
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for some absolute C' > 0 (see (3.12)) ), such that the following hold true:
(1) Sy is in one-to-one correspondence with the set g(H)x(|z|/b)B*(¢);

(i1) For any initial condition vy € Sy, the Hartree equation (L.1)) has a global
solution in H® and this solution satisfies the estimate

IXQeizteay ell S ()72, (1.7)
for any constants ¢ and a satisfying ¢ > k; and a > b.

Remark 1.2 (On the decay rate). The algebraic decay rate of —1/2 in can
probably be improved. The restriction is coming from the presence of the nonlin-
earity, as one can see by comparing with the arbitrary decay rate obtained in the
linear (time-independent) case in [I].

Remark 1.3 (Scaling). In the quantum mechanical context, one would like to keep
|40]|?, interpreted as the initial number of particles, at least of O(1). To reflect this
interpretation, one may phrase the main result of Theorem without assuming
smallness on the data, but assuming instead that the pair interaction potential is
small. In other words, we may let € = 1 in the statement of Theorem and change
v to e?v in the Hartree equation (L.1)).

By definition ([3.12)) below, the set S, consists of H*-functions ‘localized’ in the
position z and energy H (essentially to |x| < b and I, respectively). Estimate (1.7))
shows that (up to time-decaying tails), a solution to the Hartree equation starting
in the set

S= J Sew

geC§°,b>0

stays inside the c-light cone of an initial condition. After [39], we call such a result
a mazimal (propagation) speed bound (MSB).

The infimum of all ¢’s for which holds is called the maximal speed of propa-
gation, Cpax. Theorem implies the bound ¢y < k7.

As was mentioned above, for the (linear) Schrodinger equation (v = 0), such an
estimate was found in [39], improved in [22] 41], 1].

The MSB is conceptually close to the celebrated Lieb-Robinson bound in Quan-
tum Statistical Mechanics proved in [28] and improved by many authors and ex-
tended to various areas of quantum physics with many important applications (see
[7, 20, 1] for reviews and references) [

For certain models of quantum many-body systems without the Hartree or Hartree-
Fock approximation, the Lieb-Robinson and maximal velocity bounds were obtained
in a number of papers, see [13] 18] 29, [14. [15, [16, 30, [7, 37, 42, 27, [44] and references
therein.

Our approach follows that of [I] (originating in turn in [39]) for the linear Schré-
dinger equation and is based on constructing nearly monotonic (for bounded energy

3The Lieb-Robinson bound does not involve an explicit energy cut-off, but there is an implicit
one in setting up the problem on a lattice, rather than a continuous space.
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intervals) ‘propagation observables’ providing quantitative information about the
quantum evolution in question. One of our key contributions is the extension of the
quantum energy localization method, which proved to be exceptionally effective in
the linear context, to nonlinear problems.

Remark 1.4 (MSB-intuition). The MSB is determined by the kinetic energy term and
the main effort is directed at controlling the influence of the effective time-dependent
potential, due to the nonlinearity (time-dependent self-consistent potential). Such a
control is subtle as, a priori, one cannot rule out that the time-dependent potential
does not pump energy onto the systems leading to an acceleration.

Remark 1.5 (Finiteness of k7). Since V' is bounded (in fact, A-boundedness with a
relative bound < 1 (see (4.1)) below) suffices), A is H-bounded and therefore k; in

(1.5)) is finite.

Remark 1.6 (Sharpness of the MSB). Under our assumptions, the bound c¢pax < &y
is sharp. To illustrate this, we consider the special case of v = 0. In this case, we can
take S, = g(H)x(]z|/b)L?(R?). Then, one can show (see e.g. [38]) that solutions of
(L.1)) with v = 0 (the Schrodinger equation) with initial conditions in Sy, concentrate
on the trajectories x = pt + ¢y, where p = —iV is the quantum momentum operator
and zo € R?, and consequently g(H) =~ g(3]p|* + V(pt + z0)) =~ g(5]p|?), as t — oco.
Choosing I to be a small interval around an energy £ > 0 and using that g(H)
is supported in I, we see that the support of the solution v, expands at the rate
VEt. On the other hand k; = |||p|x:(H)|| = VE. (Of course, one can simplify the
arguments by taking V' = 0.)

Remark 1.7 (Dependence on number of particles). The bound k; is of the same form
as in the (linear) one-particle case and gives a similar magnitude for the speed as in
that case. However, the constant (subsumed in the symbol <) on the r.h.s. of
depends on the size of the pair potential v. (In the mean-field derivation of the HE,
one considers the pair potential w in the many-body SE to be of the form w = %’U,
with v = O(1) in the particle number n (see [4]). This v enters the HE.)

Open problems. (a) Prove MSB (1.7]) with the implicit constant on the r.h.s. inde-
pendent of the size of the pair potential v.

(b) Prove the MSB ([1.7)) for n-particle systems with n-independent bounds.

(c) Prove the MSB ([1.7)) for the Hartree-von Neumann (‘mixed state’ Hartree)
equation, see [33] for some results on the long-time dynamics of this equation.

(d) Investigate a possibility of an acceleration due to strong nonlinearities.

The following proposition gives explicit restrictions on V' guaranteeing that Con-

dition ([1.4)) holds.

Proposition 1.8. Assume that the positive and negative parts of the potential V,
Vi =max(V,0), V_ = max(—V,0), satisfy

Vi(x) <C{x)™, V_(x) <dix)™® a>2 (1.8)
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for some C' > 0 and for 6 > 0 small enough. Then the operator H = —%A +V has
no eigenvalues and 0 is not a resonance of H.

Proposition [1.8| or a similar statement, might be known. For the convenience of
the reader, we provide its proof in Appendix [A]
Theorem [I.1] and Proposition [I.§ imply

Corollary 1.9. Assume that Conditions (1.2), (1.3) and (1.8]) hold. Then the
conclusions of Theorem[1.1] hold.

Remark 1.10 (The case of pure power NLS). Our main result, Theorem , can be
extended also to the case of the pure power NLS equation

0 ! )
i e = (=58 +V)d + el ol genie ey < & (1.9)

see Remark [.4] below for a detailed discussion.

Organization of the paper. In Section [2] we state a standard global existence result
with time decay for small solutions. In Section 3 we describe the class of admissible
data, S = | geze b0 Ogbs for our MPS bounds. The main result of this section
is proven in Section [0, after we state in Section [f] some preliminary estimates. In
Section [4] we prove Theorem [I.I} Technical proofs are collected in the appendices.

Notation. As mentioned above, L? and W*? denote the usual Lebesgue and Sobolev
spaces, L denotes the weak-L? space, and W*(®>) (¢ > 1) stands for Lorentz-
Sobolev space,

Wwr@ee) — {f € L¥® (V)f e L9 a < fy}' (1.10)

To simplify the statements below, we will also write, abusing notations in the case
where ¢ = 1,

Ll,oo = Ll, Ws,(l,oo) = Ws,l.

We let (z) := y/1+ |z|? for z € R% and denote by L? := (x)”7L? the usual
weighted L? space.

We use standard notation for norms, and will often let || - || = || - [[z2. We
will sometimes also use || - || to denote the operator norm when there is no risk of
confusion.

As usual, p’ denotes the Holder conjugate exponent of p € [1,00]. The Lebesgue
indices ¢ and p appearing in the statements of the results (see for example (2.1)) and

(2.2)) in Theorem are related as follows:

1 1 1 1 1
L (1.11)
p 2 2 p P
We write A < B if A < CB for some absolute constant C' > 0 independent of A
and B. We write A~ Bif A< B and B < A.

More notation will be introduced in the course of the proofs.
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2. GLOBAL SOLUTIONS

We begin with a basic theorem on the existence of global small solutions with
time decay:.

Theorem 2.1. Let 1 < g < d/2 ands > d/(2q). Assume that'V satisfies Conditions

, and that

ve L™ qf 1<q<d/2, vel' if g=1. (2.1)
Then, there exists € > 0 such that, for any e < &, Eq. with an initial condition
Yo satisfying

Yo € HSNLY, ol ganrw < (2.2)

where p' is given by (L.11)), i.e. p' = % for ¢ > 1, has a unique global solution
Py € C(R, H*(RY)) and this solution satisfies, for all t € R,

[l = [[Yoll 2, (2.3)
ol S lolle (2.4
[ellze S e(t)/0. (2.5)

Theorem is proven using standard energy and decay estimates. For ¢ = 1
(v € LY), it is proven in [12]. In Appendix B} we present a proof for the full range
of ¢’s.

3. SET OF INITIAL CONDITIONS AND ASYMPTOTIC ENERGY CUT-OFF

In this section, we describe the set of initial conditions, S = J 9EC 550 Sg.p, used
in Theorem [I.I} To do this, we introduce asymptotic energy cut-offs.

Let f(|¢0?) := v * [ and let H} be the 1-dependent Schrodinger operator on
L?*(RY) defined as

HY = S AV 4 f(f). (3.1)

If ¢, € L, with p as in Theorem 2.1} by Young’s inequality we have f(|¢|?) € L*.
Then, by Kato’s result (see e.g. [§]), the operator Htw is self-adjoint on the domain
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of A. We let Utw = U;,Do be the propagator generated by H;Z’ . Then a solution 1, of
(1.1) satisfies the fixed point equation v, = Ut),. We also denote

W = f(|0]?) = v * [, HY =H+ W/ (3.2)

For real-valued g € C§°(R) we define the asymptotic energy cut-offs (cf. [1l 39])
as the operator norm limit

gL (H) = lim (UY) " g(H)UY. (3.3)
The next proposition will imply that this limit exists under our assumptions.
Proposition 3.1. Let Wy(x) = W (x,t) be a real, time-dependent bounded potential
satisfying

/ |05 Wy || Leedt < 00,  where either a=0 or 1<|a]<2. (3.4)

0

Let U := U(t,0) be the evolution generated by Hy := H + Wy. Then, for all g €
CP(R; R), the following operator-norm limit exists

g1 (H) = lim U7 g(H)U,. (3.5)

Proof. Define g,(H) := U; *g(H)Uy, and write g,(H) as the integral of the derivative
and use that 9,g,(H) = —iU[g(H), W,]U, to obtain

o) =gt~ [ U g(H), WU, dr- (36)

If (3.4) holds with o = 0, using the trivial estimate
Ig(H), Wl S g [ Well e S AWl Lo,

shows that (3.5]) exists.
If (3.4) holds with 1 < |a| < 2, then we use Lemma [E.3] which shows that

[g(H), W,]|| S max [[02W, | pe.

1<|o]<2

Hence ({3.5)) exists. O

Remark 3.2 (Bound (3.4))). For either the Hartree case (3.2)) or the NLS one (4.7)),
the bound ([3.4)) follows from the decay of ||¢¢||z» at a sufficiently fast rate in t; see
for example Lemma

Corollary 3.3 (Existence of the asymptotic cutoff (3.3))). Under the conditions of
Theorem [2.1], if 1 is a solution of (L.1)) then, for all g € C§°(R;R), the limit (3.5)

exists and

g (H) = g(H) — i / (U)o (H), WO UY dr. (3.7)



8 J. ARBUNICH, J. FAUPIN, F. PUSATERI, AND I. M. SIGAL

Proof. Under the conditions of Theorem [2.1| Young’s inequality implies that

Wl S (81, (3.8)
see Lemma below. Hence since ¢ < d, Proposition |3.1] implies the existence of
the limit and the formula . U

To proceed, recall that B*(¢) denotes the ball of radius € in H?,
B(e) :={f € H |fllu: <e}. (3.9)

Recall also that L2 := (z)"7L? and let ||f||zz := [[(x)"f||z> be the corresponding

norm. Note that if v > d/(2¢), then L2 C LP" where p' is given by (1.11]). For ¢ > 0,
B:(e) denotes the ball of radius ¢ in L2 N H*:

Bi(e) = {f € LN H", | fllez + £l < e} (3.10)

The next proposition is the main result of this section.

Proposition 3.4. Let 1 < q < d/2, d/(2q) < v < d/q—1, and v < s. Let
g € C°(R;R). Let £, > 0 be such that Coe = ¢ < 1 with Cy sufficiently large.

Then assuming Conditions (1.2), (1.3) and (1.4) on the potentials V and v,
e For all ¢ € B(¢) there exists a unique 1 € B3(€) solving the equation

wo = g O (H)g, (3.11)

where gf(H) is defined in and V(1) : t — the solution ¢, of with
the datum 1 (which exists globally since 1o € B3(¢) C E(H* NLY) and satisfies
the properties in Theorem |2.1|).

o The map @, : ¢ > g restricted to the domain g(H)B:(e) is injective (note
that g(H)B:(¢) C B;(Ce) for some C > 0).

Eq. (3.11)) is a fixed point problem depending on ¢ (or an implicit function
equation). We prove Proposition in Section @

Definition 3.5 (Set S;;). Let ®, be the injective maps defined in the second
statement of Proposition . For g € CP(R;R) and b > 0, we define the set
Sy of initial conditions, 1), appearing in Theorem Eq. (1.6), as

Sy = @ (g(H)x(|2|/0)B(€)). (3.12)
Proposition shows that the class of initial data Sy is in one-to-one correspon-

dence with the set g(H)x(|z|/b)B"(e) (note that x(|=|/b)B*(e) C B5(Ce) for some
C > 0). Proposition and Theorem imply that

Corollary 3.6. Under the conditions of Propositz’on the set Sy of initial con-
ditions, o, constructed in (3.12), has properties (i) and the first part of (ii) (that
for any initial condition 1y € Sy, the Hartree equation has a global solution
in H*) of Theorem[1.1]
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4. PROOF OF THEOREM [L.1]

We will use the following result about the linear propagators proven in [I] under
stronger assumptions.

Theorem 4.1 (Maximal propagation speed for ¢-dependent potentials). Suppose
that Hy = =1 A +V + W,, with V(z) satisfying the inequality

a1
IVl < | Aufl + azljull (4.1)

for some 0 < ay < 1, ay >0, and Wy(x), a real, time-dependent, bounded potential
such that

either / wydt < oo or / w; dt < 00,

° e ’ o (4.2)

where  wy ::/ Wy lwiedr and w; := max / |OSW,.|| oo dr.
t t

1<|af<2

Let I be a bounded open interval, g € C3°(I;R) and let ky be as in (1.5)). Ifc > ki
and a > b, then, for all 0 < [ < 1, the evolution U, = U(t,0) generated by H,
satisfies the estimate

—min(,1—
X (el et+ay Urg (H) X<y | S ¢ 4, (4.3)
fort>1. Here wfﬁ is either wys or wis, depending on the condition in (4.2)).

A proof of Theorem is given in Appendix [D] Note that in our context, it is
preferable to use the condition [~ [ [|W¥|lwredrdt < oo since it requires less
regularity on v than the condition [;° [ |0 W || peedrdt < oo, 1 < |af < 2.

Proof of Theorem[I.1] Let ¢ € C(R, H*(R?)) be the unique global solution of Eq.
(1.1) with an initial condition 1 in the set Sy (see (3.12)), given in Theorem [2.1]
Theorem |[1.1| follows from Theorem [4.1| by letting (see ((3.2]))

Wems W= f(leal®), Ui UF, B=1/2, (4.4)
provided we verify Condition (#.2), that w,;s < (t)~'/2, and Proposition which

~

shows that the class of initial data S, is in one-to-one correspondence with the set
g(H)x(|x|/b)B*(e) C g(H)B;(C¢) for some C' > 0 (see Corollary [3.6).
For Condition (4.2)), we need the following direct consequence of Theorem m

Lemma 4.2. Under the conditions of Theorem |2.1], we have that
(Wi, <0 (4.5)
Suppose in addition that v satisfies (1.2]). Then

W e S 200075 (4.6)
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Proof of Lemma [f.3 First consider the L>-norm of W,”. By Young’s inequality,

Wl oo S N0llzace [l o S Mol a1l

since p = 2¢’. Hence the first inequality in (£.5) follows from (2.5)) in Theorem [2.1]
If we suppose in addition that v belongs to W) then we can write

W e S ollwrcomo [[[96 ] o S 0 lwncao 19012
and hence follows again from . 0

Now, condition (4.2]) follows from Lemmasince, using v > 1, we have ||[WW} || yy1.00
< ()~ with ¢ < d/2. Hence, w; < (t)~%%+! and Theorem [1.1| follows. O

Remark 4.3 (Integrability assumptions). In dimension 3, the endpoint case in The-
orem for our integrability conditions is v € L*? and 1y € L%°. This would
correspond to sharp decay in LS that implies that ||[W;|p~ < ¢72, which is the
borderline rate for the current argument; see (4.2)).

Remark 4.4 (The case of pure power NLS). To extend Theorem [1.1|to the NLS (|1.9))
(see Remark , we take

W = 1] (4.7)

instead of v  |¢4|?. It is not hard to show that there exist numbers oy = 0o(d) and
S0 = so(o,d) sufficiently large, such that assuming that o > o¢(d) and s > so(o, d),
a global existence result analogous to Theorem holds for ((1.9), and implies
bounds on W; that can be used to verify condition (4.2) and apply Theorem .
The analogue of Proposition needed to construct a suitable class of initial data,
can also be proven following the same arguments we give in Section [6] and the
analogous results from Section |5| for the flow of .

For example, in dimension d = 3, consider o = 3/2 (quartic NLS) and let p’ €
[1,6/5). Then one can show (as in the proof of Theorem [2.1)) that the same estimate

(2.4)-(2.5) hold for solution of (1.9)):
el S )22 gl Se. (4.8)

Note that 3(1/2 — 1/p) > 1 (since p € (6, <)).
Then, let us first fix, for the sake of explanation, p’ = 1. It follows that

[ e S A 0 = (B (4.9)
provided s > 5/2, and, for all v <s,
W = 1P | S (]| a1l S %) 72 (4.10)

In particular, the condition in Proposition 3.1, and the stronger condition (4.2)
in Theorem hold. Analogues of Lemma and also hold (note that the
only relevant thing is that the exponent d/q > 2, so we can fix ¢ = 3/2 — € when
comparing to the rates in —). The mapping properties in Lemma and
can also be proved using (4.8), and the same goes for the estimates on the
differences from Lemmas 5.9| since these only rely on — and the above
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mentioned lemmas. Theorem then follows for solutions of (1.9) with o = 3/2
and p’ = 1.

5. MAPPING PROPERTIES OF W, AND U}

In this section, we state several properties of Wtw and the flow Utw that will
be essential ingredients in the proofs in the next section. Proofs are deferred to

Appendix [C]

5.1. Mapping properties of Wtw. Recall that the norms of ng in the spaces
L*>® and W7 have been estimated in Lemma [5.Il We also need to estimate the
W#24_norm of W .
Lemma 5.1. Under the conditions of Theorem [2.1], we have that

_d
W ||z S €28) 5. (5.1)

Identifying WZZ’ with a multiplication operator, Lemmas and imply the
following

Lemma 5.2. Under the conditions of Theorem |2.1], we have that

||Wtw||HS»—>HS 5 52<t>7%' (5-2)
Suppose in addition that v satisfies . Then
Wi S 20075 (5.3)

Lemmas and show that by imposing stronger regularity conditions on v,
namely v € W*@>*) (see Condition (1.2))) instead of v € L%, one improves the

decay rate of Wtd’. This can also be achieved by assuming more regularity on the
initial data ).

Lemma 5.3. Let 1 < ¢ <d/2 and s > ~. Let 0 = 01 + 05 with 01,092 > 0 and

s > i + i .
2¢g d—2q
Assume that V satisfies Conditions , and that
v e W) g 1 <g<d/2, ve L if ¢g=1. (5.4)
Then, there exists € > 0 such that, for any ¢ < &, for any
vo€ H'OLY,  |[vollysner <o, (5.5)
we have

||Wtw||wo'oo S 62_25/[1/d<t>_d/q+£l,
with d/q — &' > 2. In particular,
Wl S 2205

s r~
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In the next lemmas of this section, one can replace the regularity assumption on
v (i.e. v satisfies Condition [1.2)) by the assumptions of Lemma For simplicity,
and since in our application we need that v satisfies (|1.2)), we do not elaborate.

5.2. Mapping properties of Utw . We now prove some mapping properties for Utw ,
where 1) is a global solution of (1.1} as in Theorem . Our first lemma shows that
ng is bounded as an operator in H°.

Lemma 5.4. Under the conditions of Theorem[2.1], there exists an absolute constant
C > 0 such that

[lg

<. (5.6)

Hs—Hs

In order to prove Proposition , we also need to estimate the norm of Utw as an
operator from HY N L% to L%. Note that here we need to impose stronger regularity
conditions on v than in the previous lemma.

Lemma 5.5. Under the conditions of Theorem and with v < d/q — 1, for all
peH'N Lg, we have

||UZZ’<PHL3 S @7 Mlellar + llellzz- (5.7)

We mention that our proof of Lemma [5.5| actually establishes a stronger result

than (5.7)), as we estimate || <H)§(x>7' UY || for suitable values of £ and +/, see (C.21)).
The estimate (5.7)) is however sufficient for our purpose.

5.3. Estimates on differences. The result of this subsection are needed to prove
the contraction property in the fixed point argument used to establish Proposition
3.4 The first lemma estimates the differences between two solutions of (L.1).

Lemma 5.6. Under the conditions of Theorem [2.1] consider vy and ¢, two global
solutions of (1.1) as in Theorem . We have

[ = @ell o S OO b0 = 0l (5.8)
Using Lemma [5.6] it is not difficult to prove the following lemma.

Lemma 5.7. Under the conditions of Theorem 2.1}, consider v, and p; two global
solutions of (L1)) as in Theorem[2.1 We have

W = W e S )00 — ol o ogres (5.9)

W = WE | e S &Y 100 — oll Lo e (5.10)
and

W = W2 | sz S YD 4hg — 9ol 1o e (5.11)

If in addition v satisfies (1.2)), then
W =W [|ye S 0™ 0 = Poll o (5.12)
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and
W =Wl S €™ 0 = @0l (5.13)
Finally, we estimate the norms of the differences of the flows Uzﬁ - U7,

Lemma 5.8. Under the conditions of Theorem 2.1}, consider v, and p; two global
solutions of (L.1)) as in Theorem[2.1 Then we have

1O = U8 || ey e S 180 = @0ll o s (5.14)

Lemma 5.9. Under the conditions of Theorem and with v < d/q — 1, consider
Yy and p; two global solutions of (1.1)) as in Theorem . Forall f € H'N L?w we

have

(U = UE) £l 2 S 10 = @oll e (Nl + 11l 2)- (5.15)

6. PROOF OF PROPOSITION [3.4]

In the first part of this proof, we will omit the superindex v for W¥, U¥ and gfﬁ
and so on, when there is no risk of confusion.

Let 0 < e < 1and ¢ € Bi(e). Fix & > 0 such that Cpe < & < 1 for some absolute
Co > 1 to be determined. We will show that the map

o = Fy(to) = QEWO)(HW

is a contraction in B5(€). Let vy € B5(€). From (3.7) we have
Foltn) =g(H)o—i [ USW,Ugdr, W, = [o(t). W) (6.1)
0

With p as in (1.11]), by Holder’s inequality we have || f||;» < ||{z) || z2q|[{z)7 f]| L2,
and, since v > d/(2q), L? C LP". Therefore, using Theorem for any given
Yy € B5(€) we can construct a unique global solution ¢; to (L.1)) satisfying ([2.4)-

23).
Boundedness on H®. We begin by proving the bound on H®. We want to show
g+ (H)9| e S N0l1ars. (6.2)

Since (6.2)) obviously holds true with ¢ instead of g, by (6.1) it suffices to prove
that

U g(HYW,U| e S ()91 s, (6.3)

and use that d/(2¢) > 1. Note that we are writing g(H )W, instead of the full
commutator W/ from (6.1). We will adopt a similar convention in the rest of the
proofs in this section. The estimate exchanging the position of g(H) and W,
can be obtained in the same way (since, in particular, we will not make use of the
fact that the projection g(H) is bounded from H® to L? in what follows).
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By Lemma , we have ||Utw
&(ry=4/22)_ This implies (6.3).

Boundedness on Li. Next, we prove boundedness on ng that is,

Since it is not difficult to show the necessary estimate for g(H), by (6.1)) it suffices
to prove that, for any ¢ € L2 N H7, we have

U gEYWUs 6 | o < )=l ez (6.5)

< 1, while Lemma [5.2] gives [|[W¥|

Hé$—Hs ~

<
Hs—Hs ~

and then use v < d/q — 1 so that the above bound is integrable. Note that we are
once again just working with g(H )W, instead of the commutator.
First, using Lemma [5.5, we obtain

U g(HYW, U 6| o S () lg(EYWoU6 |y, + (g ()W, U 8| - (6.6)
For the first term, we use Lemmas [5.2] and which yield
lg(H)W,U0||,p, S )~ o (6.7)

For the second term, since g(H) : L% — L3 is bounded, we can write
lg(EDW, U6 5 S NIWellze [ U]
S W)V el + 1¢llz), (6.8)

having used Lemmas and in the second inequality. Equations , 6.7))
and imply (6.5) and therefore (6.4)).

Contraction. To prove that Fj, is contractive, we use arguments that are similar
to those above, but we now need to apply them to the difference Fj(po) — Fy(to),
for data vy, g € L% N H?. Let us denote by v, and ¢, the respective global solutions
guaranteed by Theorem [2.1]

We skip the estimate for the Sobolev norm since it is easier, and concentrate on
estimating the Lz norm. We restore the superindex v for Htw , Wtw, Utw and so on.
For 1o, po € B3(€) C L2 N H*, and ¢ € B:(¢), we estimate first

[Fs(0) = Fs(vo)|| ;o < D1+ Do+ Ds + ‘similar’, (6.9)

Dy = / @)~ g(HYWE (Uf = U)o, dr, (6.10)
0 vy

pui= [0t (8 = )05 61
0 Y

Dai= [0 = @) )t (6.12)
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where we are again only looking at terms with g(H )W, and can disregard the ‘sim-
ilar’ ones with W,.g(H). We then want to prove

D1, Dy, D3 S e€l|vo — ¢oll z2nms- (6.13)

The terms D; and D3 can be estimated similarly so we just focus on the first.
Using Lemma [5.5 we obtain

||(U ) (H)WTSO(U:’O_UQp ¢HL2
S (g EWe (U7 = UP) 6|,y + laEYWE(UF = UF)é)| - (6.14)
To estimate the first term in the rhs of , we use Lemmas and yielding

lg(EYWE(UF = U)o, < €)™ w0 = ol por s 19 v (6.15)

Since g(H) : L? — L2 is bounded, the second term in the rhs of (6.14) can be
estimated by

lo(E) W (UF ~UF)o]
< Wl 07 - U2)ell,
< (250 — oll s ()6l + 16z2), (6.16)

the second inequality being a consequence of Lemmas and [5.9] Inserting (6.15)

and (| into gives
II(Uﬁ’)*l g(H)Wf(Uf -~ 09)9).
S ()Mo — ol o e |16l L2 (6.17)

Therefore, since v < d/q — 1 and ||¢[|r2np~ < €, we have shown that

Dy 5 €€~2H¢0 - SDOHL?YOH’Y- (6.18)

The same bound holds for Ds.
To estimate Dy, we write using Lemma [5.5]

@) g(H) (W = W)U
S (W = WEUE ||y, + (W2 = WE)UE S| - (6.19)
The first term is estimated using Lemma [5.7, which gives

|2 = WUl S £ — ol 05
SE) w0 = @oll Ly e |l a7 (6.20)
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the second inequality following from Lemma [5.4f The second term in the rhs of
(6.19) is estimated as

1w = W) Ure|
S W =Wl [ore]

E(ry= "o = @oll g () N0 + N0l 22), (6.21)
where we have used Lemmas [5.7] and [5.5] to obtain the second inequality. Plugging

(6.20) and (6.21) into (6.19) gives

[@) " g(H) (W = W)U, S e2(r) ™ l1voo = ol o (6.22)
since [|@|z2na~ < €, and therefore
Dy S e€llvo — wollz2nm- (6.23)
Hence, since s > v, we have proven (|6.13)), which implies
|| Fs(0) — ng(%)HL% < &ello — %HL%HS- (6.24)

The analogous estimate for the Sobolev norm, that is,

| Fs(00) = Fs (o) || e S Eel]i00 — %HL%OHS, (6.25)

can be obtained similarly, and is in fact easier to show. Since £ < 1, ((6.24)-(6.25))
imply that Fy is a contraction.

Injectivity. Finally, we verify that the map ¢ — 1y = gfﬁ(H )¢ is injective on
g(H)B;(g). Indeed, assume that for £ = 1,2 we have ¢, € BS(¢) with g(H)py #
g(H )(bQ, and let 1y, € BS(C’Oe) be the (unique) solutions of 1y, = g%*(H)¢, with

vy = U Wwog Then, from and arguments similar to those above, we can
estimate
gt (H ¢1 — g% (H) g2 =
> ||g(H)(¢1 — ¢2)|| 7o — C* [l — ol e + llthr — o]

This concludes the proof. O

HSOL?Y]'

APPENDIX A. PROOF OF PROPOSITION

Proof of Proposition[I.8. Let V' =V, — V_ be such that holds. We first prove
that —%A + V. does not have nonpositive eigenvalues nor a resonance at 0. Clearly,
since —%A + Vi > 0, its spectrum is contained in R,;. We show that 0 is not an
eingenvalue nor a resonance of —%A + V.

Suppose that ¢ € OW%LQ_7 is a solution to (—%A+V+)¢ = 0. Since Vé (—A)*IVE
is a bounded operator in L? by the assumption , this implies that

Vig =212 (-A)"'V,0.
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Taking the scalar product with Végb gives
1
IVEGI[;. = =206, Vi (=8) " Vad)s

1 1 1
Since in addition V?(—A)~'V? is nonnegative, this shows that V,2¢ = 0. Hence
(—%A)qﬁ = 0, which implies that ¢ = 0. Thus —%A + V.. does not have nonpositive
eigenvalues nor a resonance at 0.
Next we show that —%A + V does not have negative eigenvalues. Let A > 0. Let
¢ € L* be such that (—3A +V + X\)¢ = 0. As above, since (—3A + V4 + )) is
invertible, this implies that

||v_%¢||; = (o, V_(—%A+V++A)‘1V_¢>Lz. (A1)

We have —%A +Vi+A> —%A -+ X and hence, since both operators are invertible
and —%A + A is positive,

-1 -1

1 1
(—§A+V++>\) <(=54+2) (A.2)
Indeed, for any self-adjoint, invertible operators A and B having the same do-
main and satisfying A < B and A > 0, we have B~Y/24AB~Y/2 < 1, which implies

BY2A71BY2 > 1 giving A™! > B!, Relation (A.2)) together with (A 1]), implies

V28], < (o, —(_%A+)‘)_1V—¢>L2- (A.3)

Due to the assumption (x)*V_(z) < 4, this yields
IV26lls. < (@3vee, <x>3<—§A +A)H2) T (2) TV 8) 1 (A-4)
< 3| VEo| @) 5 ——AH) )2 ) (A.5)

Since a > 2, the operator (z)~2(—1A + \)7!(z)"% : L? — L? is bounded uni-
formly in A > 0. Hence, for 6 small enough, we deduce that V_¢ = 0. Therefore
(—%A + V. + A)¢ = 0 which yields ¢ = 0 since we know that —%A + V. does not
have negative eigenvalues.

Now we show that 0 is neither an eigenvalue nor a resonance of —%A—{—V. Suppose
that ¢ € ﬂ7>%L2 is a solution to (—3A + V)¢ = 0. Letting A — 0 in shows

that (—3A 4+ V,)™': L2 — L?_ is bounded for v > 1. Hence, using ((1.8), we see

that the equation (—§A + V)¢ = 0 implies V%Z) V%( %A + V) 'V_¢. Taking
the scalar product with V2¢ and using V_(z) < §(z)~* we obtain

[VE6]7 < 02V Lil|te)

For ¢ small enough, we can conclude that V_¢ = 0. Therefore (—%A + Vi) =0,
which yields that ¢ = 0 since we know that 0 is not a resonance of —%A + V.

_«a

w\

1 o
(~5A8+ Vo) ) 8|
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It remains to prove that —%A + V doest not have positive eigenvalues. This is a
standard result given the condition (1.8 (see e.g. [34, Theorem XIII.58]). O

APPENDIX B. PROOF OF THEOREM [2.1]

To prove Theorem [2.1] we use standard arguments, combining energy and decay
estimates. Recall that global existence in L?(R%) of solutions satisfying is
standard (see e.g. [6]). Local existence in H*(R?) is also standard, see e.g. [6)
Theorem 4.10.1], for s > d/(2q), an integer. We prove it here for convenience of the
reader as the proof under our conditions is simpler than that of [6] which is done
for fairly general nonlinearities. We then bootstrap it to the global existence. We
also use some of the estimates, or variants of them, in Section [C]

As is standard in the local existence proofs, we use the Duhamel principle to
rewrite the Hartree equation as a fixed point problem

Yy = Gi(1p), Gu(v) = e Hlapy — / t e HUEI Yy, dr, (B.1)
0

(recall the definition of the nonlinear potential W, from (3.2)) and then use the
contraction mapping principle to prove the existence of a unique fixed point in a
ball in H*.

By time-reversal symmetry we may assume t > (. Elementary estimates under
Condition show the equivalence of the norms [|¢[|g= and |[(H + C)*2¢|| .,
where C' > —inf H + 1, which yields the bound

||€itHf| Hs < ||f| Hs* (B.Q)
Using definition (B.1]) of G and estimate , we find right away for all ¢ € [0, T:
||Gt<¢)‘ Hs < H¢0| et ”WtwthL%([O,T])H;' (B.3)

Applying the Kato-Ponce inequality (or fractional Leibniz rule) and the weak Young’s
inequality, recalling that p = 2¢' = 2¢/(q — 1), and observing that

1/2=1/(2¢) +1/p, 1+1/(2q) =1/q+1/p, (B.4)

where 1/p; = 1/2 + 1/p, we estimate the H®-norms of the last term in for
fixed ¢ as follows

{10t PP 1 P P [ 1 9
i e [ P Y
S ol oo el M1l

Now, consider the Banach spaces Hj := LOO([O,T],HS) and LY. := L‘X’([O,T],Lp),
with the norms || f||m; = supo<y<r | f() s and || f[lzz = supo<y<r || f(¢)|| 20, and

(B.5)
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let ¢, € H} such that ¢y € H*. Then the last two inequalities give, after taking the
supremum in ¢ over [0, 7],

1G] s S Mol e+ Tl0l] e s 10

Hence, since H®* < L? (as s > d/(2q) = d(1/2 — 1/p)), the map G takes the ball
Hf p in Hp of the radius R centred at the origin into itself, provided R satisfies

(B.6)

R > C(||wo] e T THUHLWORS‘) with C large enough.
Similarly, we estimate the difference ||G;(1)) — Gy(¢)] e
”Gt(lp) B Gt(gb)‘ H, f, THUHquoo(Hwt{ H + qut‘ H;)QHW - gbt| Hs"

Hence G is a contraction on Hj p provided R and T satisty R > C(Hwo| g+
T||v]| g B*) and CT||v||,, . R* < 1 for some constant C' > 1 independent of R
and 7'. This implies local well-posedness in H7, provided the local time of existence
T > 0 is sufficiently small.

The local existence proven above implies that the bounds in and hold
for some finite time. We now bootstrap the local existence and these bounds to the
global existence and the global bounds.

More precisely, we assume, for some 7" > 0 and D large enough, that the solution

Yy of (L.1), with ||¢o]| »qys < €, satisfies

sup |[¢¢llgs < 2Dl4o]|ae, (B.7)
t€[0,T]
sup (()¥*|¢el|e) < 2D|10o |l ot gz (B.8)
te[0,7

and then show that

sup |[¢tl[zs < D%l as, (B.9)
te[0,7]
sup ((6)"*||¢[| ) < DItboll 1o - (B.10)
te(0,7)

To begin with, we mention first that under Conditions (1.3 and (1.4)), the unitary
evolution of the linear part e~“* of (T.1]) is bounded from L* to LP and satisfies
the dispersive estimate

le e fll e S D fllp, t>0, (B.11)

(see for example [43] 3], the introduction of [I9] and the recent survey [36]). This
estimate, together with estimate (B.2]) and with the Sobolev embedding H® — LP
(as s > d(1/2 —1/p)) and the relation 1/2 — 1/p = 1/(2q) yield the bound

le™ fll e < &) fll s (B.12)
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Now, applying estimates , (B.7) and (B.8)) to the fixed point equation (B.1))

gives
t
w |y dr
0

where the integral converges since d/q > 2. Altogether, this implies , provided
C + D3Ce? < D, for D sufficiently large. This bound implies also that 1, €
c([o,T], H®).

Let us now prove (B.10). Applying the LP-norm to the fixed point equation (B.1)
and using estimate , we obtain, for all ¢ € [0, 7],

Hs < CHwO{ st 4CD3HUHLQ,OO“¢0“ip’mHs

< Ce + D*Ce?,

o

Yol

t
e[ rr < ||€_th¢0HLP T H/ e_iH(t_T)ng[;rdrHLp
0

t
< (07 o+ [ =)W
0

HsNLP

Now, observing that 1/p" = 1/q + 1/p, using the Holder estimate HVVf@Dt”Lp, <
HWZZ" qutHLI, and then the weak Young one HWthLq < HUHL%OO H|wt|2||L1, together
with ‘]L3‘._5|), (B-13), (B.7), (B-8) and ||t ;p'rps < €, gives

t
lrllze < (t)~%%%e +€°D° / (t — )y~ (r) =2y,
0

Since d/2q > 1, the integral above is bounded by C(t)~%?7 and hence follows
provided we choose € so that 1 +£2D? < D.

Thus, we have shown and which allows us to iterate the local existence
result by a standard continuation argument to complete the proof of the theorem.
O

ApPPENDIX C. PrROOF OF LEMMAS H.1H5.9

In this section we prove the results stated in Section [5| which were used in Section
[0l Some of the arguments used below are similar to those in the proof of Theorem
2.1| just given above, so we will skip some details.

Notation: As above, we will use in this section U} (and similarly U¥) to denote
the flow of HY = H + f(|[¢]?) = —IA+V +ux ]2, see (3.2), where V satisfies the

conditions (1.3)-(1.4) and ¢ = 1 is the unique global H® (s > d/(2q)) solution of
(1.1) under the conditions of Theorem ; in particular, we are assuming that the

initial data vy satisfies (2.2), and 1), satisfies (2.4)) and (2.5]). Also, the indexes p, ¢
and p; satisfy the same relations used so far:

1/p=1/2-1/(2¢) and 1/p,=1/2+1/p (C.1)
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(p = oo for ¢ = 1). Recall that we write L>° = L', W"(@>®) = W74 in the case
where ¢ = 1. We also recall that Condition ([1.3)) implies the equivalence of the
norms ||¢|| = and ||(H + C’)S/Q;DHLQ, where C' > —inf H + 1.

Proof of Lemma[5.1]. Using Young’s and Holder’s inequalities, recalling that 1/p; =
1—-1/(2q) =1/2+ 1/p, we obtain

Wl peza S N0llzoos 10 |ypem S N0llnoss [0l 14
Hence (j5.1)) follows from ([2.4)—(2.5)) in Theorem [2.1 O
Proof of Lemmal[5.9 Let f € H®, with s > d(1/2 —1/p) = d/(2q). Applying the

Kato-Ponce inequality (or fractional Leibniz rule), we have

W Al e S AN el e+ I 1] (C2)

Hs r~

Using Sobolev’s embedding H*(RY) < LP(R?), for s > d/(2q), together with Lem-
mas and , we obtain ([5.2)). To prove (j5.3)), we write similarly,

W Fllers S I el s+ 1V g 151

and hence the result follows from (4.5))-(4.6) of Lemma applied to the last two
inequalities. 0

HS.

Proof of Lemma 5.5 Using Young’s inequality, we write

W e S NEVI70) 5 (032 1) |
S 70| oo V)72 | o 18] 2

= [0l e [t 15 2 (C3)

since p = 2¢’. Next, the Gagliardo-Nirenberg-Sobolev inequality gives

[ellwozw S el 0] 7 (C.4)
provided that

1 oy 1 s 15}

-=—= ——=(1- — 0<p<l1. C.5

PR R (LS R 5 (€5)
Now, given ¢ > 0 such that d/(2¢q) — & > 0, we choose /8 such that % = % — £

The condition (C.5)) then yields

s=dy 2 4, 2
29 1—-p72¢ d—2¢

Equations , together with Theorem imply
W oo S 10707 0]| e el 157 < D70 ) 450,

This proves the lemma. U
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Proof of Lemmal5.4. For any fo € H® welet f = f, := Utwfo and write

t
f=eMtf —i / e HETY £ dy, (C.6)
0

For the integrated term, using 1/p = 1/2 — 1/(2q), we estimate

t t
| / O ]| / (AP T P e I P
Hs

<e / ()| £

Hs dT, (C?)

having used Sobolev embedding and Lemmasand . Using (C.7) and ||e=*t fo|| s <
| follms (see (B.2))) in (C.6) we can then obtain (5.6) by Gronwall’s inequality since
d/(2q) > 1. O

Proof of Lemma[5.9. Let n be a nonnegative integer such that n < v and suppose
that v € W™(@>)  We first prove by induction that for all £ € {0,...,n} and
te{0,....,n—k},

k
X 04 .
(@) U] < € Y07 (H) = ()| (M)
=0
Note that is a natural statement in view of the dispersion relation and the
consequent localization property “|z|?> ~ t*H” for (linear) Schrodinger flows.
For k = 0, (Ho,) holds for any ¢ € {0,...,n} as follows from Lemma [5.4] Let
k €{0,...,n—1}. Suppose that (Hs ) holds for all ¥’ < kand all ¢ € {0...,n—Fk}.
First we show that (H+1,0). Using the relation

£
2

|(H)

[A,U,] = —z’Ur/ U-'A, H U, dr, (C.8)
0

we write
[@)* U

Syl + [ . Az ar
Sl el + [ (o vre] + ' utel)
Sharrel+ [ (@ vrel + o-vrel) ar

k t . 145 .
el + 3 [yl s @il ar

< ) el + D G = () e (€.9)
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where we used the induction hypothesis in the inequality before last. This easily
implies that (Hg11,0) holds. Next, let £ € {0,...,n—(k+2)}. Assuming in addition
that (Hy41,¢) holds for all ¢ < ¢, we show that (Hy41,+1) holds. As above, we write

[y ey

#ll
S el + [ @ o ar
S S el + [T e Aol ar
+/ [H) T, WE ) UL || dr. (C.10)
0

For the first integrated term, one verifies that
K=" [{)* 1, AU |
H)YZ (@) U + |[(H)F (2)* Ul ). (C.11)

The second one can be estimated by

<H

()5 Wyl 02| < Z 12 o 1D 10|

“ZII

Where the last inequality follows from Lemma [4.2) “ Inserting (C.11]) and ( into
and using the induction hypothesis, we obtain that

6% (@) ot

S ||<H>”Tl<x>k+%o|| + 3 [erllun ™ @ ar

+ZO /0 () a () || (HY " ()R | dr (C.13)

(C.12)

Since (r)‘d/ 917 is integrable for all j < n (since n <y < d/q— 1), one deduces from
the previous estimate that (Hg11,¢+1) holds.
Thus, we have proven that (Hy ) holds for all £ € {0,...,n} and £ € {0,...,n —

k}.

Next, we claim that, for all £ € {0,...,n — k} we have
£ k+1z
[(H) 2 (@) U || < (0| (H) 90|| + I(H) 2 (@)¥el, (C.14)

for all nonnegative integers ¢, k such that v € W*(@>) Tt suffices to bound each
term in the sum on the right-hand side of (Hj/) by the right-hand side of ((C.14))
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(which is equivalent to the first and last terms in the sum in (Hj/)); that is, it
suffices to prove that for all 7 =0,...k

B[ Z (@) || < 0F|[CHD) Fo | + (1(H) 2 (). (C.15)

Recall that, under our assumptions on V', we have the equivalence of the Sobolev
norms

ICHY fll 2 = (V) (C.16)
Then, we square ((C.15)) to see that it is equivalent to
; 2 :
OF [ s S OF [l + 1@ elze,  0<i <k (C.17)

On the standard H® space we can now use the (mhomogeneous) Littlewood-Paley

decomposition f = -, Py f, with PNf(ﬁ) = XN(g)f(f) where Yy is a bump
function supported on [£] € [2V71, 2V for N > 0, and compactly supported in

[—2,2] for N = 0. Recall that

/]

e Y 2| Py f g (C.18)

N>0

moreover, by commuting Py and (x), we can see that

1Pn () fll 2 = (@) P f ] 2 (C.19)

having slightly abused notation by disregarding similar terms with Py_; and Py
instead of Py on the right-hand side. Then, we write

(02l 2 (23 2V Py (@)l

N>0

S 0% Y 2V (@) Pyl . (C.20)

N>0

In (C.20) we then distinguish the cases (x) < (#)2V and (z) > (t)2V. When (z) <
(t)2" we bound

()2 2PN () jPN90||L2 <(t)2M)
N>0

¥y 22N<f+f'>H<<t>2N>’“-fPNso||iQ

N>0

= ()73 2NN Pyoo|2a ~ ()|l e

N>0
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this last term is accounted for in the right-hand side of (C.17). Similarly, we bound
the contribution from (C.20) in the region (x) > (t)2V by

(0% 3 2N @) Pyllya s o)

N>0
S 2N () () ()2 )]PNQOHL? > (1)2N)
N>0
2 2
= > 2 @) Paepllzz & @) il
N>0

having used ((C.19) and (C.18)) for the last equivalence. This gives us (C.17) and
therefore ((C.14]).
Now, let |v] be the integer part of v > 1. We claim that, by interpolation, one

can deduce from (C.14]) that, for all 4/ > 0 and ¢ an integer such that 7' 4+ ¢ < |v],

YN o] + I () gl (C.21)

To see this, consider the linear operator 7, : ¢ — <H>Z/2Ut¢<p for ¢ =0,...n—k
and v € W k(22) a5 above. Then, using the equivalence of Sobolev norms (C.16)
and commuting (standard) derivatives and weights, the inequality (C.14]) says that
T maps H*((t)*dz) N L? into L? (recall the definition above (3.10))). Standard
interpolation between Sobolev spaces and between weighted L? spaces then gives
that T maps H" ((t)"dz) N Li, into Li, that is, using again the equivalence ((C.16|),
inequality .
Taking ¢ = 0 in , we obtain

(Y (@) U || < (1

@) ULl < @7 |[CH)YZ el + () ], (C.22)
for all v/ < |v]. We then write, similarly as in ,

(=) U e

Slevel+ [ (mber ool + orovsel)as (@25

Since v — 1 < |], we can apply (C.21)), which yields
(Y2 @) UL || S () () o] + || HY: (z) ).

Inserting this into (C.23)), and then applying (C.21) again (if v > 2) gives
() U ¢
S )l + @ [EDE || + @) [(H) (2 | + / e 2uel dr

S @l + @7 [ CEY | + (O ICHD? (@) . (C.24)
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Finally, we recall m which, for ¢ = 0,7 = 1 reads

OICH)? (@) || S WX 0] + 1) el

and using interpolation for the weighted Sobolev spaces we obtain the same inequal-
ity above with v replacing k; plugging it into (C.24)) we get

=) ULl S O EDZ || + I1(z) el (C.25)

This concludes the proof of the lemma. 0]

Proof of Lemmal[5.6. The proof of (5.§)) uses similar estimates to (B.13]) applied to

the difference of two solutions. From Duhamel’s representation we have
t
up = e~ Hiyy — z/ e_iH(t_r)qur dr, u € {1, ¢}
0

A bound by the right-hand side of (5.8) for the difference of the linear flows,
e~y — e, follows directly from the linear dispersive estimate (B.12). For
the difference of the nonlinear parts we have

t
H / e HE (Wiap, — Wp,) dr‘
0

Lp

S [ (10 Wl e+ WG ) )
’ (C.26)

The estimates for the H® norms are the same used for the contraction argument in
the proof of Theorem so we only show the bound for the L*' norm.

To estimate the first term in (C.26)) we note that, in view of (C.1), 1/p' =1/2 +
1/(2q) and 1+ 1/(2¢q) = 1/q+ 1/p1, with 1/p; = 1/2 4+ 1/p. Then, using Holder’s
and Young’s inequalities, and ({2.3]), we get

||(W;p - Wf)djTHLp’ S HU * (|¢r|2 - |<Pr|2)||L2q||¢THL2
5 ler‘Z - |907”‘2HLP1 ”QMHL2
S eller — ol (C.27)

For the second term in (C.26)), using again Holder with (C.1]), Young’s inequality

and ([2.3), we have
||W(p ¢r - Pr ||LP' S ||¢T SDTHLPHU * |90r| HLq ~ 2||77Z)r - QOTHLP- (0'28)

Plugging ((C.27)) and ( into we have obtained
t
e — @il < O [3hg — ol 1or + 052/ (t =)~V — |
0

From this we can obtain the conclusion (5.8)) by a bootstrap argument (such as the

one for the quantity in (B.§]) in the proof of Theorem . O
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Proof of Lemma[5.7. (5.9) follows from the Holder and Young inequalities, (2.5]) and
Lemma [5.6}

W = W2 oo S N0l |16 = Ll
S ellvllzas &)~y — @i,
< elloll o (8) 4|10 — o

L' nHs"
Similarly, using ,
W = Wi\ oza S Nollnass | [e* = 1011 | e
S ||U||L<I»°°H1/Jt - SOtHLp
S Nolloce (82|00 = ol Ly

This proves ([5.10). Assuming in addition that v satisfies ((1.2]) with v < s, (5.12))

can be proven in the same way.

To prove (5.11)), we proceed similarly as in the proof of Lemmas and ,
writing for f € H*(R?),

(W = W) £ e
SIWE = WoN ol F e + W2 =Wzl
S &) w0 = @oll prgge 1 N e + (OO [00 = 0| g | ]| s

where we used (5.9) and (5.10) in the last inequality. Together with Sobolev’s
embedding and Lemma this proves (5.11]). If in addition v satisfies (1.2)) with

v < s, then, using and gives

IWe =W,

SIWE =Wl + 1 = W e 1] 2

S 5”UHWW<‘L°°) <t>7d/qu0 - 900‘ LP’mHSHfHH"/'
This establishes (5.13). O
Proof of Lemmal[5.8 For a given ¢ € H®, ||¢|| 5. < 1, let us define

(w)e=u :=Uld,  (us)y = uy :=Uf¢.

We want to estimate ||u; — ual| s S €l|tvo — @oll 1 ~ps- From Duhamel’s formula we
have

t
s = wall e < / W )y — We ), |

< [ (0w =)+ 9 (o) = () .)
(C.29)
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For the first of the two quantities in the integral in (C.29) we use Lemma ,
which gives

[V = WE) (wr). |

(1)

Hs S <T>_d/(2q)”¢0 - ‘POHLp’mHs Hs
N <7’>7d/(2q)||1/)0 — SDOHLP’mHS' (C.30)
having also used ([5.6)).
For the second term in the integral in (C.29), we use Lemma [5.2] which gives
W2 () = (u2)r) || g S ()~ V| (wr)r — (uo)e o (C.31)

Putting together ((C.29)-(C.31]) we have obtained

|mm—mmmswwwwﬂw+éwwwwwm—mm

which implies (5.14)) via Gronwall’s inequality since d/(2q) > 1. O

Proof of Lemma[5.9. Let ¢ € Li N H"Y. We use the notations of the proof of Lemma
and proceed similarly. As in (C.29), we have

dr

Hs )

t
oo = valle S [ [l (W ) = W), )|

< [ (=l - wet),
+ W (), — W;"(uz)rHL%) dr, (C.32)

where we used Lemma (with v = 0) in the second inequality. It follows from

(C30)~(C.31) that
W2 (), — W ()|,

S ()Y ([0 = oll s 181z + 11 () — ()l ).
Applying Lemma [5.8] this gives

W Gaa)r = Wit ()| S ()™ E0 o = @oll oo 101 - (C.33)
For the Li—norm, using Lemma and Lemma , we have

<N = WY el )

_d _d

S () Mlvo = @oll g 0l + €)Ml = oll g [0l 2. (C.34)
Next, we obtain from Lemma [4.2] that

W2 (()r = (u2)o)[ 1o S (WP Neee [ () = (wa)e [

S )Y (wr)r — (ua)l - (C.35)
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Putting together ((C.32))-(C.35|) we have obtained

t
_4d
oo = el S 07 | ()% 4 (1)) o = ol [
0
t
w2 [0 = ol [0l dr
0

w2t [ ), = )l dr

S o = oll s (67 + 1)
w2 [ ), — (ua)ol g dr (30
0

since d/(2¢q) and d/q — v > 1. Using again d/q —~ > 1, Eq. (C.36) implies (/5.15)
0

via Gronwall’s lemma.

APPENDIX D. PROOF OF THEOREM 4.1

In this appendix we give the proof of Theorem which is an improved version of
the maximal velocity bounds for linear time-dependent potentials in [1]; see Theorem
3.3 there. We consider time-dependent hamiltonians of the form

Ht = H ‘l— Wt7 (D]_)

where H = —1A + V(z), with V real and satisfying (4.1) and W;(z) = W(z,t), a
real, time-dependent bounded potential satisfying

/ / |0SW, || Loedrdt < oo with either 0 <|a| <1lorl<|a] <2.
o Jt
(D.2)

The main difference with respect to [I] is the quantification of the dependence of the
bounds on the norm in (D.2). The assumption in fact is weaker than the as-
sumption made in [I] and, while this may still not be optimal, such an improvement
over [I] is necessary to obtain the results in the present paper.

We prove Theorem in the case where

w, = / W, [y o dr (D.3)
t
is integrable and explain next how to modify the proof in the case where
w; == max / |0SW,.|| o dr (D.4)
1<]al<2 J;

is integrable.



30 J. ARBUNICH, J. FAUPIN, F. PUSATERI, AND I. M. SIGAL

D.1. Preliminary estimates. We will use the following notation:

AT ={z e R 2] > £p}, ;=X (D.5)
and

Ty =5 ({x) — a —vt),

and the convention that A< B and A § B mean that for any integer n > 0, there
isC, >0st. A< B+CC,s™and A < B+ C,s", respectively. Recall that k;
has been defined in . Given I a bounded open interval, we fix ¢ > v > k;. and
let F C C°(R;R) be the set of functions f > 0, supported in R* and satisfying
fOA)=1for A >c—w, and f' >0, with /f' € C*. We say that u is admissible if
w is a smooth function such that supp(u) C (0,¢ — v) and J/u € C™.

In what follows we use the notation p := —iV.

Lemma D.1. Let I be a bounded open interval, g € C°(I;R), f € F and u® = f'.
Then there is , with @* admissible, s.t.

lpu(es)g(H )Y || < Krllu(wes)g(H)W[| + 571 [ a(zes) g(H) - (D.6)

Proof. We write g(H) = g(H)g(H), with g € C§°(I;R) and § = 1 on suppg.
Commuting g(H) to the left, we find

pul@is)g(H) = pg(H)u(wes)g(H) + plulzs), §(H)]g(H). (D.7)
Now, it follows from ([E.3)) in Appendix [E| that
n—1 —k
y s Y
p[u(xts)7 g(H)] = Z Fkau(k) (xts) + O(S )7
k=1

for any n, with pBj bounded. Taking the norm of (D.7) applied to ¢ and using
lpg(H)|| < ki, we obtain

Ipuee)g (] < Erlluee)g (Bl + 573 [u® () a (Y|
k=1

Since u® are smooth and suppu®) C (0,c — v), one easily verifies that holds
for some admissible . O

D.2. Proof of Theorem Note that Eq. (3.6 implies that

g (H) = () = =i [ U o). WU (D.5)
and, therefore,

g+ (H) — g:(H)|| S we, (D.9)
which, together with U,g,(H) = U,U; 'g(H)U, = g(H)Uy, implies

|Uig+(H) — g(H)Uy || S w. (D.10)
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Proof of Theorem[{.1]. Let

wt = Uthr(H)(bOu <Z50 = X}:¢7 (Dll)
and

(I)ts = f(l'ts), (D12)
for some f € F, with 0 <t <s. Let (Pys); := (W4, Pysthy). We have

, 0

Op( Qi) = (Y1, DOstly), DOy = i[H, Oy] + &q)ts- (D.13)
We compute D®;,. First, we have

0

@‘bts = =50 f'(210). (D.14)

Then, letting A := $(p - (V(z)) + (V(x)) - p), factorizing f = u? and using that
[H, (x)] = A and [[A, u], u] = 0, one verifies that

H, B = L% ] = 257 (A (a0) + () A)
= s u(ay) Aury). (D.15)

Together with , this yields:

D®, = s u(zss) (A —v) u(ys). (D.16)

For convenience, let R := 1), — g(H)U;¢o. Note that, by (D.10)-(D-.11)) we have

R = O(wy)go. (D.17)
Moreover, we can also see that

PRIl = O(w) (D.18)

as follows: from (D.11)) we have pR = p(Ug+(H) — g(H)U) o, and from we
get

p(Utg-I—(H) - g(H)Ut) = _ip Ut /too Ur_l[g(H>a Wr]Urdr; (Dlg)

then, using the same notation in (E.8) (that is, S := (H +¢)'/? with ¢ := inf H + 1,
and B’ := p(H +¢)~/2?) we can control p = B'S by S, apply the commutator bound
E.10) and its analogue for the inverse U !, and, recalling the definition of w, in
4.2

.
, we arrive at (D.18]).
Using the above notation for R, from the formula (D.13)), we can write

Oi(Pys)e = (9(H)Uso, DPysg(H)Uso )
+ (R, DPysg(H)Usgo ) + (9(H)Usgo, DPys R) + (R, DPys ).
Now, we claim that, with k; defined in , there is C' > 0 s.t.
g(H)u(wys) Aulwe)g(H) < kig(H)u(w,)*g(H)
+ Cs tg(H)u(z)?g(H), (D.21)

(D.20)
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where 4 is an admissible function. To see this, we first estimate

(W, g(H )u(wes) Au(as)g(H)Y)|
< [[V{x)ulzes)g(H) | [pulzes)g(H)b . (D.22)
This inequality, together with , gives
(0, g(H )u(wss) Aulass)g(H)y)l

< utagH) (killu(z)g ()] + 57 aCe)a(Ewl),  (D23)
which implies (D.21)). Now, using (D.21]), together with (D.16|) and the definitions

w(z5)? = f/(w4s) and h(xg,) := U(24s)?, we obtain

g(H)D®,(t)g(H)
< (kr —v)s™ g(H) f'(as)g(H) + Cs™2g(H)h(xss)g(H). (D.24)
Next, we claim that the three terms in the second line of (D.20]) are all at least
O(s™w;). For the first term this bound follows using , (D.17)) and :
(R, DPsg(H)Uso ) |
= s (R, u(aes) Au(es) g(H)Uso ) — (R, u?(45)g(H)Uso ) |
< sTUIRI(Ndoll + llpulwes)g(H)Usgoll) = s~ O(wy).

The second term can be treated identically. For the last term on the right-hand side
of (D.20)) we can use (D.18)) to get an even better bound of O(s™'w?):

[(R. Dy R)| < s RI(IRI + [IpR]) = s~ O(w}).

Going back to (D.20), using also (D.24) to bound the first terms on the r.h.s., we
get, for some admissible function f,

Oi(Pus)e = (g(H)Upo, DPysg(H)Usy ) + O(S_IWt)
ﬁ (kl - ’U)Sfl@(H)Ut(f)o, fl(37ts) g(H)Ut¢0>
+ 03_2<9(H)Ut¢0, f(xts) g(H)Usgo) + O(s‘lwt). (D.25)

Next, passing back to ¢; by using the pull-through relations in the opposite di-
rection and the fact that f is bounded, we obtain

3t<CI>ts)t S (k?[ - U)S_l <f,<l't5)>t + 08_2 + CS_IUJt. (D26)

Since v > ky, we can drop the first term on the r.h.s. Using the definition ®;, :=
f(z4s), the conditions (4.2)) and s > ¢, we find

(f(xs))e < (f(wos))o + Cs™. (D.27)
For the first term on the r.h.s., we claim that, for 0 < § < 1,
(f (m0s))o = O(s*77%) + O(w2s). (D.28)

To prove this estimate, we recall i := U;g4 (H)x, ¢, note that
(f(@os))o = [Ix(os) ol
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with x? = f, and pass from g, (H) to g, (H) := s_ﬁlg(H)Usg, with g < 1, paying
with the error O(wgs) (see (D.10))):

X(@os)tho = X (0s) 9+ (H )X, @ = X(w0s)gss (H) X, ¢ + O(ws).
In Lemma of Appendix [E] we show that

X(0s)gss (H)x;, = O(s" ™).
This, together with the previous estimate yields (after squaring up) (D.28)). Finally,
[D28) and (DZ7) imply

(f(zes))e < Cs™' + Cs™72 4+ Cuy
which, in view of the definition of f, gives, after setting s = ¢, Theorem [£.1] in the
case of integrable w;, = [ ||W,||wr.edr.

The proof in the case of integrable w; = max;<|q|<2 ftoo |09W,||odr is identical,
the only difference being that the estimate

[lg(H), Wi || S Wl

used to prove is replaced by
[[g(H), W.]|| S max (05| e,

1<|o]<2

see Lemma [E.3] below. 0

APPENDIX E. COMMUTATOR EXPANSIONS AND LOCALIZATION ESTIMATE

First, we state commutator expansions and estimates, first derived in [39] and
then improved in [41], 23], 24] (see also [, Appendix B]). We follow [23] and refer to
this paper as well as to [I] for details and references. To begin with, we mention
that, by the Helffer-Sjostrand formula, a function f(A) of a self-adjoint operator A
can be written as

f(4) = / ()= — A)L, (E1)

where f(z) is an almost analytic extension of f to C supported in a complex neigh-
borhood of supp f. For f € C"2(R), we can choose f satisfying the estimates (see
(B.8) of [23]):

n+2

/ A ()< S 1P ey, (£.2)
where ||l == J ()" ()]

The essential commutator estimates are incorporated in the following lemma. We
refer the reader to e.g. [I, Lemma A.1] for a proof.
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Lemma E.1. Let f € C®(R) be bounded, with 3122 || f¥|lr_a < oo, for some
n>1. Letx, =s'((z) —a) fora>0 and 1 < s < co. Suppose that H satisfies
(1.2) and let g € Cg°(R). Then, for any n > 1,

o(H). (2] = 3 5 Bf () + O™, (£:3)

uniformly in a € R, where H'By,,j = 0,1,k = 1,...,n — 1, are bounded operators
and [|[H'O(s™)|| < s7™,j =0,1. For n =1, the sum on the r.h.s. is omitted.

Now, we prove a localization estimate used at the of the proof of Theorem [.1]
Recall the definition gy (H) := U_'g(H)Uss.

Lemma E.2. Suppose that

/ wdt < 400, wM = maX/ |02 W | o dr. (E.4)
t

0 |OL|:1

With the notations of Eq. , we have
IX(20s) 955 (H)x || = O(s”71). (E.5)
Proof. Let x = x(xos). Using xx, =0, we write
X952 (H)xy = I, U lg(H)Ugsx, +U S X, 9(H)|Ugs x,
+ U5 g(H)[x, Uselxy - (E.6)

Since [x, Uys] = U (U\Uss — X) = Uss [ 0.(U7 XU )dr and 0,(U\U,) =
iU H,, x]U, , we have

s8
[x, U] = z'Usﬂ/ U H,, x]U.dr. (E.7)
0
Note that [H,,x] = —ipVx + 1(Ax). We control p by S™' = (H + ¢)~"/2, with
S =(H+c)"? and c:= inf H + 1:
p=SB=DRB'S, (E.8)

where B := (H + ¢)™'?p and B’ := p(H + ¢)~'/2, bounded operators. Eq. (E.7),
together with the last two relations, gives

sB
[Xv Usﬁ] = Usﬁ/
0

Next, we commute (H + ¢)/? to the left. To this end, we apply the equation
[S,U:] = 0(1), (E.10)
which we now prove. First, we write S = (H + ¢)'/2 = (H 4 ¢)(H + ¢)~'/? and use
the explicit formula (H + ¢)™* := ¢ [[7(H + ¢ + w) 'dw/w®, where s € (0,1) and
¢ = [[°(1 4+ w) " dw/w*] Y, to obtain [W,, (H + ¢)/?] = O(w"). This implies the

1
U ' (SBVx + ZE(AX)) U,.dr. (E.9)
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estimate [H,, (H +¢)V2] = [W,, (H +¢)V2] = O(w!"), which, together with the fact
that w" is integrable and the relation

[S,U,] = U, / iU [ Hy, SJUdr (E.11)
0

yields ([E.10)).
Commuting S in Eq. (E.9) to the left (either twice through U ! and U,s, or once
through U,sU ™t = U(s”,r)) and using (E.10), Vx = O(s71) and Ay = O(s7?),

gives

B

(Us] = 50" )+ [ (0(s71) + O(s2)) Vs
= SO(s"™) + Oo(sﬁ—l). (E.12)
A similar estimate holds for [x, U'] = —[x, Uys]*:
[, Uzl = 0(s" 1S+ 0(s"). (E.13)

Now, the second term on the r.h.s. of the above relation produces the right
bound, O(s~'*#) and so does the first term multiplied by g(H), as (H + 1)/2g(H)
is a bounded operator. This shows that the first term on the r.h.s. of is of the
order O(s~!*#). The same estimates apply to the third term on the r.h.s. of
giving O(s~'*#). For the second term on the r.h.s. of (E.6), we use to obtain
[x,g(H)] = O(s7'). This proves the lemma. O

Finally we prove a lemma used in the proof of Theorem [4.1]in the case of integrable
w, = maxy<jaj<2 [, |0SW, ||oodr.

Lemma E.3. We have
|lg(H),W,]|| £ max [|0sW,| 1. (E.14)

1<|o]<2

Proof. Using , we have
Weg(t) = [ dgle)(z = H) W, B~ ) (E15)

Using this, estimate (E.2)) for g(z) and the fact that [W,, H] = VW, - V + 1AW, is
(H + ¢)'/?-bounded, where ¢ := inf H + 1 and the estimate
|( + )R(2)]| S | Re #[/2/[Tms].

we arrive at (E.14)). O



36 J. ARBUNICH, J. FAUPIN, F. PUSATERI, AND I. M. SIGAL

REFERENCES

[1] J. Arbunich, F. Pusateri, .M. Sigal and A. Soffer, Maximal velocity of propaga-
tion, Lett. Math. Phys. 111, no. 3, (2021), 1-16.

2] M. Beceanu, Structure for wave operators om R?, Transactions of the American
Journal of Mathematics 136, no. 2, (2014), 255-308.

[3] M. Beceanu and W. Schlag, Structure formulas for wave operators under a small
scaling invariant condition, J. Spectr. Theory 9, no. 3, (2019), 967-990.

[4] N. Benedikter, M. Porta, B. Schlein, Effective Evolution Equations from Quan-
tum Dynamics, SpringerBriefs in Mathematical Physics, 7, Springer, (2016).

[5] J.-F. Bony, J. Faupin, .M. Sigal, Maximal velocity of photons in non-relativistic
QED, Adv. Math. 231, (2012), 3054-3078.

[6] T. Cazenave, Semilinear Schrédinger Equations, Courant Lecture Notes, 10,
AMS, CIMS, 2003.

[7] M. Cheneau, P. Barmettler, D. Poletti, M. Endres, P. Schau}, T. Fukuhara,C.
Gross, I. Bloch, C. Kollath, and S. Kuhr, Light-cone-like spreading of correlations
in a quantum many-body system, Nature 481, (2012), 484-487.

[8] H. Cycon, R. Froese, W. Kirsch and B. Simon, Schréidinger Operators. Texts and
Monographs in Physics, Springer Verlag, 1987.

9] P. d’Ancona and F. Nicola, Sharp LP estimates for Schridinger groups,
arXiv:1409.6853.

[10] E.B. Davies, Spectral Theory and Differential Operators. Cambridge University
Press, 1995.

[11] J. Derezinski and C. Gérard, Scattering Theory of Classical and Quantum N -
Particle Systems. Springer-Verlag, Berlin, 1997.

[12] C. Dietze, Dispersive estimates for nonlinear Schridinger equations with exter-
nal potentials, J. Math. Phys. 62, (2021), 111502.

[13] D. V. Else, F. Machado, Ch. Nayak, and N. Y. Yao, Improved Lieb-Robinson
bound for many-body Hamiltonians with power-law interactions, Phys. Rev. A
101, (2020), 022333.

[14] J. Faupin, M. Lemm, I.M. Sigal Maximal speed for macroscopic particle
transport in the Bose-Hubbard model. Phys. Rev. Letters 128(15) (2022),
arXiv:2110.04313.

[15] J. Faupin, M. Lemm, .M. Sigal, On Lieb-Robinson for the Bose-Hubbard model,
Commun. Math. Phys. 394 (3) (2022) 1011-1037, arXiv:2109.04103.

[16] M. Foss-Feig, Z.-X. Gong, C.W. Clark, and A.V. Gorshkov, Nearly-linear light
cones in long-range interacting quantum systems Phys. Rev. Lett. 114 (2015),
157201.

[17] D. Finco and K. Yajima. The LP boundedness of wave operators for Schridinger
operators with threshold singularities. II. even-dimensional case. Journal of
Mathematical Sciences, The University of Tokyo 13, no. 3 (2006), 277-346.

[18] M. Gebert, B. Nachtergaele, J. Reschke, R. Sims, Lieb-Robinson bounds and
strongly continuous dynamics for a class of many-body fermion systems in R?,
Ann. Henri Poincaré 21, no. 11, (2020), 3609-3637.



MAXIMAL VELOCITY OF PROPAGATION FOR HE 37

[19] P. Germain, Z. Hani and S. Walsh, Nonlinear resonances with a potential:
multilinear estimates and an application to NLS, Int. Math. Res. Not. 18, (2015),
8484-8544.

[20] C. Gogolin and J. Eisert, Equilibration, thermalization, and the emergence of
statistical mechanics in closed quantum systems, Rep. Prog. Phys. 79,, (2016),
056001.

[21] B. Helffer and J. Sjéstrand, Equation de Schrédinger avec champ magnétique et
équation de Harper. In Schrodinger operators. H. Holden, A. Jensen eds., Lecture
Notes in Physics, Vol. 345, Springer Verlag, 1989.

[22] 1. Herbst and E. Skibsted, Free channel Fourier transform in the long-range
N-body problem, J. d’Analyse Math. 65, (1995), 297-332.

[23] W. Hunziker and I.M. Sigal, Time-dependent scattering theory of n-body quan-
tum systems, Rev. Math. Phys. 12, no. 8, (2000), 1033-1084.

[24] W. Hunziker, I.M. Sigal and A. Soffer, Minimal escape velocities, Comm. Partial
Differential Equations 24, (1999), 2279-2295.

[25] V. Ivrii and .M. Sigal, Asymptotics of the ground state energies of large
Coulomb systems, Annals of Math. 138, (1993), 243-335.

[26] A. Jensen and S. Nakamura, Mapping Properties of functions of Schrddinger
operators between LP-spaces and Besov Spaces. Advanced Studies in Pure Mathe-
matics, 23, Spectral and Scattering Theory and Applications, pp. 187-209, 1994.

[27] T. Kuwahara and K. Saito, Lieb-Robinson bound and almost-linear light-cone
in interacting boson systems, Phys. Rev. Lett. 127, (2021), 070403

[28] E.H. Lieb, and D.W. Robinson, The finite group velocity of quantum spin sys-
tems, In Statistical mechanics, 425-431, Springer, Berlin, 1972

[29] T. Matsuta, T. Koma, S. Nakamura, Improving the Lieb-Robinson bound for
long-range interactions, Annales Henri Poincaré 18, (2017), 519-528.

[30] B. Nachtergaele, H. Raz, B. Schlein, and R. Sims, Lieb-Robinson Bounds
for harmonic and anharmonic lattice systems, Comm. Math. Phys. 286, no. 3,
(2009), 1073-1098.

[31] B. Nachtergaele and R. Sims, Much ado about something: Why Lieb-Robinson
bounds are useful, arXiv:1102.0835.

[32] S. Nakamura, LP-FEstimates for Schrédinger operators, Proc. Indian Acad. Sci.
(Math. Sci.) Vol. 104, No. 4, (1994), pp. 653-666.

[33] F. Pusateri and I.M. Sigal. Long-Time Behaviour of Time-Dependent Density
Functional Theory Arch. Ration. Mech. Anal. 241 (2021), no. 1, 447-473.

[34] M. Reed and B. Simon. Methods of modern mathematical physics. I-1V. Aca-
demic Press, New York-London, 1975-1980. )

[35] I. Rodnianski, W. Schlag, Time decay for solutions of Schrdinger equations with
rough and time-dependent potentials, Invent. Math. 155 (3), (2003), 451-513.

[36] W. Schlag, On pointwise decay of waves. J. Math. Phys. 62, (2021), 061509.

[37] N. Schuch, S.K. Harrison, T.J. Osborne, and J. Eisert, Information propagation
for interacting-particle systems. Phys. Rev. A 84, (2011), 032309.

[38] .M. Sigal, On long range scattering. Duke Math. J. 60 (1990) 473-496.



38 J. ARBUNICH, J. FAUPIN, F. PUSATERI, AND I. M. SIGAL

[39] I.M. Sigal and A. Soffer, Local decay and propagation estimates for time-
dependent and time-independent Hamiltonians, Preprint, Princeton Univ. (1988)
http://www.math.toronto.edu/sigal /publications/SigSofVelBnd.pdf.

[40] T.M. Sigal and A. Soffer, Long-range many-body scattering, Invent. Math. 99,
(1990), 115-143.

[41] E. Skibsted, Propagation estimates for N-body Schrédinger operators, Comm.
Math. Phys. 142, (1992), 67-98.

[42] Z. Wang and K.R. Hazzard, Tightening the Lieb-Robinson Bound in Locally
Interacting Systems, PRX Quantum 1, (2020), 010303.

[43] K. Yajima. The W*P-continuity of wave operators for Schrédinger operators,
J. Math. Soc. Japan 47, no. 3, (1995), 551-58]1.

[44] C. Yin and A. Lucas, Finite speed of quantum information in models of inter-
acting bosons at finite density, arXiv:2106.09726.

JACK ARBUNICH, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40 ST. GEORGE
STREET, TORONTO, M5S 2E4, ONTARIO, CANADA
E-mail address: jack.arbunich@utoronto.ca

JEREMY FAUPIN, INSTITUT ELIE CARTAN DE LORRAINE, UNIVERSITE DE LORRAINE, 57045
METz CEDEX 1, FRANCE
E-mail address: jeremy.faupin@univ-lorraine.fr

FABIO PUSATERI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40 ST. GEORGE
STREET, TORONTO, M5S 2E4, ONTARIO, CANADA
E-mail address: fabiop@math.toronto.edu

ISRAEL MICHAEL SIGAL, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40
ST. GEORGE STREET, TORONTO, M5S 2E4, ONTARIO, CANADA
E-mail address: im.sigal@utoronto.ca



	1. The Problem and Results
	2. Global solutions
	3. Set of initial conditions and asymptotic energy cut-off
	4. Proof of Theorem ??
	5. Mapping properties of Wt and Ut
	5.1. Mapping properties of Wt
	5.2. Mapping properties of Ut
	5.3. Estimates on differences

	6. Proof of Proposition ??
	Appendix A. Proof of Proposition ??
	Appendix B. Proof of Theorem ??
	Appendix C. Proof of Lemmas ??–??
	Appendix D.  Proof of Theorem ??
	D.1. Preliminary estimates
	D.2. Proof of Theorem ??

	Appendix E. Commutator expansions and localization estimate
	References

