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Abstract

We consider a system of a nucleus with an electron together with the quantized electro-
magnetic field. Instead of fixing the nucleus, the system is confined by its center of mass.
This model is used in theoretical physics to explain the Lamb-Dicke effect (see [CTDRG]).
When an ultraviolet cut-off is imposed we initiate the spectral analysis of the Hamiltonian
describing the system and we derive the existence of a ground state. This is achieved without
condition on the fine structure constant.
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1 Introduction and statements of results

In this paper we address the problem of the existence of a ground state for the hydrogen atom
and more generally for the hydrogenoid ion confined by its center of mass. The fact that the
nucleus is confined but not fixed is important since intense rays appearing in the scattering spec-
trum for dynamical nucleus disappear when the nucleus is fixed (see [CTDRG]). This model is
used to explain the Lamb-Dicke effect (see [CTDRG]). Some questions related to this problem
have been considered in [Fe].

We consider a system of one nucleus and one electron, together with the electromagnetic field.
Here the nucleus is dynamical and our Hamiltonian acts on an Hilbert space describing the nu-
cleus, the electron and the photons. The center of mass of the system is confined by an external
potential. Let us denote by U (resp. V) the external confining potential (resp. the attractive
Coulomb potential). The Hamiltonian of the system is H}f and H}/(m) is the corresponding
operator if we decide that the photons have a positive mass m > 0.

The main result is theorem 1.4 below giving the existence of a ground state for H l‘]/ . In order
to establish it we follow the fundamental strategy of [GLL] and [LL] (see also [G]). However
we only reproduce here the new aspects of the proofs and often refer to [GLL] and [LL]. Pre-
cisely our contributions are essentially the following three points which are not straightforward
modifications of [GLL] and [LL], the first point being the main one.

e The proof of the binding condition (theorem 1.3(é7)) (see section 3.2).

e The systematic use of quadratic forms throughout the paper. In particular, with the help
of [H1] and the functional integration method we determine Q(Hy;), Q(H} (m)). This allows
us to get Q(HY (m)) = Q(HY) N Q(N) where N is the number operator for the photons (see
section 2). This appears to be useful in order to obtain rigorous results. In particular, we always
consider qgyv (9, 9), gy (m)(#; @), .. instead of (¢, HY ), (¢, HY (m)e), . ..

e The proof of the exponential decay for the ground state of Hy;(m) (without using [G]).
To this end we introduce the localizations functions ¢1 7, 51,% ¢2,%7 ¢37%, then we follow the
standard method (see section 4.2).

Remark 1.1 (i) The proof of the other binding condition (theorem 1.3(i)) is closer to theorem
2.1 of [GLL] and is given in section 3.1.

(i) The existence of a ground state for HY (m) follows these two binding conditions and [GLL]
when the localization functions (for the electrons and the nucleus) have been properly chosen (see
section 4.1).

Let us state precisely our results (theorems 1.1-1.4 below). We first define H}; precisely using
quadratic forms:

Theorem 1.1 H[‘J/ defines a self-adjoint operator.
Remark 1.2 The hypotheses on the confining potential U are stated in section 2.

For a semi-bounded self-adjoint operator A, let E(A) be the infimum of the spectrum of A.
Let us denote by Hy, (resp. H{') the operator HY when V (resp. U) is put to zero. We shall
prove



Theorem 1.2 Assume that E(HY) < min(E(HY), E(HY')). Then HY has a ground state.

The assumptions in theorem 1.2 are the so-called binding conditions.

Here we obtain the existence of the ground state without assuming any conditions on the
smallness for the different charges. We follow the strategy of [G], [GLL] and [LL] where the
authors consider a similar system (actually more general) but with fized nuclei and succeed to
deal with the quantized electromagnetic field in a non perturbative way. The heart of the proof
is to specify correctly the binding conditions. These conditions need to be properly chosen so
that, on one side we are able to prove them and on the other side they imply the existence of a
ground state.

The main result of the paper is theorem 1.3(i7).

Theorem 1.3 The following inequalities are true.
(i) E(Hy) < E(Hy) , (i) B(H)) < B(H).
Theorem 1.2 and 1.3 imply
Theorem 1.4 H} has a ground state for all value of the fine structure constant.

The proof of the existence of the ground state once the binding conditions are assumed (the-
orem 1.2) and the proof of the first binding condition (theorem 1.3(i)) are derived in the same
way as in [GLL]. Indeed, HY is a translation invariant operator. The translation invariance is a
key point in the proof of theorem 2.1 of [GLL]. The validity of the remaining binding condition
(theorem 1.3(ii)) is more difficult because HY; is not translation invariant and its proof borrows
ideas of [LL] and still uses tools given in [LL].

For the sake of simplicity the spin of the electron is not taken into account in this work. This
and the case of several electrons should be treated in a similar manner.

As it is already mentioned intense rays should appear in the spectrum of Hl‘]/ . This may
provide resonances with a very small imaginary part among other resonances. The resonances
for HY are studied in [F] following mainly [BFS1][BFS2].

These results have been announced in [AF]. Let us also mention another case of a similar
system with a dynamical nucleus: the case of free atoms and ions with quantized electromagnetic
field. It is analyzed in [AGG].

The paper is organized as follows. In section 2 we verify theorem 1.1. In section 3, theorem
1.3 is derived. Finally, we prove theorem 1.2 in section 4.

2 Definition of the Hamiltonian

2.1 Fock space, creation and annihilation operators

The Hilbert space in which operate the Hamiltonian considered in this paper is

H = L2(R%) ® F, ~ L2(R%; F,), (1)



where L2(R%) ~ L2(R?) @ L?(R?) is the space of states describing the nucleus together with the
electron, and where Fj is the bosonic Fock space over L2(R?; C?). This Fock space describes the
states of the polarized radiation field and is defined by

Fo = F(L2(R?) ® FL(L*(R?), (2)

where F(L2(R?)) = C o @ S,L3(R?**;C), and where S, L2(R3";C) is the set of all elements
n>1

(k1,... k) — ®(k1,...,k,) in L2(R3*;C) which are invariant under any permutations of
{k1,...,kn}. Note that
Fe~ Co @D Sn @p, LR C). (3)
n>1

Moreover FO(L?(R?)) (respectively F?) is defined as the set of all & = (&) &M &) ) in
Fo(L2(R?)) (respectively in F,) such that &™) = 0 except for a finite number of terms.

For any f € L2(R3), the creation operator a*(f) and the annihilation operator a(f) are
defined for all ® € F2(L*(R?)) by

(a*(f)(I))(n) (kla ) kn) = % Z A(kj)q)(nil)(kla ey k:jv ) kn)a
= )
(a’(f)q))(n)(kla akn) =vn+1 A(k)q)(n+l)(k,kla akn)dk»
R3

where kAj means that the variable k; is missing in ®(=1 and where fis the Fourier transform
of f. These operators are closable on F?(L?(R?)) (their closed extensions are denoted by the
same symbols) and they verify on F2(L?(R?))

[a(f),a™(9)] = (f,9),  [a(f),alg)] = [a”(f),a"(9)] = 0, (a(f)®, V) = (@,a"(f)¥).

Let
Ds = {® € FULA(R?), @) € SR™) for all n}, (5)

where S(R3") denotes the Schwartz space over R3", and let

@k)®) ™ (ky, ... kn) = Vn+ 10" (k ky, ..o k),

@ (k)®) ™ (ky, ..., k) = \/lﬁéd(k — k)@ (ke K k) ©)
as quadratic forms on Dg x Dg.
Then in the sense of quadratic forms on Dg x Dg we have:
(5 = [ @®Fwdr, a) = [ atFwa @
Now for A = 1,2 and f € L3(R?), aﬁé (f) are defined to be the closures in Fy of
i (H=a* (el () =Iea*(/), (8)



where a# stands for a or a*.

6?(@ is defined as a quadratic form on (Ds ® Dgs)? similarly.

It follows that on F?

[ax(f):ax (9)] = oan (f, ), lax(f),ax (9)] = [ar(f), ax (9)] = 0.
If f € L2(R3;C?), we can write f = (f1, f2) with f; and f> in L%(R®), and a*(f) is defined by

a?(f) = > afl(f) (9)

A=1,2

Finally, for A = 1,2, define the creation and annihilation operators acting in the configuration
space by

* 1 sk —ik. 1 ~ ik.
a)\(y> = W /R3 a/\(k)e kydk7 a}\(y) = W /1;3 a)\(k>€ kydk7 (10)

as quadratic forms on (Ds ® Dg)?. Then we have

(=Y [ awned. o= [ awhbs (11)

A=1,2 A=1,2

in the sense of quadratic forms.

The number operator N is defined by
NO) D (K, ... k) = n®(ki,. ... ky) (12)

for all ® € D(N) = {CD € Fo, Yonl|®M]gn_ 12ms,c2) < oo}, and it is easy to see that A is
n>1 B

self-adjoint on D(N). In the sense of quadratic forms, N is given by

N=> /]R a3 (kYax (k)d. (13)

A=1,2
Moreover D(N1/2) = {@ € Fs, nglnl/zucﬁ(n)||®2,21L2(R3;Cz) < oo} and we have

(N1/2¢)(")(k1,.~-,kn) :nl/QcI)(k:l,...,kn) (14)
for all ® € D(N/2).

As in [LL] we can decompose an element of F; in a suitable basis. Namely if (f;);en is an
orthonormal basis of L2(R?; C?), the vectors of the form

1 * *

a0 (15)
P1:---Pn-

constitute an orthonormal basis of F(L?(R3;C?)) (where 2 = (1,0,0,...) denotes the vacuum

vector in Fock space). Any ® € F; can be written as

e = Z Z Z iy pissin,pn |7;17p1?~~3in»pn>f7 (16)

n>011 <iz<--<ip Pi,--;Pn

i, P15 50, Pp) 1=

where the term for n = 0 in the sum is a constant times €2.



2.2 Definition of the Hamiltonian

We denote by m; and ¢g; the mass and the charge of the electron respectively, and by ms and ¢
the mass and the charge of the nucleus. Moreover z1 and p; := —ihV,, denote the position and
the momentum of the electron, and xo, py are the position and the momentum of the nucleus.

Let o
1+ ma h= (17)

Then the variables R, P of the center of mass, and the relative variables r, p are defined by

mix1 + meox
R:M 3 P:p1+P27

M
_ p D1 D2
r=r1—Ty , —=-——"—.
H my ma

(18)

We assume that i = 1 and ¢ = 1 where c is the velocity of light. Thus the Pauli-Fierz Hamiltonian
of the system we consider is given as an operator acting in H by

1
HY = —(pj — ;A +Hy +V U(R). 19
v j;ﬂmj(p] 0;43)* + Hy + V(1) + U(R) (19)
Here A; := (A}, A?, A?) is the quantized electromagnetic vector potential in the Coulomb
gauge defined for i = 1,2,3 by
A :/ A'(x;)dX, (20)
R6

where X = (71, 22) and for z € R?

Alz) = a*(h'(z — ) +a(h'(z ), (21)

where the coupling function h? = (h%, h%) is defined for A = 1,2 by

hi(y) = % /]RS X\A(Z) el (k)e*vdk. (22)

The vectors € used in the last definiton are the orthonormal polarization vectors in the Coulomb
gauge. They are chosen as

(k0 ko
El(k) = 7@ s 2(1{3) |k‘ A 1(k) (23)

Note that €;(k) and ez(k) are well-defined and smooth only on R3 \ Oz where Oz is the axis
{(0,0, k3), ks € R}. But this singularity is not a problem in this paper.

Finally, A is the parameter of the ultraviolet cutoff, and X is a real smooth function depending
only on |k|, which is equal to 1 in the ball B(0, A/2) and which vanishes outside the ball B(0, A).
It is well known that A%(x) is essentially self-adjoint on F? for all x € R? (see [RS2]), and one
can verify that in the sense of quadratic forms acting in the moment space

_ i X\A(k) ar efik.w a eik:.w
Aw) = 5 Hg/}Rs () @0 £ @ (R)e™) d. (24)



The free energy field of the photons, Hy, acts in Fs = Fs(L?(R?)) ® Fs(L*(R?)) and is defined
by
Hy = dD(w(—iV)) @ I + 1 ® dD(w(—iV)), (25)

where w(k) = |k|, and where dI'(A) denotes the second quantization of the self-adjoint operator
A. The massive photon field H¢(m) will be defined by replacing w(k) = |k| with w,(k) =
Vk2+m2, m > 0, in the definition of H;. Then the massive Hamiltonian H}/ (m) is H}Y} with
H(m) replaced by Hy.

Hy is essentially self-adjoint on Ds ® Ds and we have

Hy= Y | [Kl@}(k)ax(k)dk (26)
]RS
A=1,2

as a quadratic form acting in the moment space.
V is the attractive Coulomb potential and is defined by
C

Vir)=—-—

T 0

where C is a positive constant.

Finally, U is a confining potential for which we make the following assumptions:

(i) Ue Llloc(Rg),

() inf(U(R)) > —oo and U~ is compactly supported,

(iii) P?/2M + U has a non-degenerate ground state ¢ > 0 with energy — eg < 0,
and there exists v such that [¢(R)| < ye™ !B/,

(Ho)

In the next subsection we precise the relations between domains of self-adjointness (or domains
of quadratic forms) for the operators that we work with in this paper.

2.3 Self-adjointness and quadratic forms domains

Let q be the quadratic form defined by

g(®, )= Y L((pj — q;A)®), (p; — q;A;)0) + (H;*@, H*w). (28)

2m;
j=1,2 J

Lemma 2.1 q is closed on Q(p? + p3) N Q(Hy).

Proof First we have to verify that g is well-defined on Q(p? +p3) NQ(H ). Lemma A.4 of [GLL]

shows that
A

(A;®,A;®) < 321A {(H}/QCD, H;?®) + 2(@.®)]. (29)
for all ® € C(R%) @ Dgs.

Since C°(R%) ® Dgs is a core for H}/Q, this proves that Q(Hy) C D(A;). Hence g is well-defined.



Next let us show that g is closed on Q(p? 4+ p3) N Q(Hy). By lemma A.5 of [GLL], we have, for
all @ € Q(pi + p3) N Q(Hy),

(H,?®, H/?®) < ¢(, ), (30)
Z (pj®,p;®) < a.q(®,P)+ b(P, ), (31)
j=1,2

where a, b are positive real numbers.
If @, € Q(p? +p3) NQ(Hy) is such that ®,, — & and ¢(®,, — D, @,, — Py,) — 0, then (30) yields
® € Q(Hy) and (31) yields ® € Q(p?) N Q(p3). Hence ¢ is closed. O

In addition, we see that q is positive. Thus, there exists a unique self-adjoint operator, that
we call H{, associated with ¢q. In other words, ¢ = qH? (where g4 denotes the quadratic form
associated with the self-adjoint operator A).

Lemma 2.2 V — U~ is relatively bounded with respect to q in the sense of forms, with relative
bound 0.

Proof According to the assumption (Hp), U~ is infinitesimally small with respect to P2. More-
over the Coulomb potential V is infinitesimally small with respect to p?. Thus, V — U~ is
infinitesimally small with respect to p? + p3 since we have
LS N Oy U (32)
2my  2mo  2M  2u’
Then V — U~ is infinitesimally form-bounded with respect to p? + p3 (see [RS2, theorem X.18]).
We conclude with (31). O

With the help of this lemma and the KLMN theorem, we define HY_ as the self-adjoint
operator associated with the closed and semi-bounded quadratic form gy v defined on Q(p? +
.

p3)NQ(Hy) by qgv = q+ qy_y-. Next, we define the Hamiltonian HY, by
v
HY =H}y_+UT, (33)

that is to say, Hl‘; is the self-adjoint operator associated with the closed and semi-bounded
quadratic form amy defined on Q(H[‘;,) NQ(U™) by qmy =4qmv_ +qu+-
oo

Remark 2.1 One could have defined the Hamiltonian of the system using a Schrédinger rep-
resentation of Fs, say L2(Q,du). Namely, it is proved in [H1] that the operator Hy defined on
D(p? +p3) N D(Hy) by X
Hy = Z %j(pj —q;jA)* + Hy (34)
j=1,2
is self-adjoint. This result is obtained thanks to FKN and FKI formulae that lead to the following
functional integral representation:

(P.e™'0G) = [ (P(X0) 3(X)G(X0)) iz . (3)



Here, M = RS x P, where (P, db) is a probability measure space associated with the 6-dimensional
Brownian motion {b(t)}1>0, and X, = X + b(t) is the Wiener process on M.

Moreover,

Jt(X) _ Eée*itbo(K(t))Et’ (36)
where Z; is the second quantization of ®3&;. The isometry & : ©3L2(R3?) — @3L2(R*) is defined
by
e itho w(k) ~

k). 37

v \ w2+ rop 0

do(f) is a Gaussian random process indeved by real f € ©3L*(R*), on a probability measure
space (Qo,dpo). Finally, K(t) is the stochastic integral

f/t\f(k7 kO) =

t t
K(t) = &g / Eup(- — X)dbi(s) + O g / Eopl- — Xo)db2(s), (38)

with (k) = Xa(k)/ (7/2IH)

Next it is proved that V — U™ is infinitesimally small with respect to ﬁo, so that the Kato-Rellich
theorem gives a meaning to HY,_ := Hy+V —U".

Finally, HY, is defined in the same way as for HyY , that is HY = H,‘J/, +UT.

Let us show here that the two definitions of the Hamiltonian are the same:
Proposition 2.1 HY = ﬁ[‘]/
Proof This will follow from two lemmata:

Lemma 2.3 Let A be a semi-bounded self-adjoint operator and let B be a self-adjoint operator
that is relatively bounded with respect to A with a relative bound strictly less than 1. Then

A+ B=A+ B,

that is to say the definitions given by the Kato-Rellich theorem and the KLMN theorem respec-
tively lead to the same operator.

Proof We easily see that gaip equals g1 on D(A), and since this domain is a form core for
each of the two closed quadratic forms, we get ¢4+ = ¢4 p. Moreover, since A is semi-bounded,
we can see that the two quadratic forms are semi-bounded. This yields A + B = A + B. O

Lemma 2.4 Hg = ﬁ().

Proof Since qmg and dgg are positive, it is sufficient to show that these two closed quadratic
forms are equal on a domain that is a form core for the two of them. According to [H1],
C3(R®) ® Ds is a core for Hy. Thus it is a form core for qf,- Let us show that it is also a form

core for gpo.
By lemma A.4 of [GLL], we have

1
Qg (@.9) < 37 2 [(L+10;) (00, p,®) + (1g;] + ¢ (32mA(H[ >0, H/*®) + 4mA (0, @)

j=1,2 J

1/2 1/2
+(H/*0, H/?9),



for all ® € CP(R%) ® Ds.

Now if ® € Q(p?+p3)NQ(Hy), there is a sequence ®,, € CF(R®)® D such that ®,, — ®, p;®,, —
p;® for j =1,2 and H}/2<I>n — H}/QCD. From the last inequality, we get qH8(<I)—<I>n, ®-9,) — 0.
Hence C°(R%) ® Ds is a form core for qme- O

Now, H}/ (m) is defined similarly by H} (m) := H};_(m)+ U™, so that we have

QH (m)) = Q(pY + p3) N Q(H(m)) NQU™). (39)
We note that the inequalities |k| < V&2 +m?2 < |k| +m, for all k € R3, yield
Q(Hy(m)) = Q(Hy) NQW) ,  QH[ (m)) = Q(Hy) NQN). (40)

2.4 Massive and massless ground state energy

In this subsection we recall (see [GLL, part. 5]) that the ground state energy of the massive
Hamiltonian H, (‘J/ (m), m > 0, converges to the ground state energy of the massless one as m goes
to 0. We will denote by E(A) the infimum of the spectrum of any semi-bounded self-adjoint
operator A, so that we have

E(A) = (¢, Ad) = (o, 9)-

inf inf
peD(A),|¢ll=1 #€Q(A),ll#ll=1

Lemma 2.5 E(HY (m)) . E(HY).
Proof We sketch the proof (see [GLL, theorem 5.1] for more details). Namely, if m > m' > 0,
we have Q(H}/ (m)) = Q(H} (m')) C Q(H}Y) by (40). Then

EHY) = inf U, 0) < inf U, U
HE) = o B g 18 ) S Iy 21 (20

4117 oy (0, 0) = E(HY (') < - < B(HY (m).

A

< in
1 ¥)|=1,9€Q(H (m))

Thus E(HY (m)) converges to a limit E* that is greater than E(H}) when m goes to 0.
To see that E* < E(HY,), let ¢ > 0 and take ¥, € Q(H},) such that ||¥g|| = 1 and

amy (Vo, Vo) < B(HY) +e.
If IT,, denotes the projector onto .7-'5(") = {<I> e Fy,®%) =0 for all k > n}, then we can see as in
[GLL] that amy (I, %0, 11, Ty) — qH(\J/(\IIO, Uy). We set ¥ := II,,, ¥y where ng is chosen such
n—oo
that | gy (T W0, Ty Wo) /[T, Wo |® — gy (o, \1/0)‘ < e. Then we have

Vo € Q(HY) NQN) = QH (m))
for all m > 0, so that

E(HY = inf T, ) < o, Uo) /|| W0l
(Hy (m)) qleQ(Hgl(rrln)),\|\y|\:1qH"f/(m)( )7QH[‘/,/(m)( 0, Vo)/[[Woll

< qy (Yo, Wo) /[[Wo|* + m.qu (Yo, Wo) /|| ¥o|*
< quy (Yo, Yo) + &+ m.ng < E(HY) + 2 + m.ny.

10



Letting m — 0, next € — 0, we get the stated result. (I

Note that the same result holds when H}; is replaced by H{} (respectively HY).

3 Binding conditions

As in [GLL], the key step is to define binding conditions under which we are able to prove that
a ground state exists for the Hamiltonian H}/. We define the binding conditions as:

E(Hy) < E(Hy), (i)
E(HY) < E(HY). (ii)

The proof of the condition (7) follows the one in [GLL, theorem 2.1], whereas the proof of (i7) is
more difficult and needs the localization methods used in [LL].

Remark 3.1 Note that as soon as (i) and (it) are satisfied, lemma 2.5 yields
min [E(Hg' (m)), E(Hp(m))] — E(HY (m)) > C >0, (41)

for any suitable constant C and any m small enough.

3.1 Proof of condition (i)

Following [GLL, theorem 2.1], we shall show that E(HY) < E(H}') — €. The point is to find a
normalized state ® € Q(Hy;) such that gy (®,P) — (@, [E(H) —eg +¢] ) < 0 (where e > 0
is fixed).

Let € > 0 and let F € D(HY ),||F| = 1 such that (F, HY F) < E(H}) + .
Define the unitary operator U, for all y € R? by

U, = - (P1Hp2+dl(=iV)) (42)
Uy actsin H, and if U e H, ¥ := T, @ a*(f1)* ...a*(fn)*Q, then we have

UV =T +y, +y)@a™(fr(- +9)* .. a™(ful +y) " (43)

Since [HY ,U,] = 0 on C3°(R3) ® Dg and since this domain is a core for HY (see [H1]), then, for
all W € D(HY), U,¥ € D(HY') and [H} ,U,]¥ = 0.

Let us note here that, in particular, this translation invariance of H) is due to the fact that V/
itself is translation invariant. But this becomes false if V' is replaced by U, so that we will have
to face a difficulty through the proof of condition (7).

Now, as in [GLL], we would like to choose ®, := ¢U, F, for a suitable y, as a trial state.
First we have to show that ®, € Q(H} ). We know that 3y > 0 such that ¢(R) < e IFl/7
for all R € R3. Thus, ®, € H for all y. Let &,(R) = £(R/n) be a smooth function in C§°(R3)
with 0 < £ <1, £ = 1 in the ball B(0,1) and £ = 0 outside the ball B(0,2); let ¢, := &,¢.
Then @3 := ¢, U, I T ¢, in H, and ¢ € Q(H[‘]/) since ¢,, is a smooth, compactly supported

11



function. Thus, to be able to conclude that ®, € Q(H}, ), we only need to show that any (@}, 2p)
is bounded uniformly in n. Since ¢ my s semi-bounded from below, we would like to check that
qH[\]/((I)Z, ®7) is bounded from above. But

n n 1 n n n n n n
amy (P, Py) = > I, ((pj — qjA) @y, (pj — ¢;A;)®y) + (@, UPY) + (@, [Hy + V]Oy).
j=1,2

The last term of this sum is uniformly bounded from above since V is negative, since ¢2(R) <
#*(R) < v%e7111/27 and since (U, F, HiU,F) < oo (because U,F € D(HY)). As for the other
terms, following [GLL], we can show

1 n n
> 3, ((pj — aj A1)y, (pj — ¢; A)Py) + (@, UDY)
j=1,2

/ dn(R [( + U) qbn(R)} (U F(X), U, F(X))dX

21:2 2mj [, Ol R)*((pj — aj Az Uy F(X), (pj — ¢; Alx;) Uy F(X))dX
= —eg qﬁn(R)Q(uyF(X),uyF( ))dX+ﬁ Uﬂﬁn)(R)ﬁn(R)cb(R)2<uyF(X),uyF(X»dX
/ P(R (R)(P&n)(R) Uy F(X), Uy F(X))]dX
e zmj /R(, — ¢ A(z) Uy F(X), (pj — q;A(z;) U, F(X))dX.

All of the terms in this last sum are bounded from above, which can be seen using again the
fact that ¢(R) < ve™fl/7 together with (&), (P¢,), (P%€,) are uniformly bounded, and U, F €
D(H{'). Therefore ®, € Q(HY) for all y € R3. In addition, we have

Uiy (B, D) =~ / (R Uy F(X),Uy F(X))dX + (By, [Hy + VD)

> o / ~ a5 AU F X, (5~ 03Uy PO},
j=1.2 m; JRre

The end of the proof is the same as the one in [GLL]. That is we integrate qzy (®y, ®y) in y
over R? and do the changes of variables z; +y — 1, T2 + y — T2, which leads to

/ Gy (2. @,)dy = / B(u)2dul(F, HY F) — eo(F, )] = (F, H F) — eq,
]R3 ]R3

since [|¢[|r2rs) = 1 and || F|| = 1.
But we assumed (F, H) F) < E(H{') + € and we have ||®,|| = ||¢|/||F| = 1 so that

[,y (@8, = [BGI) = 0+ €)@,.9, )y < 0.

Therefore Jyo € R?, and ®,, € Q(H}/), which is necessary # 0, such that

QHV((I)yo’(I) )_[E(Hl‘;)_eo"’_d(q)yovq) ) <O0.
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Then E(HY ) < E(HY) — e + ¢, and since this inequality is true for all € > 0, we obtain

E(HY) < E(H)) — eo.

3.2 Proof of condition (i)

As stated above, we can not follow the proof of the previous subsection because the Hamiltonian
H 8 is not translation invariant. Actually, if (F}) denotes a minimizing sequence for H [0] we can
consider two possibilities: either a part of the support of F} lies in a ball with fixed radius, or Fj
is supported outside balls with increasing radius. In other words, consider a state ”close to” the
ground state. Then, the two particles of the system live either not too far from each other, or,
on the contrary, as far as we want from each other. In the first case the proof is easy, whereas in
the second case it is more difficult.

Namely, we shall localize the electronic particles together with the photons in a similar way
as the one used in [LL]. This bring us to pay attention to a new Hamiltonian H O which operate
in L2(R%) ® F, ® F,, and whose ground state energy is such that

E(HY) > E(HY) > E(HY),

which will give the result.

We begin with the simplest case:

Theorem 3.1 Let (F}) be a normalized sequence in Q(HY) such that amo (Fy, Fy) — E(HY).
j—o0

Assume that
Jp > 0,3a > o,w,/ / | F;(X)||*dRdr > a. (44)
B(0,p) JR?
Then, E(HY ) < E(HY) — Ca/p.

Proof Since Q(HY ) = Q(HY), we have F; € Q(H}/). Hence it suffices to write
an (Fy Fy) = aumy (Fy Fy) + [ VOOIF([Pax
C 9 C
< quy (Fj, Fj) — — | E5(X)[FdX < qpo (Fy, Fy) — —a.
B(0,p) JR3 P P
We get the result as j — oo. ([

Now we have to deal with the second case. As stated above, we need to define a new
Hamiltonian acting in L?(R®) ® Fs @ Fs. Namely, we define H to be the self-adjoint operator
associated with the closed and semi-bounded quadratic form g0, with domain Q(pf + p3) N

U

Q(Hf) N Q(U™), such that:

0y (. 9) = 5= (1~ 0140 119, [(p — 1 4) © 110)

+ ﬁ([f ® (p2 — 2A2)]®, [I @ (p2 — q2A2)] W) (45)

+ (ﬁ}ﬂ@’ f[}/2\1;) — (U2, (UHY20) + (UH)YV20, (UT)V/20),

13



where we have set ﬁf = Hy®I+1® Hy. Note that in order to show that qzo is closed, one
U
can follow the subsection 2.3. Then we have:

Theorem 3.2 Let (F}) be a normalized sequence in Q(HY) such that amy (Fy, Fj) — E(HY).
J—00

Assume that )

Vn € N*,Hjn,/ / | F;, (X)|*dRdr < —. (46)
B(0,n) JR3 n

Then E(HY) < E(HY) < E(HY).

Proof Note that in order to prove that E(H}}) < E(HY) with the localization method of [LL],
we do not need to assume (46). However, we need it to show that E(ﬁg) < E(HY).

We begin with the proof of the first inequality. Since the method is quite similar to prove the
second one, we shall not write the details.

First step: proof of the inequality E(HY) < E(HY).
To show this inequality, we follow [LL]. Namely, as in theorem 4.3 of [LL], we would like first to
find a state ¥ in Q(HY}) such that:

a) the electronic part of ¥ is supported in B(y1, Ro) X B(yz2, Ro),
that is to say U(X) = 0 as soon as z1 ¢ B(y1, Ro) or z2 ¢ B(yz2, Ro),

b) the photonic part of ¥ is supported in B(yi1, L) x B(ys, L),
that is to say the photons of the first component of the tensor product Fys ® F;
live in B(yi, L), whereas the photons of the second component live in B(ys, L),

Qﬁ[g (U, W) =0 Ch Cy Ry

—Yv__ < F(H, —+——(— ) (14 |In(A
(w2 = ( U)+R8+(L—2RO)'Y (L’Y)( + [In(ARo)|),

where Ry > 0 and L > 2Ry are fixed, where C; and Cs are positive constants, and where ~y is

any real number such that 0 < v < 1.

We start with localizing the electron and the nucleus in balls of radius Rj.

Lemma 3.1 For any fized Ry > 0, there exists yi,y2 € R® and a state ¥ € Q(PNI?]) such that
the electronic part of W is supported in B(y1, Ro) X B(ya, Ro) and
Qﬁg (\I’a \Il) ~

< BE(H{) +
N v

Cy

— 4
ot (47)

where Cy is a positive constant.

Proof of the lemma

This lemma is proved in [LL, theorem 4.1]. However in [LL], the authors have to deal with the
Pauli principle according to which the states in H have to be antisymmetric under the exchange
of the particles labels. Here the electronic particles are distinct so that we do not have to deal
with this problem. Then the proof becomes a bit simpler.

Let W € D(HY), %] = 1 be such that

1

(U, HY W) < E(HY) + —5.
RO

14



Let u € C5°(R?) be such that 0 < u < 1, u = 1 in the ball B(0,1/2) and u = 0 outside the ball
B(0,1). Let us set

uy(X) i=u(5 —y) , uy(X):=ul=5 —y), (48)

and note that

“iy(X)dy = /R3 ug)y,(X)dy' = /R3 u?(2)dz == 3 > 0. (49)

Define Wy, := %ul’yug’y/\II; with the definition of u, we easily see that ¥, ., € Q(f[,oj) Then
we have

1
Lo wvdy = 5 [ [ i, (00 [ 03, (0dy < 900,900 > dX = (9.9) =1

and
1 1 ~
qﬁg(\lly’yz, Uy, )= ?(\I}, (|leu1,y 2ug’y/ + |Vm2uz,y/|2u%7y) U) + @Re(u%yug’y,\ll, HB\IJ)
(here Re(z) denotes the real part of the complex number z).
We compute in one hand
/ (U, (| Vi u1,y|*u3 T |Vx2uQ7y/|2uiy) U)dydy'
5[ [ <wix |<Vu><R——y>| W(X) > dydX
RS JR3
23C
+ﬂ/ / <¥(X |(Vu)(——y)|2\I/(X)>dy’dX: /620,
R6 JR3 R RO
where Cy = [5s |Vu(2)|?dz > 0, and in the other hand
[ Gt v F W)y’ = 0. ).
R6
This leads to
2C 1
/ Ao (Wyyr, Uyy) — (P, g"" 2+E(HU) Wy )| dydy'
R6 v BR
. . 1
= (U, H)U) — E(HY) — 7z <0
0
Therefore 3(y1,y2) € RS such that
~ Cste
qﬁ(‘} (\I/yl,yw \ij1,y2) < [E(Hl(}) + R2:| (\ijlyy27\:[jyl7y2)7
0
and in particular, ¥, ., is # 0 (here we have set Cste = 1 + 2C(0). O

Back to the proof of the inequality F(H}) < E(ﬁg)
Now, we have to localize the photons around the nucleus and the electron. We do not write the
details of the proof here but sketch only it; we refer once again to [LL, lemma 4.3].

15



First, replacing the Laplacian by the Dirichlet Laplacian, H ,OJ is seen as an operator acting in
L2%(B(y1, Ro) x B(y2, Ro); Fs ® Fs). We can show that this operator (that we call H&D) has a
ground state ®p, so that in particular

Cste

((I)DvHI(},D(I)D) < qﬁg(\llyl,yw\pyhyz) < E(HB) + F7
0

where ¥, .. is the (normalized) state given by lemma 3.1, which satisfies the Dirichlet boundary
conditions by construction. N N

Note that the Hamiltonian H, 8’ p is defined in the same way as HY; in (45); the only modification
is that the domain of the quadratic form associated with ﬁg,p is Hy(B(y1, Ro) x B(y2, Ro); Fs ®
Fo)NQ(H;(m)) NQ(UT) instead of H'(RS; F, ® F.,) N Q(Hs(m)) N Q(UT). In particular if we

set ®p(X) = 0 outside B(y1, Ro) x B(y2, Ro), then ®p € Q(ﬁg)
Therefore we would like to localize the photons in the state ®p.
Recall from section 2.1 that any state ¥ € L?(R%; F; ® F5) can be written as ¥ : X — ¥(X)

with

LR DIEEDS Do Y iy (X)|inprsee5in,Pa)s @ 8,91 )
n 1°P1

joei! P
n>0 i1<ig<---<ip PlrP n!n’
’

. . . /
n’>0 1’1<ll2<-4.<1/n/ Ploeees 24

where

i1, P13 -3 in, D) f = ca*(fi )P a (fi,)Pr

1! pn!
and where (f;) is an orthonormal basis of L2(R?; C?).
Then the operator J;, will be defined by

TL (11,015 -3 Do) f @ 10,015 3, D) f)

1 1 / /
= , B —a” (hofi))" .. a(hafi, )P Q@ a”(ha fy)Pr .. a™(ha fir )P Q2
Vol opa! P D! "

where the functions hq, ha € C3°(R3) are defined by

(50)

* 0<h;<land0<hy<l,
* hyp =1 in the ball B(y;, L/2) and hy = 1 in the ball B(ys, L/2),
% hy = 0 outside the ball B(y;, L) and hy = 0 outside the ball B(ys, L).

In other words, h; localize photons next to the particle z; (which lives in B(y1, Ro)) and hs
localize photons next to the particle o (which lives in B(ys, Rp)).

Next we set Ug := J.®p/||TLPpl|?. Since ®p € Q(HY), we easily see that Uy € Q(ﬁg)
Following [LL], theorem 4.3, we can show that

dry0 JL® ,j P ~
iy (180 T®0) oy Cry O (R) A+mAR)), (1)
|TL®pl|

R2 (L —2Rp)" \ L"
for any 0 < v < 1 and where Cy,C5 > 0.
Note that we can use here some invariance of the Hamiltonian Hy; to simplify the proof of the
last inequality. Namely, if we set

T; = i3t (P1Hdl(=iV)) g =it 3 (p2+dD(=iV)) (52)
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we can see that for all t € R? and all ® € Q(ﬁ?])
(Iﬁg (7;2,7,®) = Qﬁg (®,®). (53)

In other words, if one translates the electron (with its cloud of photons) and the nucleus (with
its cloud of photons) without moving the position of the center of mass, one does not modify the
energy of the state under consideration.

We take t = 3L — (y; — y2) and we replace g by g := T,7.Pp/||TL®p|?, so that the new
state Uy has the same properties as the previous one, except that in the new state a distance L
separate the two balls where the particles live. Thus we do not have to pay any attention to the
fact that the balls may overlap or not (as it is done in [LL, lemma 6.1]).

Finally we would like to find a state = € Q(HY) whose energy in HY would be sufficiently
close to 4 (Wo, ¥o). Then the term (Z, VE) would be the main term in v (£, E) and we would
be able to conclude.

We shall apply formulae of the type (2.24) of [LL], so that it is convenient to replace A(z;)?
with the normal-ordered : A(z;)? : in the definitions of the Hamiltonians HY and HY. We
write the "normal-ordered Hamiltonians” as : H, 8 cand : H, l‘]/ : respectively. We easily see that
E(: HY ) — E(: HY ) = E(HY) — E(HY).

Now, let (fi) be an orthonormal basis of L?(B(yi, L); C?) and let (g;) be an orthonormal basis
of L2(B(ya, L); C%). We know that

. {|i1,p1;...;in,pn)f = W a*(fi )P ...a*(fi, )P Qn € Nyig, pr € N} is an orthonor-
mal basis of Fs(L?(B(y1, L); C?)),

1 . .5 _ 1 * 4 * ', . .
e and {|z'1,p’1,...,z;l,,p;1,>g = Wa (g )71 ...a (gi;l)Pn Q,n' eN, i, p) € N} is an or-
thonormal basis of F,(L?(B(yz, L); C?)).

So we can write ¥q as

- Z Z Z U iyprosinen (X)]i1,015 - 50, Pu) p ® 81,9153 50, P D g
P

n>0 11<L2< <Ln p1 ,,,,, Pn 170y
n/>0 i <if<o<i! i Pl p’,

where ¥ i) pysiinpn € L2(RY), and

17



Then we can compute:

%59 .(Vo, Vo)
doag OUmI O pt il 0! V(o) X

e X W L

/ p’ j . q’
nz,p,lo,qu it Py S8 o' %o

/3 {er(x )it p1i- - inpn) st (01 — A®1))? 1 e (@1)]d1, 415 - -3 Jins Q) 7)) dn

gy 2 2 Yl

2 niplog.gm TP

/3 <€z'($2)|i/1apl1; cee ;i%/vp/n’>ga: (p2 — CI2A($2))2 : em’($2)|ji»q/1§ e ;j;ﬂaq;’>g>dx2
R

NG m,m’
+ Y >t ipnsinoon ¥ gaonng OlmOUm O s sit 0! ) (5404503 ) ¥

WPttt 3hayseadl el

’

o140 5lm5(11,p1, in,Pn) (41,0153 0,80) X
-/ !
.71,q1 ------ Wl .q’ o

n,i,p,l 0,3,¢,m
(i1, 0153 ins o) > Hpli1, 155 Gins Gn) )
NG m,m’
+ E : E : e 1P1i i Pn v J1,413--330,490 §lm61’m’5(2'1,pl;---;in,mn)(jlﬂl%---%joﬂo)X

. ’ 4 ’. ey ’
n,i,p,l 0,5,q,m i) ,pYe i n, Pry o 31041530,

(Ji%, py; .. .;i’ /,pmg,HijLqi; s ) g)

m ml
J15415--+id0do 6(11,171;-.-;17”1%1)(]1,q1;~--;Jo,qo)§(%’1,p’l;u-;z;/,p;/)(JLqi;---;J;nq;/)X

n,i,p,l 0,5,q,m

/6 U(R)ei(z1)er (x2)em(x1)em (x2)dxidzs.
R
Here § denotes the Kronecker symbol.

Now, we define the state = € L?(RS; F) as

=X)=> >

(X)|i1, 013 - -5 ins Pr) RN, DL - 5y Dir g

n20 i1<ig<o<in BloooPn 1P il 0w,
n/>0 if <ih <<l Py, p’n,
with
i1, 13- - - ;inapn>f®|i/1,p/1; R ;iITL,,p:L,>g
1 ' , (54)
= T 7 7 |a*(fi1)p1 coat (fin)p"a*(gi/l)pl ...af (gl-/ ,)pn’Q.
'pn~\/p1...pn,. n
In particular we can see that Z € Q(H(‘J/) and that ||Z|| = || ¥o| = 1.

Thus, applying formulae of the type (2.24) of [LL] to the states
11,155, D) F QNG P -5 s P g

we get

with
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=g XY W,

jin,Pn \IJnleZl ..... Jo a0 51 M’(s(zl,p’lq...;i;,,p;l,)(ji,qi;...;j;,,q;,)X
nipyl 0 dygym VPP sy
/3 {er(@1)]i1, P15 3in, D) gyt (D1 — 1 A1) 2 €m(@1)]41, G133 s Q) £ ) d
R

QmZZ

n,i,p,l 0,3,4,m

/R3 <ez/(wz)li’1,p’1; i D) gst (P2 — 2 A(22)) e (R2) |51, G153 s A ) g ) da

+ \I’ Zl Plv vapn
nyip,log,gm ERUAS M R ER
<|i17p1; ey vapn>f7Hf|j1? qis5. .- ’-]"L7QTL>f>
N
+ Z Z \II lem
nyipl 0ojygem LR P

il a5l / AN A L /
<|7’17p17"'7Zn’apn’>g7Hf|j1,q1,... >g>
Tl gmem
+ Z Z v 11 P ,fin,p? v 11,q1, -ijo,90 5(11,1;1, ';i”’p")(jl’{h?"'?jov%)&(i'l7P/1§~--;i;,7p;,)(j1,q’1;...;j(’),,q(’),)X

s ’
Jfhafse Sdeal,

)X

oy OtmOUm Ot pts st 0! )i o) X
J ,,q ’

0,40 O1mOt'm '6(21 P15 i P ) (J1,015--3d0,00)

sitnsPn

n,4,p,l 0,3,q,m

/]RG U(R)ei(z1)er (z2)em(x1)em (2)dridas

+ Z Z \I’l@ll P1i iin,Pn N4

! !
n,i,p,l 0,5,q,m RRLIT AR

Oin,p15emviin D) (G, 015---50,00) O D seeii! 0 ) (G053 501 ) X

V(r)el(@)er (z2)em (21)em (x2)dar das,
RG

[2}:771 Z Z \1111,171

nyi,p,loj,gm 1P

[ e @) (s o A5

YD R

n,i,p,l 0,3,4,m

/61/(mz)(Pzem')($2)<|Z’1»p1;-~-;in,pn>f7A($2)|j1>Q1;-~-;jo,qo>f>d$27
R3

/6(7/1»]71; in,Pn) (31,915++350590) X

\Ilmm

in.Pn 91241510, d0
,,p ;o dt.dhe 1.7//111 ,

OtmO (it pl i, 0! ) (4 hieenid 0 ) X

Ll m,m’
8] = Z Z v i1,P13eiin P v 31:415-id0,d0 5l’m’5(i17p1;---;in7m)(j17111;---;3'07(10)X

’ 2! ’
nyi,p,l 0,3,q,m ol Py Jlafse S35,

/3 er(@1)em (@) (|8, PLs - - i, D gt Al1)? 1 131, 4453 by dly g )
.

2 : 2 : LU m,m’
2m \I’ 11,:01 c3tn,Pn \II J1-913---3J05490 5lm6(i/1,p/l;...;i’n,,p/n,)(j{,q’l;...;j;,,q;,)X

i’ / Y ’
,i,p,0 0,4,q,m ERA S Py 1Ay

/ ev (m2)em (22) |1, D13 - - - 1ins Pr) £ot A(T2)? 1 51, G153 - - -5 Jos Qo) £ )dT,
RS
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2 B
4] = q7 \Ijl,l’ \Ijm,m' 5
[ ] - m 7?1,171;---,% P J1:4915---3d0:90 Um! X
] ; S 7

: : i1,P
n,i,p,lo,j,q;m  1P1

/ez(xl)em(x1)<|i1,p1;-.-;in,pn>f,A(x1)|j1,ql;-~-;jo,qo>f>
]R3

X <|i117p/1; .- .;i;,,p;/>g,A(x1)\ji,q'1; s ;jé/,q;/>g>dw1

\I’l 14 \I]m,m' 5
11 Dlies ’Ln Pn J1:913--+3do> 2o Im X
. oy

n,i,p,l 0,5,q,m ERLIIRRUOR

/ez/(xz)em/(:vz)(liupl;.-.;in,pn>f,A(xz)lj1,q1;~--;jo,qo>f>
]RS

X |1, D15+ i P g A(2) |71, 005 -+ -5 o G ) g) da2,

l 14 m,m’
E : § : v i PLics inoPn v 31:915--id0,d0 O1mO1rms X

n,i,p,l 0,3,q,m

lz /R3 [kl(@x(k)liv, pis - 3insPn) gy 1915615 - - 5 05 Qo) f)
y
<‘Zl7p1a o /n’vpn >g7a/\(k)|jia(ﬂ; s ;.j(/)/vq‘;’>g>dk

+Z/3 kl(li1, P15 - - -5 in, Pa) £ @ (K)[15 @15 - - -5 00 Qo) )
N R

X (ax (k)| D5 - i D Y g 1315 Q0 - - -3 G G ) g) K

We see that [1] equals q:f{g:(\llo, o) — ((=V)2Tg, (=V)1/2).
Moreover, [3] is less than Cste/L*Y according to [LL, lemma 5.6].
Finally we can assume [2] 4 [4] + [5] < 0 because if we replace Z by = where

with

[I]

Z Z Z Z \Illll Pl"“?invpn X

n>0 11<12< <zn Pl Pn 120 P n/vpn/
n'20 i <ih <<l ) PLPly 120 (55)

er@n)er ()i, pri - 3inspa) BN DY il D)y,
) 1

|i1,P1;~~;impn>§c_ = m(*a*(ﬁl))pl~ (—a*(fi,))" €, (56)

then [1] and [3] do not change whereas [2],[4] and [5] are replaced by their opposite terms.

Now in the state ¥y (and also in the state =), the particle z is localized in B(y1, Rp) C
B(y1, L), whereas x4 is localized in B(y2, Rg) C B(y2, L), and we have chosen y;,y2 such that
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the distance between the two balls B(yi, L) and B(ys, L) is L. Therefore ¥y is supported in
{|r] < 5L}, which yields
C C
(=2 _y)1/2 < _ = -
((=V) "o, (=V) " Wo) < — (Yo, Wo) 3
Here (53) is crucial because otherwise the balls B(y;, L) and B(yz, L) could be far away from
each other and we could not estimate ((—V)'/2®, (=V)1/28).
To conclude, (51) yields

quy (2,2) < B(HY) + & C: G G

Ry
—+ 14+ |In(A - —
=P R T 2R < >( AR + 725 = 57
for all v < 1, all Rp > 0 and all L > 2R.
We choose 7 such that % < v <1,and Ry = L* with % < a < 2v—1. Then, for L large enough,
C'/L becomes the dominant term in the last inequality, that is to say

i Cs (Ro Cs C

Thus
E(H) < E(Hp)

and the proof is complete.

Second step: proof of the inequality E(HY) < E(HY).

The proof uses again the localization methods of [LL] and we only sketch it. Let us note yet
that the localization errors need not to be estimate as precisely as in the previous step. We only
need to know that these corrections can be made as small as we want.

Recall that the assumption (46) tells us that there exists a normalized minimizing sequence for
HY,, (F;), which verifies:

1
Vo e N 3o, [ [ 1E, (0 PaRdr < (57)
B(0,n) JR3

3

Let 7,, and v, be functions defined by

* T(r)=1if[r|<n—3

x vu(r)y=1if|r|>n

x To(r) = T(%T) and v, (r) = I/(WT) ifn—1<|r[<n,
where 7 and v are defined on 1/2 < |r| < 1 and are mdependent on n

* 0<py,<land0<7,<1

*  Up,Tn € CO(R3)

* vi4r2=1.

Then we have 7, Fj v, Fj, € Q(HY) and
QHO (an’ F ) = qu (Tnan’ T”Lan) + QHOU (Vnan’ V"Lan) - (an,’ (|VT7L|2 + |Vun|2)an),
with

(B (1952 + V0 P)E) = [ (V) + 900R) [ |15, () |PdRar <

{n—g<|r[<n}

Cste
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so that

Cste
) — E(Hp) + ——.

Jn>s (58)

qHy (WnFj,, vnFjy,) — E(Hy)(vn F vnFj,) < qam? (Fjs i,

Since )
12 b P2 [ R (OPdRdr = 1
B(0,n)c JR3 n

this shows that v, F}, /||v,Fj, | is a normalized minimizing sequence for Hy).
Then, we note again v, Fj;, = vp,F;, /|vnFj, ||, and we localize the particles in this state. More
precisely, we pick Ry > 0 and L > 0 such that L — 2Ry > 0. Then there exists ng such that for
all n > ng, v, Fj;, (X) = 0on {X,|r| <3L}. Next, with the help of [LL], starting with v, F};, (for
n large enough), we can construct a normalized state Z,, in Q(H};) such that

a) the electronic part of =, is supported in B(y1, Ry) x B(yz2, Ro),
b) the photonic part of Z,, is supported in B(y1, L) U B(ys, L),

G, G <RO>(1+|1H<ARO)I),

E2,,%,) < EH) 4 = + ————

where C7 and Cy are positive constants, and where v is any real number such that 0 < v < 1.
In addition, the distance between the balls B(y1, L) and B(ys, L) is at least L by construction.
The proof to get this result is close to the one of the first step, that is we localize first the
nucleus and the electron in the state v, F}, . Next, we replace the Laplacian with the Dirichlet
Laplacian, which defines a new Hamiltonian that has a ground state. Finally, we localize the
photons around the electron and the nucleus in this ground state. Note that the operator Jp,
that allows us to localize the photons is defined here by:

Tra (hi))P' .. a*(hy VP Q = a* (hhi,)P' ....a* (hhs, )P QQ, (59)

where 0 < h <1 is a function in C3°(R?) that is equal to 1 on B(y1, L/2) U B(yz2, L/2) and that
is equal to 0 outside B(y1, L) U B(ya2, L).
Thus, we have h = h|gy,,1) + h|B(y.,1), and we can write =, as

En(X) = E‘T‘lihm;-.-;'ikwpk (X)a*(fh )pl coat (flk)pk a* (gl’l )pl c.a’ (giz,)pk/Q7

where f;, is supported in B(y;, L) and g;, is supported in B(yz, L). In other words, all the
J

factors a*(h|p(y,,r)f) are put on the left whereas the factors a*(h|p(y,,r)f) are put on the right.
Now, we can define ¥,, in L?(R%; F, ® F,) by

\IJH(X) = Enil’Pli«»-?ik=Pk (X)a*(fh)pl T a*(flk )ka ® a*(gi/l )p/l c.a (gi;/ )p;/Q‘

The same computations as the ones of the previous step yield
Qf[g (\I/nv \Iln) < E(Hg) +e

for all n large enough, where € depends on Ry, L and v but can be made as small as we want.
Note that, contrary to what we did in (55), it is useless to replace ¥,, with a state ¥, in order
to eliminate some terms, since these terms are small when Ry and L are large.

This shows that E(ffg) < E(H{,) +¢, where € can be made as small as we want. Thus the proof
is complete. O
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4 Existence of a ground state for H};

In this section we shall prove the existence of a ground state for the Hamiltonian H}. The
proof follows the one in [GLL]. Namely, the existence of a ground state ®,, is proved first for
the massive Hamiltonian H [‘J/ (m). Next it is shown that ®,, decays exponentially in X, so that
Theorems 6.1 and 6.3 of [GLL] concerning ||ay(k)®,,| and ||Viax(k)®,,|| follow. Finally the
Rellich-Kondrachov theorem shows that the weak limit of ®,,, (when m — 0) is a ground state
for H}.

4.1 Existence of a ground state for H};(m)

As in [GLL], the proof is divided into two steps: the first step is to find a sufficient condition in
order to get the existence of a ground state. Namely, it is sufficient to show that for all normal-
ized sequence (¥/) € Q(Hy (m)) which converges weakly to 0 and such that gy () (97, 97) is

m)
uniformly bounded, we have

Hminf gy () (97, W) > E(Hpy (m)). (60)
j—o0 v

The second step is to prove that the condition (60) is satisfied. This follows again from the
localization methods of [GLL], with some slight modifications.

Theorem 4.1 For all m > 0 small enough, 39,,, € D(H}Y (m)) such that ||®,,|| =1 and
HY (m)®y, = B(HY (m)) By (61)

Proof First step
Assume that (60) is satisfied and let us show that a ground state exists for H (m).
Let (®7) € Q(HY (m)) be a normalized sequence such that

Since (®7) and ([H} (m) — E(H(‘]/(m))]l/2 ®7) are bounded sequences, they converge weakly
along some subsequences to limits denoted by ®,, and ®/ respectively. These subsequences are
still denoted by (7) and ([HY (m) — E(HY (m))]"/* ®7). Then we have

1/2

(¢, [HY (m) = ECHY (m))] /> ®7) = ([HY (m) — E(HY (m))]"* ¢, 27),

for all ¢ € Q(HY (m)). When j — oo, this leads to

1/2

(¢,®,) = ([Hy (m) — E(H (m)] "~ ¢, Brn).

Therefore B, € Q(HY (m)) (and [HY (m) — E(HY (m))]"* ®,,, = @7,).

Then, setting U/ = &7 —®,,, as in [GLL], we have &7 — 0 and [HY (m) — E(HY (m))]"/* @i — 0,
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so that
0= lm qgv (., (®/, ) — E(Hy (m))(®7,d)
j—oo UV

— lim ([HY (m) — E(HY (m)]"* (B, + ), [HY (m) — E(HY (m))]

= ([H{ (m) - E(H‘U/(m))}lm Dy, [HY (m) — E(H}j(m))]lm o,)
+j1L1§0([Hz‘J/(m) - E(Hc‘f/(m))]l/z W [HY (m) — E(Hl\;(m))]l/z ),

(®m + 1))

1/2 1/2

Thus [H} (m) — E(HY (m))] """ ®,, = 0 and J1Lr20|| [HY (m) — E(H} (m))]

with (60), this leads to W/ — 0 strongly, so that ||®,,] = 1.
Finally ||®,,]| = 1, ®,, € D(HY (m)) and HY (m)®,, = E(H} (m))®,,.

UJ|| = 0. Together

Second step
Let (¥/) € Q(HY (m)) be a normalized sequence which converges weakly to 0 and such that
41, (m) (¥, /) is uniformly bounded. Let us show that

Hminf gy () (97, ) > E(Hp (m)).
j—oo U

Let ¢1, ¢2, p3 € C>°(RS) be such that

*

¢1 =1 on theset {X e RS,|r| <1,|R| <1},
¢1=0o0n {X €R% |r| > 2} U{X € R, [R| > 2},
0<¢1 <1,

*

$2(X) = ¢a(r),
¢p2=1on {X e RS, [r| >
$p2=0o0n {X e RS, |r| <
0<¢2 <1,

2},
1},

EE N

¢3=1on {X RS |r| <1,|R| > 2},
¢p3=0on {X eRS [r|>2} U{X e RS, |R| <1},
0§¢3§17

*

and ¢7 + ¢3 + ¢3 = L.
Moreover we set ¢; 7(X) = ¢;(X/T) for all T > 0 and i = 1,2,3. Then, ¢; 797 € Q(H} (m)),
and we can show

QHl‘j(m)(\I’jvqu): Z QH[‘J/(m)(Qbi,T‘I’j,@,T‘I’j)* Z (7, |V [ B9), (62)
i=1,2,3 i=1,2,3

where V is the gradient vector in R.
Note that |V¢;| < C; where C; is a positive constant. Therefore

Cste
T2 °

— > (W, [V W) > —

i=1,2,3
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Now, let us estimate quxJ/(m)(q[)LT\Pj, ¢1.797). Here, the Hamiltonian fNI[‘J/(m) is defined in
the same way as in (45), as an operator acting in L?(R%; F, ® F5), to be the self-adjoint operator
associated with the quadratic form with domain Q(p? + p3) N Q(U™) N Q(H(m)):

fJﬁ[\J/(m)(q’v ) = T;h([(pl — 1 A1) @ IO, [(p1 — 1 A1) ® I]¥)
+ Tmz([(m — q2A2) @I, [(p2 — q2A2) @ I]P)

+ (Hp(m)'2®, Hy(m)'/20) — ((=V)/2®, (-V)"/20)
(), (U)) + (U2, (U2,

where we have set ﬁf(m) =Hi(m)®I+I1®Hf(m).
Note that, on C3°(R%) ® Ds ® Ds, we have

HY (m) = HY (m)® I +1® Hy(m).

Since H¢(m) > mI — m.Pq, where P denotes the projector onto the subspace spanned by €2,
we get
4Ry (m) = E(HY (m)) +m —mI ® Pq. (64)

In addition, we define the unitary operator Up from Fy into Fy ® Fs by
Upa*(R)Up = a*(j1,ph) ® I + I ® a*(ja,ph), (65)
for all h € L?(R?;C?), and where ji p, jo.p € C5°(R3) are such that

j1 =1 in the ball B(0,1),

j1 = 0 outside the ball B(0,2),
0<j1 <1,

Jt+iE =1

EEE GRS SR

and j; p(k) := ji(k/P) for i = 1,2.
Then, following [GLL, lemma A.1], we can show that

qu(m)(¢1,T\I/ja ¢1,7V7) = Qﬁg(m)(MP¢1,T‘I’j,UP¢1,T‘I’j) +v(m, P, T),
where v(m, P,T) is such that for all fixed m, T, v(m, P,T) 2 0.
Thus (64) leads to
Ay (m) (P17, 61,797
> [E(H (m)) +m](¢1,0%, ¢1.0V7) + v(m, P, T) — mUp¢1,7V’, 1 ® Podpdy,r¥7)  (66)
= [E(Hy (m)) +m](p10Y7, ¢1.097) + v(m, P, T) =/ (m, P, T, j),

with V’(m, P, T,]) = m(ngZSLT\I/j, I® PQZ/{ng/)LT\I/j).
Lemma A.3 in [GLL] tells us that for all fixed m, P, T, liminf(2/(m, P,T,5)) = 0. The point to
J*)OO

get this result is that ¢; 7 is compactly supported, so that the operator

—1/2

$10() [1+ > p? + Hy(m)

j=1,2
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is compact, where I'(j1) is defined by T'(j1)a*(f1) ...a*(fn)Q = a*(j1.f1) - .. a*(J1fn) Q-
Next, let us estimate qu(m)(¢27T\pj, $2,7P7). We have

qu;(m)(¢27T‘Ifj, $2,7Y) = 19 (m) (D2,7V, o7V — (V) 2o @7, (=V) 2y r T9).
Since ¢ 7 is supported in {X € RS, |r| > T}, we get

C

QHX(m)(¢2,T\I’j7¢2,T\I/j) > [E(Hg(m) - T] (¢2,17Y, o7 V). (67)

Finally, let us estimate qH[\]/(m)(¢3,T\I/j, #3.7P7). We have
qHY (m) (¢3,097, 3 707) = QHS/(m)(¢3,T\Pj7 ¢s3,7V7)
+ (U P g W (UT) Py W) — (U7) 245007, (UT) 265 707).

But ¢3 1 is supported in {X € RS, |R| > T} and we know by (Hp) that U~ is compactly sup-
ported. So (U~)/2¢3 7 = 0 for any T large enough. Therefore

Y (m) (93,797, $3.797) > E(Hy (m)) (3797, 63 79), (68)

for any T large enough.

Then, (62) with the inequalities (63), (66), (67), (68) leads to

py (m) (W7, W7) > min [E(H (m)) +m, E(H{ (m)), B(Hy (m))]

C Cst
+V(m7PaT)+V/(m7PaTaj)_T_%a

for any T large enough.

Let € > 0 and pick Tp large enough such that —C/Ty — Cste/Tg > —e. Next, pick Py such that
lv(m, Py, Tp)| < e. Then liminf(v'(m, Py, To,j)) = 0 for any m small enough, which yields
Jj—0o0

lim inf (gpzy ) (¥, 99)) = min [BCHY (m)) + m, B(H (m), B(H (m))] ~ 2,
J—00
for all € > 0 and any m small enough. Thus,
11;2};# (QH[‘J/(m)(\IJja ‘I’j))

> min [E(H; (m)) +m, E(Hp (m)), B(H (m))]
= E(H{; (m)) +min [m, E(H{ (m)) — E(Hy (m)), E(HY (m)) — E(Hyy (m))] > E(H (m)),

for any m small enough (see the remark 3.1 above).
Thus the proof is complete. O
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4.2 Exponential decay of the ground state ¢,

In order to prove the exponential localization of ®,,, we follow [GLL, lemma 6.2], with some
modifications. More precisely, we would like to show that || exp(8|X|)®,,|| (where § is a suitable
constant) is bounded by a constant which does not depend on m. In [GLL], the bound depended
on m. Here, the proof is simpler, and we do not need to follow [G].

Lemma 4.1 Let ®,, be a normalized ground state for H} (m).
Then for all B > 0 such that 0 < 3% < min(E(H') — E(HY), E(HY,) — E(H})), we have

2
s < 0

for any m small enough. Here, Cy is a positive constant which does not depend on m.

Proof For i = 1,2,3, ¢; v denotes the function defined in the previous subsection. Moreover,

b1 =\/P5 1+ D51 (70)

we set

that is $?T =1-¢7 1.
We have ) ) )
T e

and since ¢; 1 is compactly supported, the first of this two terms is bounded by a positive
constant C7 that does not depend on m.
We set G := $1,T exp(f.) where f. is defined for all € > 0 by

fs(X) = 5|X|

= . 1
1+ ¢lX]| (71)

Note that f. and |V f.| are bounded functions. Thus, Gr®,, € Q(H} (m)), and using the fact
that ®,, is a ground state for HY/ (m), we can show

1y (m)(G1Pm, Gr @) — B(H (m))|Gr@m® = (P, [VCr[*@rm).
But we can compute
IVGr|* = |V$1,T|262f5 + 2(V51,T-Vfa)ef5GT + |V £ GF.
Therefore
11y (m)(GT®rm, Gr®p) — E(HY (m))|Gr®m || = (GrPpm, [V PG @)
= (P, [|V81,T|262fs + Q(V%,T-st)estT] ) (72)
< Cy,

where C5 is a positive constant which depends on 7" but not on m or €. Here, we used the fact
that V@LT is compactly supported.
In addition, we note that ¢1,T/2'$1,T = 0. Thus

11y () (GTPi, G1®) = > agyy () (G1®rm, 87 s G
i=2,3

= Z QHg(m)(¢i,T/2GT<I>m7¢¢,T/2GT‘I>m) - Z (Gr P, Vo5 1/0*GrPm).
i—2.3 i—2,3
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Now, as in the previous subsection we have

2C

Ay (m)(D2,17/2GTPm; G2, 7/2G1Prm) 2 E(Hy (m)) — T} |2, 7/2GrPm |,

and
Quy (m)(83,7/2GTPm, o3, 17/2G1Pm) = E(Hp(m))|¢3,7/2G1%Pm|?,

for any 7T large enough. This leads to

. 2C"  Cste
i o (G G i) 2 i [ECHY (), B )] 162 l? — (T + G ) G

for any T large enough. Since |V f| < 3, we get
117 (m) (GT Py Gr®r) — E(Hy (m))|Gr®oml|* — (Gr®pm, [V fo[*Gr®)n)
> min [E(Hg (m)) — E(Hy (m)), E(HL (m)) — B(Hj (m))] |Gr®m|® = 82| Gr @2

2C  Cste

Thus, remark 3.1 leads to

QH[‘,/(m)(GTq)ma Gr®pm) — E(fll‘]/(m))”GT(I)m”2 — (GrPpm, |Vf6‘2GT(I>m)

> % [min [E(HY ) — E(HY), E(HY) — E(HY)] = 8] |G @ > — <2Tc . cTsze

) 1Gr®.

for any m small enough.
Therefore, we can choose T such that

QH[‘j(m)(GToq)m7 Gr, @) — E(Hy (m)|Gr,@m||* = (G, @ons [V fo[* Gy B

1. (73)
> - [min [B(HY) - B(HY), BHY) - BHY)] - 5] |Gr, @
for any m small enough.
(72) and (73) yield
4C,
1Gr, ®rml|? < — = Cs,
’ min [E(HY') — E(Hy), E(HY,) — E(Hy )| - 62
for any m small enough and any € > 0. Thus, as ¢ — 0, we get
_ 2
HqsLToeﬂ'X‘@mH < Cs,
for any m small enough. So the proof is complete with Cy := Cy + Cj. O

4.3 Convergence of the ground state ¢,, when m — 0

The end of the proof of the existence of a ground state for HY, follows step by step the one in
[GLL]. Namely, it is shown that ||ax(k)®,,|| and ||Viax(k)®| are bounded for almost every
k, with bounds that do not depend on m. Next the Rellich-Kondrachov theorem leads to the
conclusion. We only give the results.
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Theorem 4.2 Let ®,,, be a normalized ground state for HY (m), where m > 0 is small. Then,

for almost every k € R®, we have

(k)] < Cx (] + ez 73 11X 12

Moreover, for almost every k € R® such that |k| < A/2 and (k1,ks) # (0,0), we have
1

ERRYCET]

Here Cy and C), are constants that depend on A, mq, me, but not on m.

IViax (k) ®ml| < Cy (lq1] + [g2]) X @]

Remark 4.1
1. Note that @, € Q(N) by (40). Then (74) means

X3 (k
(@) < CR (i +laa)® [ A v x10,17

The meaning of (75) is given in the appendiz B of [GLL].

(74)

(76)

2. A key step to obtain (74) and (75) is to use the following gauge transformation: the unitary

operator T is defined by

@ .
T= [ T(X)dX with T(X)=e "2m129%-40)
]RG
Then we have by (k, X) 1= T (X)ax(k)T*(X) = aA(k;) —iwy(k, X), with
_ 1 Xa(k
w}\(k7X) 27]_ |k|1/2 /\ le:Zq‘lx]

Hence the transformed Hamiltonian is

- . 1 ~ ~
HY (m) := THY, (m)T* = Z %(pj —q;A) + Hy(m)+ U+,
j=1,2 J

with Aj = [r Aj(X)dX, Hp(m) = 5o Hy(m)(X)dX, and

(77)

(78)

(79)

Aj(X) = A(a;) — A(0) , Hpm)(X)= ) / wWin (k)05 (k, X )by (k, X)dk.  (80)
A—127R?

3. Theorem 4.2 together with lemma 4.1 show that ||ax (k)@ || and ||Viax(k)Pn| are uni-

formly bounded for small m.

Now let (m;) be a sequence that decays to 0 and such that (74) and (75) are satisfied for all
Jj. We can suppose that ®,,, converges weakly to a limit ® when j goes to co. Let us show that

@ e D(HY).
Since, for all j, Q(HY (m;)) C Q(HY) by (40), we can write
2
= QHL‘; (q)mj’q)mj) - E(HL‘?)

< 4113 ) (O ;) — E(HY) = E(HY (my)) ~ B(HY) — 0.

j—oo

1/2

H (7Y — BEEY)]"? 0,
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Thus, for all ¢ € Q(H}Y), we have

([mY - B, @) = lim ([HY - BHY)] 0, 8p))

J

= lim (¢, [HY ~ EHY)]"* ®,,) = 0.

j—oo
Therefore, @ € Q(HY) and [HY — E(HY)]"* ® = 0. This yields
®ec DHY) and HY®=E(HY)®. (81)
Then, in the same way as in theorem 7.1 of [GLL], (81), lemma 4.1 and theorem 4.2 lead to
Theorem 4.3 ®,,, converges strongly to ®, so that || ®|| =1 and ® is a ground state for HY .

Remark 4.2 With the help of the functional integral representation of remark 2.1, we can prove
that the ground state of Hl‘f is non-degenerate. Indeed, it is shown in [H2] that vle=tHU y s
positivity improving as an operator acting on L2(R® x Q), where L2(Q) denotes a Schridinger
representation of F, and where v is a unitary operator from L2(Q) to F.
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