HYPERFINE SPLITTING IN NON-RELATIVISTIC QED: UNIQUENESS
OF THE DRESSED HYDROGEN ATOM GROUND STATE

LAURENT AMOUR AND JEREMY FAUPIN

ABSTRACT. We consider a free hydrogen atom composed of a spin—% nucleus and a spin-%
electron in the standard model of non-relativistic QED. We study the Pauli-Fierz Hamilton-
ian associated with this system at a fixed total momentum. For small enough values of the
fine-structure constant, we prove that the ground state is unique. This result reflects the
hyperfine structure of the hydrogen atom ground state.

1. INTRODUCTION

The structure of the spectrum of the Pauli Hamiltonian describing a non-relativistic Hy-
drogen atom in Quantum Mechanics is well-known (see e.g. [10]). Among many properties,
a remarkable one is that the interaction between the spins of the nucleus and the electron
causes the so-called hyperfine structure of Hydrogen. In particular, in spite of the spins de-
grees of freedom, the ground state of the Pauli Hamiltonian is unique; A three-fold degenerate
eigenvalue appears besides, close to the ground state energy. This phenomenon justifies the
famous observed 21-cm Hydrogen line. Mathematically, using standard perturbation theory
of isolated eigenvalues, this statement is not difficult to establish.

In the framework of non-relativistic QED, due to the absence of mass of photons, the bottom
of the spectrum of the Hamiltonian coincides with the bottom of its essential spectrum. Thus
the question of the (existence and) multiplicity of the ground state is much more subtle.

In this paper we consider a moving Hydrogen atom in non-relativistic QED. The total
system (electron, nucleus and photons) is translation invariant, hence one can fix the total
momentum and study the corresponding fiber Hamiltonian. For sufficiently small values of the
total momentum, the bottom of the spectrum is known to be an eigenvalue [3, 20]. Moreover,
under simplifying assumptions, the multiplicity of the ground state eigenvalue is also known:
If both the electron and nucleus spins are neglected, the ground state is unique [3]. If the
electron spin is taken into account and the nucleus spin is neglected, then the ground state is
twice degenerate [21].

Now, following the physical prescription, we assume that both the electron and the nu-
cleus have a spin equal to % In [1], using a contradiction argument, we proved under this
assumption that the multiplicity of the ground state is strictly less than 4. This shows that a
hyperfine splitting does occur in non-relativistic QED (we refer the reader to the introduction
of [1] for a more detailed discussion on the hyperfine structure of Hydrogen). Refining our
previous analysis, we shall prove in the present paper that the ground state of the dressed
Hydrogen atom is unique.

1.1. Definition of the model and main results. We briefly recall the definition of the
Hamiltonian associated with a freely moving hydrogen atom at a fixed total momentum P in
non-relativistic QED. For more details, we refer to [1, Section 2.
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2 L. AMOUR AND J. FAUPIN

The Hamiltonian associated with a hydrogen atom in the standard model of non-relativistic
QED acts on the Hilbert space L?(R3; C?) ® L?(R3; C?) ® Hpp ~ C* ® L?(R%) ® Hpp, where
the photon space,

o0
Hon = C & @ S [L2(R® x {1,2})%"],
n=1
is the symmetric Fock space over L2(R? x {1,2}) (S, denotes the symmetrization operator).

In units such that the Planck constant divided by 27 and the velocity of light are equal to 1,
the Hamiltonian of the system, H, is formally given by the expression

1 1 2 1 2
H ::2mel (pel - agAAaQ (xel)) + o (pn + QQAAQQ ($n)> + V(ZL‘el, :L'n) + th
1 1
o2 a2
_ Qmelael - Brg2 (we1) + P o™ - Bpo2(zn),

where a = €? is the fine-structure constant (with e the charge of the electron), Ty, Dty My

denote the positions, momenta and masses of the electron and of the nucleus, and V (¢, xn) =

—a|Te —xy| 7! is the Coulomb potential. The 3-uples 0 = (0!, 65!, 0§) and o™ = (o0, 08, 0%)

are the Pauli matrices associated with the spins of the electron and the nucleus, respectively.
They can be written as

00 1 0 00 —-i 0 1 0 0 0
sl | 0001 | 00 0 i sl 01 0 0
E 1 0 0 0 |’ “2 i o0 o | 73 00 -1 0 |
01 0 0 0 i 0 0 00 0 -1
01 0 0 0 —-i 0 0 1 0 0 0
o 1000 o | i 0 00 o | 0 -1 0 0
1 00 0 1 | "2 0o 0 o0 —i |* 73 0 0 1 0
00 1 0 0 0 i 0 0 0 0 -1

The symbol Hyy, stands for the energy of the free photon field (see (1.6) below), and Ay ,2(z),
B2 () are the vectors of the quantized electromagnetic field in the Coulomb gauge (defined
in (1.2)—(1.3) below). An ultraviolet cutoff is imposed, which turns off interactions between
the charged particles and photons with energies larger than Aa?, where A is an arbitrary
large positive parameter.

Choosing the energy unit to be 4 Rydberg, with 4Ry = mea?, we are led, after the change
of scaling (1, ¥n, k) — (Tel/a, n/a, a?k), where k is the photon wave vector, to study the
Hamiltonian

1 2 2
Hg ::2mel (pel - gAA(g3xel)> +
1

a ’xel - xn|

ST (pn + gAA(g%fcn)>2

2 2
o' - Ba(g3za) + o™ - BA(g32n).

9
2mel 2mn

Hpyy —
Now the coupling parameter g is given by g := o/

Since H, is translation invariant, it can be decomposed into a direct integral, H, ~
Jgs Hy(P)dP, with respect to the total momentum of the system (see e.g. [1, 2, 20]). The
Hilbert space at a fixed total momentum is

Hep = C* @ LA(R?) @ Hpn,
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and the Hamiltonian we shall study in this paper, acting on Hgp,, is given by the expression

1 Mel Mel 2 .\ 2
HPz—(eP—P —A—s>
g( ) 2me] M( ph)+p7’ g (Mg 7')
1 m Mn 2 \2
—2(P—Py) — A(———g3 )
oM (M( bh) = Pr +9A(=rg0T)
1 g o Mel 2 g mn 2
— — +H,, — . B(—=—g: " B(——=—g53T). 1.1
7| + Hph Qmela (Mgdr)+ 2mna ( Mg ) (1.1)
Here r is the internal position variable of the hydrogen atom, p, := —iV,. is the associated

momentum operator, and M := me + my, is the total mass of the atom.
Now we recall the definitions of the operators on Fock space that we consider. As usual,
for any h € L2(R? x {1,2}), we set

a*(h) = hk, Nat (k)dk, a(h) = Rk, Nax (k)dk,
(n) é%@( o (K)dk, — a(h) g%@< Jar ()

and ®(h) := a*(h) + a(h), where the creation and annihilation operators, a} (k) and ay(k),
are operator-valued distributions obeying the canonical commutation relations

Jan(k), ax (k)] = a3 (k), a3 ()] = 0, [ax(k), a3 (K)] = bxw6(k — K.
For z € R, A(x) = Ax(z) and B(z) = By(x) are defined by

) — i xa(k) 5 o ik % ke,

Aw) = 5 A;Q/RS T (k) [ 2ag (k) + € ax (k)] d, (1.2)

B(z) = _2i 3 / k|éXA(/.c)(";|AeA(k)) [ heag (k) — *rar ()] ak, (13)
T y—10/R®

where the polarization vectors are chosen in the following way:

ko, —k1,0 k —k1ks, —koks, k? + k2
61(]{:) ::(2’71’) , EQ(k’) ::7/\51(]{): ( 1 372 223, 1+ 2)2‘
VIR % NCECNCEC AL

In particular, for j € {1,2,3}, we have A;(z) = @(hf(:ﬂ)) and Bj(z) = @(hf(x)), with

A L xa(k) x/ o\ —ika

- p—— ) 14
hi(x, k, A) o \k|% e;(k)e , (1.4)

B i 1 k A —ik-x

: - o . 1.
hi (x, k, A) 27T]k\2XA(k) (]k:\ Ne (k))je (1.5)

In (1.2) and (1.3), xa(k) denotes an ultraviolet cutoff function which is chosen, for simplicity,
as xa(k) := L <a(k), with A > 0.

The Hamiltonian and total momentum of the free photon field, Hy, and Py, are defined
by

Hyp = A;Q /R ka3 (Raa(R)k, Py ::A;g /R ka(Roa(B)ak(16)

The Fock vacuum is denoted by €.
Our main result is the following.
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Theorem 1.1. There exist g. > 0 and p. > 0 such that, for all 0 < g < g. and 0 < |P| < p,,
Hy(P) has a unique ground state, that is

E4(P) := inf spec(Hy(P)) is a simple eigenvalue of Hy(P).

Remarks 1.2.

(1) For convenience, we shall work in the sequel with the Hamiltonian :Hy(P): obtained
from the expression (1.1) by Wick ordering. Since :Hy(P): and Hy(P) only differ by a
constant, the statement of Theorem 1.1 is equivalent if we replace :Hy(P): by Hy(P).
From now on, to keep notations simple, we use Hy(P) to designate the Wick-ordered
Hamiltonian.

(2) With some more work, Theorem 1.1 may be proven with the critical value p. = M —¢,
e > 0, and g. depending on €. However, for large values of the total momentum,
|P| > M, due to Cerenkov radiation, one expects that E4(P) is not an eigenvalue.

1.2. Notations and strategy of the proof. Now we describe the strategy of our proof and
introduce corresponding notations. Our main tools will be a suitable infrared decomposition
of Fock space combined with iterative perturbation theory. The introduction of an infrared
cutoff into the interaction Hamiltonian is a standard step in the analysis of models of non-
relativistic QED [11]. The idea of considering a sequence of Hamiltonians with decreasing
infrared cutoffs and comparing them iteratively by perturbation theory can be traced back
to [22]. It was later used successfully in different contexts [5, 9, 2, 8].

Roughly speaking, the method employed in these papers to prove the existence of a unique
ground state is as follows: Let H denote the Hamiltonian of the model, and H, denote the
Hamiltonian with an infrared cutoff of parameter o, acting on the Fock space of particles of
energies > o. For large o’s, there is no interaction in H, and it is easy to verify that H,
has a unique ground state separated by a gap of order O(o) from the rest of the spectrum.
Next, using perturbation theory, one shows that, if for some given o > 0, H,, fulfills this gap
property (uniqueness of the ground state and gap of order O(c) above it), then the same holds
for H, 5. Proceeding iteratively, one thus obtains the existence of a unique ground state, ®,,
for any ¢ > 0. To prove that a ground state persists as the infrared cutoff is removed, one
considers the weak limit, ® := w-lim ®,,, along some subsequence o; — 0. It is then easy
to see that H® = E®, with F = inf spec(H ), and hence it remains to verify that ® # 0. To
this end, using of a ‘pull-through’ argument, one shows that the expectation in the number
of photons, (&, N®), is small (assuming that the coupling constant is small). This implies
that ® overlaps with the unperturbed ground state and hence, in particular, that ® # 0.

In all the previously cited papers, the ground state of the non-interacting Hamiltonian is
unique. In our context, however, it is 4-fold degenerate, so that the method does not directly
apply. Let us be more precise. For o > 0, the infrared (fibered) Hamiltonian acts on Hgp, and
is defined as

1 Mmel 2 2
Hg,20<P>:2ml (5eP - Ph>+pr—gAza<—Mgw>) :
€

My my 2 \?2
zmn (57 = Bo) = w0z 1at)
m, 2 m
- W+th %1 Bao(T8g51) + 00" Bag(—tgir), (L)
(S n
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where, for any j € {1,2,3}, 2 € R3, k € R?, A € {1,2} and o > 0,
Ajso(@) = ®(his, (2)) with hi's (2, k,A) = L5, (k)RS (2, k, A),
Bjso(z) = ®(hPs, () with hPs, (2, k, N) == Lse (k)R] (2, K, A).

The expression (1.7) is Wick ordered in accordance with Remark 1.2 (1). For o > 0, let

Hph>o :=C @ ésn [L2({(k,\) € R® x {1,2}, k| > o })®"],

n=1

o0
Hon <o = C & €D S [L2({(k, N) € B x {1,2}, [k < a})®"],
n=1
denote the Fock spaces for photons of energies > o, respectively of energies < o. It is well-
known that there exists a unitary transformation mapping Hp, to Hph, >0 ® Hph,<o-

Hep, >0 = C* @ L2 (R?’, dr) ® Hph,>o-
Clearly, Hgp, >» identifies with a subset of Hgy,, and
Hg>o(P) : Heb>o N D(Hyg>o(P)) = Heb,>o-
The restriction of Hy >4(P) to Hab,>o N D(Hg>-(P)) is then denoted by
Kg>o(P) = Hg,za(P)\HﬁbgamD(Hg,Z(,(P))-
In order to avoid any confusion, we also set
th,Zo‘ = ph|’th’ZoﬂD(th)7 Pph720 = ph’th,zomD(Pph)’
and the vacuum in Hpy, >, is denoted by €2>,. We shall use the decomposition

Ky>0(P) = Ko>0(P) + Wy >q(P),

where
1
Ko >q(P) ::HO(P)‘D(HO(P))QH%’ZG =H, + m(p _ pph’20)2 + Hypso (18)
and
g Ml Mol 2
Wg’ZU(P) - M) ( ]\4e (P B Pph,ZU) +pr> 'AZU(ﬁegf’T))
g mn mn 2
+ min <(M(P B PPhZU) - pr) : Azo(—ﬁgw))
2 2
9 Mel 2 2 g mMnp 2 9
—A : Asg(—— :
t Gy Az (Gt g Ao (=)
g el Mel 2 g n my 2
_ - B>, B (2 Lo
2mela = (M93r)+ ana >o MQ”) (1.9)
In (1.8), H, denotes the Schrédinger Hamiltonian
g1
T o 5
2 ||

where p is the reduced mass, = mima/(m1 + ma).
For any self-adjoint and semi-bounded operator H, we set E(H) := inf spec(H) and

Gap(H) := inf(spec(H) \{E(H)}) — E(H).
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We then observe that, for all o > 0,
P2 P2

E(KO,EU(P)) = E(Hr) + m =:ep+ m = Eo(P),

and that Fy(P) is 4-fold degenerate (see Lemma A.1 in the appendix). The lowest eigenvalue
of H, is given by
ep = —p/2.
The projection onto the vector space associated with Ey(P) is denoted by
Mo, >0 (P) = Lig,(py) (Ko>(P)), and Ilp>q(P):= L34, 5, — o>0(P).

Note that Iy >, (P) is independent of P. Setting Iy >, := o >4 (P), Iy >0 := oy >»(P), we
have

]:[0720' = ]]-(C4 X m & HQZga

where 7 is the projection onto the vector space associated with the ground state ¢g of H,,
and Ilo.  is the projection onto the vacuum sector in Hpp >,. Moreover, we set

Ey>0(P) i= E(Kg >0 (P)).

As mention above, we will analyze the bottom of the spectrum of K, >,(P) iteratively, by
letting the infrared cutoff parameter o | 0. Of course, for ¢ > A, we have that K, >,(P) =
Ko >-(P) and hence the spectrum of K, >,(P) is explicit: It is composed of the 4-fold de-
generate eigenvalue Fy >,(P) = Ey(P) and a semi-axis of absolutely continuous spectrum
[Eg.>5(P) + Co,00) for some positive constant C (see Figure 1).

Eg,Za(P)
X

[ |

Co

FIGURE 1. Spectrum of K, >,(P) for o > A

Compared to previous works, the main substantial difficulty we encounter comes from
the fact that, as o becomes strictly less that A, E, > (P) splits into 4 (generally) distinct
eigenvalues. Therefore, in particular, for o such that g> < o < A, the gap above E, >, (P)
in the spectrum of Ky >,(P), Gap(Ky>+(P)), is negligible compared to o. To overcome this
difficulty, we have to start with analyzing the Hamiltonian K, >,(P) for ¢ = Cg? with C a
suitably chosen positive constant. In other words we choose an initial infrared cutoff of order
a3 Ry. Since for these values of the parameters, the perturbation is of the same order as the
distance between the ground state and the essential spectrum, one cannot straightforwardly
apply usual perturbation theory. We then do second order perturbation theory with the help
of the Feshbach-Schur map.

The Feshbach-Schur map is a natural tool to study second order perturbation of (possibly
embedded) eigenvalues of self-adjoint operators. In the context of non-relativistic QED, it was
introduced in [6] and further developed in [4, 13]. The Feshbach-Schur operator we consider
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here is associated with K, >,(P) — Eg>(P) and Ilp >, and is defined by
Fy20(P) :=(Eo(P) = Eg>0(P)o,>0 — o0 Wy >0 (P)
_ — 1=

[K0.20(P) = Eg>5(P) + T 50 Wy 50 (P)lo >6] o >0Wy >0 (P)o >0 (1.10)
We shall see in Section 2 that this operator is well-defined for suitable values of the parameters.
The main property of F, >,(P) that we shall use is that

KQ,ZU(P) - Egza(P) 2 FQ,ZU(P)a

(see Lemma 2.2). Combined with the min-max principle, this operator inequality appears to
be very useful in the context of the present paper. In particular, it will allow us to prove that
the spectrum of K, >,(P) has the form pictured in Figure 2 (see Section 2): The bottom of

the spectrum, Ey > (P), is an isolated eigenvalue separated by a gap of size dg? from three
other eigenvalues and a semi-axis of essential spectrum.

Eg,ZU(P)
X X X X

T

5g?
FIGURE 2. Spectrum of K, >, (P) for 0 = Cg?, C > 1

The key argument that allows the method to be applied is the decomposition of the
Feshbach-Schur operator F, >,(P), viewed as a 4 x 4 matrix, into three parts,

Fy>0(P) =d(g) + ¢°T' + Rem(g),

where d(g) is a scalar matrix and I' is a matrix independent of g whose spectrum exhibits a
gap between its first and second eigenvalues. The remainder term, Rem(g), must be negligible
compared to g.

The rest of the proof borrows ideas from [22, 5, 2]. Namely, we shall prove (in Section 3)
that if the ground state of K, >,(P) is unique and if Gap(Ky >,(P)) > no, then the same
holds for Ky >,(P) with 7 = ko, 0 < k < 1. This will show that for small ¢’s, the spectrum
of Ky >4(P) has the form pictured in Figure 3 (a non-degenerate eigenvalue separated from a
gap of size no from the rest of the spectrum). At the end, the parameters n and s will have
to be carefully chosen, in relation with the initial analysis of Section 2.

Eg,ZU(P)
x i

no
FIGURE 3. Spectrum of K, >,(P) for 0 < C'¢g? C' < 1

We conclude this section with introducing a few more notations related to the infrared
decomposition, which will be useful in Section 3. For 0 < 7 < g, let

5;’27 =C® ésn [L2({(k,\) € R® x {1,2},7 < [k| < o})®"].

n=1
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The vacuum in H;i S denoted by ng and the projection onto the vacuum sector is
denoted by HQEZ. The Hilbert spaces Hgp,>r and Heap >0 @ ’H;ﬁ >, are isomorphic. We shall

sometimes not distinguish between the two of them. As an operator on Hep, >7, we set

Wil (P) == o (7 (P = Povze) +pe = 9420 (7gin) - AS7 (G 0%r))
s (57 (P = Ponzr) = pe + 9420 (=5 105m) - A2 (= 2g%r))
+22,;:A§Z<7;Ig§r>2:+ an ST(—Srgin)s
- 2”’;1061- S(58gir) + Qin0n~B§:(—%g§r), (1.11)

where AS7(-) and BS7(-) are given by the same expressions as A(-) and B(-) respectively,
except that the integrals are taken over {k € R? 7 < |k| < o}. Note that

Hy>7(P) = Hy>o(P) + ng,gr(P)-

Finally, in the case where 7 = 0, the subindex > 0 is removed from the notations above, that
is, for instance, Hpgh" = pShCTZO’ WE7(P) := ng,go(P) and so on.

Throughout the paper, the notation < --- will stand for < C--- where C is a positive
constant independent of the parameters. For any vector v, [v] and [v]* will denote respectively
the subspace spanned by v and its orthogonal complement.

2. EXISTENCE OF A GAP FOR LARGE ENOUGH INFRARED CUTOFFS

In this section, we investigate the spectrum of the infrared cutoff Hamiltonian K >, (P)
for values of the coupling constant g and of the infrared cutoff parameter ¢ fixed such that
Bcalgz <o< ﬁ;lng (for some 0 < 3.1 < (e to be determined later).

For any small enough g and P, and for any o,n > 0, let Gap(g, P, 0,7n) denote the following
assertion:

(i)  Eg>s(P) is a simple eigenvalue of K, >q(P),

Gap(g,Paff’"){ (i) Gap(Ky>.(P)) > no.

The main result of this section is the following.

Theorem 2.1. There exist p. > 0, Beo > 0 and § > 0 such that, for all 0 < Be < Be2, there
exists g. > 0 such that, for all 0 < |P| < pc, 0 < g < ge and B < 5 < Bea,

Gap(g, P,0,d/3) holds,
where o = g>37 1.

The statement of Theorem 2.1 expresses the fact that, for small enough values of the
coupling constant ¢ and total momentum P, there is a gap at least of size §¢? in the spectrum
of K4>,(P) above the non-degenerate ground state eigenvalue Eg >, (P), provided that the
infrared cutoff parameter o obeys 55_21 ?<o< 66_11 g°.
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2.1. Preliminary lemmas. The proof of Theorem 2.1 relies on a few lemmas that we shall
establish in this preliminary subsection. For the convenience of the reader, some standard
estimates used several times in the proofs below are recalled in Appendix A.

We begin with verifying that the Feshbach-Schur operator F, >,(P) introduced in (1.10)
is well-defined for suitable values of the parameters.

Lemma 2.2. There exist p. > 0 and B.o > 0 such that, for all 0 < B.1 < Beo, there exists
ge > 0 such that, for all 0 < g < g., 0 < |P| < pe and B < B < B2, the Feshbach-
Schur operator defined in (1.10), Fy>,(P) (where o = ¢g*B71), is a bounded operator on
Ran(Ilp >s) C Hap given by

Fy>q(P) = (Eo(P) — Eg>0(P)))ly 5
—To.50Wy 50 (P)[Ko50(P) = Ey50(P)] Tl 50 Wy 50 (P)lo 50
—|—Rem1(g,P,ﬂ), (21)

where Remy (g, P, 3) is a bounded operator on Ran(Ilp >4) satisfying

1
IRem (g, P, B)|| < g°B2. (2:2)
Moreover the following inequality holds in the sense of quadratic forms on D(Kg>q(P)):

KQZU(P) - Eg,ZU(P) > Fg,ZU(P)- (2-3)

Proof. Let g., pe, 0. and Cy be given by Lemma A.7. Let (8.0 be such that B012/2 < (6Cw) 1,
and let 0 < B.1 < Be2. Possibly by considering a smaller g., we can assume that gg < Be10e
and hence, for all 0 < ¢ < g. and 8 > (.1, we have that 0 < o = ¢~ < o.. In addition we
impose that p. < M/2.

Fix g, P and [ as in the statement of the lemma. By Lemmas A.1 and A.5, we have that
Ko >0(P) — E; >5(P) is bounded invertible on Ran(Ily >,) and satisfies

_ Pl _ _
(Ko,>0(P) = Eg>6(P))o,>¢ > (Eo(P) — Eg>0(P) 4+ (1 — ‘]\4’)0)170,20 > %Ho,za-

Using again that Eg >,(P) < Eyg(P) by Lemma A.5, it then follows from a straightforward
application of the Spectral Theorem that

H [Ko20(P) = Eg.26(P)] "o 30 (Ko 20(P) — Eo(P) + o) H
< || (K020 (P) = By2o(P)] Moo (Ko2o(P) = Byoo(P) +0)| <3 (24)

Moreover, by Lemma A.7, we have that

and hence

| (Ko.20(P) — By2o(P)]
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Taking into account the choice of G2, we have 3Cy > < 1/2 so that in particular
(Ko,20(P) = Eg>0(P)) o206 + 0,26 Wy, >0 (P)o,>0

1 _ o
25 (Ko,>0(P) — Eg>(P)) o> > 1oz (2.6)

Therefore the operator (Ko >¢(P)—Eg >0 (P))ly, >0 +1o >0 Wy >0 (P)I >, is bounded invert-

ible on Ran(Ilp >,). Using in addition that Wy >, (P) is relatively bounded with respect to

Ko > (P), we obtain that Fy >, (P) is indeed a well-defined bounded operator on Ran(Ilp > ).
Next, using again (2.4) and (2.5), we obtain

_1_
HHo,zan,zo(P) [Ko.20(P) = Eg>0(P)] *Io0
A standard Neumann series decomposition together with the previous estimates then lead to
To,56 Wy 20(P) [Ko 50(P) = Eg 25(P) + Mo 20 Wy 56 (P)o, 0] Tl 56 Wy 24 (P)Tlo >

=1lo,>cWy,56(P)[Ko>0(P) — Eg,zo(P)]_1ﬁ0,2an,zo(P)H0,zo + Remy (g, P, 3),

where Rem; (g, P, 3) is a bounded operator on Ran(Ily >,) satisfying (2.2).
Finally, to prove (2.3), it suffices to use the following identity

Ky>0(P) = Eg>5(P) = Fy >-(P) + R'R, (2.8)

< 2CwB202 = 2Cwg. (2.7)

where

_ _ _ 1 _
R := [Ko>6(P) = Eg>6(P) + o >cWy >0 (P)o 50| 2o >0(Kg>0(P) — Eg>0(P)).

We observe that the operator square root appearing in the expression of R is well-defined by
(2.6). Equation (2.8) follows from straightforward algebraic computations (see e.g. [4, 13]).
This concludes the proof of the lemma. ]

Our next task is to extract the second order term from (2.1). It is the purpose of the
following three lemmas.

Lemma 2.3. There exist g. > 0, p. > 0 and 0. > 0 such that, for all0 < g < g., 0 < |P| < p.
and 0 < o < o,

1=
o> Wy, >o(P) [KO >o(P) — Eg7>U(P)} HO,ZUWQZJ(P)HO,ZU

Z / Ho >Jw>g T, k /\) [H + 7(P k) + ‘k‘ g>0—<P)]71w20—(7’,k‘,)\)H0720—dk

2M
A=1,2
+ Rems(g, P, o), (2.9)
where
o g Mel A Mel 2
wao(rk 0) = = (TP = P so) +0) - by (0 k. 3)
g mMn A mpy 2
o ((ﬁ(P = Pon20) = r) 'hza(—ﬁg%k,/\))
9 el B (Mel 2 9 B, Mp 2
50" B (-2 2.1
g0 W (GRaSr kN + o™ RS (< FRaSr R N), (210)

W>o (1, k, ) is given by the same expression except that hga, hgg are replaced by their conju-
gate h>g, hgg, and Rems(g, P, o) is a bounded operator on Ran(Ilp >») satisfying

||Rem2(g, Pa U)H 5 g3.
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Proof. 1t suffices to introduce the expression (1.9) of W, >,(P) into the operator

71 —
o6 Wy >0 (P) [ K050 (P) = Eg>6(P)] " 1o 56Wy >0 (P)p >0,

and next to estimate each term separately. An explicit computation then leads directly to
the statement of the lemma (see the proof of Lemma A.9 in [1] for more details). O

Lemma 2.4. There ezist g. > 0, p. > 0 and 0. > 0 such that, for all0 < g < g., 0 < |P| < pe,
0<o<o.and X € {1,2},

/ HO,Zawza(rv k, )\) [H + (P k) + ’k‘ — EQVZJ(P)] _leU(T‘, k, /\)Hozgdk
R3
_ / Mo 5005 (0, k, \) [Hy + W(P )2+ K = Eyso(P)] wse (0, k, Mg sedk
R3
+ Rem3(g7 Pa g, )‘)a

where w>4(0,k,A) and W>,(0,k,\) are defined by (2.10), and Rems(g, P,o,\) is a bounded
operator on Ran(Ily >,) satisfying

[Rems (9. P, 1) < g5.
Proof. 1t follows from the definitions (1.4)—(1.5) of hJA and hf that
|het
|h%

1

Ty kv)‘) h‘j >a(07 k,)\)} g ]]-|k|20(k)|k’2xl\(k)|r‘7
3

7k A) = BP0 (0, k, A)| S Ljgyso (R)K|2 xa (R)| 7],

7, >0
7, >0'
for any j € {1,2,3}, A € {1,2}, r € R3 and k € R3. This implies that

mel

M
2

< g§ﬂ|k|za(k)’k’§></\(k)HHOZU
2 1

S 93 L gyse (K) K2 xA (K).

In the last inequality, we used in particular that ||(r)p,mo| < oo, where, recall, mg is the
projection onto the ground state of the Schrodinger operator H,. Similarly,

[Moss (5P = Ponizo) +r) - (o (5 g37,k,2) = b, (0,10,0) |

" (P — Pynzo) + 1) (1)

mel

M

mMel 2

e 02,2843 12,030
2 3 o 2 3
S 95 Lo (0) | a () | To 200 (1) | S 97 Lkgzo (RIRIE XA (R).

The same holds if me is replaced by —my, and ¢® is replaced by o. Besides, using that
H, + P?/2M > Ey(P) > E;>(P) by Lemma A.5, we obtain that

| 4+ 3 (P = B2 + 1] = By 20 (P)] " By ()
1

1
= —(k- P)/M + k2/2M + || 2o
for |P| < M/2, and hence the statement of the lemma easily follows. O

2
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Lemma 2.5. There ezist g. > 0, p. > 0 and 0. > 0 such that, for all0 < g < g., 0 < |P| < pe,
0<o <o, and X € {1,2},

1 _
/ HO,ZU’LDZJ(O, k, )\) [Hr + W(P — k)z + ’k‘ — Eg,Za(P)] leU(O, k, )\)Hozgdk
R3
= g (T2578(P, ) + TZ,(P, V) + Remu(g, P, 0, A),
where
—1

Adia 1 A 1
TAEP ) = /R o 20r - o (0, N)[Hy + 51 (P — K)? + k] — Eo(P)]

(]].(c4 & 771'0 & ]]-th)p'r : héa’(()? ka A)HO,ZUdku

and
_ 1 _
2 (PA) =] Hoso( — LR 0,k N+ ——a - hE (0, kA
20( ) ) /1R3 0,> < mela 20(07 ) )+2mn0 20(0; ) ))
1 N
[eo + 57 (P = B)” + [k = Eo(P)]
1 el B 1 n B
( o 0B N+ 5 o hZU(O,k,)\)>HOZUdk.

Moreover Remy(g, P, o, \) is a bounded operator on Ran(lly >, ) satisfying
[Remy(g, P, o, A)|| < g™

Proof. Tt follows from (2.10) that

w20(07k'7 A) = - %pT : h‘éa(()?k?)‘) -

9 el B g
MmMe] = ( B ) mn

o™ - hE (0,k,N),

and likewise for w>4(0,k, \) except that héo, hgg are replaced by Bég, 71]230. (Observe in
particular that the terms proportional to (P — Ppy) vanish. This is due to the fact that the
charge of the total system we consider vanishes).
Moreover, we have that th(O, k) = th(O, k,A) and
o >0pr - B3 (0, k, A) (gt @ mo @ Ay, ) = 0.

This yields

1 _
/ Mo, 50 @30 (0, ky ) [Hy + 57 (P~ k)2 + |k| = By 50(P)] ' wse(0, k, Mg >, dk
R3

= * (28 (g, P, \) + TZ, (g, P, \)),

where

= A dia 1 1 -1
Fgf g(g’ Pv )‘) ::ﬁ /R3 HO,ZUPT : hga(ov k, )\) [Hr + W(P - k)Q + ’k‘ - EQ,ZG(P)]

(Les ® 7o @ Lyg,, )pr - h4(0, &, A > dE,
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and

- 1 _ _

T2 (¢, P\ := | Hoso( — LB (0, kA "CRE 0,k N
Za(gv ) ) /]1{3 0,> ( 2me10 20( )y vy )+ mna 20( )y vy ))

1 -1

[eo + W(P — k)? + |k| — Eg >0 (P)]

I o .8
a®-h k,\) +
( 2myg >0 (0. %, 3) My

For any |P| < M/2 and |k| > o, we have that

o™ - 12 (0, k, A))Ho,zadk.

1 2 -1 _ 1
| e+ 3 (P =P 4 [k = Eo(P)) ™ (s @ 0 @1 3, )| <
and hence also that
1 2 -1 — 1
H[HT+W(P—’<?) + k| = By >0(P)] (s @ 7o @ Ty, )| < el — g’

by Lemma A.5. Therefore, using the first resolvent equation together with the facts that
|Eo(P) — Ey20(P)| < g? (sce Lemma A.5) and [h4, (0, k, A)| S Lz (k) [k ~/2xa (k), we get

radiog (g p\) = TA99E (P )) + Rem? (g, P,0),

where
Rer (. P.o)]| £ 67 [ Tociupentyy S6°
R? 14
Likewise, for any |P| < M/2 and |k| > o, we have that
2
3k
and since ]hgo((), kA< ]1|,€|20(k:)]k|1/2XA(k:), we thus obtain that

oo + 57 (P — K + [kl — By (P)] 7| <

I, (g, P,\) =TZ,(P,\) + Rem® (g, P, 0),

where

dk
|Rem? (g, P,o)|| < 92/ Locpjcats S 9%
R? ||

Hence the lemma is proven. [l

To conclude this subsection, we estimate the size of the splitting induced by the second
order term in (2.2). Since the matrix T2%8(P, \) of Lemma 2.5 is scalar, only T'Z_(P, \) is
responsible for this splitting. - -

From now on, to simplify a few computations and since the system is rotation invariant,
we choose the total momentum P to be directed along e3.

Lemma 2.6. There exist p. > 0 and o, > 0 such that, for all P = P3e3 satisfying 0 < |P| <
Pe, for all0 < o < o, and X € {1, 2},

rZ,(P,A) =128¢(px) + TZ# (PN,
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where Fffiag(P, A) is the scalar operator on Ranlly >, given by

. 1 1 |hE,(0,k,\) | dk
rdisg(p ) .= / o >0
5 (D) <4mgl+4mg) s |k[ — (k- P)/M + k2j2M 77

and

2

1 |hB. (0, k, A\)|"dk

r2#p )= ——— / 2ol o >80 ) >0
s (BN = oy s TRl = (k- P)/M + k2200277 %0702

Proof. Using standard properties of the Pauli matrices (see Lemma A.10), since for any k € R3
and A € {1,2}, th(O,k,)\) = —th(O,k,)\), we have that

(0 - hE,(0,k, N)) (0 - hE (0, k, N)) = —(hE,(0,k, A))% = |hE,(0,k, N)|?,

and likewise with o™ replacing o°!. Next, we observe that for P = Pse3, A € {1,2} and
j7j, e {172’3}7 j #j/7

/ RP. o (0,6, B S (0,k, )
ws |k|— (k- P)/M + k2/2M

The lemma then follows straightforwardly from the expression of T'Z_(P,)\) given in the
statement of Lemma 2.5. - O

Lemma 2.7. There exist p. > 0 and o, > 0 such that, for all P = P3e3 satisfying 0 < |P| < p.
and for all 0 < 0 < g, the eigenvalues of the operator

2y =— > riFpnN
A=1,2
are given by
1 k1L, <ikj<a (k)

'YQZ(P) = 2/ =kl D) dka

= 8memnm? Jrs |k| — (k- P)/M + k?/2M

2
) 1 kLo ip<a (k) L .
P):= dk, =1,2,3.

720(P) 8Mermy 2 /Rs |k| — (k- P)/M + k?/2M |k|? J T

Proof. Tt directly follows from the properties of the Pauli matrices (see Lemma A.11). O

Remarks 2.8.

(1) For P = 0, we observe that 7(1)( 0) = 7(>2C)r(0) = 752(0) It may however not be the
case for P # 0. -

(2) The gap above the lowest eigenvalue 7( )( P) is non-vanishing. More precisely, letting

b20(P) i= min (15)(P), 15} (P),48)(P)) =2 O)(P),

and
5 = 1nf 5>0'(P)7
0<|P|<pe,0<o<A /2 —
we have
k|1 k
5> 1 / kL p j2<ikj<a (k) ak > 0.
8MemMpm? R3 (1 +pc/M)|ki| + /{32/2M
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2.2. Proof of Theorem 2.1.
Proof of Theorem 2.1. Let p. be fixed as the minimum of the p.’s given by Lemmas 2.2-2.7
and A.5, and let Cy be given by Lemma A.7. Let 0. = B2 = &€ where ¢ > 0 is a small, fixed
parameter (smaller, in particular, than the minimum of the o.’s given by Lemmas 2.3-2.7 and
than the f.2’s given by Lemma 2.2). Let now 0 < (3.1 < (c2 and let g, be fixed smaller than
the minimum of the g.’s given by Lemmas 2.2-2.7. We recall in particular from the proofs of
Lemma 2.2 that g2 < .10., which implies that for all 0 < g < g. and 8 > 3.1, we have that
0<o0yp <0, withogg= g*B 1.

Let 0 < |P| < pey 0 < g < ge, Ber < B < Pe2. By rotation invariance, we can assume
that P = Pses. Before starting the proof we introduce a few more notations to simplify
expressions. Combining Lemmas 2.2-2.6, we can write

Fy>0(P) =(Eo(P) = Eg>0(P)lg 55 + g%dz0(P)To >0 + ¢°T'Z7 (P) + Rem(g, P, 3),
where d>,(P) is the (scalar) bounded operator on Ran(Il >, ) defined by
dog(P) == > (T255(PN) + T2 (P, ),
A=1,2

and Rem(g, P, 3) is a bounded operator on Ran(Ilj >, ) satisfying

|Rem(g, P, B)|| S g*(8 + 9+ 295 +29%) S g, (2.11)
Here we used that, by assumption, § and g are smaller than €. We also introduce the operator

F® :=F, 5, (P) + Ey>,(P)y>, — Rem(g, P, 3)

= (Eo(P) + ¢*d>o(P)) o 50 + g°TZ7 (P).

Identifying d>,(P) with a scalar quantity, the lowest eigenvalue of F® is, according to Lemma
2.7, given by

0y (P) = Eo(P) + *(d0(P) +150(P)).
Moreover, it follows again from Lemma 2.7 that e(zoz,(P) is simple and that
Gap(F®) > ¢265,(P) > g%, (2.12)
on Ran(Ily >5), where §>(P) and 6 > 0 are given by Remark 2.8 (2).

Let qb(;z_(P) € Ran(Ilp >,) denote a normalized eigenstate associated with the eigenvalue
) (P) of F).

Step 1 Let us prove that

25
e5o(P) 2 By (P) = 7. (2.13)

Let ¢(203(P) be the following trial state:

YO(P) = $0)(P) ~[Ko.50(P) — Eg50(P) + Mo 20 Wy 20 (P)o 56]

ﬁo,zan,za(P)Gf’g(P)‘
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We observe that (¢§2(P), (Z()()T(P» = (qﬁ(ZO()T(P),QS(ZO()T(P» = 1. Proceeding as in the proof of
Lemma 2.2, using (2.6) and (2.7), we find that
S5 (P) = 655(P)I| < 4V2Cw 2 < &2, (2.14)

where we used that 51/2 < £1/2. Moreover, using the properties of the Feshbach operator, we
obtain that

o,50 (Kg20(P) — Eg >0 (P))4C)(P)

= Fy>o(P)$S) (P)

= (9(P) ~ Ey>0(P)) 6 (P) + Rem(g, P, 5)6)(P),
and

.50 (Kg.20(P) = Egq(P) Y )(P)
= 0,50 Wy 50 (P)S% (P) — Mo 50 Wy 50 (P)6OL(P) = 0.
Therefore we deduce that

0 < (WO (P), (Kg20(P) — Eyzo(P) v O(P))

- e<>°2,<P> g,>a<P> (W05 (P). Rem(g, P, $)8%) (P))
0o (P) = Eyzo(P) + [ 55 (P) [ [Rem(g, P, 3)]
Ca(P) - U<P> + Cge?,
where in the last inequality we used (2.14) and (2.11). Hence, choosing £'/? <« §, (2.13) is

proven.
Step 2 Let po denote the second point above Ey >, (P) in the spectrum of Ky >, (P). The
min-max principle implies that

o > inf (), Ky 20 (P)V).
b € D(Ky>q(P)), |l =1,

v e [oly (P
Now, for 1) as above, using inequality (2.3) of Lemma 2.2, we can write
(¥, Kg20(P))) 2 (), Fy, 20 (P)) + Eg,>0(P)
> (1, F®y) + (¢, Rem(g, P, )1)).
Since F?Tj >, = 0 and since ¢ € [¢S (0) ) (P)]*, it follows from (2.12) that

(. FO) > (5(P) + g%0) [To 0> > 5 (P) + g%,
In the last inequality, we used that Eo(P) = P?/2M + eq = P?/2M — /2 is negative for

|P| < p. small enough, and hence that e(zoc)r(P) + ¢%J is also negative for g and |P| small

enough. Moreover, (2.11) yields

<w’ Rem(g, P, ﬁ)¢> > _09252.

=
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Thus, applying Step 1, we obtain that
3 1 1
2 > Ey >0 (P) + 1925 —Cg?c? > Ey50(P) + 5925,

provided ¢ is small enough. Changing notations (§/2 — ¢), this implies the statement of the
theorem. 0

3. PROOF OF THEOREM 1.1
The main theorem of this section, which will allow us to prove Theorem 1.1, is the following.

Theorem 3.1. There exist g. > 0, p. > 0 and 0 < n < 1/4 such that, for all 0 < g < g. and
0 < |P| < pe, there exist o. > 0 such that for all 0 < o < o,

Gap(g, P,o,n) holds.
We need the following two lemmas before starting the proof of Theorem 3.1.

Lemma 3.2. Let g. > 0, o, > 0 and p. > 0 be fized small enough and let0 < g < g., 0 <o <
oc and 0 < |P| < p. be such that Gap(g, P,o,n) holds. Let ®4>,(P) be a normalized ground
state of Kg>q(P). For all 0 < 1 < 0, Ey>,(P) is a simple eigenvalue of Hy>o(P)|ng, -,

associated with the normalized ground state @y >s(P) ® Qgg, and
. T
Gap(Hy, 2o (P)|Hg, »,) 2 min(no, 7).

Proof. First, one can readily verifies that ®4 >, (P) ® Qg: is an eigenstate of Hy >q(P)[#g, -,
associated with the eigenvalue E4 >, (P). Since
II'Hﬁb,ZT - (HQ,ZJ(P) ® Hggj) :(]]‘Hﬁb,ZU - Hg,ZU(P)) ® Hﬂgj

— 1<), (3.1)

<o
Hoh,>r >r

+ ]lHﬁb,zo ® (]1
and since 1, <, ® [l <, commutes with Hy >, (P)|3y, -, we have that

Hon>r 03¢
inf <¢7 HQZG(P) ’Hﬁb,27¢>
e D(HQ1ZU(‘P)|Hﬁb,ZT)<7||w|| =1,
€ [y sp(P) @ OS]

> min ( inf <¢7 Hg,ZU(P”Hﬁb,ZTQﬂ)’
e D(HQ:ZJ(P)|HHL;,27)7 ||<1/J|| =1,
¥ € [@g,54(P)]* @ [Q57]

inf (Y, Hy >0 (P)|1gy 5, %) ) (3.2)
Y € D(Hy>0(P)lrg, -, ), 101 =1, ! = )
Y € Heb, >0 @ [ng]l

The assumption that Gap(Ky >(P)) > no yields that

inf (0, Hg>o(P)|Hg, 5, ¥) 2 Eg>0(P) + no.
w € D(Hgvza(‘P)‘Hﬁb,z-r)’ Hg” =1,
P € [@g,54(P)]*F @ [Q37]

To estimate from below the second term in the right-hand-side of (3.2), we use the fact that

Hy >5(P)|nHg,~, commutes with the number operator Ly, . ® /\/'5]‘7727 (defined in (A.4)).
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We then consider ¢ € D(Hy >4 (P)|3yg,~,) such that [[¢] =1 and L3y, o ® Nph >, =ny

with n > 1. This state ¢ may be seen as an element of L2({(k,\),7 < |k| < 0}; Heb >0 ®
L2({(k,\), 7 < |k| < o}™ 1)), and we have that

(17[)’ g,>0 )|Hﬁb >¢w>

=) /<|k|< s A)s Hy >0 (P = ) |pg, o o12({ (k0 r<lkl<oyn—1) + K0 (k, X))dk
A=1,27T g

-
> inf (F P—k k|) > E P)+ -
> inl (Eyo(P = k) + k) > Eyo(P) + 7.
where the last inequality is a consequence of Lemma A.2. Therefore we obtain that
) T
inf (1 Hy 20 (P) b ) = B0 (P) +
¥ € D(Hy 20 (P, -, ), [1V] = 1,
¥ € Hin, >0 @ [Q37]F
which concludes the proof of the lemma. O

Lemma 3.3. There exists p. > 0 such that, for all n and k such that 0 < 4n < k < 1, there
exists g. > 0 such that, for all0 < g < g., 0 < |P| <p. and ¢ >0

Gap(g, P,o,n) = Gap(yg, P, ko, n).

Proof. Assume that Gap(g, P,o,n) is satisfied for some o > 0. Let ®,>,(P) be a ground
state of Kg>,(P). Let 7 = ko and let pp denote the first point above E,>-(P) in the
spectrum of K >,(P). By the min-max principle,

2 > inf <w7Kg,ZT(P)¢>7
¥ € D(Ky>-(P)), [l¢] =1

¥ € [8g,20(P) ® Q57]*

where [®;>,(P)® Q;Z]L denotes the orthogonal complement of the vector space spanned by
Oy >q(P) ®Q§f in Hep >0 ®H§§>T ~ Hgp >-. It follows from Lemma A.8 that for any p > 0,

(, Kg.57(P)) = (0, Hy 50 (P) g, -, ) + (¥, Wil (P)i)
> [1 - CWQU 1/2 (¥, Hg >0 (P )’Hﬁb,27¢>
+ ngal/Qp‘l/zEg,zo(P) — Cwgot/?p'/2.
Next, by Gap(g, P,o,7n), Lemma 3.2 and the fact that 7 = ko > 4no, we obtain that for any
Y in [By54(P) ® QST [l =1,
(¥, Hg >0 (P )|Hﬁb,27¢> > Eg>0(P) + 1o,
provided that g is sufficiently small. Hence for any p > 0 such that p'/2 > Cyrgo?/?,
(), Kg>7(P)) > Eg>0(P) + |1 = Cwgo'?p™?| no — Cyga'/p!/?.

Choosing p'/? = 2(1 — k) "' Cyygo'/? and using Lemma A.6, we get

(6. Ky r(PY0) > Eyoo(P) + 00— 2(1 - n) '3 g%

11—k
> Ey>-(P)+n7+ no —2(1 — k)~ 'Cig°o.
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Hence pi2 > Eg >+ (P)+nt provided that g* < (4C%,)~!(1—£)?n, which proves the lemma. [

Let us now prove Theorem 3.1.

Proof of Theorem 3.1. Let p. be the minimum of the p.’s given by Theorem 2.1 and Lemma
3.3. Let (.2 and § be given by Theorem 2.1. Note that, possibly by considering a smaller
Be2, we can assume that 40 < ﬂ;zl. Fix B, such that 0 < B < Beo. Let 1 := 06,1 and
K= ﬂclﬁc_Ql. In particular we have that 0 < 4n < k < 1. Let g, be the minimum of the g.’s
given by Theorem 2.1 and Lemma 3.3.

Let 0 < g < g. and 0 < |P| < p.. By rotation invariance, we can assume that P = Pyes.
Let o, := g? 0_11. By Theorem 2.1, we know that, for all ¢ such that g2ﬂc_21 <o < g2ﬂc_11,
Gap(g, P,o,n) holds. Using Lemma 3.3, this implies that, for all o such that g2 6_21 <
o < g? ;11 and for all n € Ny, Gap(g, P, k"o, n) holds. Since k = ﬂclﬁél, we deduce that

Gap(g, P, 0,n) is satisfied for all 0 < o < ¢° C_ll, which concludes the proof of the theorem.

We are now able to prove the main theorem of this paper.

Proof of Theorem 1.1. Let g. > 0, p. > 0 and 0 < n < 1/4 be given by Theorem 3.1 and let
Cw be given by Lemma A.8. Let 0 < g < g. and 0 < |P| < p.. By rotation invariance, we
can assume without loss of generality that P = P3e3. Let o, > 0 be given by Theorem 3.1.

For 0 < 0 < o, let ®,>,(P) denote a normalized ground state of Ky >,(P). Recall
from Lemma 3.2 that ®,>,(P) ® Q=7 is then a normalized ground state of H, >, (P). By
the Banach-Alaoglu theorem, there exists a sequence (9 >4, (P) ® 259"),,cy which converges
weakly as n — oo, with 0 < 05, < min(o,, 1) and 0, — 0. Let ®4(P) denote the corresponding
limit. One easily verifies that Hy(P)®4(P) = E4(P)®4(P). To prove that ®4(P) # 0, we
decompose

1= (Bg,20,(P) @ Q57 @y 0, (P) @ 05°7)
= (04,50, (P) @ Q=7 ((Les @ 10 @ oy, )Py, >0, (P)) @ Q=)
+ (P20, (P) @ Q57 (Les @ 7o @ Mg, )Py >0, (P)) ® Q57)
+ (g >0, (P)® ann, ((]1((14 ® ]ng(Rg) ® ﬁQzan)(I)g,Zon (P)) ® ann>‘

By Lemma A.9, the second term in the r.h.s. is bounded by O(g?). Likewise, since ﬁQZU” <
Nph7zgnﬁgzan7 Lemma A.3 implies that the last term in the r.h.s. is also bounded by O(g?).
Letting aj, 7 = 1,...,4, denote an orthonormal basis of C4, and taking the limit n — oo, we

deduce that

> (@g(P), ey @ o @ * =1 - 0O(g?).
j=1,...,4

Hence ®4(P) # 0, and it follows that ®4(P) is a normalized ground state of Hy(P).
In order to prove Theorem 1.1, it now suffices to follow [5]. Assume by contradiction that
there exists another normalized ground state, say ®{(P), such that (®4(P),®}(P)) =0. We
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write
[(@g(P), 2 (P)|" = lim [(®g50, (P) @ Q57" & (P))[*
= Tim (®)(P), Ly, ., (p)(Hyz0,(P)®(P))
= 1= lim (®(P), (g, — Uz, ., (1)) (Hy 20, (P))®)(P)).  (3.3)

Notice that, in the second equality, we used the fact that, by Theorem 3.1 and Lemma 3.2,
Eg >0, (P) is a simple eigenvalue of Hy >4, (P). We decompose

Y, — g, -, (P} (Hy 20, (P) =(Ungy, 5o, — g, -, (P)} (Kg>0,(P))) ® Hg<on
+ ]]'Hﬁb,ZUn ® (]IHSI;’" - HQS%), (3.4)
P

and use that, by Lemma A.4,
(@(P)s Lty 5., © (Lpgon = Mg<on )Py (P)) < (@, (P), NG y(P)) < g°0r S g° (3.5)

On the other hand, by Theorem 3.1, we can write

(®y(P), Mgy o, — Lim, oo, (P} (K20, (P))) @ Tgza, @y (P))

< nin@;(P), (Kg,50,(P) = Eg 50, (P)) ® Hg<o, ¥, (P))

= (@P) (Hy 20, (P) = By 20, (P)) (L Tz, ) (7))
< 77in<<1>;<P>, (Hy 20, (P) = Ey o, (P)) ¥, (P))

_ nin@'g( P),(Ey(P) — Ey50,(P) — W7 (P))®, (P)),

where in the last equality we used that (Hy(P) — Ey(P))®y(P) = 0 and that Hy(P) =
Hy>s,(P)+ ng"" (P). By Lemmas A.6 and A.8, this implies that

(Po(P), (Mg 200 — Lim, -, (P} (K20, (P))) @ Moo, ®y(P)) < o Ty N9 (3.6)
since 0, < 1. Combining (3.4), (3.5) and (3.6), we obtain that, for g small enough, (3.3) > 0,
which is a contradiction. Hence the theorem is proven. O

APPENDIX A. KNOWN RESULTS AND STANDARD ESTIMATES

This appendix contains several already known results and fairly standard estimates which
were used above.

Lemma A.1. For all0 < |P| < M, and o > 0, we have that

Ko >.(P) — Eo(P) > ( — ‘]\Z‘)th,>g. (A.1)

Moreover, the spectrum of Ko >,(P) satisfies

1P|

spec(Ko,>(P)) C {Eo(P)} U [Eo(P) + (1 — ﬁ)a, +00), (A.2)
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and
dim Ker (Ko >, (P) — Eo(P)) = 4. (A.3)
Proof. Recall that
P2 1 1
Ko >o(P) = H, + oM MP “Poh,>o + mpgh,za + Hph, >0,

on the Hilbert space Hgp, >». For ® € D(K(>s(P)), we have that
(D, P Pon>o®)| < |P®, Hpp > D).

Therefore,
p? |P|

Ko>e(P)>eg+ ——+ (1 — %

IM )HPh,ZU?

which proves (A.1).
In order to prove (A.2) and (A.3), it suffices to observe that

Ko>0(P)(y ® ¢ ® Q>0) = Eo(P)(y ® ¢o @ V>0),

for any y € C*, and that, by (A.1), if v € D(K( >,(P)) satisfies ||[¢|| = 1 and (¢, (y ® ¢ ®
Q>4)) = 0 for all y € C*, then

|P|
(1, (Koo (P) — Eo(P))y) > (1 — ﬁ)a'

Hence the lemma follows. ]

The next result is proven in [3, Lemma 4.3]. This type of inequality is an important
ingredient in the proof of the existence of a ground state for translation invariant models in
non-relativistic QED (see e.g. [11, 22, 3, 20]).

Lemma A.2. There exist g > 0, p. > 0 and o, > 0 such that, for all 0 < g < g,
0<|P|<pe, 0<0 <o, and k € R?,
3
Byso(P = 1) = By2o(P) 2~k
The number operator of particles of energies > o is defined by
Nobzo = > / a}(k)ay(k)dk.
A=1,2 |k|ZU

The following two lemmas are easy generalizations of [3, Lemma 4.5] based on the combination
of a pull-through formula together with a Pauli-Fierz transformation (see also [6, 14]). We
do not recall the proofs.

Lemma A.3. There ezist g. > 0, p. > 0 and o, > 0 such that, for all0 < g < g., 0 < |P| < p.

and 0 < 0 < o, Ker(Ky>o(P) — Eg>5(P)) C D(./\/'plfzg), and the following holds: For all

Py >5(P) € Ker(Kyg>0(P) — Eg>0(P)), | ®g>o(P)|| = 1, we have that
<(I>9720(P)7Nph,ZU(I)QZU(P» S 92-
In the next lemma, we use the notation

NS = / a}(k)ay(k)dk. (A.4)
A=1,2 7/ TSIk[<o
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Lemma A.4. There ezist g. > 0, p. > 0 and o, > 0 such that, for all0 < g < g., 0 < |P| < p.
and 0 < 7 < 0 < 00, Ker(Ky5+(P) — Ey>-(P)) € D((N5 oh, >T)1/2), and the following holds:
For all ®4>,(P) € Ker(Ky>-(P) — Eg>-(P)), || ®g,>-(P )H =1, we have that

(@g>r(P), Ny By 2r (P)) < 970",

The next lemma is proven in the same way as Lemma A.6 in [1]. We do not reproduce the
proof here.

Lemma A.5. There exist g. > 0, p. > 0, 0. > 0 and Cy > 0 such that, for all 0 < g < g,
0§|P|§pc; and 0 < o < o,

Ey>4(P) < Ey(P) < Eg»0(P) + Cog®.
Similarly we have the following:

Lemma A.6. There exist g. > 0, p. > 0, o. > 0 and Cy > 0 such that, for all 0 < g < g,
OS‘P‘SPQ and 0 <7 <0 <o,

Ey>r(P) < By 50(P) < Eg>-(P) 4 Cogo”. (A.5)
Proof. Again, the proof is similar to the one of Lemma A.6 in [1]. We only sketch the main
differences here. Recall that

Kg>-(P) = HQ?ZU(P)‘Hﬁb,ZT + ng,gr(P)a (A.6)

in Hep,>7, where W=7 _(P) is given in (1.11). By Lemma 3.2,

g,>T
Hy>0(P)lrtgy, 50 (4,20 (P) © 957) = By 20(P) @420 (P) © Q57
Thus, the first inequality in (A.5) follows from
Eg,ZT(P) < <‘I’g,20 ) Qi;‘, 97>T(P)(I’9,20( Q<U> E (P),

since W >T( ) is Wick ordered.

In order to prove the second inequality in (A.5), we use that, by (A.6),
EQZU(P) S <(I)Q,ZT<P)7Hg,ZU(P)’Hﬁb,ZTCI)gZT(P»
< Eg,ZT(P) - <‘I>g727(P)vW§U (P)q)g,ZT(P»-

9,>T

Decomposing W - >T( ) into its expression (1.11) and estimating each term separately, we are

able to conclude the proof thanks to Lemma A.4. ]
The next two lemmas are proven in the same way as Lemma A.8 in [1].

Lemma A.7. There exist g. > 0, p. > 0, 0. > 0 and Cy > 0 such that, for all 0 < g < g.,
0<|P|<pe 0<o<0.and0<p<1, the following holds:
1 1 1
|[K0,26(P) = Eo(P) + p| "2 Wy 55(P)[Ko,>4(P) — Eo(P) + p] 2| < Cwgp 2.
Lemma A.8. There exist g. > 0, p. > 0, 0. > 0 and Cy > 0 such that, for all 0 < g < g.,
0<|P|<pe;, 0<7<0<0.and0<p<1, the following holds:

1<, 1
[ Hy 0 (P)rgy o, — Egzo(P) + o) WL (P)[Hy 2o (Pt o, — Egzo(P) +p] ||

< Cwgoip 3.
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The next lemma is an easy consequence of Lemma A.3. It follows in the same way as [1,
Lemma A.7].

Lemma A.9. There exist g. > 0, p. > 0 and o. > 0 such that, for all 0 < |g| < g¢, 0 <
|P| < pe and 0 < o < 0., the following holds: for all ®4>s(P) € Ker(Ky >(P) — Eg>4(P)),
|®g.>0(P)|| =1, we have that

(@g>0(P), (e ® Mo @ 1lo,, ) g 20 (P)) < 97 (A7)

We conclude with two easy lemmas concerning Pauli matrices. Their proofs are left to the
reader.

Lemma A.10. Let a = (a1, az,a3) denote a 3-vector of complex numbers. We have that
(a-0(a o) =a?+di+a2=(a-0")(a ™).

Lemma A.11. Let a = (a1,a2,as3) denote a 3-vector of complex numbers. The eigenvalues

of the 4 x 4 matriz 100} + a205'0l + azoSlal are the following:

ay+az—az, ay—az+a3z, —aip+az+az, —ap—az-—as.
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