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Abstract In this paper, we consider a vibrating system of Timoshenko-type in a one-
dimensional bounded domain with complementary frictional damping and infinite memory
acting on the transversal displacement. We show that the dissipation generated by these
two complementary controls guarantees the stability of the system in case of the equal-speed
propagation as well as in the opposite case. We establish in each case a general decay estimate
of the solutions. In the particular case when the wave propagation speeds are different and the
frictional damping is linear, we give a relationship between the smoothness of the initial data
and the decay rate of the solutions. By the end of the paper, we discuss some applications

to other Timoshenko-type systems.
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1 Introduction

In this work, we are concerned with the long-time behavior of the solution of the following
Timoshenko system:

“+oo
i —halips + V) + 0o+ [ a(s)(apa(t—5)ds =0
ptht - kazz + kl(‘ﬁm + 7/)) = Oa
(P(O’ t) = %(Oa t) = (p(L,t) = 1/11(-[/’ t) =0, (P)
W(xv _t) = @O(xvt)v @t(xvo) = (pl(:c),
7/)(:17’0) = 1ﬁ0($), 11%(5070) = 1ﬁ1($)7
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for (x,t) €]0, L[xR4, where Ry = [0, +o0[, a, b: [0, L] = Ry, g: Ry — R,y and h: R — R are
given functions (to be specified later), L, p;, k; (i = 1,2) are positive constants, ¢q, ©1, 1o and
11 are given initial and history data, and (¢,) :]0, L[xR, — R? is the state of (P).
Our aim is the study of the asymptotic behavior of the solutions of (P) in case of the
equal-speed propagation
b _ ke (L1)
P P2
as well as in the opposite case.
Timoshenko [39], in 1921, introduced the following model to describe the transverse vibra-
tion of a beam:
pui = (K(ue — ¢))a, in ]0, L[xR,

I = (Elpg)s + K(uy — @), in |0, L[xRy,

where t denotes the time variable and z is the space variable along the beam of length L, in its
equilibrium configuration, u is the transverse displacement of the beam and ¢ is the rotation
angle of the filament of the beam. The coefficients p, I,,, E, I and K are, respectively, the density
(the mass per unit length), the polar moment of inertia of a cross section, Young’s modulus
of elasticity, the moment of inertia of a cross section, and the shear modulus. Since then, this
model has had attracted the attention of many researchers and an important amount of work
has been devoted to the issue of the stabilization and the search for the minimum dissipation
by which the solutions decay uniformly to the stable state as time goes to infinity. To achieve
this goal, diverse types of dissipative mechanisms have been used and several stability results
have been obtained. We mention some of these results (for more results, we refer the reader to
the list of references of this paper, which is not exhaustive, and the references therein).

In the case of presence of controls on both the rotation angle and the transverse displace-
ment, investigations showed that the weak solutions of the (P) are stable without any restriction
on the constants pi, p2, k1 and ko. In this regards, many decay estimates were obtained [14,
18, 23, 26, 34]. However, in the case of only one control on the rotation angle, the rate of
decay depends heavily on the constants p1, pa, k1 and ke and the regularity of the initial data.
Precisely, if (1.1) holds, the results obtained are similar to those established for the case of
the presence controls in both equations. We quote in this regard [4, 7, 12, 13, 14, 16, 17, 24,
25, 29, 30, 31, 38]. But, if (1.1) does not hold, a situation which is more interesting from the
physics point of view, then it has been shown that the Timoshenko system is not exponentially
stable even for exponentially decaying relaxation functions and only weak decay estimates can
be obtained for regular solutions in the presence of dissipation. This has been demonstrated in
[1], for the case of an internal feedback, in [7, 14, 16, 17, 27], for the case of finite and infinite
memory, and in [10, 13], for complementary internal feedback and finite or infinite memory
acting on the rotation angle equation.

For stabilization of Timoshenko systems via heat effect, we mention the pioneer work [28],

where the following system:

p1o1t — 0(Pa, )z = 0, in |0, L[xR .,
potu — b + k(s + ) + 40, =0, in 0, L[xRy, (1.2)
P39t - kamm + '7"#151 = 07 in ]O, L[XR+
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has been considered. In their work, Rivera and Racke established, under appropriate conditions
on o, p;, b, k and -, several exponential decay results for the linearized system with several
boundary conditions. They also proved a non exponential stability result for the case of different
wave speeds and proved an exponential decay result for the nonlinear case. Guesmia et al.
[15] discussed a linear version of (1.2) and completed the work of [28] by establishing some

polynomial decay results in the case of nonequal speed of propagation.

In (1.2), the heat flux is given by Fourier’s law. As a result, this theory predicts an infinite
speed of heat propagation; that is, any thermal disturbance at one point has an instantaneous
effect elsewhere in the body. Experiments showed that heat conduction in some dielectric
crystals at low temperatures is free of this paradox and disturbances, which are almost entirely
thermal, propagate in a finite speed. This phenomenon in dielectric crystals is called second

sound.

To overcome this physical paradox, many theories have merged. One of which suggests that
we should replace Fourier’s law by Cattaneo’s law. In line with this theory, (1.2), in its linear

form, becomes

p1épre — K(Pa + P)a =0, in J0, L[xR,
P2ttt — bibe + K(pz + 1) + 00, =0, in J0, L[xRy, (1.3)
p30s + Yqz + 0t = 0, in 10, L[xR,
Tq +q+ kO, =0, in ]0, L[xRy,
where ¢ denotes the heat flux. Ferndndez Sare and Racke [8] studied (1.3) and proved that the
equal-speed condition pil = p% is no longer sufficient to obtain exponential stability even in the

presence of an extra viscoelastic dissipation of the form f0+oo 9(8)Yge(t — s)ds in the second

equation. Very recently, Santos et al. [37] considered (1.3), introduced a new stability number

_ ( p1 > < bp1> Tp16?
x=(r——)|p——)—-——
KpP3 K Kp3

and used the semigroup method to obtain an exponential decay result, for y = 0, and a

polynomial decay, for x # 0. See, also, [14, 26, 33, 35, 36].

In all above mentioned works, the stabilization was either via both equation control or
the angular rotation equation control. Very recently, Almeida Junior et al. [2] considered
the situation when the control is only on the transverse displacement equation, which is more

realistic from the physics point of view. Precisely, they looked into the following system:

1w — k1(0z +10)e + ppe =0, in )0, L[xR,
pQUJtt - kQUJxx + kl(‘/)ﬂﬂ + 1/’) = Oa in ]Oa L[XRJr

and showed that the linear frictional damping in the first equation is strong enough to obtain

(1.4)

exponential stability provided that (1.1) holds. They, also, proved some non-exponential and
polynomial decay results in the case of nonequal speed situation. The same authors considered
in [3]

p1p1 — k(e + 1) + 00, =0, in ]0, L[xRy,

P2t — gy + k(. + ) —0 =0, in |0, L[xR4, (1.5)

030y — YO0y + 0 (0 + ) =0, in |0, L[xRy,
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with various boundary conditions, and established the exponential decay stability for equal-
speed case and nonexponential stability for the opposite case. In the case of lack of exponential
stability, they proved some algebraic (polynomial) stability for strong solutions.

Our goal in this paper is to investigate the effect of each control on the asymptotic behavior
of the solutions of (P) and on the decay rate of its energy, when both controls are acting
cooperatively, allowing each control to vanish on the whole domain. We give an explicit and
general characterization of the decay rate depending on the growth of g at infinity and & at
zero, by considering the case when (1.1) holds and the opposite case. In the latter case, we give
a general decay estimate depending on the smoothness of the initial data and the growth of g
at infinity.

The proof is based on the multipliers method and an approach introduced by the first
author in [9, 11], for a class of abstract hyperbolic systems of single or coupled equations with
one infinite memory. In the case when (1.1) does not hold, we use also some ideas given in [10]
to get a relation between the decay rate of solutions and the general growth of g at infinity
characterized by the condition (2.8) below introduced in [9].

The paper is organized as follows. In Section 2, we set up the hypotheses, discuss briefly
the well-posedness and present our stability results. The proofs of these stability results will
be given in Section 3, for the equal-speed case, in Section 4, for the nonequal-speed case, and
in Section 5, when h is linear. Finally, in Section 6, we discuss some applications to other

Timoshenko-type systems.

2 Preliminaries

2.1 Hypotheses

We consider the following hypotheses:
(H1) a, b:[0,L] — Ry are such that

a € CY([0,L]), be L>([0, L)), (2.1)
zei?)f,L]{a(x) +b(x)} >0, (2.2)
a=0or xeil[%&]{a(x)} > 0. (2.3)

(H2) h:R — R is a differentiable non-decreasing function such that there exist constants
€1, ¢, ¢4 > 0, and a convex and increasing function H : R, — R of class C* (R )NC?(]0, +o00[)
satisfying H(0) = 0 and

H is linear on [0, €]

or
H'(0)=0 and H” >0 o0n]0,¢]

such that
dls| < |h(s)] < cyls| if |s| > e, (2.4)

s+ h3(s) < H '(sh(s)) if |s| < e (2.5)
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(H3) ¢g:R; — Ry is a non-increasing differentiable function such that g(0) > 0 and
k1ko

Ollco < ———m——, 2.6
ollalle < (26)
where gy = 0+°O g(s)ds, ko is the smallest positive constant satisfying (Poincaré’s inequality)
L L
/ vide < ko/ vidz, Yo € HL(]0, L])
0 0
and

HI(0,L]) = {v e H'(Jo, L[), /OL v(z)dr = 0}.

(H4) There exist a positive constant ¢”” and an increasing strictly convex function G :
Ry — Ry of class CH(Ry) N C?(]0, +o00]) satisfying

G0)=G'(0)=0 and lim G'(t) =+

t—-+oo
such that
g'(t) < =c"g(t), ¥t >0 (2.7)
: /+OO Ldt + sup __9) < 400 (2.8)
o G =gt) ter, GT(=g'(1) ' '

Remark 2.1 1. The hypothesis (2.8) was introduced in [9] and it allows a wider class of
relaxation functions than the ones considered in [7, 27] (see examples given in [9, 14]).

2. Hypothesis (H2) (with €; = 1) was introduced and used in [20, 21] to get the asymptotic
behavior of solutions of nonlinear wave equations with nonlinear boundary damping, where they
obtained decay estimates depending on the solution of an explicit nonlinear ordinary differential
equation.

3. Using the second equation and boundary conditions in (P), we easily verify that

L L

By solving this ordinary differential equation and using the initial data of ¢, we find

[ vt ([ i) o <¢;Z;t) 2 ([ ) s wgt).
Let
O(x,t) = p(a,t) — %</OL 1/)0(x)da:> cos ( %t) - %\/%/OL ¢1(x)dx) sin (\/gt)

Then, one can easily check that
L
/ Y(z, t)dz = 0,
0

and, hence, Poincaré’s inequality is applicable for 9. In addition, (p, 1[)) satisfies (P) with initial
data

L L
J)O(x):%(x)_% /0 Yo(z)dz  and J)l(x):%(x)_% /O Yy (x)dx
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instead of 1y and 11, respectively. In the sequel, we work with 1/; instead of ¥, but, for simplicity
of notation, we use v instead of .

4. Thanks to Poincaré’s inequality (applied for ), we have

L L 1 L
kl/ (0o +)2da > k(1 — e)/ w2da + kok: (1 _ E) / Y2dx
0 0

0
for any 0 < é < 1. Then, thanks to (2.6), we can choose é > 0 such that

kok1 . 1
MO —(ky — -
hoky + 0 € o (k= gollalloo)
and obtain
. L L
2 / (@2 +92)de < / (= gollallaod® + kot + k(e + )% de, (2.9)
0 0

where & = min{kl(l — &) — gollalloe, k2 + kok1(1 — %)} > 0.
Because fOL p2dr and fOL Y2dx define norms, for ¢ and ¢ on H(]0,L[) and H1(]0, L]),

respectively, then

L
/ (= gollalloe? + katp2 + ki1 (0 + 9)?)da
0

defines a norm on H§ (0, L[)x H1(]0, L), for (¢, %), equivalent to the one induced by (H*(]0, L[))Q.

2.2 Well-Posedness

We give here a brief idea about the existence, uniqueness and smoothness of solution of
(P). Following the idea of [6], let

’I](I,t,S) = @(Iat) - <P('r7t - S)v for (xvta S) e]oaL[XRJr X RJr'

Then
e +1s — s =0, in ]0, L[xR4 x R4,
n(0,¢t,5) =n(L,t,s) =0, inRy xRy,
n(x,t,0) =0, in 10, L[xR,.

Let no(x, s) = n(z,0,s) = wo(z,0) — wo(z, s), for (z,s) €]0, L[xR,

o Hy(J0, L[) x H(J0, L[) x L*(]0, L[) x LZ(]0, L[) ifa=0,
| H3(0,L]) x HE(J0, L)) x L2(J0, L[) x L2(10,L]) x L, if zei[%fm{a(ﬂ?)} >0,
where .
L:(]0, L)) = {v € L*(]o, L|), /0 v(z)de = O}
and

Ly = {v : Ry — Hy(J0, L), /OL a/0+oo g(s)v2(s)dsdz < +oo}

endowed with the inner product

e, = [Ca [ eentsyusyasaa
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The space ‘H is equipped with the inner product defined, if a = 0, by
L
VoW =y [ (@cvn + 02) 0,01 + wa)do
0

L
+/ (k205020 w2 + prvsws + pavswy)de,
0

for any V = (v1,v9,v3,v4)7 € H and W = (w1, ws, w3, ws)? € H, and, if i[r(l)fL]{a(a:)} > 0, by
ze|0,

L
(VW) = (vs, w5>Lg + kl/ (0zv1 + v2)(0pw1 + wo)dx
0

L
+/ (= 90a0z 010, w1 + k20220, w2 + prvsws + pavawy)de,
0
for any V = (v1,v2,v3,v4,v5)T € H and W = (wy, w2, w3, ws, ws)T € H. Let

(., 0, 0)T ifa=0,
(Soﬂ 1/17 @tawtan)T if  inf {(I(ZC)} > O7
z€[0,L]

(@07¢07¢15¢1)T ifCLEO,
(¢o(+0), %0, p1,91,m0)" if inf {a(z)} >0
z€[0,L]

and A is the operator defined by A(vi,v2,v3,v4)T = (01, 02, 03, 04)T, for any (v, ve,v3,vq)T €
D(A), where

U] = —v3,
Uy = —y4,

k b

U3 = ——1(91((91’1)1 + ’Ug) + —h(’Ug),
1 P1
k k

'[)4 - __2811”2 + _1(amvl + UQ)
P2 P2

if a = 0, and A(vy,v2,v3,v4,05)" = (01,02, 03,04,05)7, for any (vi,v2,vs,v4,0v5)7 € D(A),
where

U1 = —Us,

Uy = —Uy,

N k1 90 1 [t b

U3 = —— 0y (01 + v2) + =0y (a0zv1) — — 9(8)0z (a0, v5(s))ds + —h(vs),
1 P1 P1 Jo 4!
k k

By = ——28ypvs + — (D1 + v2),
P2 P2

’[)5 = —U3 + 851)5

i il[nf ]{a(x)} > 0. The system (P) is equivalent to
x€[0,L

U't)+ AU(t) =0 on Ry,
U(0) = Uy.
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Note that, thanks to (2.4) and the fact that h is continuous, we have
Jho > 0: |h(s)| < ho(l+]s|), VseR,
thus h(vs) € L2(]0, L|), for any vz € L?(]0, L[). The domain D(A) of A can be characterized by
D(A) = {V = (v1,v9,v3,v4)" € H,AV € H, 0,v2(0) = O,va(L) = O}
if a =0, and
D(A) = {v — (01,02, v3,04,05)T € H, AV € H, 9yv2(0) = dyv2(L) = 0, v5(0) = o}

it il[%fL]{a(x)} > 0. We use the classical notation D(A%) = H, D(A') = D(A) and
xe|0,

D(A") = {V € D(A"), AV € D(A" 1)}, forn=2,3,- -,

endowed with the graph norm ||V p(any = 3 [[A*V||5.
k=0

As in [10] where the frictional damping and infinite memory were considered on the second
equation of (P), we can prove that the operator A is maximal monotone; that is — A is dissipative
and Id 4 A is surjective. Then we deduce that A is an infinitesimal generator of a contraction
semigroup on H, which implies the following results of existence, uniqueness and smoothness
of the solution of (P) (see [19, 32]):

Theorem 2.0 1. For any Uy € 'H, one has a unique solution

U e C(R4;H).
2. If Uy € D(A), then the solution
U e W (Ry; H) N L®(Ry; D(A)).

3. If h is linear (then A is linear) and Uy € D(A™) (for n € N), then the solution

Ue () CFRy;D(AY)).

k=0
2.3 Stability

The energy functional associated with (P) is defined by

1 1 [F
E(t) = 59°¢s+ 3 / (P10} + P2t} + k1 (pu + ) + katp2 — goa?)d, (2.10)
0

where
L +oo
pov = /0 a/o d(s)(v(t) —v(t — s))*dsdx,

for any v: R — L?(]0, L[) and ¢ : Ry — R,

Now, we give our first main stability result which concerns the case (1.1).

Theorem 2.1 Assume that (1.1) and (H1)—(H4) are satisfied and let Uy € H such that
a =0 or (2.7) holds or

sup /+Oo 19(78)/ /L oa . (r,s — t)dzds < +o0. (2.11)
teRy Jt G=1(=g'(s)) Jo

Then there exist positive constants ey, 79, ¢/ and ¢, for which E satisfies

E(t) < /G t), V>0, (2.12)
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where G(t) = [} =2—ds,

L Go(s)
. Hy(s) if a =0 or (2.7) holds,
Go(s) = , o (2.13)
Hy(s)G'(eoHp(s)) if 1FfL]{a(x)} >0, (2.8) holds and (2.7) does not hold
z€|0,
and
s if H is linear on [0, €],

sH'(t9s)  otherwise.

Remark 2.2 1. Because lim+ G1(t) = +0o0, then (2.12) implies that
t—0

lim E(t) = 0. (2.15)

t——+o0
2. If a =0 or (2.7) holds, and b = 0 or H is linear near zero, then
E(t) < dle™ vt >0, (2.16)

which is the best decay rate given by (2.12). For specific examples of decay rates given by
(2.12), see [10].

When (1.1) does not hold, we consider the following additional hypothesis:

(H5) Assume that (H2) is satisfied such that H is linear,

he CYR) and inf A'(t) > 0.
teR

Theorem 2.2 Assume that (H1)-(H5) hold and Uy € D(A) such that a = 0 or (2.7)

e gl [ (Penles -t
e ety ), (e ) e e
Then there exist positive constants €y and c¢; such that
B(t) < G5! (%) vt > 0, (2.18)
where
s if a =0 or (2.7) holds,
Go(s) = (2.19)

sG'(eps) if iﬁl)fL]{a(:v)} > 0, (2.8) holds and (2.7) does not hold.
xe|0,

Remark 2.3 If ¢ =0 or (2.7) holds, then (2.18) becomes
E(t) < %1 Yt >0,

which is the best decay rate given by (2.18).

In the particular case where h is linear and the initial data are more regular, we prove a
more general stability result than (2.18).

Theorem 2.3 Assume that h is linear, and (H1)—(H4) are satisfied. Let n € N* and
Uy € D(A™) such that a =0 or (2.7) holds or

“+o0 L k 2
g(s) / (3 Poz (2,5 — t))
sup ma dxds < 4+0o0. 2.20
o k:o,»»’in/t G (') Jo D5t (220)

Then there exist positive constant ¢y and ¢, such that

E(t) < Gn(%") vt > 0, (2.21)
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where Gy, (s) = G1(sGp—1(s)), for m =2,--- nand s € Ry, Gy = Gy' and Gy is defined in
(2.19).

Remark 2.4 If n =1, then (2.18) and (2.21) are the same. On the other hand, if a =0
or (2.7) holds, then (2.21) becomes

E{t) <=, VYt>0 (2.22)

c
tn
which is the best decay rate given by (2.21). For specific examples of decay rates given by

(2.21), see [11].

3 Proof of Teorem 2.1

We will use ¢ (sometimes ¢, which depends on some parameter 7), throughout this paper,
to denote a generic positive constant. Before starting the proofs of our stability resuls, we give
the following identity on the derivative of E:

Lemma 3.1 The energy functional satisfies

1

L
(1) = 50 o o _/ bouh(py)dz < 0. (3.1)
0

Proof By multiplying the first two equations in (P), respectively, by ¢ and v, integrat-
ing over |0, L[, and using the boundary conditions, we obtain (3.1) (note that g is non-increasing
and sh(s) > 0, for all s € R, because h is non-decreasing and h(0) = 0 thanks to (2.5)). The
estimate (3.1) shows that (P) is dissipative, where the entire dissipation is generated by the

frictional damping and/or infinite memory. O

Lemma 3.2 The following inequalities hold:

Sy >0 ( / " / " s tt) — ol - s>>dsdx>2 < digo g, (3.2)
Sy >0 < / " / e gl - S))dex)z < —dag o pu, (3.3)
3d3 > 0 : </OL a /Om 9(5)((t) — o(t — s))dsdx)2 < dsg o g (3.4)

2

+oo +oo
([ o000 = eatt=9)a5) <0 [ 96)eal) - put- 525 (33)
0 0

2

+o0 +oo
(/0 9'(8)(pa(t) — pult — S))d8> < —9(0)/0 9 (s)(pa(t) = pult —5))%ds.  (3.6)

Proof If a =0, (3.2)—(3.4) are trivial. If if(l)fL]{a(:v)} > 0, we use the fact that a and
xe|0,

a’ are bounded and apply Hélder’s and Poincaré’s inequalities to get (3.2)—(3.4). Using again
Hélder’s inequality, (3.5) and (3.6) hold. O

Lemma 3.3 The functional

L +oo
L(t) = —m / ag: / a()(p(t) — lt — 5))ds dz (3.7)
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satisfies, for any § > 0,
L L
L(t) < =p1go / apidz + 0 / (97 + ¢ +v7)de
0 0

L
+c5 / bh2(¢;) dz + csg 0 pr — 59" © Pg. (3.8)
0

Proof First, note that
of [ " gs)t) — olt - s)is)
~o( [ " gl — s)(e(t) o(s)s)

— 00

- / ot — $)pr(t)ds + / §(t— 5)((t) — pl(s))ds

L -
— gout) + / ¢ (5)(o(t) — lt — 5))ds.

Then, by differentiating I, and using the first equation and boundary conditions in (P), we
find

L L +oo
I(t) = —prao / ag?dz — 1 / ot / ¢ (5)((t) — plt — 5))dsda
L +oo
hy / a(ps + ) / 9() (2 (£) — palt — 5))dsdz
L +oo
+ / abh(p1) / 9(3)(p(t) — plt — 5))dsdz

+ /OL a2(/0+oo 9(s)(pa(t) — palt — 8))d8)2dw

L Fo0
—90/0 a’p, /0 9(8)(pz(t) — e (t — s))dsdx
L +o0

+/0 aa’(/o 9(s)(p(t) — p(t - s))ds> </O+Oo 9(5) (0 (t) — ult — 3))(15) da

L “+o00
hy / & (e + ) / 9()((t) — lt — 5))dsdz

L +o0
o / ad . / 9(5)(o(t) — (t — s))dsda.

Therefore, applying Hélder’s and Young’s inequalities, for the last heigh terms of the above
equality, and using (3.2), (3.3), (3.4), (3.5), Poincaré’s inequality, for ¢, and the fact that a, b
and a’ are bounded, we get (3.8). O

Lemma 3.4 The functional

L
Ix(t) :—/0 (propr + parpipr)da

satisfies, for any § > 0,
L

L L
1) < / (g2 + pa?)de — ky / (s + 6)? dz — hy / 2 da
0 0 0
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L L L
+90 / ap?dr+6 [ ¢2dx+cs / bh?(¢r)da + c5g © @ (3.9)
0 0 0

Proof By differentiating I», and using the first two equations and boundary conditions
in (P), we have
L

L L
I(t) = /0 (1% + po)de — hy /0 (s + )2 d — ks / 2 da
L +oo
to0 [ agtdo - / bph(i)da — / ags [ 9(6)(oelt) = oult — 9)asd.

Consequently, aplying Holder’s and Young’s inequalities, for the last two terms of the above
equality, and using (3.5), Poincaré’s inequality, for ¢, and the fact that a and b are bounded,
we find (3.9). O

Lemma 3.5 The functional

L
I3(t) := —p2/0 Ui (pr +0)dw —

satisfies, for any 4§, §; > 0,

kap1 Hoe

L
ay 8)p.(t — s)dsdx
0

L L
I(t) < kl/o (¢o +0)* dz — pz/o Yida

5 L k o [F L
—I—go(é—l)/o agpidx—l—%/o widx—l-c(;/o bh2(gpt)d:1:

L
+5/ (Y7 + @3 +¥2) dz + cs(g 0 o — g’ © a)
0

k L
+ (Z—’“ - Pz) / Purthrde. (3.10)
1 0

Proof Similarly to (3.8) and using that liI_P g(s) =0, we see that

of [ " gyt - sas) =a( [ ; ot = (515

t

— 9(0)palt) + / §(t — 8)pa(s)ds

— 00

+oo
— g(0)pu(t) + / 7 ()t — 5) — @u(t) + pu(t))ds

+oo
_ / 0'(5)(n(£) — palt — £))ds.

Therefore, exploiting the first two equations and boundary conditions in (P), we have

/ r 2 t 2 kap1 g
I5(t) = kl/ (po + ) °da — pz/ Yrda + — p2 / Porhrdr

0 0 ka1 0

L L L 400
—o0 [ agtde = / aprvdr+ [ aler+0) [T a)ent) = ot = )dsdo
0 0
+oo
/ cm/)t/ — @z (t — s))dsdx + —/ b h(py)de

By applying Young’s inequality, for the last four terms, Poincaré’s inequality, for 1, and using
(3.5), (3.6) and the fact that a and b are bounded, (3.10) is established. O
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Now, as in [4], we use a function w to get a crucial estimate.

Lemma 3.6 The function

w(z,1) =/ Y(y, t)dy (3.11)
0
satisfies the estimates . .
/ wgdx:/ iz, Yt >0, (3.12)
0 0
L L
/ wide < c/ Yide, Vt>0. (3.13)
0 0

Proof We just have to note that w, = 1 to get (3.12). On the other hand,

L L
Wt (Ovt) =0 and wt(Lvt) = / 1/}75 (yvt)dy = 815/ w(yvt)dy =0.
0 0
Then, applying (3.12) to w; and using Poincaré’s inequality, for ws, we arrive at (3.13). O

Lemma 3.7 The functional

L
Iy(t) = pl/ (wer + ppr)d
0

satisfies, for any 4, €, ¢ > 0,

L L
I(t) < (pl + g)/ gofd:v—i—ce/ Yida
0 0
!

L L
€ k alloco
ol (14 5) = 10) [ o+ 0200+ 2Rl [z

L L
40 [ udde s [ WR0ds +asgopa (3.14)
0 0

Proof Using the first two equations and boundary conditions in (P), and exploiting the
fact that w(0,t) = w(L,t) = 0 and w, = ¥, we find

L L
I;(t) :Pl/ %ﬁfdx—kl/ (<Px+1/))2d517+go/
0 0 0

L L
apz (P + 1) dx+p1/ wypy dw
0

L L “+o00
- / b(w + )h(pr) dz — / a(pe + 1) / 9()(@a(t) — palt — $))dsdz.

Applying Young’s inequality, for the last four terms, Poincaré’s inequality, for ¢ and v, and
exploiting (3.5), (3.12), (3.13) and the fact that a and b are bounded, we get (3.14). O

For N, N1, No, N3 > 0, let

Let ag := xeiféfL]{a(x)} and by := zel%fL]{b(:zr)} Noting that
—Nipigoa = —Nip1goa — N1b+ Nib < —Ni(p1goao + bo) + N1b.

Then, by combining (3.1), (3.8), (3.9), (3.10) and (3.14), we obtain
L L
I(t) < —/ (lo@? + L +la(w +©)? + l37)dz + 1490/ apidz
0 0

L L
+0CN, Ny N / (o7 +¥7 + @3 +¢2)de — N / borh(pe)da
0 0
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L
FTCN1, N2, N3, 6 (/ b(@% + hz(spt))dx +go @m)
0

N k L
+ = —cno |9 0opr + Pz P2 / OrtPrda, (3.16)
2 K 0

where N
Ci
lo = N1(p1goao + bo) — (N2 + N3)p1 — 06 2

¢
ll = pg(l — Ng) — CQEN3, 12 = kl(NQ + N3 — 1) — go|a|oo<1 + §>N3,

k oo [ N 1
I3 =FkaNo — om0l lee ollal <—3

5 e’+a)’ l4=N2+5—21—1
and ¢y > 0, independent of N, N;,d, 01, € and ¢’. At this point, we choose carefully the constants
N, N;, 6, 01, € and € to get desired signs of I;.

Case 1 a = 0: the second integral in (3.16) drops, go ¢, = g’ 0 p, = 0 and the constants
lo, 11, I and I3 do not depent on d; and €. Therefore, we choose
coN3
ebo

1
Ny=1, 0<Ny<1, 0<e<%(1—N2) and Ny > o= (Na + Ny) +
0 0

(note that by > 0 thanks to (2.2)). According to these choices, we get

Sl bl }
L:=mins —,—,—,— % >0,
{Pl p2 ki ko
and then, using (2.9), (2.10) and (3.16),
L
IL(t) < —(2L — ) E(t) — N/ boih(py)dz
0
p1kz t L 2 2
H(B2 ) [Cdo+es [ et + R (o),
0 0

Case 2 ag > 0: we choose

r_ B gollale 5 _ Fogollalleo

QOHGHOO ’ ka ’
k161 ,(k2(2—51) 1)
< N3g<ée| —=—— |,
2k — gollafle+¢) T ° gokollall 61

o(2+¢€ k o [N 1
maX{1_]\]3<1_gollall (+E)>,g° ollall <_3+_)} N2<1_ﬁ,

2k, 2ks € g1 4
, 61\ p2 p2(l —No)
0 2(1 — Ny) — =
<e<mln{<( 2) 2>coN3’ oV

and

(N2 + N3)p1 + N3 (2N, + N3 + & — 1)p;y + <l }

Ny > max{ £
p190ao + bo p190ao + bo

)

Note that € and 07 are positive thanks to (2.6) and gollalje > 0, N2 exists according to the
choice of N3, € exists from the choice of No, and V7 exists because pi1goag + bg > 0. On the

other hand, using the definitions of ¢ and 1, we see that N3 exists if and only if

kgk1(gollalls)® < k2(k2 — kogollallso) (k1 — gollallse)?.
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Let yo = 2y = gollalloe €10, o] (sce (2.6)) and
f(y) = k3k1y® — ka(ka — koy) (k1 — y)*.
We have
F'(y) = 3(kgky + koka)y® — 2(2kok1ka + k3 )y + kokiks + 2k1k3

and

F"(y) = 6(kgky + kok2)y — 2(2kok1ka + k3).

Let y1 = 32(:2217% We notice that f’ is decreasing on ]0,y1[, it is increasing on |y, +00|
0
and k2k3k kok3k3
/ ok1he + 2Rok1k;
= >0,
f (yo) kOkl 4 kQ
Moreover, y1 < yo if and only if ko < kok1, and, if ko < kokq,
) = 5kakiks — k3 + 2kok1k3 + 3k k3 ko < 9k3 >0,
3(k2k1 + koks) = 3(kEk1 + koks)

Therefore, f is positive on |0, yo[, and then f(y) < f(yo), for any y €]0,yo[. But f(yo) = 0,
hence f is negative on |0, yo[. This guarantees the existence of Nj.
By vertue of these choices, we notice that
L= min{l—o, l—l, 1—2, 1—3} >0 and 4 <L,
p1op2 k1 ke
and then, as in case 1, using (2.9), (2.10) and (3.16), we find

k L
%ms—&nﬂmmw+mw%+<ﬁ2—m)/gmmm
1 0
2
Choosing § > 0 small enough in (3.17), we deduce in both cases a = 0 and i%fL]{a(x)} >0
xe|0,
that

L L
N
+05/ b(p? + h(y))dx — N/ boih(pr)dr + <— - 05) g 0 Q.. (3.17)
0 0

k L
B0 < ~eB0 +egopat (22 = o) [ purtndo
0

L L
N
+c/ b(gaf + h2(py))dz — N/ bpih(p)dz + <? — c) g o e. (3.18)
0 0

Now, by the definitions of the functionals Iy — Iy and F, there exists a positive constant (§
satisfying
|N1I1 + Noly + I3 + Nsly| < BE,

which implies that
(N—BE<I; < (N +p)E.

To estimate the last two integrals of (3.18), we use some ideas from [19, 20, 22]. Let
Qp ={z€]0,L[: |p] > e} and Q- ={z€]0,L]: || < e}, (3.19)
where €; is defined in (H2). Using (2.4), we get (note that sh(s) > 0)

L
c/ b(p? + h2(y))dx — N/ bieh(py)da < (¢ — N)/ boh(py)dz.
Qy 0 Q

+
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Then we choose N large enough so that ¢ — N < 0 (so the right hand side of the above

inequality is non-positive), & — ¢ > 0 (so the last term of (3.18) is non-positive) and N > j3

(that is I ~ E), we get from (3.18)

k L
I5(t) < —cE(t) + cg o, + (p;{:—f - Pz) / Patthrda + C/ b(? + h%(p¢))da. (3.20)
0 Q.

Case 1 H is linear on [0, €1]: then (2.4) is satisfied on R, and therefore

L L L
¢ / b(g? + h2(py))dz — N / boeh(e)dz < (c = N) / boeh(e)d.
0 0 0

So, with the same choice of N, we get from (3.20), for Hy = Id in this case,

k L
I3(t) < —cHo(E(t)) + cg o po + (”Z—f - p2> / Purthda. (3:21)
0

Case 2 H'(0) =0 and H” > 0 on |0, ¢;]: without loss of generality, we can assume that
H' defines a bijection from Ry to R;. Let H* denote the dual function of the convex function
H given by
H*(t) = sup {ts — H(s)}, VteRy.

seR

For ¢ € R4, the function s — ts — H(s) reaches its maximum on Ry at the unique point
(H')~Y(t). Therefore

H(t) = ((H') 7 () — H((H') (1)), Ve € R

Because H is convex and H(0) = 0, then, for any sg € R4,

b b b
H<m0) S (L, o) 2 (50) (1 - m)ﬂ@ < bH (s0),

which implis that, for so = H~!(pih(e1)),
bH ™ (peh(r))dz < max{(1, [[blloc} H ™" (bpih(r)).

Thus, using (2.5),

/ b2 + 12 () < / T (ih(e0)de < [ boh(en)d.

Therefore, using Jensen’s inequality and (3.1), we find

/s, b(pf + h*(pe))dz < cH ™ (/{ cbcpth(got)d:v> < cH Y(—cE'(t)).

Consequently, recalling (3.20), we get

k L
IL(t) < —cE(t) + CH_l(—cE/(t)) +cgop, + (% — pz) / PrrPede.
1 0

Let 79, 7 > 0. The fact that £’ <0, H” > 0 and I > 0 imply that

(F (o B () 15 (1) + T'E(t))'
= 1B (t)H" (10 E(t))I5(t) + H' (1o E(t))IL(t) + T E'(t)

< H'(roE(t)) ( —cE(t) + cH Y (—cE'(t)) + cg o v, + (pZ—]f — p2> /OL cpmwtdx) + 7' E'(t).



No.l1  A. Guesmia & S. Messaoudi: SOME STABILITY RESULTS FOR TIMOSHENKO SYSTEMS 17

Hence, Young’s inequality gives
H™H(—cE'(t)H' (0 E(t)) < —cE'(t) + H* (H' (o E(1))),

and the fact that H*(t) < t(H')~1(t) and H'(roF) is non-increasing leads to

(H’(TOE(t))I5 (t) + T/E(t))/

+cH' (19 E(0))g 0 i — cH' (T()E( NEt) + cH*(H' (10 E(t))) + (7' — ¢)E'(t)

< (52 - m)wmeon [
- P2 7’0

L
<”1—k2 - pz) (o E(1) %mdx
E <th1/1tdl“
+cH'(19E(0))g 0 ¢, — cHo(E(t)) + croHo(E(t) + (7" — ¢)E'(t),

where Hy(t) = tH'(rot) in this case. By choosing 79 small enough and 7’ large enough, we

arrive at
/ L
(LJ];Z ()t))l5(t)+T'E(t)> < —cHo(E(t))—l—chsﬁz-i-(p Zf - 2) Hogé()t)) /O Potthrdr. (3.22)
Let e Mk PE.

where Hy is defined by (2.14) (I¢ = I5 if H is linear on [0,€1]). The functional I satidfies
Is ~ E (because Is ~ E and HOéE) is non-increasing) and, using (3.21) and (3.22),

L
I§(t) < —cHo(E(t) + cg o pr + (p;jz — p2) Hoéi()t)) /0 PartPrda. (3.23)

Now, we estimate the term g o ¢, in (3.23).
Case 1 a =0 or (2.7) holds: then, using (3.1),

go s < —cg o, < —cE'(t). (3.24)

Case 2 ag > 0, (2.8) holds and (2.7) does not hold: we apply here the approach introduced
in [9, 11] and we get this lemma.

Lemma 3.8 For any ¢y > 0, we have
G (egHo(E(t)))g o 0u < —cE'(t) + ceo Ho(E(t))G' (eg Ho(E(1))). (3.25)

Proof Because E is non-increasing,

L L L
a - —9))2dx alleo 2 x allso 2(t — s)dx
/0 (n(t) — pa(t — 5))dz < 2] /Osoma)d +2]la] /Om )

cE(0) if0<s<t,
< L
cE(O)+2/ wa (s —t)dz if s>t
0
= M(t, s).

Let €g, 11(t, s), T2(t,s) > 0 and K(s) = =15y for s € Ry. The function K is non-decreasing,

and therefore,

L
K( ~ralt, )9/ [ alonlt) ~ gt - s>>2dw) < K(=M(t, syma(t, 5)g'(5)).
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Using this inequality, we get

+oo L
100 = gemamy | =agC (- s o [ a0 - e- 9Pa)

71(t, 8)G' (eg Ho(E(t)))g(s) B . La ) e\
x —7(t, s)g (S) K< o (t,5)g'( )/0 (0o (t) — a(t — 5))2d >d

1

< G
L Tt 5)G (EOHO(E( ))) (

—Ta(t, 8)9( )

1 1 1 9
= m s G (%(t) — @a(t = 5)) dx)
M(t, s)r1(t, s)G'(eoHo(E(1)))g S)d

G (=M(t, 5)72(t, 5)g'(s))
Let G* denote the dual function of G defined by
G*(t) = sup {ts — G(s)}, VteR,.

seR

G Ho =7t s) ((pz(t) — gt — s))de)

K( M(t,s)m2(t,s)g’(s))ds

S.

Thanks to (H4), G’ is increasing and defines a bijection from R} to Ry, and then, for any
t € R4, the function s — ts — G(s) reaches its maximum on R at the unique point (G')~1(¢).
Therfore

G (1) = (&)1 (1) - GUG) T\ (1), VEER..

Using the general Young’s inequality: t1ts < G(t1) + G*(t2), for

tl=<r*(—rxu$¢@)Amexw—wAt—@Vdﬂ

and

by = M(t, s)11(t, 8)G (e0Ho(E(t)))g(s)
) )

G_l(_M(t7 S)T2 (t, S)g/(S)
we get

1 +oo , L )
990 < ) ) e o) [ ) onle = 5)Pads

1 T (M)t 8)G (o Ho(E(1))g(s) |
TG lelo(B( )))/o 7i(t, S)G ( G=H(=M(t, s)a(t, 5)g'(5)) )d '
Using the fact that G*(t) < t(G')~1(t), we get

-1 To(t,s) o 2
900 < Gty . e (6) [ aleat) — pult — ) ands

(t
oo M(t,s)g(s) n-1( M s)ni(t, 5)G (e Ho(E(1)))g(s) )
+/0 G=H(=M(t, s)72(t, s)g' ())(G) ( G=H(=M(t, s)72(t, 5)g'(s)) )d'

B

Condition (2.8) implies that
9(s)

SUp ————"+—— = m71 < +00.
wer, G 1(=g'(s)
Then, using the fact that (G’)~! is non-decreasing (thanks to (H4)), we get, for (¢, 5) = M(lt_s) ,

-1 +oo 1 , L 2
9oy < m/{) WQ (5)/0 a(px(t) — pz(t — s))"dads
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oo M(tv 8)9(8) N — /
+ /0 @) *(mam (4 )M (1, )G (coHo(B(1)))) ds.

Choosing 71(t, s) = m, and using (3.1) and the fact that
T M(t,s)g(s)
— o ds =mg < +00
/0 G=1(=g'(s)) ’
(thanks to (2.8), (2.11) and the definition of M(t,s)), we obtain
—2m
9oz < W(El(t)))E/(t) + eomaHo(E(2)),

thus (3.25) holds. O

Using (3.23), (3.24) and (3.25), we see that, in both cases,

Go(E(t)) |, A / p1ks Go(E(1)) /L
SOV 114y < —(e = ceo)Go(B(1)) — B (1) + | 2252 _ 5, ) Z0Y) wited,
Ho(E(t)) 6( ) = (C CEQ) 0( ( )) c ( )+ kl P2 E(t) 0 4 tQ/Jt €z
where G and Hy are defined in (2.13) and (2.14), respectively. Choosing ey small enough, we
get
Go(E(t) 1, - : piks Go(E(1)) /L
——=15(t) < —cGo(E(t)) — cE'(t —_— - — 2wt Prd. 3.26
Ho(E(t)) 6( ) = —C 0( ( )) c ( )+ ky P2 E(t) 0 4 tde ( )
Let 7> 0 and )
Go(E) )
F=r Is +cE ). 3.27
<H0(E) ‘ (3:21)
We have F' ~ E (because Ig ~ E and flz%g; is non-increasing) and, using (3.26),
A k Go(E(t) [*
F(0) < —erGo(B0) +7( 22— o) UED [T i (3.29)
ka1 Et)  Jo
Thanks to (1.1), the last term of (3.28) vanishes. Then, for 7 > 0 such that
F<E and F(0) <1, (3.29)
we get, for ¢§ = e > 0 (since Gy is increasing),
F' < —JGo(F). (3.30)
Then (3.30) implies that (G(F)) > ¢4, where G(t) = ftl G;()ds' Integrating over [0, ] yields
ols

G(F(t)) > it + G(F(0)).

Because F(0) < 1, G(1) = 0 and G is decreasing, we obtain G(F(t)) > ¢4t which implies that
F(t) < G~Y(c4t). The fact that F ~ E gives (2.12). This completes the proof of Theorem 2.1.

4 Proof of Teorem 2.2

In this section, we treat the case when (1.1) does not hold which is more realistic from the
physics point of view. We will estimate the last term of (3.28) using the system (P2) resulting

from differentiating (P) with respect to time

+oo
p1@1et — k1 (Qat +Pi)e + / 9(5)(apze(t — s))zds + bh'(@1) 0w = 0,
0

P2t — kogar + k1 (@ze + Y1) = 0,
(pmt(oat) = wt(ou t) = (pmt(Lu t) = wt(Lu t) =0.

(P2)
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System (P2) is well posed for initial data Uy € D(A). Let E3 be the second-order energy (the
energy of (P2)) defined by Fs(t) = E1(p+, ¥1)(t), where Ei(p,¥)(t) = E(t), defined by (2.10).
A simple calculation (as for (3.1)) implies that

1 L
Eé(t) = 59/ O Yt —/0 bhl(@t)@ftdx- (4.1)

Because tinﬂg R’(t) > 0 thanks to hypothesis (H5), we have
€

1 L
EL(t) < 59/ O Pyt — c/ be?,dz < 0. (4.2)
0
Let 7 =1 in (3.27). Thanks to (H5), H is linear and then (3.28) holds for Hy = Id. Thus,
k Go(E(t) [*
F'(t) < —cGo(E(t)) + <'°1 2 pz) o(E()) / otthide, (4.3)
ka1 E@®)  Jo

where Gy is defined in (2.19). Now, we proceed as in [7] and we use some ideas of [10].

Lemma 4.1 For any € > 0, we have

pika Go(E(t) .
(5 =) [, ™ [ i
T T
< E/S GQ(E(f))dt'i‘CE/S M(Qowmt —g/ocpw)dt

E(t)
Go(£(0))
E(0)

+ee (B(S) + E2(S)), VT > S > 0. (4.4)

Proof We distinguish two cases (corresponding to hypothesis (2.3)).
Case 1 inf {a(x)} > 0: we have inf {a(x)}:=ap > 0, and then
z€([0,L] z€[0,L]

k L
(% - pz) / OrtPede
1 0

B —p [t oo
= 17/ ao‘/’t/ 9(s)pat(t — s)dsdx

aogo

P11€2 _ +oo

/ a(ﬂ/lt/ Vot (t) — @t (t — s))dsda. (4.5)
@090

Using Young’s inequality and (3.5) (for ¢, instead of ¢, ), we get for all € > 0

pika

2 too
i / a0t / 9() (0at () — gue(t — 5))dsda

aogo

L +oo
¢ / alt] / 9()|@at(t) — @u(t — )|dsdz

€
S §E(t) + Ceg © Pzt-
On the other hand, by integrating by parts and using (3.6), we obtain
piks L +o0
P2
ST / a(ﬂ/)t/ 9(8) st (t — s)dsdx
aogo 0 0

pike _ L +oo
k P2 /
=1 0)y z(t —s)ds |d
/0 ao%(Q( )e +/O 9 (s)pa(t = 5) S) x

aogo
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piks

9 L +o0
=2 [ [ 6 alt) = rlt = s))dsda

aogo

IN

%E(t) —ceg' 0 Py

Inserting these last two inequalities into (4.5), multiplying by GO(E)

GO( ) ;

, integrating over [S,T],

noting that is non-increasing and using (3.1), we obtain (4.4).

Case 2 a = 0: according to (2.2), we have il[%fL]{b(x)} :=bp > 0, and then, by integration
xe|0,

with respect to ¢ and using the definition of %, F and F»> and their non-increasingness, we

k T Go(E L
(pi —p2> /S 0(71@ / Yipzedadt
. plkg E t ) p1k2
_( by 2>{ E(t) / w%tdx] _( k1 _p2)
p1ko T Go(
—(k—l‘”)/s 79 / ppadrdl

Using the fact that (by vertue of Poincaré’s inequality)

k L
(5 ) [
1 0
E)

. . . . . Gol(
Therefore, by integrating by parts the last integral with respect to x and noting that ==

T Go(E(t) [*

get

o (S557) [ o

< ¢(E(t) + Ba(t)) < c(E(S) + Ex(S)), ¥t >S5 >0.

is

non-increasing, we have

pikz
Ky P2

T /
< C N (B(5) + Ea(s) - () + Bats) [ (S ) ar
+(p11€—k2 - P2> / L/ wmcpttdxdt vT >S5 >0.
1 S

Using the fact that inL]{b(x)} > 0, we deduce that
x€|0,

p1k2 TGO(E(t)) L
(5 =) [ S [ g
T L
gc%w(swmw)w/fs %/@ bltbs e |dardt.

Therefore, using Young’s inequality and (4.2), we estimate the last integral as follows:

(pz—]f - p2) /ST % /OL Yipzdadt

CM(E(S>+E2(S))+e/TGo( ())dt—cew/TEé(ﬂdt

- E(©) E(0) Js
< q%w(s )+ Ex(S / Go(E()dt, VT'> 5> 0. (4.6)

This implies (4.4). O
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Now, exploiting (4.3) and (4.4) and choosing € small enough, we get

/F’ dt<—c/ Go(E dt+cG0§(§f))(E(S)+E2(S))

Go(E(t)) ,
_— — > >
+C/;; B (gowat — g 0op,)dt, VT >S5 >0,

and recalling (3.1) and the fact that F ~ E and —Oé ) is non-increasing, we have
GO(E(O)) / GO(E(t))
< + —— + + _— .
/ GO dt (1 (0) (E(S) EQ(S)) c ; (t) g o pgedt

To estimate the last term in (4.7), we distingish two cases.
Case 1 a =0 or (2.7) holds: we have Gy = Id. Using (4.2), we get

Go(E(t
%90 at = 90 Par < =g’ 0 @pr < —cEy(t).

(4.7)

Case 2 if(l)fL]{a(x)} > 0, (2.8) holds and (2.7) does not hold: in this case, Go(s) =
xe|0,

sG'(egs) with €9 > 0. Therefore, using (2.17) and similarly to (3.25) for go ¢, instead of go ¢,

(here Hy = Id), we get, using also (4.2),

%g O Pyt < _CEé(t) + CEQGQ(E(t)), VEQ > 0.

Then we get in both cases

T T T
/ GolB®) o at < —c/ Eg(t)dwrceo/ Go(B(®))dt, Veo >0, ¥T > § > 0.
S S S

E(t)

Inserting this inequality into (4.7) and choosing ¢ small enough, we deduce that

/Go Ndt < ¢ (1+%>(E(S)+E2(S)), VT > S >0.

Choosing S = 0 in (4.8) and using the fact that Go(F) is non-increasing, we get

Go(E(0))
E(0)
+

which gives (2.18) with ¢; = ¢(1 + (( ()0)))(E( )+ E»(0)).

GMEHWTsszaE@kugc@+

5 Proof of Theorem 2.3

ymm+Emm,Vsz

(4.8)

We prove (2.21) by induction on n. For n = 1, condition (2.20) coincides with (2.17), and

(2.21) is exactly (2.18).

Now, suppose that (2.21) holds and let Uy € D(A™"!) satisfying (2.20), for n + 1 instead
of n. We have U;(0) € D(A™) (thanks to Theorem 2.0-3), U(0) satisfies (2.20) (because Uy
satisfies (2.20), for n + 1) and U, satisfies the first two equations and the boundary conditions

of (P), and then the energy Eo of (P2) (defined in Section 4) also satisfies, for some positive

constant ¢,,

Ey(t) < Gn(%"), vt > 0.

(5.1)
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Now, choosing S = L in (4.8), combining with (2.21) and (5.1), and using the fact that Go(E)
is non-increasing, we deduce that

T

2

E(0)

s <5256 (55) - 0o (55

This proves (2.21), for n + 1. The proof of Theorem 2.3 is completed.

this implies that, for ¢,11 = max {c(l + GO(E(O))),2cn, 2En},

Remark 5.1 One important system related to (P) is the following system:

+oo
pree — Ka (s + ) + b)) + / (a(@)g(s)pn(t — )), ds = 0,

+oo
ptbes — katban + k(s + 1) — / a(2)g(s)ps (t — $)ds = 0,
0

which results from the governing equations
P1Ptt = Sx and pQUJtt - Mx - Sa

taking into account the action on two tensors

+oo
S =ki(ps +¢) — /0 a(x)g(s)pz(t —s)ds and M = kotb,.

This system looks more realistic than (P) from the physics point view. However the energy

given by (2.10) is not dissipative.

3

We believe that such a system is worth looking at and a “modified” energy needs to be

defined, as well the functionals used to prove stability.

6 Applications

In this section, we give applications of our results of section 2 to some Timoshenko-type
systems.
6.1 Timoshenko-heat

We start by considering coupled Timoshenko-heat system on |0, L[ under Fourier’s law of
heat conduction and in the presence of an infinite memory acting on the first equation. That
is,

+00
prote — ki(ps +¥)e — V0, + /0 (ag(s)pa(t — s)), ds =0,
p2it — koza + k1(pz + 1) =0,
P30t — KOz + Yzt = 0, (6.1)
©(0,t) = p(L,t) = 12(0,1) = ¥ (L,t) = 0:(0,t) = 02(L,t) = 0,
ez, —t) = po(z,1),  ¢i(r,0) = ¢r(2),
P(@,0) = vo(x), ¢e(x,0) =(x), O(z,0) = bo(x),
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where @, ¥ and 0 are functions of (x,¢) and denote the transverse displacement of the beam,
the rotation angle of the filament, and the difference temperature, respectively, p;, k;,~, k, L are
positive constants, and the functions a and g are as in Section 2.

From the third equation in (6.1) and the boundary conditions, we easily verify that

L
(’%/ O(z,t)dx = 0.
0

By solving this ordinary differential equation and using the initial data of 6, we get

/OL O(z,t)dx = /OL Oo(x)d.

So, we set

to conclude that (¢, v, 0) satisfies (6.1), with initial data

L
Gole) = b0a) ~ 7 [ Gu(a)da

instead of 0y, and more importantly

L ~
/ O(z,t)dx = 0;
0

which implies that Poincaré’s inequality is applicable for 6. In the sequel, we work with 0
instead of 6, but, for simplicity of notation, we use # instead of 0.
6.1.1 Well-Posedness

By combining arguments from the Subsection 2.2 above and Subsection 6.1 of [14], one can
easily establish the well-posedness of (6.1). For this purpose, we define n as in Subsection 2.2

and set

H ifa =0,

H = ~
;i L lf lllf > O
X g9 [ []{a’(‘r)} ?

where L, and its inner product are given in Subsection 2.2, and
H = H; (10, L)) x HI(]0, L[) x L*(]0, L[) x L2(]0, L[) x L(]0, L).

If a = 0, the space H is equipped with the inner product

L
<V, W> = kl/ (895’01 + 1)2)(8111)1 + wz)dx
0

L
+/ (k20,0205 w2 + prvsws + pavaws + p3vsws) da,
0

for any V = (1}1,’02,’03,’04,1}5)T, W = (wl,wz,wg,w4,w5)T € 'H, and if inL]{a(x)} > 0, we
xe€|0,

equip H with the inner product

L
<‘/, W> = <’U6, w6>Lg + k1 / ((91’1)1 + ’Ug)(am’wl + ’wg)d,f
0

L
+/ (—g0a0,v10, w1 + kaOyv20,we + p1vsws + pavaws + p3vsws) dx,
0
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T T :
for any V' = (v1,v2,v3,v4,U5,05) , W = (w1, we, w3, wy, ws, ws) € H. By letting

(., 0, )T ifa=0,
(2,9, 0, Y1, 0,m) " if zen[[gm{a(x)} >0
and
(¢0, %0, ¢1,%1,00)" ifa=0,

Up = T
0 (‘PO('vO)aq/JOa 90171/)17905770)71 lf mel%fL]{a(I)} > 07

problem (6.1) can be written as

U+AU =0 onRy,,
U(0) = Uy,

where, if a =0,

—Us,

—Uy4,

k1 vy
AV = _Eam(amvl + ) — —0yus,

P1
k k
__261)1)U2 + _l(amvl + U2)7
P2 P1
K
——0OzzUs + lv37
P3 P3
for any V = (v1, v, v3,v4,05)" € D(A) and, if in }{a(:v)} > 0,
ze[0,L
—Us,
—U4,

k1 90 1 [tee Y
——0,(0zv1 + v2) + =0y (abzv1) — — 9(8)0x (a0, v6(s))ds — — Oy vs,
p1 P1 P1 Jo p1
AV = & &
__26;3;37}2 + _l(amvl + U2)7
P2 1

K
- —8;3;3’1}5 + lv37
P3 P3

—v3 + Ogvs,

for any V = (v1,v2,vs,v4,v5,v6)T € D(A). By noting that (6.2) is linear and exploiting the
semigroup theory [19, 32|, one can easily prove the following:
Theorem 6.1 For any n € N and Uy € D(A™), problem (6.2) has a unique solution

Ue () CFRy;D(AY)).
k=0
6.1.2 Stability
Similarly to (P), we establish a general stability result for solutions of (6.1), under the
hypotheses (H3) and (H4). we define the first-order energy of (6.1) by

1

1 L
Et)=59°¢:+ 3 / ((p197 + P2t} + k1 (i +©)° + kb2 — goaw? + p36?) dz.  (6.3)
0
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Straightforward computations yield
L 1
E'(t) = —/q/ 02dax + 59/ o, <0. (6.4)
0

Now, we give our first stability result.

Theorem 6.2 Assume (1.1), (2.1), (2.3), (H3) and (H4) hold, and let UO €H such that
a=0or (2.7) or (2.11) is satisfied. Then, the energy F satisfies (2.12) with G(t ft G
and G is defined in (2.19).

In order to prove our main result, we adopt several functionals from section 2 and prove
several lemmas.

Lemma 6.3 The functional

L
B(0) = [ (prpec+ paiv)da
0
satisfies, for any § > 0,
L L L
B < [ (et 4 it — b [ (ontuPde =k [ 02de
0 0 0
L L L
+go/ acpidx—i—é/ ©2dx + c59 0 @ +05/ 62 du. (6.5)
0 0 0

Proof By using equations (6.1), a simple integration leads to

L L L
I(t) = / (12 + pat?)da — ky / GRde — ky / (6o + ¥)?da
0 0 0

- /OL Pl dz + /OL P (/O+Oo a(:v)g(S)%(t)d8> da
[ ([ aso)ente =)~ eatonas ) av

Exploiting Young’s and Poincaré’s inequalities, (6.5) follows. O

Lemma 6.4 The functional

L p1k2 L “+o0
L(t) = —pa / o+ 0o =22 oo+ 22 [ o / 9(5)pat — s)dsda
0 k1 Jo kl 0

satisfies, for any 6, §; > 0,

L ) L ) 61 L
Ii(t) < kl/ (e +¥) dx — pz/ Ypde +go(3 - 1) / aprdx
0 0 0

& L L
+ 8070 e ;!a” / Yidz + 5/ (0F + @2 +12)dz + 59 0 Pz — C5g' © o
1 0 0
L ks L
+05/ 62dz + ( - p2) / Pzt (6.6)
0 Ky 0

Proof Differentiation of I5, using equations (6.1), gives
L
5O =k [ et v) dw—pz/ stars 2 [ e
“+o0
/ C“/)t/ 2 (t) — oz (t — 5)) dsdx
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L “+o00
+ / a(pe + ) / 9(5) (9a(t) — @u(t — 5)) dsda

L p1ka L
—go/ a(wz+w)wzdx+< Z —p2>/ Yerhde.
0 1 0

By using Young’s and Poincaré’s inequalities and recalling (3.2), (3.5) and (3.6), estimate (6.6)
follows. O

By using w defined in (3.11) and repeating the proof of Lemma 3.7, we can easily establish

this lemma.

Lemma 6.5 The functional
L
L(t) = p1 / (wepr + pipr)dx
0

satisfies, for any 4, €, € > 0,

L L
I(t) < (p1 + g)/ gpfdx—l—ce/ V2da
0 0

L
€ kolla||so
+(gol|a||oo(1+§)—k1)/ (oot 0+ 90 0|| I / s
0
L L
—|—5/0 (Sﬁi+¢i)dx+csgowx+65/0 02dz. (6.7)

Proof Differentiation of I3, using equations (6.1), leads to

L L L
I(t) = m / weprdx + p1 / prde — ky / (oo +¥)?da
0 0 0

L L L L
+g0/ goidx + go/ prdx — 7/ wl,dx — 7/ pB,dx
0 0 0 0

L +oo
- / a(e + ) / 9(5) (s (t) — @u(t — )) dsda,
0 0

Again, Young’s and Poincaré’s inequalities, (3.5), (3.12) and (3.13) give the desired result. [

Finally, we need the following lemma:

Lemma 6.6 The functional

I5(t) = p1ps /OL Pt (/Ow 9(y,t)dy> de,

L L L
IL(t) < —% ©? dx+5/ (02 +92) dx—i—q/ 02dz + c59 0 Y. (6.8)
0 0 0

for any § > 0,

Proof By using equations (6.1), a simple integration keeping in mind that 6 stands for
é, leads to

b= [ (e st 20 [ atirentt - 0,00) ([ o.0) as
+p1/OL<pt (/Oz(ﬁ@m—wwt)dy> d

L “+o0
= —p3/0 (k1 (pz + ) +~0 — / (8)pa(t — s)ds) 6dzx
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L x
+p1 / ©r ( / Kby — wt)dy> dx.
0 0

By using Young’s and Poincaré’s inequalities and (3.5), (6.8) is established. O
For N, N3, N3, N4, we set

Is = NE 4 Naly + I3 + N3y + Nyls.

Direct calculations, using (6.4)—(6.8), yield

L
N
Ié(t) < —(Nk—cs(1+ Ny+ Ns +N4))/ 9§dx—|— (5 — 06) g/o<px
0

L
C
+ (14 N2+ N3+ Ny)csgo gz — (]\]4m — Nap: —Ns(Pl + E))/ o7da
0

2
B _ gokollallee ¢ (gokollalleo B /L 2
(N2k2 3 Ny (L= 4 5) — o, [ v

L
—(pg(l—Ng)—(S—ce'Ng)/ Y2da
0
Ny + N3 — 1)k — N ) [ 24
— (o4 Ny = 1)ty = Nagollaloo (14 5)) [ o+ 020

5 r :
+(N2+51—1)go/ asﬂidw+5(N2+1+N3+N4)/ Prde
0 0

k L
+ (”}1f 2 _ p2> / Ouithedz. (6.9)
1 0

At this point, we distinguish two cases.

Case 1 a =0: in this case (6.9), reduces to

L
Ii(t) < —(Nn—05(1+N2+N3+N4))/ 02 dx
0

L L
—m (N% — (Vs +N3))/ ¢2dz — (Noks — 6(1 + N3 +N4))/ 2de
0 0

L L
~ (pa(l — No) — 8) / dz — (N + Ny — 1) ky / (00 +)2de

L L
k
+6 (N2 +1+ N3+ N4)/ prda + (pllf 2 _ Pz) / Prttprd. (6.10)
0 1 0

By taking N3 = 1,0 < Ny < 1, Ny > w, 0 small enough, and N large enough, (6.10)
becomes

L
IL(t) < —cE(t) + (pllfz - p2> /0 Perthrda, (6.11)

where c is a positive constant.

Case 2 i?f ]{a(x)} > 0: with the same choice of €, 1, N3, Ny and € as in section 3 and
x€[0,L

2 (N2p1 + Ns(py + <))
TP1 ’
0 small enough, and N large enough, (6.9) becomes

Ny >

k‘ L
IL(t) < —cE(t) + (pi - p2> / Gurthrda + g o oy (6.12)
0
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We then proceed, as in Section 3, to complete the proof.
Remark 6.1 When a =0 or g satisfies (2.7), we obtain the exponential decay. That is,
E(t) < dle 2,

for two positive constants ¢/ and cj.

When (1.1) does not hold, we have the following:

Theorem 6.3 Assume (2.1), (2.3), (H3), and (H4) hold and let n € N* and Uy € D(A™)
such that a = 0 or (2.7) or (2.20) is satisfied. Then, the energy E satisfies (2.21).

Proof The proof goes exactly like that of Theorem 2.3. O

6.2 Timoshenko-heat Type II1

In this subsection, we consider a coupled Timoshenko-thermoelasticity system of type III

on ]0, L[ in the presence of an infinite memory acting on the first equation. That is,

i = (e + Va2 + [ (aglohialt =), ds =0,

P2t — kothgs + ki(pe + ) =0,

P30t — KOzz + YPur — 0020t = 0,

0(0,8) = (L, ) = 1 (0,) = tha (L, £) = 0,(0,) = O (L, ) = 0, (6.13)
p(x,—t) = po(z,1), @i(z,0) = p1(2),

¥(z,0) = vo(z), e(x,0) = 1(z),

0(z,0) = Oo(z), 0i(x,0) = 01(x),

where ¢, 1, and 0 are functions of (z,t) and denote the transverse displacement of the beam, the
rotation angle of the filament, and the temperature displacement, respectively; p;, ki, 7y, k, 0, L
are positive constants and a and g are as in Section 2. We only give brief comments and state
the main results and leave the proofs for the reader since they go exactly like the ones done in
Subsection 6.1.

From the third equation in (6.13) and the boundary conditions, we easily verify that

L
att/ 9($,t)d$ =0.
0

By solving this ordinary differential equation and using the initial data of 6, we get

/OL O(x,t)dx = t/OL 61 (x) dz + /OL 0o (z) dz.

So, we set
- t [* 1 [r
O(x,t) = 0(x,t) — —/ 01(z)dz — —/ Oo(x)dx
L Jo L Jo
to conclude that (¢, 1), ) satisfies (6.13), with initial data

L
Gole) = bola) ~ 7 | Gu(a)da

and
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instead of 6y and 61, respectively, and more importantly

L ~
/ O(x,t)dx = 0;
0

which implies that Poincaré’s inequality is applicable for 6. In the sequel, we work with 6
instead of 6, but, for simplicity of notation, we use # instead of 0.
6.2.1 Well-Posedness

By combining arguments from the Subsection 2.2 above and subsection 6.1 of [14], one can
easily establish the well-posedness of (6.13). For this purpose, we define 7 as in subsection 2.2

and set

H ifa =0,

H x L, if inf >0,
g 1 wéﬂxm{a(w)}

H:

where L, and its inner product are given in Subsection 2.2, and
H = Hy(10, L) x HI(0, L]) x H(10,L]) x L*(]0, L[) x L7(]0, L]) x L(]0, L[)
If a = 0, the space H is equipped with the inner product
L
(VW) = / (k1(0zv1 + v2) (O w1 + wa) + koOyv20,we) dx
0
L
+/ (KOzv30, w3 + prvswy + pavsws + p3vews) de,
0

for any V = (1}1,’02,’03,1}4,1}5,1)6)T, W = (wl,wg,wg,w4,w5,w6)T € H; and if 6iFOfL]{a(:zr)} > 0,
x )

we equip H with the inner product
L
<‘/, W> = <’U77 ’LU7>LQ =+ / (kl (6m’l)1 =+ vg)(ﬁmwl =+ ’wg) + kgam’l)gamwg) dz
0
L
+/ (—90a0,v10, w1 + KO3 w3 + prvsws + pavsws + p3vews) dx,
0

T T .
for any V' = (v1,v2,v3, 04, U5, 06,07)" , W = (w1, wa, ws, wy, ws, wg, wy)” € H. By letting

((puwueusptthaet),r 1faE 07
(<P51/}797(pt71/)t79t577)T if inf {a(a:)} >0
z€[0,L]

and

(0,0, 00, 01,1, 01)" ifa=0,

(900('5 0)7 U)Ov 905 P1, 1/}17 915 WO)T if mel%fL]{a(I)} > Oa

Up =

problem (6.13) can be written as

U'+ AU =0, inR,,

U0 — U (6.14)
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where, if a = 0,

—Vy4,

—Us,

— Vs,
k

AV = § L8, (01 + v) + By,

P1 P1
k k

__2811”2 + _1(8xvl + 1)2),
P2 P1
K ¥ 1)

——0paV3 + —0zv4 — _89090'067
P3 P3 P3

for any V = (v1,va, v3,v4,05,06)" € D(A) and, if if(l)fL]{a(x)} >0,
xe|0,

—U4,
—Us,

—Vs,

k1 go 1 oo Y
_p—(?m(amvl +v2) + p—(?m(a(?mvl) - — 9(8)0x (a0, v6(s))ds + — Oy vs,
1 1 0

AV = p1 p1

k k

__2 U2 + _1(811)1 + ’02)7
P2 P1
K ~ 1)

——Ozz¥3 + _830'04 - _8zzv6;
p3 p3 p3

—v4 + Osv7,

for any V' = (v1,v2, v3, v4, U5, Vs, U7)T € D(A). By noting that (6.14) is linear and exploiting the
semigroup theory [19, 32], one can easily show that Theorem 6.1 also holds for (6.14). Hence,
the well-posedness for (6.13) is established.
6.2.2 Stability

Similarly to (6.1), we establish a general stability result for solutions of (6.13), under the
hypotheses (H3) and (H4). We define the first-order energy of (6.13) by

1

1 L
E(t) = 590¢2+ 5 / (P19} + P2t} + k1 (u + ) + kb2 + ps3bF + K02 — goaw?) dz. (6.15)
0

Straightforward computations yield
! 1
E'(t) = —/{/ 62, dx + 59/ o, <0. (6.16)
0

Remark 6.3 By adopting the same functionals used in the subsection 6.1 and repeating
the same steps, one can easily show that Theorems 6.2 and 6.3 remain valid for problem (6.13).

In particular, we obtain the exponential stability if a = 0 or g decays exponentially.
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