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In this work we consider a one-dim ensional Timoshenko system with different speeds of
wave propaga tion and with only one control given by a viscoe lastic term on the angular 
rotation equation. For a wide class of relaxation functions and for sufficiently regular initial 
data, we establish a general decay result for the energy of solution. Unlike the past history 
and internal feedback cases, the second energy is not necessarily decreasing. To overcome 
this difficulty, a precise estimate of the second energy, in terms of the initial data and the 
relaxation function, is proved.
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1. Introduction 

In the present work we are concerne d with the asymptotic behavior of the solution of the following Timoshenko system:
q1utt � k1ðux þ wÞx ¼ 0 in �0; L½�Rþ;

q2wtt � k2wxx þ k1ðux þ wÞ þ
R t

0 gðt � sÞwxxðsÞds ¼ 0 in �0; L½�Rþ;

uð0; tÞ ¼ wð0; tÞ ¼ uðL; tÞ ¼ wðL; tÞ ¼ 0 in Rþ;

uðx;0Þ ¼ u0ðxÞ; utðx;0Þ ¼ u1ðxÞ on �0; L½;
wðx;0Þ ¼ w0ðxÞ; wtðx;0Þ ¼ w1ðxÞ on �0; L½;

8>>>>>><
>>>>>>:

ðPÞ
where t denotes the time variable, x is the space variable along the beam of length L, in its equilibrium configuration, u is the 
transverse displacemen t of the beam, w is the rotation angle of the filament of the beam, g : Rþ ! Rþ is a non-incr easing 
function, and the coefficients q1;q2; k1 and k2 are positive constants denoting, respectively, the density (the mass per unit 
length), the polar moment of inertia of a cross section, the shear modulus and Young’s modulus of elasticity times the mo- 
ment of inertia of a cross section and satisfying 
k1

q1
–

k2

q2
: ð1:1Þ
Our aim is to establish a general decay result, depending on g, for the energy of the system (P).
The Timoshenko system which describes the transverse vibration of a beam was first introduced in [24] and has the form 
q1utt ¼ k1ðux � wÞx in �0; L½�Rþ;

q2wtt ¼ k2wxx þ k1ðux � wÞ in �0; L½�Rþ:

�
ð1:2Þ
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Since then many people have been interested in the question of stability of (1.2) with different kind of controls: internal,
boundary feedback, memory or past history. Let us mention some of these results.

If both the rotation angle and the transverse displacemen t are controlled, then it is well known that (1.2) is stable for any 
weak solution and without any restriction on the constants q1;q2; k1 and k2. Many decay estimates were obtained in this 
case; see for example [3,7–10,12,16,21,22,25–27].

If only the rotation angle is controlled, then there are two different cases. The case of different wave speed of propagation 
(1.1) and the opposite case. For the case k1

q1
¼ k2

q2
, it is well known that, similarly to the case of two controls, (1.2) is stable and 

similar decay results were obtained. We quote in this regard [2,4,5,11,13–15,17–20,23]. If (1.1) holds (which is more inter- 
esting from the physics point of view), then it is well known that (1.2) is not exponential ly stable even for exponentially 
decaying relaxation functions. Moreover, some polynomi al decay estimates for the strong solution of (1.2) were established 
only for the case of internal feedback in [1] and the case of past history in [15,20]. In these papers, the idea of the proof of the 
polynomial decay results exploits the non-increas ingness property of the second energy (the energy of the system resulting 
from differentiating the original system with respect to time) to estimate some higher-order terms.

In the case of memory control ðPÞ, the second energy is not necessarily non-increasing . To overcome this difficulty, we
give an explicit estimate for the second energy in terms of the relaxation function and the initial data. In addition, we con- 
sider here a wider class of relaxation functions g than those considered in the case of past history control [15,20].

The paper is organized as follows. In Section 2, we state some hypotheses and present our stability result. In Section 3, we
give the proof of our stability result.

2. Preliminaries 

We consider the following hypothes is:(H) g : Rþ ! Rþ is a differentiable function satisfying 
gð0Þ > 0; k2 �
Z þ1

0
gðsÞds ¼: l > 0 ð2:1Þ
and there exists a non-increas ing different iable function n: Rþ !�0;þ1½ and a constant p P 1 such that 
g0ðtÞ 6 �nðtÞgpðtÞ; 8t P 0: ð2:2Þ
Remark 2.1. Condition (2.2) describes better the growth of g at infinity and allows us to obtain precise estimate of the 
energy and more general than the ‘‘stronger ’’ one (n ¼ constant and p 2 ½1; 3

2 ½) used in the case of past history control [15,20].
We consider here the form (2.2) because our decay estimate can be expressed in a better way in the case n ¼ constant, than 
in the one p ¼ 1.
Remark 2.2. By using a standard Galerkin method, we can show that ðPÞ has, for any initial data 
u0;u1ð Þ; w0;w1ð Þ 2 H2ð�0; L½Þ \ H1
0ð�0; L½Þ

� �
� H1

0ð�0; L½Þ;
a unique (strong) solution 
u;w 2 C Rþ; H2ð�0; L½Þ \ H1
0ð�0; L½Þ

� �
; ð2:3Þ

\C1
Rþ; H1

0ð�0; L½Þ
� �

\ C2
Rþ; L2ð�0; L½Þ
� �

;

and for any initial data 
u0;u1ð Þ; w0;w1ð Þ 2 H1
0ð�0; L½Þ � L2ð�0; L½Þ;
problem ðPÞ has a unique (weak) solution 
u;w 2 C Rþ; H1
0ð�0; L½Þ

� �
\ C1

Rþ; L2ð�0; L½Þ
� �

: ð2:4Þ

Now we introduce the energy functional associated with ðPÞ by
EðtÞ :¼ 1
2

g � wx þ
1
2

Z L

0
q1u

2
t þ q2w

2
t þ k2 �

Z t

0
gðsÞds

� �
w2

x þ k1ðux þ wÞ2
� �

dx; ð2:5Þ
where, for all v : Rþ ! L2ð�0; L½Þ,
g � v ¼
Z L

0

Z t

0
gðt � sÞðvðtÞ � vðsÞÞ2dsdx: ð2:6Þ
Our main stability result reads:
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Theorem 2.1. Assume that (H) holds and let 
ðu0;u1Þ; ðw0;w1Þ 2 H2ð�0; L½Þ \ H1
0ð�0; L½Þ

� �
� H1

0ð�0; L½Þ:
Then the (strong) solution (2.3) satisfies
EðtÞ 6 C
1þ

R t
0 g

1
2ðsÞds

� �2ðp�1Þ
þ
R t

0 g2�pðsÞdsR t
0 nðsÞds

0
B@

1
CA

1
2p�1

; 8t > 0; ð2:7Þ
where C is a constant depending continuously on
u0;u1ð Þk k2
H2ð�0;L½Þ�H1

0ð�0;L½Þ
þ ðw0;w1Þk k2

H2ð�0;L½Þ�H1
0ð�0;L½Þ

:

Remark 2.3. 1. If �g0
g is differentiab le and non-increasing , then (2.2) is satisfied with n ¼ �g0

g and p ¼ 1. Consequentl y, we have 
at least the estimate 
EðtÞ 6 C ln
gð0Þ
gðtÞ

	
; 8t > 0: ð2:8Þ
2. If n ¼ constant and 1 6 p < 3
2 (hence

Rþ1
0 g

1
2ðsÞds < þ1 and

Rþ1
0 g2�pðsÞds < þ1), then (2.7) becomes
EðtÞ 6 Ct
�1

2p�1; 8t > 0:
3. The best decay rate given by (2.7) is EðtÞ 6 C
t which holds when n ¼ constant and p ¼ 1 (that is; g decays exponenti ally to

zero).
Examples. Let us give here some examples to illustrate our general estimate (2.7) and the difference between the cases n ¼
constant and p ¼ 1.

1. Let gðtÞ ¼ a
ð2þtÞðlnð2þtÞÞq, for q > 1, and let a > 0 be small enough so that (2.1) is satisfied. Condition (2.2) is satisfied with 

n ¼ �g0
g and p ¼ 1 (but it is not satisfied with n ¼ constant and p 2�1;2½) and then (2.8) gives
EðtÞ 6 C
lnðt þ 2Þ þ lnðlnðt þ 2ÞÞ ; 8t P 0:
2. Let gðtÞ ¼ a
ð1þtÞq, for q > 1, and let a > 0 be small enough so that (2.1) is satisfied. Condition (2.2) is satisfied with n ¼ con-

stant and p ¼ 1þ 1
q. Then (2.7) gives
EðtÞ 6
Ct
�qðq�1Þ

qþ2 if q 2�1;2½

Ct
�q

qþ2 if q 2�2;þ1½;

C lnð1þ tÞð Þ1=2t�1=2 if q ¼ 2;

8>>><
>>>:

; 8t > 0:
3. Let gðtÞ ¼ ae�ðlnð1þtÞÞq , for q > 1, and let a > 0 be small enough so that (2.1) is satisfied. Condition (2.2) is satisfied with 
n ¼ constant and any p > 1. Then (2.7) gives, for any r < 1,
EðtÞ 6 Ct�r ; 8t > 0:
Here (2.2) is also satisfied with n ¼ �g0
g and p ¼ 1, and (2.8) gives the ‘‘weaker’’ estimate 
EðtÞ 6 Cðlnðt þ 1ÞÞ�q
; 8t > 0:
4. Let gðtÞ ¼ ae�ð1þtÞÞq , for q > 0, and let a > 0 be small enough so that (2.1) is satisfied. Condition (2.2) is satisfied with n ¼
constant and p ¼ 1 if q P 1, and it is satisfied with n ¼ constant and any p > 1 if q 2�0;1½. Then (2.7) gives
EðtÞ 6 Ct�1 if q P 1;
Ct�r if q 2�0;1½ðfor any r < 1Þ

(
; 8t > 0:
If q 2�0;1½, then (2.2) is also satisfied with n ¼ �g0
g and p ¼ 1, and the estimate (2.8) gives the ‘‘weaker’’ estimate 
EðtÞ 6 Cðt þ 1Þ�q
; 8t P 0:
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Remark 2.4. 1. The examples above show that the function g satisfying (2.2) with n ¼ constant leads to a better decay esti- 
mate than the one obtained for those satisfying (2.2) with p ¼ 1. But the presence of function n in (2.2) allows a wider class of
relaxation functions g. In the case of past history control [15,20], condition (2.2) was considered with n ¼ constant and 
p 2 ½1; 3

2 ½ only. The more general growth of g, for the case of infinite history, has been discussed lately by Guesmia [6] in
an abstract setting.
2. The case of equal wave speed of propagat ion k1

q1
¼ k2

q2
, condition (2.2) was considered with n ¼ constant and p 2 ½1; 3

2 ½ in
½4;6�, and with p ¼ 1 in [5,13]. The obtained results, in those papers, show that the energy of ðPÞ obeys (for positive con- 
stants c1; c2)
EðtÞ 6
c1e�c2t if p ¼ 1 and n ¼ constant

c1ð1þ tÞ�
1

p�1 if p 2�1; 3
2 ½ and n ¼ constant

(
ð2:9Þ
and, in general,
EðtÞ 6 c1e�
R t

0
nðsÞds

; if p ¼ 1: ð2:10Þ
Here (2.10) is better than (2.9) in general (see examples above) and it is useless to consider p > 1. As conclusion of these two 
remarks, it seems that condition (2.2) is more appropriate for the case k1

q1
¼ k2

q2
when p ¼ 1, and to the case (1.1) when n ¼

constant.

3. Proof of the main result 

In this section we prove our main stability result. For this purpose we establish several lemmas. We will use c (sometimes
cs which depends on some parameter s), throughout this paper, to denote a generic positive constant which does not depend 
on the initial data.

Lemma 3.1. Let ðu;wÞ be the strong solution of (P). Then the energy functional satisfies, for any t P 0,
E0ðtÞ ¼ �1
2

gðtÞ
Z L

0
w2

x dxþ 1
2

g0 � wx 6 0: ð3:1Þ
Proof. By multiplying the first two equations in ðPÞ by ut and wt respectivel y, integrating over �0; L½ and using boundary con- 
ditions, we obtain (3.1).

Let us set 
g1ðtÞ ¼
Z t

0
g

1
2ðsÞds

� �2ðp�1Þ

; g2ðtÞ ¼
Z t

0
g2�pðsÞds: �
Lemma 3.2. Let ðu;wÞ be the strong solution of (P). Then 
g � wxð Þ2p�1
6

8
l

Eð0Þ
� �2ðp�1Þ

g1ðtÞgp � wx; ð3:2Þ

Z t

0
gðt � sÞðwxðtÞ � wxðsÞds

� �2

6 g2ðtÞ
Z t

0
gpðt � sÞðwxðtÞ � wxðsÞÞ

2ds; ð3:3Þ

Z t

0
g0ðt � sÞðwxðtÞ � wxðsÞÞds

� �2

6 �gð0Þ
Z t

0
g0ðt � sÞðwxðtÞ � wxðsÞÞ

2ds: ð3:4Þ
Proof.

1. If p ¼ 1, then (3.2) is trivial.
If p > 1, let r ¼ 2p�1

2ðp�1Þ and use Hölder’s inequality to obtain 
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Z L

0

Z t

0
gðt�sÞðwxðtÞ�wxðsÞÞ

2dsdx¼
Z L

0

Z t

0
g

1
2rðt�sÞðwxðtÞ�wxðsÞÞ

2
r

h i
g

2r�1
2r ðt�sÞðwxðtÞ�wxðsÞÞ

2ðr�1Þ
r

h i
dsdx

6

Z L

0

Z t

0
g

1
2ðt�sÞðwxðtÞ�wxðsÞÞ

2dsdx
� �1

r

�
Z L

0

Z t

0
g

2r�1
2ðr�1Þðt�sÞðwxðtÞ�wxðsÞÞ

2dsdx
� �r�1

r

6 2
Z t

0
g

1
2ðt�sÞ

Z L

0
ðw2

x ðtÞþw2
x ðsÞÞdxds

� �2ðp�1Þ
2p�1

�
Z L

0

Z t

0
gpðt�sÞðwxðtÞ�wxðsÞÞ

2dsdx
� � 1

2p�1

:

Using the definition and the non-increasing ness of E, we get 
2
Z t

0
g

1
2ðt�sÞ

Z L

0
ðw2

x ðtÞþw2
x ðsÞÞdxds

� �2ðp�1Þ
2p�1

6
4
l

Z t

0
g

1
2ðt�sÞðEðtÞþEðsÞÞds

� �2ðp�1Þ
2p�1

6
8
l

Eð0Þ
Z t

0
g

1
2ðsÞds

� �2ðp�1Þ
2p�1

¼ 8
l

Eð0Þ
� �2ðp�1Þ

2p�1

ðg1ðtÞÞ
1

2p�1:
Therefore (3.2) follows.
2. Similarly, using Cauchy–Schwarz’ inequality, we get 
Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �2

¼
Z t

0
½g1�p

2ðt � sÞ�½gpðt � sÞðwxðtÞ � wxðsÞÞ
2ds

� �

6

Z t

0
g2�pðt � sÞds

� � Z t

0
gpðt � sÞðwxðtÞ � wxðsÞÞ

2ds
� �

6

Z t

0
g2�pðsÞds

� � Z t

0
gpðt � sÞðwxðtÞ � wxðsÞÞ

2ds
� �
which gives (3.3).
3. To prove (3.4), we proceed as in case of (3.3):
Z t

0
g0ðt � sÞðwxðtÞ � wxðsÞÞds

� �2

¼
Z t

0
�g0ðt � sÞds

� � Z t

0
�g0ðt � sÞðwxðtÞ � wxðsÞÞ

2ds
� �

6 �gð0Þ
Z t

0
g0ðt � sÞðwxðtÞ � wxðsÞÞ

2ds;
hence, (3.4) follows. h
Lemma 3.3. Letðu;wÞ be the strong solution of (P). Then the functional 
I1 :¼ �q2

Z L

0
wt

Z t

0
gðt � sÞðwðtÞ � wðsÞÞdsdx
satisfies, for any d > 0,
I01ðtÞ 6 �q2

Z t

0
gðsÞds� d

� �Z L

0
w2

t dxþ d
Z L

0
ðux þ wÞ2dxþ d

Z L

0
w2

x dxþ cdg2ðtÞgp � wx � cdg0 � wx: ð3:5Þ
Proof. Direct computations , using ðPÞ, yield 
I01ðtÞ ¼ �q2

Z L

0
wt

Z t

0
g0ðt � sÞðwðtÞ � wðsÞÞdsþ

Z t

0
gðsÞds

� �
wt

� �
dx

�
Z L

0

Z t

0
gðt � sÞðwðtÞ � wðsÞÞds

� �
k2wxx � k1ðux þ wÞ �

Z t

0
gðt � sÞwxxðsÞds

� �
dx

¼ �q2

Z L

0
wt

Z t

0
g0ðt � sÞðwðtÞ � wðsÞÞdsdx� q2

Z t

0
gðsÞds

� �Z L

0
w2

t dxþ k2

Z L

0
wx

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞdsdx

þ k1

Z L

0
ðux þ wÞ

Z t

0
gðt � sÞðwðtÞ � wðsÞÞdsdx�

Z L

0

Z t

0
gðt � sÞwxðsÞds

� � Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �
dx:
Now we estimate the terms in the right-han d side of the above equality as follows. By using (3.4) and Young’s and Poincaré’s
inequalities we obtain, for any d > 0,
�q2

Z L

0
wt

Z t

0
g0ðt � sÞðwðtÞ � wðsÞÞdsdx 6 dq2

Z L

0
w2

t dx� cdg2ðtÞg0 � wx:
Similarly, using (3.3), we have 
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k2

Z L

0
wx

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞdsdx 6

d
2

Z L

0
w2

x dxþ cdg2ðtÞgp � wx;

k1

Z L

0
ðux þ wÞ

Z t

0
gðt � sÞðwðtÞ � wðsÞÞdsdx 6 d

Z L

0
ðux þ wÞ2dxþ cdg2ðtÞgp � wx
and
�
Z L

0

Z t

0
gðt � sÞwxðsÞds

� � Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �
dx

6
d

4
Rþ1

0 gðsÞds

 �2

Z L

0

Z t

0
gðt � sÞðwxðsÞ � wxðtÞ þ wxðtÞÞds

� �2

dxþ cd

Z L

0

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �2

dx

6
d

4
Rþ1

0 gðsÞds

 �2

Z L

0
2
Z t

0
gðsÞds

� �2

w2
x dxþ cd

Z L

0

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �2

dx 6
d
2

Z L

0
w2

x dxþ cdg2ðtÞgp � wx:
A combination of all the above estimates yields (3.5). h
Lemma 3.4. Let ðu;wÞ be the strong solution of (P). Then the functional 
I2ðtÞ :¼ �
Z L

0
ðq2wwt þ q1uutÞdx
satisfies the estimate 
I02ðtÞ 6 �
Z L

0
ðq2w

2
t þ q1u

2
t Þdxþ k1

Z L

0
ðux þ wÞ2dxþ c

Z L

0
w2

x dxþ cg2ðtÞgp � wx: ð3:6Þ
Proof. By exploiting equation s of ðPÞ and repeating the same procedure as above, we have 
I02ðtÞ ¼ �
Z L

0
q2w

2
t þ q1u

2
t


 �
dx� k1

Z L

0
u ux þ wð Þxdx�

Z L

0
w k2wxx � k1 ux þ wð Þ �

Z t

0
gðt � sÞwxxðsÞds

� �
dx

¼ �
Z L

0
ðq2w

2
t þ q1u

2
t Þdxþ k1

Z L

0
ux þ wð Þ2dxþ k2

Z L

0
w2

x dx�
Z L

0
wx

Z t

0
gðt � sÞwxðsÞdsdx:
To obtain (3.6) we have just to note that, using (3.3) and Young’s inequalit y,
�
Z L

0
wx

Z t

0
gðt � sÞwxðsÞdsdx ¼ �

Z L

0
wx

Z t

0
gðt � sÞ wxðsÞ � wxðtÞ þ wxðtÞð Þdsdx

6 c
Z L

0
w2

x dxþ c
Z L

0

Z t

0
gðt � sÞ wxðsÞ � wxðtÞð Þds

� �2

dx 6 c
Z L

0
w2

x dxþ cg2ðtÞgp � wx: �
Lemma 3.5. Let ðu;wÞ be the strong solution of (P). Then the functional 
I3ðtÞ :¼ q2

Z L

0
wt ux þ wð Þdxþ k2q1

k1

Z L

0
wxutdx� q1

k1

Z L

0
ut

Z t

0
gðt � sÞwxðsÞdsdx
satisfies, for any � > 0,
I03ðtÞ 6
1

2�
k2wxðL; tÞ �

Z t

0
gðt � sÞwxðL; sÞds

� �2

þ 1
2�

k2wxð0; tÞ �
Z t

0
gðt � sÞwxð0; sÞds

� �2

þ �
2

u2
x ðL; tÞ þu2

x ð0; tÞ

 �

� k1

Z L

0
ux þ wð Þ2dxþ q2

Z L

0
w2

t dxþ �
Z L

0
u2

t dxþ c
�

Z L

0
w2

x dx� c�g0 � wx

þ k2q1

k1
� q2

� �Z L

0
utwxtdx: ð3:7Þ
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Proof. By exploitin g equations ðPÞ and repeating the same steps, we have 
I03ðtÞ ¼ q2

Z L

0
uxt þ wtð Þwtdxþ k2q1

k1

Z L

0
wxtutdxþ

Z L

0
ux þ wð Þ k2wxx �

Z t

0
gðt � sÞwxxðsÞds� k1 ux þ wð Þ

� �
dxþ k2

�
Z L

0
wx ux þ wð Þxdx�

Z L

0
ux þ wð Þx

Z t

0
gðt � sÞwxðsÞds

� �
dx� q1

k1

Z L

0
ut gð0Þwx þ

Z t

0
g0ðt � sÞwxðsÞds

� �
dx

¼ �k1

Z L

0
ux þ wð Þ2dxþ q2

Z L

0
w2

t dxþ k2q1

k1
� q2

� �Z L

0
utwxtdxþ k2wx �

Z t

0
gðt � sÞwxðsÞds

� �
ðux þ wÞ

� �L

0

� q1

k1
gðtÞ

Z L

0
wxutdxþ q1

k1

Z L

0
ut

Z t

0
g0ðt � sÞ wxðtÞ � wxðsÞð Þdsdx:
By using (3.4) and Young’s inequality, for the last three terms of this equality, (3.7) follows.
Now, as in [2], we estimate the boundary terms of (3.7).
Lemma 3.6. Let mðxÞ ¼ 2� 4
L x and ðu;wÞ be the strong solution of (P). Then, for any � > 0, the functionals 
I4ðtÞ :¼ q2

Z L

0
mðxÞwt k2wx �

Z t

0
gðt � sÞwxðsÞds

� �
dx
and Z L
I5ðtÞ :¼ q1
0

mðxÞutuxdx
satisfy
I04ðtÞ 6 � k2wxðL; tÞ �
Z t

0
gðt � sÞwxðL; sÞds

� �2

� k2wxð0; tÞ �
Z t

0
gðt � sÞwxð0; sÞds

� �2

þ �k1

Z L

0
ðux þ wÞ2dx

þ c 1þ 1
�

� � Z L

0
w2

x dxþ g2ðtÞgp � wx

� �
þ c

Z L

0
w2

t dx� cg0 � wx ð3:8Þ
and
I05ðtÞ 6 �k1 u2
x ðL; tÞ þu2

x ð0; tÞ

 �

þ c
Z L

0
u2

t þu2
x þ w2

x


 �
dx: ð3:9Þ
Proof. By noting that m0ðxÞ ¼ � 4
L and mð0Þ ¼ �mðLÞ ¼ 2 and exploiting equations ðPÞ, similar calculatio ns as in above give 
I04ðtÞ ¼
Z L

0
mðxÞ k2wxx �

Z t

0
gðt � sÞwxxðsÞds� k1ðux þ wÞ

� �
� k2wx �

Z t

0
gðt � sÞwxðsÞds

� �
dxþ q2

�
Z L

0
mðxÞwt k2wxt � gð0Þwx �

Z t

0
gðt � sÞwxðsÞds

� �
dx

¼ � k2wxðL; tÞ �
Z t

0
gðt � sÞwxðL; sÞds

� �2

� k2wxð0; tÞ �
Z t

0
gðt � sÞwxð0; sÞds

� �2

þ 2
L

�
Z L

0
k2wx �

Z t

0
gðt � sÞwxðsÞds

� �2

þ 2q2k2

L

Z L

0
w2

t dx� k1

Z L

0
mðxÞ k2wx �

Z t

0
gðt � sÞwxðsÞds

� �
ðux þ wÞdxþ q2

�
Z L

0
mðxÞwt

Z t

0
g0ðt � sÞðwxðtÞ � wxðsÞds

� �
dx� q2gðtÞ

Z L

0
mðxÞwxwtdx:
By using (3.3) and Young’s inequality, we get 
2
L

Z L

0
k2wx �

Z t

0
gðt � sÞwxðsÞds

� �2

dx ¼ 2
L

Z L

0
k2 �

Z t

0
gðsÞds

� �
wx þ

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �2

dx

6 c
Z L

0
w2

x dxþ c
Z L

0

Z t

0
gðt � sÞðwxðtÞ � wxðsÞÞds

� �2

dx

6 c
Z L

0
w2

x dxþ g2ðtÞgp � wx

� �
:

Similarly, for any � > 0, we have 
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�k1

Z L

0
mðxÞ k2wx �

Z t

0
gðt � sÞwxðsÞds

� �
ðux þ wÞdx 6 �k1

Z L

0
ðux þ wÞ2dxþ c

�

Z L

0
k2wx �

Z t

0
gðt � sÞwxðsÞds

� �2

dx

6 �k1

Z L

0
ðux þ wÞ2dxþ c

�

Z L

0
w2

x dxþ g2ðtÞgp � wx

� �
:

Also, using (3.4), it is clear that 
q2

Z L

0
mðxÞwt

Z t

0
g0ðt � sÞ wxðtÞ � wxðsÞð Þds

� �
dx� q2gðtÞ

Z L

0
mðxÞwtwxdx

6 c
Z L

0
w2

t þ w2
x


 �
dxþ c

Z L

0

Z t

0
g0ðt � sÞ wxðtÞ � wxðsÞð Þds

� �2

dx 6 c
Z L

0
w2

t þ w2
x


 �
dx� cg0 � wx:
Combining all the above, we obtain (3.8).
Similarly, we can prove (3.9). Indeed,
I05ðtÞ ¼ k1

Z L

0
mðxÞuxðux þ wÞxdxþ q1

Z L

0
mðxÞutuxtdx

¼ k1

2
mðxÞu2

x

� 
L

0 þ
2k1

L

Z L

0
u2

x dxþ 2q1

L

Z L

0
u2

t dxþ k1

Z L

0
mðxÞuxwxdx:
Consequentl y, using Young’s inequality for the last integral of this equality, we get (3.9). h
Lemma 3.7. Letðu;wÞ be the strong solution ofðPÞ Then, for any � 2 0;1� ½, the functional 
I6ðtÞ :¼ I3ðtÞ þ
1

2�
I4ðtÞ þ

�
2k1

I5ðtÞ
satisfies
I06ðtÞ 6 �
k1

2
� c�

� �Z L

0
ðux þ wÞ2dxþ c�

Z L

0
u2

t dxþ c
�

Z L

0
w2

x dxþ c
�2

Z L

0
w2

x dxþ c� g2ðtÞgp � wx � g0 � wxð Þ

þ q1k2

k1
� q2

� �Z L

0
utwtxdx: ð3:10Þ
Proof. By using Poincaré’s inequalit y, we have 
Z L

0
u2

x dx 6 2
Z L

0
ðux þ wÞ2dxþ 2

Z L

0
w2dx 6 2

Z L

0
ðux þ wÞ2dxþ c

Z L

0
w2

x dx:
Then (3.7)–(3.9) imply (3.10). h
Lemma 3.8. Let ðu;wÞ be the strong solution of ðPÞ. Then for any � 2 0;1� ½, the functional 
I7ðtÞ :¼ I6ðtÞ þ
1
8

I2ðtÞ;
satisfies
I07ðtÞ 6 �
k1

4

Z L

0
ðux þ wÞ2dx� q1

16

Z L

0
u2

t dxþ c
Z L

0
ðu2

t þ w2
x Þdxþ c g2ðtÞgp � wx � g0 � wxð Þ

þ q1k2

k1
� q2

� �Z L

0
utwtxdx: ð3:11Þ
Proof. Inequality (3.10), with � 2 0;1� ½ small enough, and inequality (3.6) yield (3.11). h

As in [2,17], we use a function w, given by
wðx; tÞ ¼ �
Z x

0
wðy; tÞdyþ 1

L

Z L

0
wðy; tÞdy

� �
x ð3:12Þ
to get a crucial estimate.
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Lemma 3.9. The function w satisfies
Z L

0
w2

x dx 6 c
Z L

0
w2dx ð3:13Þ
and
 Z L

0
w2

t dx 6 c
Z L

0
w2

t dx: ð3:14Þ
Proof. We have just to calculate wx and use Hölder’s inequality to get (3.13). Applying (3.13) to wt we get 
Z L

0
w2

txdx 6 c
Z L

0
w2

t dx:
Then, using Poincaré’s inequality (note that wtð0; tÞ ¼ wtðL; tÞ ¼ 0), we arrive at (3.14). h
Lemma 3.10. Let ðu;wÞ be the strong solution of ðPÞ. Then for any � 2 0;1� ½, the functional 
I8ðtÞ :¼
Z L

0
q2wtwþ q1wutð Þdx
satisfies
I08ðtÞ 6 �
l
2

Z L

0
w2

x dxþ c
�

Z L

0
w2

t dxþ �
Z L

0
u2

t dxþ cg2ðtÞgp � wx: ð3:15Þ
Proof. By using equation s ðPÞ, integrating by parts and taking into account inequalities (3.13) and (3.14), we arrive at
I08ðtÞ ¼
Z L

0
q2w

2
t þ q1wtut


 �
dxþ k1

Z L

0
w ux þ wð Þxdxþ

Z L

0
w k2wxx � k1 ux þ wð Þ �

Z t

0
gðt � sÞwxxðsÞds

� �
dx

¼
Z L

0
q2w

2
t � k2w

2
x


 �
dxþ

Z t

0
gðsÞds

� �Z L

0
w2

x dx� k1

Z L

0
wþwxð Þ ux þ wð Þdxþ q1

Z L

0
wtutdx

þ
Z L

0
wx

Z t

0
gðt � sÞ wxðsÞ � wxðtÞð Þdsdx:
By recalling (3.3), (3.12) and (3.14) and the fact that 
wx ¼ �wþ 1
L

Z L

0
wðy; tÞdy;
we get 
�k1

Z L

0
wþwxð Þ ux þ wð Þ ¼ � k1

L

Z L

0
wdx

� �
u½ �x¼L

x¼0 þ
Z L

0
wdx

� �
¼ � k1

L

Z L

0
wdx

� �2

6 0;

� k2 �
Z t

0
gðsÞds

� �Z L

0
w2

x dx 6 � k2 �
Z þ1

0
gðsÞds

� �Z L

0
w2

x dx ¼ �l
Z L

0
w2

x dx;

q1

Z L

0
wtutdx 6 �

Z L

0
u2

t dxþ c
�

Z L

0
w2

t dx 6 �
Z L

0
u2

t dxþ c
�

Z L

0
w2

t dx
and
 Z L

0
wx

Z t

0
gðt � sÞds wxðsÞ � wxðtÞð Þdsdx 6

1
2

Z L

0
w2

x dxþ cg2ðtÞgp � wx:
Consequentl y, (3.15) follows. h

Now, to estimate the term ðq1k2
k1
� q2Þ

R L
0 utwxt appeared in (3.11), we use the system obtained by differentiating ðPÞ with

respect to time t.
Noting that wðx;0Þ ¼ w0ðxÞ and using the fact that 
@

@t

Z t

0
gðt � sÞwxxðsÞds

� �
¼ @

@t

Z t

0
gðsÞwxxðt � sÞds

� �
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¼
Z t

0
gðsÞwxxtðt � sÞdsþ gðtÞwxxðx; 0Þ ¼

Z t

0
gðt � sÞwxxtðsÞdsþ gðtÞw0xx;
we have 
q1uttt � k1ðux þ wÞxt ¼ 0 in �0; L½�Rþ;

q2wttt � k2wtxx þ k1ðutx þ wtÞ
þ
R t

0 gðt � sÞwtxxðsÞdsþ gðtÞw0xx ¼ 0 in� 0; L½�Rþ;

utð0; tÞ ¼ wtð0; tÞ ¼ utðL; tÞ ¼ wtðL; tÞ ¼ 0 on Rþ:

8>>><
>>>:

ðP�Þ:
Lemma 3.11. Let ðu;wÞ be the strong solution of ðPÞ. Then the energy of ðP�Þ, defined by
E�ðtÞ :¼ 1
2

g � wxt þ
1
2

Z L

0
q1u

2
tt þ q2w

2
tt þ k2 �

Z t

0
gðsÞds

� �
w2

xt þ k1ðuxt þ wtÞ
2dx

� �
ð3:16Þ
satisfies, for all t P 0,
E0�ðtÞ ¼ �
1
2

gðtÞ
Z L

0
w2

xtdxþ 1
2

g0 � wxt � gðtÞ
Z L

0
wttw0xxdx ð3:17Þ
and
E�ðtÞ 6 c E�ð0Þ þ
Z L

0
w2

0xxdx
� �

: ð3:18Þ
Proof. Multiplying the first two equations in ðP�Þ by utt and wtt , respectively , integrating over �0; L½ and using the boundary 
conditions, we obtain (3.17). Then we have 
E0�ðtÞ 6
1
2

gðtÞ
Z L

0
q2w

2
tt þ

1
q2

w2
0xx

� �
dx 6 gðtÞE�ðtÞ þ

1
2q2

gðtÞ
Z L

0
w2

0xxdx;
which implies 
@

@t
E�ðtÞe�

R t

0
gðsÞds

� �
6

1
2q2

e�
R t

0
gðsÞdsgðtÞ

Z L

0
w2

0xxdx 6
1

2q2
gðtÞ

Z L

0
w2

0xxdx:
Then, a simple integration yields 
E�ðtÞe�
R þ1

0
gðsÞds

6 E�ðtÞe�
R t

0
gðsÞds

6 E�ð0Þ þ
1

2q2

Z t

0
gðsÞds

� �Z L

0
w2

0xxdx 6 E�ð0Þ þ
1

2q2

Z þ1

0
gðsÞds

� �Z L

0
w2

0xxdx:
Hence (3.18) follows. h

Now, let t0 > 0 and N1;N2;N3 > 0. We put g0 ¼
R t0

0 gðsÞds and
I9ðtÞ :¼ N1 EðtÞ þ E�ðtÞð Þ þ N2I1ðtÞ þ N3I8 þ I7ðtÞ:
By combining (3.1), (3.5), (3.11), (3.15) and (3.17) and taking d ¼ k1
8N2

in (3.5), we obtain, for all t P t0.
I09ðtÞ 6 �
lN3

2
� c

� �Z L

0
w2

x dx� q1

16
� �N3

� �Z L

0
u2

t dx� N2q2g0 �
cN3

�
� c

� �Z L

0
w2

t dx� k1

8

Z L

0
ux þ wð Þ2dx

þ CN2N3 g2ðtÞgp � wx þ
N1

2
� cN2 � c

� �
g0 � wx þ

N1

2
g0 � wxt � N1gðtÞ

Z L

0
w0xxwttdxþ q1k2

k1
� q2

� �Z L

0
utwxtdx:
At this point, we choose N3 large enough so that lN3
2 � c > 0, then � 2�0;1½ small enough so that q1

16 � �N3 > 0. Next, we pick N2

so large that N2q2g0 � cN3
� � c > 0. Conseque ntly, we have, for all t P t0,
I09ðtÞ 6 �c
Z L

0
w2

x þu2
t þ w2

t þ ðux þ wÞ2
� �

dxþ cg2ðtÞgp � wx þ
N1

2
� c

� �
g0 � wx þ

N1

2
g0 � wxt � N1gðtÞ

�
Z L

0
w0xxwttdxþ q1k2

k1
� q2

� �Z L

0
utwxtdx: ð3:19Þ
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Now we estimate the last term of (3.19). We proceed as in [20] (in the case of past history control) and we prove the fol- 
lowing lemma.
Lemma 3.12. Let ðu;wÞ be the strong solution ofðPÞ Then, for any e > 0 and t P t0, we have 
q1k2

k1
� q2

� �Z L

0
utwxtdx 6 e

Z L

0
u2

t dxþ c
e

g2ðtÞgp � wxt � g0 � wxð Þ þ c
e

Eð0Þg tð Þ: ð3:20Þ
Proof. We have, for all t P t0,
q1k2

k1
� q2

� �Z L

0
utwxtdx ¼

q1k2
k1
� q2R t

0 gðsÞds

Z L

0
ut

Z t

0
gðt � sÞ wxtðtÞ � wxtðsÞð Þdsdxþ

q1k2
k1
� q2R t

0 gðsÞds

Z L

0
ut

Z t

0
gðt � sÞwxtðsÞdsdx:
By noting that 1R t

0
gðsÞds

6
1
g0

, for all t P t0, exploiting Young’s inequality and (3.3) (for wxtÞ, we get, for all e > 0 and t P t0,
q1k2
k1
� q2R t

0 gðsÞds

Z L

0
ut

Z t

0
gðt � sÞ wxtðtÞ � wxtðsÞð Þdsdx 6

e
2

Z L

0
u2

t dxþ c
e

g2ðtÞgp � wxt:
On the other hand, by integrating by parts and using (3.4) and the fact that E and g are non-increas ing and wðx;0Þ ¼ w0ðxÞ, we
obtain
q1k2
k1
� q2R t

0 gðsÞds

Z L

0
ut

Z t

0
gðt � sÞwxtðsÞdsdx ¼

q1k2
k1
� q2R t

0 gðsÞds

Z L

0
ut gð0Þwx � gðtÞw0x þ

Z t

0
g0ðt � sÞwxðsÞds

� �
dx

¼
q1k2

k1
� q2R t

0 gðsÞds

Z L

0
ut gðtÞðwx � w0xÞ �

Z t

0
g0ðt � sÞ wxðtÞ � wxðsÞð Þds

� �
dx

6
e
2

Z L

0
u2

t dxþ c
e

gðtÞ
Z L

0
w2

0x þ w2
x


 �
dx� c

e
g0 � wx

6
e
2

Z L

0
u2

t dxþ c
e

gðtÞEð0Þ � c
e

g0 � wx:
Inserting these last two inequalities into the first equality, we obtain (3.20). h
Lemma 3.13. Let ðu;wÞ be the strong solution of (P). Then, for any t P t0, we have 
I09ðtÞ 6 �c
Z L

0
w2

x þu2
t þ w2

t þ ux þ wð Þ2
� �

dxþ cg2ðtÞðgp � wx þ gp � wxtÞ þ c Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �

gðtÞ: ð3:21Þ
Proof. We have, using Young’s inequality and (3.18),
�
Z L

0
w0xxwttdx 6

1
2

Z L

0
w2

tt þ w2
0xx


 �
dx 6 c E�ðtÞ þ

Z L

0
w2

0xxdx
� �

6 c E�ð0Þ þ
Z L

0
w2

0xxdx
� �

: ð3:22Þ
Then, inserting (3.22) and (3.20) into (3.19) and choosing e small enough such that e < c, and N1 large enough such that 
I9 P cE and N1

2 � c � c
e > 0, we obtain (3.21). h

Now, using (3.2), we have 
E2p�1ðtÞ 6 c
Z L

0
w2

x þu2
t þ w2

t þ ux þ wð Þ2
� �

dx
� �2p�1

þ cðg � wxÞ
2p�1

6 cE2ðp�1Þð0Þ
Z L

0
w2

x þu2
t þ w2

t þ ux þ wð Þ2
� �

dxþ g1ðtÞgp � wxÞ
� �

;

hence
�E2ðp�1Þð0Þ
Z L

0
w2

x þu2
t þ w2

t þ ux þ wð Þ2
� �

dx
� �

6 �cE2p�1ðtÞ þ E2ðp�1Þð0Þg1ðtÞgp � wx: ð3:23Þ
Multiplying (3.21) by E2ðp�1Þð0Þ and inserting (3.23), we get, for all t P t0,
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E2ðp�1Þð0ÞI09ðtÞ 6 �cE2p�1ðtÞ þ cE2ðp�1Þð0Þ g1ðtÞ þ g2ðtÞð Þgp � wx þ g2ðtÞgp � wxt½ �

þ cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �

gðtÞ: ð3:24Þ
We note that by condition (2.2) and the fact that n is non-increas ing, we have 
n gp � vð Þ 6 ngpð Þ � v 6 �g0 � v; v 2 fwx;wxtg:
Then we multiply (3.24) by n to get, for all t P t0,
nðtÞE2p�1ðtÞ 6 �cE2ðp�1Þð0ÞnðtÞI09ðtÞ � cE2ðp�1Þð0Þ g1ðtÞ þ g2ðtÞð Þg0 � wx þ g2ðtÞg0 � wxtð Þ

þ cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �

nðtÞgðtÞ:
By integrating over t0; t½ �, using (3.1), (3.17), (3.18), (3.22) and the fact that E2p�1 and n are non-increas ing, 0 6 I9 6 c Eþ E�ð Þ
and

Rþ1
0 gðsÞds < þ1, we obtain, for all t P t0,
E2p�1ðtÞ
Z t

0
nðsÞds 6

Z t

0
nðsÞE2p�1ðsÞds ¼

Z t0

0
nðsÞE2p�1ðsÞdsþ

Z t

t0

nðsÞE2p�1ðsÞds

6 t0nð0ÞE2p�1ð0Þ þ cE2ðp�1Þð0Þ nðt0ÞI9ðt0Þ � nðtÞI9ðtÞ þ
Z t

t0

n0ðsÞI9ðsÞds
� �

� cE2ðp�1Þð0Þ

�
Z t

t0

g1ðsÞ þ g2ðsÞð ÞE0ðsÞ þ g2ðsÞ E0�ðsÞ þ gðsÞ
Z L

0
w0xxwttdx

� �� �
ds

þ cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �Z t

t0

nðsÞgðsÞds

6 cE2ðp�1Þð0Þ Eð0Þ þ Eðt0Þ þ E�ðt0Þð Þ

þ cE2ðp�1Þð0Þ ðg1ðt0Þ þ g2ðt0ÞÞEðt0Þ � ðg1ðtÞ þ g2ðtÞÞEðtÞ þ g2ðt0ÞE�ðt0Þ � g2ðtÞE�ðtÞ½ � þ cE2ðp�1Þð0Þ

�
Z t

t0

ðg01ðsÞ þ g02ðsÞÞEðsÞ þ g02ðsÞE�ðsÞ
� 


dsþ E2ðp�1Þð0Þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �Z t

t0

g2ðsÞgðsÞds

þ cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �Z t

0
gðsÞds

6 cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �

1þ
Z t

t0

g01ðsÞ þ g02ðsÞ þ g2ðsÞgðsÞ

 �

ds
� �

6 cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ
Z L

0
w2

0xxdx
� �

1þ g1ðtÞ þ g2ðtÞ þ
Z t

0
g2ðsÞgðsÞds

� �
:

Since g1�p is non-decreas ing then 
Z t

0
g2ðsÞgðsÞds ¼

Z t

0
gðsÞ

Z s

0
g2�pðsÞds

� �
ds 6

Z t

0
g2�pðsÞ

Z s

0
gðsÞds

� �
ds 6

Z þ1

0
gðsÞds

� �
g2ðtÞ 6 cg2ðtÞ:
Consequentl y, we deduce, for all t P t0,
E2p�1ðtÞ
Z t

0
nðsÞds 6 cE2ðp�1Þð0Þ Eð0Þ þ E�ð0Þ þ

Z L

0
w2

0xxdx
� �

1þ g1ðtÞ þ g2ðtÞð Þ;
which gives (2.7) for all t P t0 with
C ¼ cE
2ðp�1Þ
2p�1 ð0Þ Eð0Þ þ E�ð0Þ þ

Z L

0
w2

0xxdx
� � 1

2p�1

:

Thanks to the continuity and the boundedness of E, (2.7) holds, for all t > 0. This completes the proof of Theorem 2.1 . h
Remark 3.1. Our stability result also holds for the following boundary condition s:
uð0; tÞ ¼ uðL; tÞ ¼ wxð0; tÞ ¼ wxðL; tÞ ¼ 0 on Rþ: ð3:25Þ
For this purpose, we introduce a new dependent variable. Namely,
~wðx; tÞ ¼ wðx; tÞ � 1
L

Z L

0
w0ðxÞdx

� �
cos

ffiffiffiffiffiffi
k1

q2

s
t � 1

L

ffiffiffiffiffiffi
q2

k1

r Z L

0
w1ðxÞdx

� �
sin

ffiffiffiffiffiffi
k1

q2

s
t:
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As a result, ðu; ~wÞ satisfies system (P), with ~wxð0; tÞ ¼ ~wxðL; tÞ ¼ 0, and more importantly ,
Z L

0

~wðx; tÞdx ¼ 0; 8 t P 0;
which allows the application of Poinaré’s inequality. The proof, in this case, is simpler because we have 
k2wx �
Z t

0
gðt � sÞwxðsÞds

� �
ux þ wð Þ

� �L

0
¼ 0;
and then (3.7) becomes
I03ðtÞ 6 �k1

Z L

0
ux þ wð Þ2dxþ q2

Z L

0
w2

t dxþ �
Z L

0
u2

t dxþ c
�

Z L

0
w2

x dx� cg0 � wx þ
k2q1

k1
� q2

� �Z L

0
utwxtdx:
Therefore, we take I4 ¼ I5 ¼ 0 in Lemma 3.6 , I6 ¼ I3 in Lemma 3.7 , and we complete the proof exactly as before. Note that we
do not require that 
Z L

0
w0ðxÞdx ¼

Z L

0
w1ðxÞdx ¼ 0:
Remark 3.2. Similarly, Our stability result also holds for the boundary conditions:
uxð0; tÞ ¼ uxðL; tÞ ¼ wð0; tÞ ¼ wðL; tÞ ¼ 0 on Rþ: ð3:26Þ
In this case, we introduce a new depende nt variable. Namely,
uðx; tÞ ¼ uðx; tÞ � 1
L

t
Z L

0
u1ðxÞdx� 1

L

Z L

0
u0ðxÞdx
and proceed exactly like the case of the boundary conditions (3.25). Again, we do not require that 
Z L

0
u0ðxÞdx ¼

Z L

0
u1ðxÞdx ¼ 0:
Remark 3.3. Our result is still true if we consider ðPÞ, with Dirichlet homogen eous boundary conditions or (3.25) or (3.26)
and with q1;q2; k1; k2 depending only on the space variable such that q1;q2 2 C 0; L½ �ð Þ and k1; k2 2 C1 0; L½ �ð Þ satisfying
Infx2�0;L½ qiðxÞ > 0; Infx2�0;L½ kiðxÞ > 0; i ¼ 1;2ð Þ;

Infx2�0;L½ k2ðxÞ �
Z þ1

0
gðtÞdt > 0:
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