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ARTICLE INFO ABSTRACT

Keywords: In this paper we consider the following Timoshenko system
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with Dirichlet boundary conditions where g is a positive nonincreasing function. We estab-
lish an exponential and polynomial decay results with weaker conditions on g than those
required in [F. Ammar-Khodja, A. Benabdallah, J.E. Mufioz Rivera, R. Racke, Energy decay for
Timoshenko systems of memory type, ]J. Differ. Equations, 194 (2003) 82-115].
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1. Introduction

In [1], Timoshenko gave the following system of coupled hyperbolic equations:

puy = (K(ux — @)),, in (0,L) x (0, 4+o0)

1@ = (EI@,), + K(uy — @), in (0,L) x (0, +00), (1.1

as a simple model describing the transverse vibration of a beam. Where t denotes the time variable and x is the space var-
iable along the beam of length L, in its equilibrium configuration, u is the transverse displacement of the beam and ¢ is the
rotation angle of the filament of the beam. The coefficients p,I,,E,I and K are respectively the density (the mass per unit
length), the polar moment of inertia of a cross section, Young’s modulus of elasticity, the moment of inertia of a cross section,
and the shear modulus.

This system has been studied by many mathematicians and results concerning existence and asymptotic behavior have
been established. Kim and Renardy [2] considered (1.1) together with two linear boundary conditions of the form

Keo(L,t) —Ka—u(L,t) = oca—u(L, t) Vt=0
ox ot
o o (1.2)
EI-—2(L,t) = —p—(L, >

DL =L V>0
and established an exponential decay result. They also provided numerical estimates to the eigenvalues of the operator asso-
ciated with system (1.1). An analogous result was also established by Feng et al. [3], where the stabilization of vibrations in a
Timoshenko system was studied. Raposo et al. [4] studied (1.1) with homogeneous Dirichlet boundary conditions and two
linear frictional dampings and proved that the energy decays exponentially. This result is similar to the one by Taylor et al.
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[5] but, as they mentioned, the originality in their work lies on the semigroup theory method, which was developed by Liu
and Zheng [6]. Soufyane and Wehbe [7] showed that it is possible to stabilize uniformly (1.1) by using a unique locally dis-
tributed feedback. They considered

puy = (K(uy — @)),, in (0,L) x (0, +00)
I, o = (Elg,), + K(ux — @) — by, in (0,L) x (0, +00) (1.3)
u(0,t) =u(L,t) = @(0,t) = (L, t) =0 Vt> 0,
where b is a positive and continuous function, which satisfies
b(x) = by >0 Vx e [ap,a1] C [0,L].

In fact, they proved that the uniform stability of (1.3) holds if and only if the wave speeds are equal (¥ = r E; otherwise only

the asymptotic stability has been proved. This result improves an earlier one by Soufyane [8] and Shi and Feng [9], where an

exponential decay of the solution energy of (1.1) together, with two locally distributed feedbacks, had been proved.
Ammar-Khodja et al. [10] considered a linear Timoshenko-type system with memory of the form

P1Pee —K(QDX +l//)x =

t (1.4)
patta = b+ [ 80~ 5)u(s)ds < K(g +) = 0
n (0,L) x (0,+o0), together with homogeneous boundary conditions. They used the multiplier techniques and proved that,
for a uniformly decaying relation function, the system is uniformly stable if and only if the wave speeds are equal; that is
X % Precisely, they proved an exponential decay if g satisfies a relation of the form

P1

—kog < g < -kig. gl <kog
for ko, k1,k, > 0 and a polynomial decay result if g satisfies a relation of the form

—bigPVP < g < —bygPtVP p>2

—b; |gl‘(D+2)/(P+1) < g// < _b4‘g/|(P+2)/(P+U p>2
for by, by, b3, bs > 0. The feedback of memory type has also been used by Santos [11]. He considered a Timoshenko system
and showed that the presence of two feedback of memory type at a portion of the boundary stabilizes the system uniformly.
He also obtained the rate of decay of the energy, which is exactly the rate of decay of the relaxation functions. Shi and Feng
[12] investigated a nonuniform Timoshenko beam and showed that, under some locally distributed controls, the vibration of

the beam decays exponentially. To achieve their goal, the authors used the frequency multiplier method.
In the present work we are concerned with

O — (P +¥), =0, (Ol)XR+
l/’ l/’xx‘i’(px+w‘~’f0 T)lpxx( ) :07 (071) x Ry
¢(0,1) = o(1,t) = y(0, f) =y(1,5)=0, t>0 (1.5)

P(%,0) = (%), p:(x,0) = (%), x¢€ (0»1)
Y(%,0) = o (%), ¥ (%, 0) = ¥ (), x€(0,1).

Our aim in this work is to establish the same stabilization result of [10] with weaker conditions on g (see Remark 3.1 by the
end). Though we use the same method and adopt almost all the multipliers used in [10], the use of a functional similar to the
one in [13,14] made the difference and played an essential role in weakening the requirements on g. We should note here
that we do not loose generality by taking p,, p,,K,b, appeared in (1.4), to be equal to one and our argument also works for
K/p, = b/p,. The paper is organized as follows. In Section 2, We present some notations and material needed for our work
and state our main result. The proof will be given in Section 3.

2. Preliminaries

In order to state our main result we make the following hypotheses:

H1. g: R, — R, is a differentiable function such that

g(0) >0, 1—/mg(s)ds:l>0.
0

H 2. There exist constants ¢ > 0 and 1 < p < 3/2 such that

g(s) < —gf(s), s=0.
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Remark 2.1. Hypothesis (H2) implies that

+00
/ g+ P(s)ds < +oo0.
Jo
For completeness we state, without proof, an existence and regularity result.

Proposition 2.1. Let (py, ,), (W, Y1) € Hy(0,1) x L*(0,1) be given. Assume that (H1) is satisfied, then problem (1.5) has a
unique global (weak) solution

@, € C(R.;Hg(0,1)) N C'(R;;L7(0,1)). (2.1)
Moreover, if

(@0, P1) (W0, Y1) € (H2(0,1) NHg(0, 1)) x Hg(0,1)
then the solution satisfies

@,y € C(R.;H*(0,1) N Hy(0,1)) N C'(R+; Hp(0,1)) N C* (R4 1%(0, 1)),

Remark 2.2. This result can be proved using the Galerkin method.

Now, we introduce the energy functional

B0 =5 [ o2 +ui [1- [awas]i+ o n2|acs Jgow), 22)

where for all v e [*(0,1) and for all 1 < p < 3/2,

1 t
o= [ [ e-9wo-veidsax 23)
0 0
We are now ready to state our main stability result.

Theorem 2.2. Let (¢g, ¢,), (Yo, ¥1) € Hy(0,1) x L*(0,1) be given. Assume that (H1) and (H2) are satisfied, then there exist two
positive constants ¢ and w, for which the solution of problem (1.5) satisfies

Et)<ce™ Vt=0 if p=1, (2.4)

and

E)<c(1+t)77 Yt=0 if p*l. (25)

3. Proof of the main result

In this section we prove our main result. For this purpose we will establish several lemmas.

Lemma 3.1. Let (¢, ) be the solution of (1.5). Then the energy functional satisfies
, 1 1 1
E(0) = —580) | vidx+5(g o) <0 31

Proof. By multiplying equations in (1.5) by ¢, and y, respectively and integrating over (0, 1), using integration by parts,
hypotheses (H1) and (H2) and some manipulations as in [14], we obtain (3.1) for any regular solution. This equality remains
valid for weak solutions by simple density argument.

The key point to show the exponential and the polynomial decay is to construct a Lyapunov functional .# equivalent to E
and satisfying, for positive constants /; and 45,

L)< M) V= 0.

For this, we define several functionals which allow us to obtain the needed estimates. To simplify the computations we
set

gov= /01 /Otg(tfs)(v(t) —v(s))dsdx

for all v € I?(0,1) and use c, throughout this paper, to denote a generic positive constant. O
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Lemma 3.2. There exists a positive constant c¢ such that
(gov)* <cglovy
for all ve H)(0,1).

Proof. By using Holder's inequality and Poincaré’s inequality, we get

gov) (//g gL - 5) (vt ()—v(s))dsdx)z
<c< /0 gH(s)ds> < /Q /O [gp(tfs)(v(t)—v(s))zdsdx> <cgPov, O

Lemma 3.3. Under the assumptions (H1) and (H2), the functional I defined by

o1 ot
- / Ve / g(t - $)((t) — w(s))dsdx
JO 0

satisfies, along the solution, the estimate

t 1 1 1
I’(t)<7</0 g(s)dsfo‘)/o lpfdx+5/0 ((px+¢)2dx+cé/o npidxf%g’ol/zx+c<5+%>gpowx,

forall s >0.

Proof. By using equations in (1.5), we get

/ dxt/g (t—s)( dsdx—</g ds)/ yidx
[ [ €95 0, -v] [ st sy - wnasex
/ %/g (t —s)( —y(s) dsdx7</ g(s ds)/ Y2 dx

4 / Ve / 8(t— ) (t) — vi(s))dsdlx + / (@0 +¥) / g(t— )Y () — Y(s))dsdx

_ /01 (/Otg(t —S)%(S)ds) </Otg(t —5) (i () — l//x(S))ds)dx.

We now estimate the terms in the right side of the above equality as follows.
By using Young’s inequality and Lemma 3.2 (for g’ and p = 1) we obtain, for all 6 > 0,

/ l//t/g (t —s)( np()dsdx<a/ Wl x—%g’owx.

Similarly, we have
1
[ [0 - podsax <o [Cyaxs S on,
0

1
0w [ a9 - vonasax <o [+ wraxs g,

/ (/gt—swx )(/gt—s ((6)~ 4y(5)ds )
<a’/ (/ 8t =) (5) — Y (D) + Yy (D) )zdx+ / (/gt—s JWha() — wx<s)>ds)2dx
<25’/ z//x</g dS> dx+ (20 + / (/gt—s ) (Y (£) — i (5))d. )dx

gc&’/ ¢§dx+c<5’+§)gpo¢,(<5/ lpﬁdx+c<5+5>gpol/,x,
0 0

and

By combining all the above estimates, the assertion of Lemma 3.3 is proved. O
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Lemma 3.4. Under the assumptions (H1) and (H2), the functional ] defined by

1
J() = - /O (W + P )dx

satisfies, along the solution, the estimate
1 1 r1
SO <= [[wisohixs [ +p)idere [uideecg o, 33)
Jo Jo Jo

Proof. By exploiting equations (1.5) and repeating the same procedure as in above, we have

J©=- /W% wonax— [ ot ouax— [ vl [t 1000 -0, u]ox

/ W + @? dx+/ w2 dx — /l wx(/tg t—s n/zx(s)ds>dx+/0](xﬁ+(px)2dx
< [wiranacs [wrofec [ viacaon
This completes the proof of Lemma 3.4. O
Lemma 3.5. Assume that (H1) and (H2) hold. Then, the functional K defined by
= [ w s ogtes [noax— [ o [ sie-swssa

satisfies, along the solution, the estimate

x=1

KO <[ [ee-smoin] ~0-0 [ wrerar [ gan-Sgon,

c 1 1 0
+—/ ¢§dx+/ Y dx (3.4)
€ Jo 0

forany 0 <e< 1.

Proof. By exploiting equations (1.5) and repeating the same procedure as in above, we have
K(t) = / () b - / Bt - Wls)ds - ] dx
1 1 t

+/O (<th+n//t)w[d><+/0 t//xtqode/o wx(<ﬂx+¢)xd><—/0 (90X+¢)X/0 g(t = s)i(s)dsdx
1 t t

- [ ot [ ge-swssii = |- [ st swsdso,
0 0 0 x=0
! 2d ! 2 dx t/1 dx /1 /t "(t — S) (i (s t))dsdx

- [[wrooraxs [viaxrgo [nodx= [ o, [ gle-9ws - pw)dsax

By using Young’s inequality, (3.4) is established. O

x=1

Lemma 3.6. Assume that (H1) and (H2) hold. Let m  C'([0,1]) be a function satisfying m(0) = —m(1) = 2. Then there exists
¢ > 0 such that for any ¢ > 0 we have, along the solution,

dt/m AL /g ds)dx

,((lﬁx(l,t)f/o g(t — ) (1,5)ds)® +('ﬁx(ovt)*/Otg(ffs)wx(O,s)dsf)
+s/01(l//+<Px)2dx+g</;l//§dx+gpon//x> +c</01lpfdx7g’olpx)

and

/] M) P,y dx < —(92(1,1) + p2(0,1))
JO

S

1
+C/ (@7 + @} + y2)dx
JO
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Proof. By exploiting equations (1.5) and repeating the same procedure as in above, we have

i [ moow (- [ st smas)ox
- [ meo (= [ ete=swuisrts) (v [ ete-isies)ax
- [ e (- [ s s>¢x<s>ds)(<px £y
/m (1 — a0 /g (¢ Sp(5)ds ) dx
((wr / gt - syl sds>2+(wx<0,t>— / g(t—swx(o.,s)ds)z)

2/ (b - [ e )ds) dx
—/ 0 (e /gr—sw)ds) <px+wdx—f/m (007 dx
/ moow /0 (6= )0 (6) - Uy(5))ds ) dx + 500 /0 M), dx.

By using Young’s inequality and Lemma 3.2, the first estimate of Lemma 3.6 is established. O
Similarly, we can prove the second estimate of Lemma 3.7.

Lemma 3.7. Assume that (H1) and (H2) hold. Then, the functional L defined by
1 1 t 1

L0 = K1)+ 4, [ moow (1~ [ 8- 9w(o)ds)dx-ts [ mii,d
satisfies, along the solution, the estimate

! 3 ! 2 ! 2 c ! 2 c ! 2 c ’ c

Lo <-(z-c) [ @crntaxee [ gtaced [ta S [uiac-Sgon o Seo, 35)

4 0 0 & Jo 82 0 & 82

forany 0 <e< 1.

Proof. By using Lemmas 3.5 and 3.6, Young’s and Poincaré’s inequalities, and the fact that

200+ @) + 297
and
2

- [ et -9me090, < agi+ g (v [ste-smisis)

we obtain (3.5).
Let Ly (t) := L(t) + 2c¢J(t). By using Lemmas 3.4 and 3.7, and fixing ¢ small enough, we obtain

Li(t) < 2/ W+ o, dx—f/ (pfdx+c/ nptdx+c/ Y2 dx +cg? o, — cg' oy, (3.6)

where T = ce.
As in [10], we use the multiplier w given by the solution of

“Wue =Yy, WO)=w(l)=0. O 3.7)

Lemma 3.8. The solution of (3.7) satisfies

1 1
/Wﬁdxg/ Y dx
0 0
1 1
/wfdxs/ V2 dx
0 0

and
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Proof. We multiply Eq. (3.7) by w, integrate by parts, and use the Cauchy-Schwarz inequality, to get

1 1
/ w2dx < / PP dx.
0 0

Next, we differentiate (3.7) with respect to t to obtain, by similar calculations,

/wzdx /wfdx

Poincaré’s inequality, then yields
1 1
/ w?dx < / Y2 dx.
0 0
This completes the proof of Lemma 3.6. O
Lemma 3.9. Under the assumptions (H1) and (H2), the functional J, defined by
1
5@y = [+ woax
satisfies, along the solution, the estimate
Ji(t) < 2/ lpxdx-i-—/ lﬁth-‘rF]A @*dx + cg” o, (3.8)
for any 0 < & < I (lis defined in (H1)).

Proof. By exploiting (1.5) and integrating by parts, we have
1 1 ¢ 1 1 1
o= [ wi-vdacs [ [Ca-swasax— [wwod- [ wi+godxs [ i dx

< /1w?dX—1 /]widxwg"m//ﬁ/l(vvi —yP)dx +— /1 @7 dx + & /]Wi
0 2 Jo 0 &1 Jo 0
Lemma 3.8 gives the desired result. O
For N;,N,,N;5 > 1, let
2(t) = NlE( )+ N2I(t) + N3J; + Li ()
and g, = fo s)ds > O for some fixed t;, > 0. By combining (3.1), (3.2), (3.6), (3.8), and taking ¢ = 4N , we arrive at

y’(t)<7<N2g0 )/ l//thJrC /wtdx7<& cf—>/ Y2dx — (c — Nse;) / @dx
=1 <w+<px>2dx+(N7—cN2>gowx+c<N N o, 39)

forall t > tg
We distinguish two cases:

Case 1. p = 1. In this case, we choose N3 large enough so that

% > C,
then ¢; small enough so that
c
g < N,
Next, we choose N, large enough so that
Ny 1220 N g

Finally, we choose N; large enough so that

1 N
Nicq —C(N%+N3)>N2g0_‘_lv é<_1

5~ cN%) > (N3 + N3).
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Therefore (3.9) takes the form

z’(t)g—(Nzgo———c—)/ wtdx—(——c——)/ y2 dx
_(C—N381)/0 (p?dx—z/O W + @) dx — cg o Y, < —CE(t),

forall t > t
In the other hand, we can choose N; even larger (if needed) so that

ZL(t) ~ E(¢).

Therefore, by combining the last two inequalities, we obtain, for a positive constant w,
L) < —oZ(t), t>=t.

A simple integration over (fo,t), leads to
L)< ce™, t =t

Consequently, (2.4) is established by virtue of (3.10) and the continuity of E over [0, to].

Case 2. p > 1. With the same choice of constants as in Case 1, we deduce, from (3.9),

1 1 1 1
2 < fc(/ ¢fdx+/ ¢§dx+/ <pfdx+/ (t//+qox)2dx+gpo¢x>.
0 0 0 Jo
But using (H1) and (H2), we easily see that
/‘ g (s)ds < o0, 0<2-—p,
0

so Lemma 3.3 [15] yields
) (p=1)/(p-1+06)
gove<c{ ([ g wds)E0) g o).
0

Therefore we get, for y > 1,

1 1 1 1
y 7-1 2 2 2 2 RS,
E'(0) < cE <0>(/0 viaxs [Cians [Cgraxe [wee) dx)+<g W)

1 1 1 1
ch’»’*1(0)</o ‘//fdx-s-/o wﬁdx+/0 (pfdx+/0 (t//+</>x)2d><)
0 7(p-1)/(p—1+0) .
+c{ ( / g]‘“(s)ds>E(0)} {g7 oy} 1Y
0

By choosing 0 =1 and y = 2p — 1 (hence y0/(p — 1+ 0) = 1), estimate (3.12) gives

1 1 1 1
c(/ ¢fdx+/ wﬁdx+/ qafdx+/ (tﬁ+q)x)2dx+g”o¢x>.
0 0 0 0

By combining (3.9), (3.10) and (3.12), we arrive at
Z'(t) < —cL'(t), t =t

By integration, we get
L(t) < —c(1+0)7(t), t>to.

As a consequence of (3.14), we have

2(t)dt + sup tZ(t) < +oo.
0

t=0

Therefore, by using again Lemma 3.3 of [15], we have

p-1 p-1

gowxsc< / ||w(s>||,,l<o,”ds+tuwt)n,,l(o_]))p(g oy <c ( / (s dt+tf<t))”<gpowx>

which implies that

g o = (8o

P <cgloyy)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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So

1 1 1 1
z’(t)s—c(/0 viaxs [Cians | w%dx+/0(w+wx>2dx+<gowx>”)

and, for (3.12) with y = p,

EP(t) < C</01 w?dH/O] dfidH/O] @fdﬂ/ol(w @) dx + (go%)")
Combining the last two inequalities and (3.10), we obtain

Z'(t) < —cLP(t), t =t
A simple integration over (to,t) and by virtue of boundedness of ., we arrive at

2t <c(1+0)77, t >t
Consequently, (2.5) is established by virtue of (3.10) and the continuity of E over [0, to].

Remark 3.1. We should note our result is established under weaker conditions on g than those in [10]. Precisely, we do not
require anything on g” as in (1.6) and (1.7) of [10]. We only need g to be differentiable satisfying (H1) and (H2).
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