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ABSTRACT. We consider a Timoshenko system coupled with heat equations modelled by Cattaneo’s law.
The coupling is through the transverse displacement. Both ends of the beam are dynamic. One end
of the beam is fixed to a base in a translational motion and a tip mass is attached to the other end.
We design a feedback control acting at the base. It is shown that this feedback control is a reasonable
one and is capable of stabilizing the system. We prove an exponential and a polynomial stability result
using the multiplier technique. To this end, we introduce new functionals to form a suitable Lyapunov
functional.
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1. INTRODUCTION

A translational beam modelled as a Timoshenko system and coupled through its transversal displace-
ment component to two equations resulting from Cattaneo’s law, is considered here. One of its end is
attached to a base which moves in a translational manner and a dynamic mass is attached to the free
end of the beam. The dynamic of the structure is modelled by five differential equations: two partial
differential equations accounting for the Timoshenko system, two partial differential equations obeying
Cattaneo’s law and one ordinary differential equation modelling the dynamic of the base. More precisely,
we consider the model

m(Se(t) + i (0,1)) + fOL p1 (Se(t) +
p1 (Se(t) + pre(x, 1)) — k (pa(x,t) +
(11) p2¢tt(m>t) _bwzx(xat)—i_k((pz(x?t
P39t($7 t) =+ 5'1'('775 t) + ’Y‘ptw(x t)
T00¢(x,t) + 05 (x,t) + KO, (x,t) =

ou(x,t)) dr +mp (Su(t) + pu(L,t) =7 (1),
Y(z, )) +’Y9 (z,t) =0,
)+ (1)) =
0,
0

with the boundary conditions
02(0,1) = ¥(0,1) = 6(0, )= ( t) =
(1.2) k(pa(L,t) + ¥ (L, 1) +m E Ste( +<ptt(L t)) + 1 (Se(t) + ¢e(L, 1)) = 0,
b (L, t) + Jug (L, t) =
and the initial data
(1 3) { 1/](.@,0) = ’(/}0(‘7/.)7 7/%(5570) = ¢1(x)7 S(O) = SOv St(o) = Sla
) 90('7;70) = 900(55)) (pt(l‘,O) = 4,01(.%'), 6(3770) = 50(1;)7 9(1‘,0) = 90($>7
where z € [0, L] and ¢t € R*. Here, ¢ is the beam transversal displacement, 1 is the rotation angle of
the beam, 6 is the temperature difference, & is the heat flux vector obeying Cattaneo’s law, S is the base
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motion displacement while 7 is the feedback control. All the parameters are positive constants; p; is the
mass density, ps is the moment mass inertia, m is the mass of the translational base, mg is the mass with
rotational J attached at the free end of the beam, b is the rigidity coefficient (of the cross-section), k is
the shear modulus of elasticity and L is the length of the beam. The constants ps,~y, 7,0 and k relate to
hypotheses in thermoelasticity.

This model can derived easily from the simple Timoshenko beam model in translational movement by
taking into account the second sound. That is we modify the Hamilton principle

tp
5 [ B0 - B0 + W(B)d =0,
ta
where Fj(t) is the kinetic energy
m J
Bi(t) = 57 (8) + LIS+ ol + 2 e l* 4+ mi [Su(0) + o (LD + SU3(L, ),

(|I]| here is the L%norm) and E,(t) is the potential energy

b
Ey(t) 1= 5 Il + ko + 92,
whilst the virtual work done by 7(¢) (external force) is
SW(t) :==7(t)dS(t).

In view of the second sound, we add the expressions ||6]|* and ||5||>. Then, applying the variational
operator, integrating (by parts) and using the appropriate boundary conditions, we end up with (1.1).

The system, as it is, is unstable. It is the purpose of this work to find a control to be applied to the
base so as to stabilize the system preferably in an exponential fashion.

We are not aware of similar works for beams in translational movement. Without translation, however,
that is with § = 0, we can find a fairly big number of papers, let alone Timoshenko systems with other
types of damping (frictional, structural, viscoelastic) different from the thermal one [1], [7], [8], [10], [13],
[14], [15], [16], [20] and [21]. Many valuable papers may be found in the references of the papers cited
here.

For this particular type of thermoelasticity with second sound, we may distinguish two types of cou-
pling: the coupling through the rotation angle of the beam and the coupling through the beam transversal
displacement. The first case has been studied in [9] where it has been shown that the system is not ex-
ponentially stable when 7y # 0 (that is when we are not in the classical thermoelastic case). In [18],
the authors came up with a ’stability number’ and proved exponential stability in case this number is
zero. In case this number is not zero, there is no exponential stability but rather polynomial stability.
To stabilize the system, some authors have added extra damping (frictional or viscoelastic) like in the
paper [13].

We are interested in the second case S # 0. A closely related work to ours is in [2] where the authors
discussed the stability of the system without extra damping. However, they considered homogeneous
Dirichlet boundary conditions for the rotation angle of the beam and temperature difference whereas
the boundary conditions of the transversal displacement is of Neumann type, but again with S = 0 and
without end mass.

In the present paper the situation is even more delicate. Indeed, we have a beam in translational
movement. In fact, both endpoints are dynamic. Mathematically, the type of boundary conditions at L
in (1.2) are not easy to deal with. In addition to, searching for an appropriate reasonable control to be
implemented at the base, one needs to handle the arising boundary terms. To this end, we have been
forced to come up with certain suitable functionals. These functionals are added to the classical energy
functional, in addition to some standard ones, with the aim to obtain an appropriate equivalent one to
work with. As a matter of fact, a common practice is to make a transformation so as to have zero means.
This allows us to use the Poincaré’s inequality (in case it cannot be applied to the original state) and also
to get rid of some boundary terms. In fact, our functionals are chosen, partly, to lead to this situation.
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The interest to beams subject to translational movement was motivated by works of engineers; see for
instance [6], [11], [22] and others. In particular, based on the analysis in [6], the present second and third
authors have initiated a series of papers on this important subject [3], [4], [5] and [12].

In the next section we transform the problem into a simpler one, determine a feedback control 7 (see
(2.10) below), the energy, compute its derivative and show that the system is dissipative and well posed.
Several functionals are introduced in Section 3. Moreover, we prove an exponential stability in case a
’stability number’ (defined in (3.11)) is equal to zero. A polynomial stability result is proved in Section
4 in case this number is not zero. We end our paper by giving some general remarks in the last section.

2. CONTROL, ENERGY AND WELL-POSEDNESS

In this section we first transform our problem into a simpler one. Then, we define the energy of the
system and suggest a reasonable feedback control. It is then proved that the energy is decaying (but
without an explicit rate at this stage).

We start by defining the total deflection of the beam as follows:
(2.1) x(x,t) = 5(t) + ¢(, ).

By combining the second equation in (1.1) and the boundary conditions (1.2)1, we get

L
/0 P (Su(t) + i, 1)) dx — k (pu (L, £) + (L, 1)) = 0,

so, using the boundary conditions (1.2)s, we find

L
/ p1 (St (t) + pu(x, 1)) dw +mp (S (t) + (L, 1) = —p (Se(t) + @e(L, 1)) -
0
Then, with this new function y defined in (2.1), the problem (1.1)-(1.3) is equivalent to

tht(O7 t) - ,U'Xt(Lv t) =T (t)

plXtt(x7t) _k(Xaz(xvt)—’—w(xv ) +70 x t)
pSHt(x’t) + 5w<x7t) + 7Xt:r(x t) 0,
T00¢ (2, t) + 05 (x,t) + KOz (x,t) =0

:07
:07

with the boundary conditions

Xa(0,) = 1(0,t) = 0(0,t) = 0(L,t) =0,
(2:3) k(Xa (L, t) + (L, 1) + mpxa (L, t) + pxe(L, t) =0,
bibo (L, t) + Jpu(L,t) = 0

and the initial data
(2.4) { x(x,0) = So + wo(z) =: xo(x), x¢(x,0) = S1 + ¢1(x) = x1(2),
’ Y(x,0) = Yo(x), Yi(x,0) = Y1(x), 7(x,0) = do(x), 0(x,0) = Oo(x).

Before we move to the energy, its derivative and the control, we make another transformation. This will
allow the use of Poincaré’s inequality and also allows us to deal with certain boundary terms. Observe
that, from the last equation in (2.2) and the boundary conditions (2.3), we have
L s (L
— oz, t)de = —— o(x,t)dr,
G | awoi === [Taw

and therefore, by integrating and using the initial data (2.4),
L s (L
(2.5) / a(x,t)dx = e_%/ go(x)dz.
0 0
Putting

(2.6) o(z,t) =05(x,t) — e go(z)dz,
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we see that (2.5) and (2.6) lead to

L
(2.7) /0 o(z,t)dz = 0.

Profiting from the above property (2.7), the Poincaré’s inequality is applicable to o. In addition, it may
be easily verified that (x,, 0, 0) satisfies the system

mxu(0,t) — MXt(L t)=r7(),

plxtt( ) (X¢(x7t) +¢($a ) + Y0 (2, ) =0,
(2.8) path(x,t) — bibea(x,t) + k (X2 (2, 0
p30t($7 t) =+ Uz(xv t) + ’VXtaz(x t)
Toot(x,t) + do(x,t) + Kb, (z,t) =

t) +
0,

with the boundary conditions (2.3) and the initial data

{ X(.Z',O) = Xo(&?), Xt(xlo) = Xl(x)7 ’(/J(J?,O) = 1/J0($)a wt(ma()) = 1/11(55)7
o(x,0) = do(z) — 1 [ oo(x)dz =: oo(z), 6(x,0) = bo(z).

We suggest the feedback control force
(210) T(t) = _th(oa t) - :uXt(L7 t) - X(O7 t)a

where K is a positive 'control gain’. This kind of feedback control is dictated by the calculations in
this method. In particular, it is needed for the dissipativity of the energy and in the derivation of the
differential inequalities satisfied by V1 (t) and Va(t) (defined in Sections 3 and 4, respectively).

The problem (2.8) with the initial data (2.9) and the control (2.10) can be written in the form

(2.11) { v, = BY,

(2.9)

(t=0) = ¥,

for ¥ := (Xawal)[)azaoao—agv?% ) and \IIO - (X07X17¢03w1300700,><1( ) wl( ) (L7))T with w = Xt
z =1, £ =x:(0,-), n =e(L,"), y = x¢(L, ") and

w

,711 [k (Xz + w)z - 791]

[b"l}zz =k (Xz + )]
(2.12) BY = —; (00 + W)
—= ((50 + kb,)
i (K€+X( )
_71/}30( ,.)
_%E [k(xa(L, ) + (L, ) + py]

Taking into consideration (2.7) and the Dirichlet boundary conditions in (2.3), we introduce the spaces

L%(0,L) := {f € L*(0,L) : /L f(z)dx = 0} ,
0

H;(0,L) := H'(0,L)NL}0,L), Vu(0,L):={fe€H"(0,L): f(0)=0}

and
H = H'(0,L) x L*(0,L) x Vu(0,L) x L*(0,L) x L*(0,L) x L(0, L) x R3.

The Neumann boundary conditions in (2.3) are considered in the definition of the domain of B given by
D(B) = {\I/ € H:ye HX0,L),4 € HX0,L) N Vo(0,L),w € HY(0,L), 2 € Vo(0, L),
0 € Hy(0,L),0 € H(0,L),€ = w(0,),n = 2(L),y = w(L) },

where
HZ(0,L) :={f € H*(0,L) : f.(0) =0}.
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Then (2.11) is a convenient formulation of (2.3), (2.8) and (2.9). The space H is a Hilbert space, where
for

- - T
W = (X7w71/)7 Z797a7§7’r]7y)T and \P = (271:[}’/1/}7 2707&’§7ﬁ7g> )
the inner product of H is given by

~ N ~ ~ ~ T 5
(O, 0)5 = k(e + %X +0) + b, ) + pa(0.0) + > (0,6)
(2.13) +p1{w, @) + pa(2, 2) +m&E + Jnij + mpyy + x(0)X(0)-
Here, (-,-) is the standard inner product of L?(0,L). The associated energy to (2.3), (2.8) and (2.9) is

given by

1
(2.14) Ey(t) = Sl [3;
that is (we denote by || - ||2 the classical norm of L?(0, L))
1 T0
Bit) = 5 [kl + I3+ b lvall3 + pa 16115 + 2> o3 + o Ixells + o2 l10ell
1
(2.15) +5 [mx;(0,t) + J¥7 (L,t) + mex; (L, t) + x*(0,1)] .
We see that, if ||¥||3 = 0, then
(2.16) X(0) =xe(L) =¢u(L) = x¢(0) =ty =xs =0 =0 =Yp = xa + 1 =0,
which implies that x, = — and v is a constant function with respect to x. According to the homogeneous

Dirichlet boundary conditions in (2.3), we deduce that ) = 0 and x is a constant function with respect to
x. But from (2.16) we have x(0) = 0, so x = 0. Consequently, ¥ = 0. This implies that (2.13) generates
a norm on H, and then H endowed with (2.13) is a Hilbert space.

Now, multiplying the second equation in (2.8) by x:(z,t) and integrating over [0, L], we find after
using the boundary conditions (2.3)

d meg

(2.17) — —Xi(L, t)} + k(Xats Xa + ) + (02, Xe) + 13 (Lo t) = 0.

P1 2
= [ 2l + %
Next, we multiply the third equation in (2.8) by v (z,t) and integrate over [0, L], we get
d b
- [’; el + 5 ||wm|§} = bipu (L,t) Y (Lo 1) + kW, Xo + ) = 0

or, using the boundary conditions (2.3),

d b
22 k2 4 2]+ 8 0 1)+ 09 =0

This identity may be rewritten as
d [p b J
(2.18) |2 W3 ol 4 502 (L)) + b 4 9) =

Continuing in the same way (multiply the fourth equation in (2.8) by 6(x,t)), we obtain
d

P
= | 1615 + (02,6) +1(x1a,0) = 0,

so, by integrating by parts and using the boundary conditions (2.3), we find

d [p3 2] _
=[5 1013] = (0,02) + v{xe. 00).

The last equation in (2.8) (multiplied by o(z,t)) gives

d 71T )
(2.20) = |3 o] === lloll3 = (o 6.).

Finally, multiplying the first equation in (2.8) by x:(0,¢) and using (2.10) leads to

(2.21) % Bx?(O,t) + ;XQ(OJ)] = —Kx;(0,1).

(2.19)
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By virtue of the relations (2.15)-(2.21), we obtain
o

(222) E{(t) = ~Kx3(0.1) = i (L, t) =~ |lo3.

Theorem 1. Assuming the initial data ¥y € H, there exists a unique mild (weak) solution of (2.11)
satisfying
(2.23) velC(RYH).
In case Uy € D(B), the solution is classical; that is,
(2.24) ¥ eC(RY,DB)NC (R, H).

Proof. The well-posedness may be derived easily in a standard way (see also [19]). We give here a
brief sketch of the proof. First, (2.11), (2.14) and (2.22) lead to

5
(2.25) (BU, W), = — | Kx7(0,) + uxi (L, t) + p loll3| < o0,

for any ¥ € D(B), hence B is a dissipative operator.

Second, we show that I — B is surjective, where I denotes the identity operator. Let
F=(fi,,fo) €H
We claim that there exists U € D (B) satisfying
(2.26) (I -B)Y =F.

Using the definition (2.12) of B, the first, third and last three equations in (2.26) are equivalent to

w=X—- f17
z = /(/) - f3a
(2.27) € = g (mfr — x(0)),

n= fS - %¢£E(L)a
y= e T () (L)

Consequently, if x € H2(0,L) and ¢ € H?(0, L) N Vy(0, L), then w, z, £, n and y exist and
(w,z) € H(0,L) x V,(0, L).
Moreover, £ = w(0), n = z(L) and y = w(L) if

X(0) = g (K +m) f1(0) + mf7] == g1,
(2.28) V(L) + L. (L) = f3(L) + fs = g2,

k(0 (L) + (L) + (L) = fi(L) + 22Efy = g,
On the other hand, if o € H(0, L), then the function

1

(2.29) o) =1 | “[rofo(s) — (0 + 8)o(s)) ds

satisfies the sixth equation in (2.26) with § € H}(0, L). We put

XxX=x—g1 and &(x)= / o(s)ds.
0

Observe that, if x € H2(0,L) N Vy(0, L), then x € H2(0, L) and x(0) = g1 (notice that g; is a constant).
Moreover, using (2.29) and the first relation in (2.27), we remark that the fifth equation in (2.26) holds
with o = 6, € H}(0, L) if x € H2(0, L) and the equation

p3(10 +6)

(230) T& - a'TT = '-Y(Xm - flx) - P3f5 + p:;j/o fG(S)dS
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has a solution 6 € H2(0,L) N H}(0,L). According to (2.27), (2.28), (2.29) and (2.30), we see that the
second, fourth and fifth equations in (2.26) can be reduced to

pX =k (Xa + ), — w@v =pi(fi+ fo—g1) = 2 fo == ha,
(231) P21/’ — 0y + K ()A(:r + ’@ZJ) = P2(f3 + f4) = ho,
T ’5 T 5 T > T T T
F):;(lgij_é)a - OT-HSwa - 2 (;C_H;) Xz = OT—HS [_’y,flz - /)3f5 + pgko fO fﬁ(S)dS] = h3.

Then, (2.26) has a solution ¥ € D (B) if (2.31) has a solution

(2.32) (X, %,6) € (H*(0,L) N Vu(0,L)) x (H*(0, L) N V,(0, L)) x (H*(0, L) N Hy(0, L))
satisfying
(2.33) (L) + 542 (L) = g,

i (X (L) +9(L) + (L) = g5 — 91
To this end, we consider the variational formulation of (2.31) in
H :=Vy(0,L) x Vu(0, L) x H}(0,L).
By multiplying the equations in (2.31) by the test functions ¥ € Vo(0, L), 1 € Vu(0, L) and 6 € HZ(0, L),
respectively, integrating by parts, using (2.33) and adding the obtained formulas, we get
(2:34) a((X,¥,6), (\,¥,6)) = (X, $,5), V(X,9,6) € H,
where

~ ~ 1)
W(3016,8), (008, 5)) = E(Re + 6, Ko+ B) + b{toa, Da) + 2 (60, 62) + pr (0 X

- o 4 8)2 -
+oat ) + LB ED 5 gy 4 W0 2D 15 5

—(62,X)) + (mp + w)(L)X(L) + JY(L)P(L)

)

and

L(X,¥,0) = (h1,X) + (ha, ¥) + (hs,0) + (mpe + 1) (g5 — 91)X(L) + Jg20(L).
It is easy to see that a is a bilinear, continuous and coercive form on H x H. Moreover, because
hi,ha,hs € L?(0,L) and g1,g> and g3 are constants, [ is a linear and continuous form on H. Then,
Lax-Milgram theorem implies that (2.34) admits a unique solution (¥, %,5) € H, and hence, by classical
regularity arguments, we deduce that (x,,5) solves (2.31) and satisfies (2.32) and (2.33). This proves
that (2.26) has a solution ¥ € D (B).

Finally, the linear operator B is maximal monotone, and then it generates a linear Cy-semigroup of
contractions on H and D(B) is dense in H. So, Theorem 1 holds thanks to Hille-Yosida theorem.

3. EXPONENTIAL STABILITY

In this section, we start by considering classical solutions, so the introduced functionals are well
differentiable and all the computations are justified. Our stability result (3.30) can then be extended
to mild solutions by density and continuity arguments, since the constants « and g in (3.30) depend
continuously on ||Wq||.

Here, we introduce functionals U;, j = 1,---,8, to be added (with certain weights) to the energy Ey
in order to obtain a new Lyapunov functional (equivalent to the energy; see (3.28) below) leading to an
exponential stability.

Let w be the solution of
Wz = VY, Wy (O) =w (L) =0.
This function w can be explicitly given in term of ¢ by

x L
(3.1) w(z,1) :7/0 w(A,t)dA+/0 (A BN,
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Lemma 1. The derivative of the following functional:

L
UL (1) = /0 (P10 + patbytd) da + Ty (L, (L, )

along solutions of (2.3), (2.8) and (2.9) satisfies, for any 1,3 > 0,

~vC, pC,
32 U0 = (32 -0) Il + (B2 4 g0 ) Il + T E.0) 422|018 + paes el

where C), is a positive constant depending only on L and Poincaré’s constant.

Proof. From the definition (3.1) of w, we have —w, = 1. Then, differentiating the first term in Uy (¢)
and using the boundary conditions at x = 0 on x and ¢, and at z = L on w, we find

d [(F L
Pl% / xwdr = pp / (Xtrw + xewy) dx
0 0

L L
/ (k (Xz + ), — V0] wdz + p1 / xrwrdx
0 0

L L L
*k/ (Xx + 77[}) wedr — '7/ Ozwdx + p1 / Xtwid
0 0 0

L L L
k/ (Xz + w) Ydx + 7/ fwzdr + p1 / Xtwidx
0 0 0

L L L
" / (o + ) b — / bz + oy / Yiorda.
0 0 0

The derivative of the second term of Uy (t) is equal to

L L
ooty | wvde = o [ (0 do
L L
- p2||wt||§+b/ Vostbdz —k | (o + ) e
0 0
L
= ||wt||3+b[wm€—b||wz||§—k/o (Xo + ©) da
L
= o el = Tena(L, (L 1) — b[a — /O (xo + ) v
Therefore
L L
(3.3) UL(t) = =b|¥all5 + p2 l[ells + JUE(L, t) — / Opda + py / Xewda.
0 0

Using Young’s and Holder’s inequalities, we deduce from (3.1) that

/OL <_/0w1/]t()\,t)d>\“r/OLwt()\,t)d)\)Qdm

2
lleot 12

L p 2 L L 2
< 2/0 (O wt(/\,t)d)\> d:c+2/0 (0 ¢t(A,t)dA> do
< 2/OL (/jldA) (/Omwf()\,t)d/\) dx+2/0L (/OLMA) (/j«ﬁ(x,::)a) do
< ar? /0 " g0,

then
(3.4) e < AL2 ||y |12
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Therefore, using Young’s inequality and (3.4), for €1, €3 > 0, we get

L
(3.5) o / sends < pres el + 22 2,
0

and thanks to Young’s and Poincaré’s inequalities, we have (Cj is Poincaré’s constant)

C
(36) - / e < 7ea 1013+ S22 w13
Summing up (3.3)-(3.6), it appears that, for C, = max{4L?, Cy},
UL < =013+ o2 0l + TURE0) + 222 613+ S22 [+ (=2 el + 2 )

~C Cp
(322 =) Il + (212 4 o) il + . 161 + orc el

which is exactly what we announced in (3.2).
Let g(z) be a C'-function satisfying g(0) = —g(L) = 2 such as g(z) = — 1z + 2.

Lemma 2. For the functional
L
Us(t) :== pz/ Yo g(w)de
0

we have, for any g5 > 0,

/ 2 2 2 2b 2 k 2, 2p2 2
(3.7) Uz(t) < —p2vi (Lo t) = by (L, 1) = by (0,8) + | 5 + 2kez ) [[Wall; + %, e +llz + == el

Proof. Again, a differentiation followed by integration by parts yields
L L
Uity = po / bitug(w)dz + pa / biutbeg(e)da
d¢2
= 2dg x)da +b x)dz — k Xﬁ-?ﬁ)%g()

o P2 b / L
- [ / vig (@)de + | W()} [k [ v g

and therefore, for any €5 > 0,
/ 2 2p2 12 2 2 2b 2 2k 2
Ua(t) = =patpi(Lyt) + = [9ellz = 0u (L, t) = by (0,8) + — [[Yally + 2kez [|1va 5 + %, Xz + ¥l
2b k 2
< (00— L)~ 020,00 + (T 4 202 ) Il + 5 e + w1 + 22 .

The proof of (3.7) is complete.
Lemma 3. Differentiating the functional

L x
Us (t) == *m/ Xz + w)/ xt(y, t)dydz
0 0
and estimating give, for any €g, €5, > 0,

4

vy 2 2 P12
3.8 — |6 L — L).
(3.8) 12 161 + Loreo lally + -oxd (D)

2 p1L 2 p1 2
ULt < (o5 — k) llxe + 0% + (m N ) el + 22 el
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Proof. Clearly

L T L x
Us(t) = *pl/o (Xﬁw)t/o Xt(yvt)dydx*pl/o (Xﬁw)/o Xt (y, t)dydz

L x L x
= —pl/ th/ Xt(%t)dydm_/)l/ wt/ xt(y, t)dydz
0 0 0 0

L x L x
- / (xe + ) / k(xe + 6), (0, O)dydz + 4 / (e +¥) / 6.y, t)dydz
L

L x L
= ml\xtllg—m/ wt/ xt(y7t)dydw—kaﬁlﬂngw/ (xz+¢)9dw—p1xt(L)/ x¢(y, t)dy.
0 0 0

0
Evaluating terms there, we may write, for any €5,e¢ > 0,

L x L L
USt) = ke + %2 + o1 el = oo / " / e (s O)dydz + / (xe + ) 0z — prxe (L) / xe(: t)dy
2 2, P L2
< ke + 13+ o Il + 22 1l + 2 s Il + 926 s + w1
o 1615 + Lpreao ol + fxt 2(L)
1L 2
< (Vfﬁ—k)||xz+¢||2+(,01+4€5> el + £ el + 2= 1003 + Lnea Il + 23 (D)

This finishes the proof of (3.8).

Lemma 4. For the functional

Uy (t) == 10p3 /OLe(vat) (/waf(yaf) d@/) dz,

it holds that, for any €9 > 0,
dpsL 2 4 (y70)?
(3.9 Ui) < ( + OB L OM) ) o) el + (eo — ) 1015

Proof. In virtue of the last two equations in (2.8), we have

Lol )

= _TO/OL (00 + VXta) (/ja(y,t)dy) dw—pg ( (60 + Kb2) (y ,t)dy) dx
o ([ rmm)e e [ [omom)

[ o([ o) o [ w00)

Then, integrating by parts, we entail

Uy(t)

L

T L x
o ([ owiar)] +mloli-amu ([ o))
0 0 0 0
L L x 5
+77'0/ Xtodx—fSpg/ 9(/ U(y,t)dy> dx — rps3 ||0]|5
0 0 0

L L x
To ||U||g + ’yTo/ xtodr — 6p3/ 0 (/ o (y,t) dy) dr — Kp3 ||9H§
0 0 0

After, estimating the second and third terms in (3.10), we get

Ui(t)

(3.10)

2
2 2 (’77'0) 2 2
U3(#) < 7o llol3 + o lxell3 + =2 3 + <o 1013 +

(5p3) LZH H

Aeg 2 — Kp3 H0||2
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or

opsL 24 v, 2
Ui(t>§(m+( L O ) o1+ o el + (2o = o) 161

The proof of (3.9) is complete.

We introduce the number

w1 (ﬁpg > < bm)
3.11 p.= L _Z (82 _ 1_
(3.11) K5 p3 ks

Lemma 5. If D =0, the functional

L
Us () = —po / e (s + ) da— 4 / Netbdat 2203 (b’” - ) / e¢tdx+p2( bpl) / otoda
0 v kpo 0

verifies, for any &g, €4, €9 > 0,

2A b b
00) < k(1452 o+ 18 = Il + 02002 (L) + 2 (e 4 0 (200) + 2D
A5P2 A5P2

Il +

1 (bpie A
312 +p (T L2 L) + Apaao(Lot) 4 kAT + 20 2002 2 o3,

k
where A4 := 1 Zﬂ — 1‘.
Y P2
Proof. First, we differentiate each term in Us (t) separately with respect to time, take into account
the equations in (2.8) and integrate by parts, we get

d L L L
B3k [ it t0de = [ G 0rde = [ 0G0 da

L L
- /0 (Xe + ) s — & (xo + )] d — p2 /O r (ot + ) da

L
b (L t) (o + ) (L) + b / (o + ), Yude

L
(3.14) o lxe + I = po / Wexaede — o 1602,
0
Chord (e Jﬂ/ e -0 [ e
kdtOXtT’ kOXtt:c kOXtmt
b L b L
= _E/ % [k‘(Xw-i—Wx—V@z} d.’lﬁ—% th/}wtdx
0 0
b
(315) = *b/ 7/}:6 Xr+w dI+ / 7/1959 d ,01 Xﬂ/}mtdx;
0
L L L
paps <bP11)d / Oppds = 2P (bPl / Oudbyda + P22 (bp11> / Ouda
vy kpa dt J, kpo 0 0 kp2 0

)

(1))
+p3(bp1 1>/ 0 [Wue — k (xo + )] dz
( ) / Yo pdr — ps (bm - 1) / VeXtoda

bes (bor ks (boy
(3.16) S (ka 1)/ 0,3, da 5 (kpz 1)/0 0 (Xz +¢)da
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and

p2 bpr\ d /L P2 < 501)/L < b,01)/L
—=(1- — o dr = —|1—— o wdx—l— 1-— ogidr
Y < kP2) dt Jo v g kp2) Jo W kp2) Jo Yt
p2 bp1 b1 t
= - (1—)/ Y (60 + KO, )dx—l— (1—)/ oYgidr
T0Y kp2 g kp2

- _5,)2( b’”)/ wgﬂadx—“”< bm)/ bolpda
ToY kp2 T07Y kp2

(3.17) 422 . (1 - Z’ZZ) o (L, t)y(L,t) — 7 (1 - Z’ZZ) / opthyda.

Next, we sum up the previous expressions (3.14)-(3.17), we find
L , L
0

b
a0 [ v b, e+ 22 [t Pz + 2 [ e

L
() o) [ (50 [
L
ke (bm_1>/ 0 (xa + ) d +5”2<b’“—1)/ oo+ 22 (b'”l—1)/ by
kps 707 \ kp2 kpa 0
L2 (bpl - 1> o(L, t)e(L,t) + — (Zpl - 1> / oxtprda.
P2 0

This simplifies to
bps

US0) = Kl + I — oo [0l — b (L.8) (s + ) (1) — 222, (L1
p2 ( bp1 kPS bps t
- (,W—l) oL L,t) — 2 (,W—Q/O 0 (o + 1) da

s (b1 Ui N (o] [
(3.18) +To’y (kpz )/ wiadx—k{ < bpg) (1 kpz)}/o 0, dz.

We can estimate terms in the right side of (3.18) as follows, using Young’s inequality, for any ¢, £4, €9 > 0:

5/)2 bp1
(319) o (kp _ 1) / b ( el + ||o||2)
(3:20) ~bo (32 1) ("o 0yar < ka (1012 + 2 e+ 0l2).
2
(3.22) @y < P (Lt + 203
. k t t k €0 Xt ) 4 t )
and

(3.23) pot (bpl - 1) o (L, t)e(L,1) < Aps (aga%L,t) n 4;w§<L,t>) .
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Gathering (3.19)-(3.23) and using the fact that D = 0, we infer from (3.18), that
1
GO < e+ ol = oo 0 (202 (200) + = (oo 007 (L)

k
Adp 1
(1034 B e+ 018 ) + 222 (w0 il + 1 o)

b 1 1
+228 <59X?(Lvt) + 46%2([/,75)) + Apa <€902(L,t) + 4897/%2(Lat)>

or

A b b
U) Sko“‘Mm+wbpﬂ%iﬂmﬁ@ﬁ+%&ﬁWV@ﬂ+$®ﬁ@ﬁ

1/b A Ad A(5
41 <m+ p2 p2 pz
€9k‘ &9

)wat»+Amaa<Lw+wﬂuwg+a) el + 222 o3

This finishes the proof of (3.12).
Lemma 6. The rate of change of

Us(t) := mx:(0,t)x(0,1)

satisfies, for any ¢ > 0,
K2
(3.24) 030 < (m+ 1) 0.0+ (o - D 0.0

Proof. Indeed, from the first equation in (2.8), it holds that

Ug(t) = mxi(0,) +mxe(0,£)x (0, ) = mx7(0,2) + (7 () + pxe (L, £))x(0, £).

Then, by our suggested control,

Us(t) = mxi(0,1) + [=EKx:(0,) — x(0,)] x(0,¢)

K2
mxi (0,) = x*(0,) +e0x*(0,8) + 1= (0,1)

IN

IN

(+fﬁ%mw (20— 1)X2(0,1).

The proof of (3.24) is complete.

Lemma 7. The functional

L L L
Urtt) =1 [0 G+ ) (@dde =2 [V o ) glarde 2 [T oty(a)aa,

0

where g(z) = —%a: + 2, fulfills, for any eq, &7 > 0,
, 5 2k 9
UKD < k40 (B0 + (204 20 )l + w2 — o (L)
2 To 2
—Mm@ﬁ+mGﬁ->M% (20 + 22 ) 1013 - (200~ R 0.0

(329 # (0t 2 ) Wt [ 22+ 00 + Ol + 0oa)”] ] ol
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Proof. A simple differentiation taking into account the equations in (2.8), yields
L

L L
Ui = o [ b+ a@ 4o [l o), s@de = T2 [ (40 gl

L L
ALY o (Xz +¥), g(x)dx — TO—:S ofg(z)dx — TOTPJ 00i9(x)dx
0 0 0

L L
- / Ik Ce + ), — 18] (xo + %) g(2)dz + 1 / Yo (e + ), g(a)da

2 [ G w0) (o + )@ = 2 [ (0 0) glo)da

K 0
L L
4B (60 + kO,) Og(x)dx — Tops obig(x)dx
Kk Jo Kk Jo

or

L L
) = / F (e + ), (xe + ) g(@)dz — 7 / 0, (X + ¥) g(a)de

L L L
o / e (xe +18), () + 22 / o (e + ) g(x)dz + 7 / 0, (xo + ) g(a)de

L
*@ oXzt9(x) x*f/ otheg(x do:Jr*/ obg(z
0
+p3/ 0:09(x dw+f/ 00.g(w dw+f/ oXtzg(x
Therefore
, L d 9 L dXt2 L
Ur(t) = k| - (at+¥)g@)de+p | gl@)de+p [ xeeg(x)de
2dx o 2dx 0
L pda L
7/ o (Xz + ) g(x)de — — og(z)de + o obg(x)dx
0 0

d6? L do?
+P3/0 2dxg( z)dw +; ; 2dzY g(x)dz.

Next, we integrate by parts, we get

L L

L
Ui = g [+ 0]~ 5 [ Gt 0 s @+ B o),

L L L L
0
2 @+ [ xgode+ 2 [T (a0 gelds - T2 [ ovng(a)ds
0 0 0

5 L L
4280 ofg(x)dx + —= ps [92 (z )]5 - &/ 6%g (z)dx + o [O’QQ(I)L? _ g (x)dzx.
K 0 2 0 2K 0

By Young’s inequality, we may write, for any g,e7 > 0,

k
Ul) < —k(xx+¢)2(L t>+2—||xm+w||§—plx$<L,t>

1 2 2
—kp1x7(0,1) + 20 ||xt||2 +erpr Ixells + M’t”z + €0 lIxz + ¥l5

1 [/~ YT 1 (ép
v (2 ) ||a||2+so||wtu2+f0(f0) lo ||2+so||92+(3 o

€0
2p3 7'0 27‘0
1613 = 202(L,t) = 20%(0,8) + L2 |3

(3.26) o
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Simplifying the expression (3.26), we end up with
2k
U0 < kG0 0+ (0 + ) e+ 13 = P, ) — ko (0.
2 2 7o 2

+ou|er+ 7 ) Ixllz + (20 + 268 1615 — (L,t) — ;U %(0,1)
279 2 2 2 1 2

+1¢€o + el + Tr T (v6)” + (y70)” + (6p3) o2 lolly -

This is what we wanted to prove in (3.25).

Lemma 8. The rate of change of the functional

L T
t) = *plps/ 9/ Xt(y, t)dydz
0 0

fulfills, for any e, g, €91 > 0,

kp
Uit) < pileo+ Llear +ve0) — ) Ixells + ps (v + kes) H9||2Jr : ||Xx+1/)||2
P1 2 f1 VP12
3.27 —_— L —_— L).
(3.27) +450 ||U||2+4€ o*(L) + 1oy X x: (L)

Proof. It is easy to see that

L T L T
Ug(t) = —,03/ 9/ [k (Xe +v), — 0] (y, t)dydz + p1 / [0 + VXta] / xt(y, t)dydz
0 0 0 0
L L T L T
= —p3/ 01k (Xo + ) — 8] dz + p1 / Oa / Xt (y; t)dydx + yp1 / th/ xe(y, t)dydzx
0 0 0 0 0
L ) L z L
= ~kps | 0(xa+¥)dz+p30]5 - p / oxtdz + py [a/ Xt(y,t)dy}
0 0 0 0
© L
2
+7p1 [Xt/ xt(y, t)dy] =1 lIxell2
0 0
L ) L
= —kps [ 0(xa+)dx+p3 |05 — m/ oxedx
0 0
) L
ol + (@) + 7)) | .ty
0
Therefore
kﬂs
(1) = =vprlal + s 1013 + kpses 1015 + 52 e + vl
P1 7P1
+p1g0 lIxell3 + ||U||2 + Lpi(ea1 +7€22) [xills + -——0°(L) + ——x7 (L)
4521 4622
< (€0+L(521 +750) - )||Xt||2+P3 (v + kes) 1015
TP1
||xm+w||2+ || I3 + 10 (L) + S —xi (L)
21 €0
The proof of (3.27) is complete.
Having introduced all our functionals, we define now the functional V; as follows:
8
(3.28) Vii=ME + Y MU,
i=1
where M, M;, 1 =1,--- ,8, are positive constants to be selected later. We can check that V; is equivalent

to the energy functional F; if M is large enough; that is, for some (1, 82 > 0,
(3.29) Bi1Ey < Vi < BoFy.
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Theorem 2. Assume that D =0 holds. Then, for any ¥y € H, there exist two positive constants «
and 8 (depending continuously on F; (0)) such that

(3.30) By (t) < Be ™t

Proof. Gathering all our previous findings (2.22), (3.2), (3.7)-(3.12), (3.24), (3.25) and (3.27), we
obtain

Vi) < Aix30,8) + As ||o|la + Az |[¢a 3 + Aa lell3 + As [|xells + A6 10]12 + Az [xe + 2|
FASUH(L, ) + Agy? (L, t) + AroX3 (L, t) + A110%(L,t) + A1z (o + ) (L, 1)

(3.31) +[2Ms (20 — 1) + M (20 = D] X3(0,8) = 2 Mzo?(0,1) — bM2(0,),
where
K2
Al = M6 <m+ 450) - kle'y - ]\4[(7
psL)’ 2 AS
dyim My (o OB R OMN Y g A0z gy o1
4eg 4eoTo 4eg
27 70 2 2 2 1 0
#7524 (60 + G + 0oa)”] | - 212,
C Ab 2
Az = M, (Zg: - b> + Msxeg 002 + Mo <L + 2k€2) R

o k
Ay =M, (pi€p+ >+M3 +M2 2 + My <so+gpl) — Msps,
1 7

L
A = Mipie; + M3 (pl(l + LSo) + pZEE,) + Myeg

2
+Mr7kpy (57 + > + Mgp1 (g0 + L(e21 +ve0) —7),

L

2p3
A@ = M1’}/€3 + M3% + M4 (60 — Iipg) + M7 <€Q + 2) + Mgpg (’Y + kfs) + M5]€A
6
2e, eg

b A
Ag = MyJ + = ( '0]1:0 +'02> Ms — ps My,
€9

Ag = M5b64 - bMQ,

2k k k 2A
A71=M3(’Y€6—/€)+M7(€o+L)+M2 +Msm+kM5<1+p1>,

b
Ay = Mg-i-kﬂMs—PlM?-FMMs—uMa
Aqy i= M5 Apaeg — EM? + £M8
K 4e9q

and b
Alg = 7M5 - M7k’
€4

Notice, first, that the three terms A;, As and A,y may be made negative by taking a large M. This gives
us the freedom to allow all other terms in these expressions to be as big as we wish. In this respect, &g
may be small and ignored at this stage. Consequently, we want to choose the different parameters so as

to have ) o c,
Y
M52+M2<L+2/€52><M1(b 4€3>

C 2 k
M, <pig”+p>+M3 + My p2+M7 ! <M5p2,

p1L
Mipiey + M3 <P1 + 255) + Mrkp; (87 + ) + Lpiea1 Mg < Mgp17,

L
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2
M1’y€3 + Mgﬁ + M7% + Mspg (")/ + kEg) + M5kp3A64 < M4I€p3,
6

2% k kps p2A
M2l e My - Mo s (14 B2 ) < g (ke —
T Mg M T 5( + =) < Ms (k=)

A
M J + 7p2M5 < paMo,
469
Mszbey < bM>,

and

As we can pick My large, €3, €4 and g also may be taken large and g small. We get

b 2b
M5§ + M2 (L + 2k52> < M]_b,

C 2 k
My (P22 40 ) M PE M, 2P v BPY < M,
451 €5 L g7

L 2
Mie1 + M3 <1 + 465) + M7k <€7 + L> + Leoy Mg < Mgy,

2% 2 24
M2 My kM 1+ B2 < Mk,
L 252 4

A
MyJ + Zp2 Ms < paMs,
459
Mszey < Mo,

M.
MsApaeg + p41 &

< D,
€921 K
and 5 M

2 M + p1iVig
Eq 4621

< Mik.

v

Next, by taking €21 = 7,

large. We are left with

2
M5g + Mo (; + 2]662) < Myb,

2
Mipa + Mz% < Msp2,

2% 2 24
M2 My kM 1+ B2 < Mk,
L 252 4

A
MiJ + S22 My < pols,
469

Msey < Mo,
M5Ap2€9 < EJ\47
KR

and .
— M5 < Mr7k.
€4

Now, it is the turn of M3 with small €5, thus
Ms 2

— 4+ My < M
2+L 2 < My,

2
M + M2Z < Ms,

A
MyJ + 7p2M5 < P2M27
469

17

it is clear that Mg may be arbitrarily large. This allows €1, €5 and €7 to be
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M5€4 < MQ,
b
EEQME) < kM,

.
M5Ap259 < ;0M7

and

b
— M5 < M7k.
€4

Clearly we can choose M7 large allowing €9 to be large and €4 small, remains
Ms

2 2
— 4+ My< M My, + My= < Ms.
2+L 2 < M; and 1+ 2L< 5

This is possible for sufficiently small M5. Finally, we go back in the reverse order to select the parameters,
and then, using (3.31) and the right inequality in (3.29), we get, for some & > 0,

(3.32) V] < —aB < —Bﬁv1 = —alj.
2

By integrating the differential inequality (3.32), we deduce that
Vi(t) < Vi(0)e ™,
which implies (3.30) with 8 = éVl(O) thanks to the left inequality in (3.29).

4. t—l1-STABILITY

In this section we prove that, in the absence of the condition D = 0, we obtain a t~!-stability result
for strong solutions of the system. Differentiating the last four equations in (2.8) with respect to time,
multiplying by x¢, ¥u, 0: and oy, respectively and integrating over [0, L], we find that the second-order
energy functional

1
Eot)i= 5 [mexd (L,6) + J03 (L,0) + i lxal}
1 2 2 2 2 70 2
(4.1) 5 o2 Inteel3 + s 164113 + b atll3 + k11O + )15 + 2> llow 3]
satisfies
)
(42) By(t) < — o3

Passing to this second-order energy functional (4.1) allows us to deal with higher order terms. In partic-
ular, there is no need to impose the condition D = 0 in order to cancel the last term in (3.18). Indeed,
for any €19 > 0, the evaluation

L
/ Volydr
0

deals comfortably with this term. Moreover, the dissipation property of the system through the thermal
effect (which may be seen from the presence of — ||a||§ and — ||O't||§ in the derivatives (2.22) and (4.2)

2 1 2 2 1 2 2
<o [Pl + T 102115 < 10 1Y 15 + CYE (Tg loell; + 6° ||U||2)

of the first and second-order energy, respectively), shows that 19 H’(/JmHg may be considered arbitrarily
small.

Theorem 3. If D # 0, then, for any Uy € D(B), there exists a positive constant C' (depending
continuously on E;(0) and F5(0)) such that

(4.3) Ei(t) <Ct™.
Proof. Here, we add the second-order energy to the modified energy functional V;; that is,

Vo=V + ME;.
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We have
Vo(t) = V() + MEs(t)

2 1 2 2 o 2
(4.4) < Vi) +DMs |e10 [Wall} + 55— (78 lowls + 6% ol13) | = M o3
KR“€10 K

According to the discussion above on VY to choose the different parameters and the fact that e19 may be
selected as small as we wish, it appears that, for a larger value of M, (4.4) implies that

‘/2/ S _ClEla

for some positive constant C7. An integration with respect to time of this inequality, taking into account
that F; is non-increasing yields
V2(0)

cy

tEl(t) S /t El(s)ds S
0

This completes the proof of (4.3).

5. GENERAL REMARKS

Remark 1. We suspect that the condition D = 0 is necessary for exponential stability (3.30), but
this should be proved. As an adequate method to prove this kind of results, the spectral theory which
gives a direct connection between the exponential stability and the spectrum of operators generated by
hyperbolic systems; see for example [17]. This method is completely different from the one used in the
present paper.

Remark 2. The mass can be deleted; that is mg = 0. In this case, the last line in BY, the variable y
and its space R are not considered, and the relation y = w(L, -) (in the definition of D(B)) is replaced by

K(x(L,t) + (L, t)) + pw(L,t) = 0.
Our well-posedness and stability results hold true.

Remark 3. Our well-posedness and stability results are valid for the following class of feedback control
forces:

(5.1) 7(t) = =Kx:(0,8) — axi (L, 1) = x(0,1),
where 1 € R satisfying
(5.2) (b — ) <A4pkK.

The feedback control is applied at the base. The terms x (0, ¢) and x (L, t) can be measured by displacement
sensing devices whilst x¢(0,t) and x;(L,t) are computed by a backward difference algorithm of the values
of x(0,t) and x(L,t), respectively. In case (5.1), we have instead of (2.22)

. 1)
(1) = =KX} (0,8) = o (L, 1) + (1= i)xa(L,)xa (0,1) = — o3
S0, for any real number e satisfying

<|p— fle < 2K
2p

(e exists according to (5.2)), we get

— [ile — [ )
B0 < - (i - P50 ) w0 - (- ) i - 2 poll.

2e

Because K — % >0and p— % > 0 (thanks to (5.3)), the proofs of the well-posedness (with small
modification of the operator B) and stability results are very similar.

Mathematically, (5.2) means that

p=2V/p < o< p4 24/ pk.
This means, roughly, that if the control gain K is important, then any ’small’ coefficient i should be
enough. Whereas, if the control gain K is small, there is a threshold for j.
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Remark 4. Our well-posedness and stability results are still satisfied if we add the term Af to the
fourth equation in (2.8), where X is a positive constant. In this case, the derivative of E; satisfies

o
(5.4) B (t) = ~Kx3(0,1) = i (L, t) = [lo]l5 = AlJ0]l3 -

We see that the term A0 generates the last dissipation in (5.4), and then the situation becomes more
favorable mathematically. We can take either K = 0 or p = 0.

Remark 5. The results of this paper can be extended easily to the Fourier’s law case; that is 7p = 0.
Indeed, from the last equation in (2.8), o can be explicitly expressed in term of 6 by o = —%56,. Then,
the fourth equation in (2.8) can be transformed into the following heat equation in term of :

K
(5.5) p30: — s
In this case, the last two equations in (2.8) will be replaced by (5.5), o will not be considered in the
definition of ¥, and thanks to the homogeneous Dirichlet boundary conditions on 6 in (2.3), the derivative
of F7 becomes

K
(5.6) By (t) = ~Kxi (0.1) = i (L. 1) = 5 s

According to Poincaré’s inequality, ||9H3 is dominated by ||9z||§, and so the dissipation (5.6) is strong
enough to stabilize the system (and even we can take K = 0 or p = 0).

Remark 6. The stability estimate (4.3) is satisfied only for classical solutions (¥y € D(B)) and it can
not be extended to weak solutions (¥ € H) by density arguments, since the constant C' in (4.3) depends
on Fs, which is not defined for weak solutions even in the distributions sense.
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