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1. Introduction

In this paper, we deal with the existence and decay of solutions of the following plate problem:
t
L) Puge + A%u+ Auy — / gt — $)A%u(s)ds = kuln|u|, in € x (0, 00),
0

Ju .
u(x,t) = —(x,t) =0, ind x (0,00),
av
u(x,0) = ug(x), u(x,0) =u(x), ing, (1)

where € is a bounded domain of R2, with a smooth boundary 9€2, v is the unit outer normal to 92
and p and k are positive constants. The kernel g is satisfying some conditions to be specified later.

1.1. Problems with a velocity-dependent material density

Cavalcanti et al. [1] considered
t
lue|Puye — Au— Auygy + / gt —s)Au(s)ds — yAu; =0, inQ x (0,00),
0

u(x,t) =0, indR2 x (0,00),
u(x, 0) = M()(X), ut(x1 0) = Lll(X), in Q) (2)
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where Q2 is a bounded domain in R”, n > 1, with a smooth boundary 92, p is a positive real number
satisfying some conditions and g is a positive exponentially decaying function. They established a
global existence result when the constant y > 0, and an exponential decay result for the case y > 0.
Messaoudi and Tatar [2] extended this decay result to the case where a source term is competing with
the viscoelastic and the strong damping. In the absence of the strong damping (y = 0), Messaoudi
and Tatar [3,4] studied (2) and showed that the viscoelastic damping is strong enough to drive the
system uniformly to rest. Precisely, they showed that the energy of the solution decays exponentially
(resp. polynomially) if ¢ decays exponentially (resp. polynomially). Later, Han and Wang [5] consid-
ered (2) for y = 0and with a relaxation function of more general decay type and established, similarly
to the work of Messaoudi [6,7], a general decay result in which the usual exponential and the poly-
nomial decay are only special cases. Liu [8] considered (2), for y = 0, and in the presence of a source
term. He established a general decay result similar to the one in [5]. In [9], Liu studied the problem

t
lus|Pugye — Au— Ay + / gt —s)Au(s)ds + a(H)h(u) = blulP~2u, inQ x (0,00),
0

u(x,t) =0, inadQ x (0,00),
u(x,0) = ug(x), u(x,0) =u(x), inL, (3)

and proved, without imposing growth conditions on , a general decay result which depends on the
behavior of g, o« and h. Messaoudi and Mustafa [10] studied (2) for relaxation functions satisfying

g(t) < —H(g(®)), 4)

where H € C'(R), with H(0) = 0 and H is linear or strictly increasing and strictly convex function
C? near the origin. They obtained an explicit and general relation between the decay rate for the
energy and that of the relaxation function g without imposing restrictive assumptions on the behavior
of g at infinity. Recently, Cavalcanti et al. [11] considered (2), with ¥ = 0, and a relaxation function
satistying (4). In addition, they required

lim inf {x*H" (x) — xH'(x) + H(x)} > 0
x—0

and some other condition and proved that the energy uniformly decays to zero with the rate that is
determined from the solutions of the ODE quantifying the behavior of g(t).

Very recently, Messaoudi and Al-Khulaifi [12] considered (2), with y = 0, where the relaxation
function satisfies (11) below and established an optimal and general decay result.

1.2. Plate Problems

Concerning the study of plates, Lagnese [13] studied a viscoelastic plate equation and showed that
the energy decays to zero as time goes to infinity by intorducing a dissipative mechanism on the
boundary of the system. Rivera et al. [14] proved that the first- and second-order energy, associated
with the solutions of the viscoelastic plate equation, decay exponentially provided that the kernel of
the memory also decays exponentially. Komornik [15] investigated the energy decay of a plate model
under weak growth assumptions on the feedback function. Messaoudi [16] studied the following
problem:

ug + A2u+ Ju)™ 20 = JufP"2u, inQr = x(0,1),
ou
=—=0, onI't=0Q x (0, T),

ov

u(x,0) = up(x), u(x,0) = uj(x), in&, (5)

u



52 M. M. AL-GHARABLI ET AL.

and established an existence result and showed that the solution continues to exist globally if m > p,
and blows up in finite time if m < p and the initial energy is negative. This result was later improved
by Chen and Zhou [17].

For boundary damping, Santos and Junior [18] studied the stability of the following problem:

Uy + A*u=0, inQx (0, 00),
_ au

u=—=20, only x (0,00),
ov

t
— u—i—/ gt —s)piu(s)ds=0, onI'; x (0,00),
0

ou t
P +/ St —s)pau(s)ds =0, onT, x (0,00),
0
u(0,x) = up(x), ur(0,x) = u1(x), in £, (6)
where
0Au 0Byu
Biu=Au+ (1 —p)Bju and Bu=—+(1—p)
o an
with

2 2
Biu = 2v1vauyy — Vilyy — Vityy  and  Bau = (V1 — V2)tyy + V102 (Uyy — Uyy).

For more results in this direction, see [19-23].

1.3. Problems with logarithmic nonlinearity

The logarithmic nonlinearity is of much interest in physics, since it appears naturally in inflation
cosmology and supersymmetric filed theories, quantum mechanics and nuclear physics [24,25]. This
type of problems has applications in many branches of physics such as nuclear physics, optics and
geophysics [26-28]. Birula and Mycielski [27,29] studied the following problem:

U — gy +u—euln|u)> =0, in[a,b] x (0, T),
u(a,t) = u(b,t) =0, in(0,7), (7)

u(x,0) = ug(x), u(x,0) = up(x), in [a, b],

which is a relativistic version of logarithmic quantum mechanics and can also be obtained by taking
the limit p — 1 for the p-adic string equation [30,31]. In [32], Cazenave and Haraux considered

uy — Au=uln |u|k, in R? (8)

and established the existence and uniqueness of the solution for the Cauchy problem. Gorka [28] used
some compactness arguments and obtained the global existence of weak solutions, for all

(ug, 1) € Hy([a,b]) x L*([a, b)),

to the initial-boundary value problem (8) in the one-dimensional case. Bartkowski and Gorka [26]
proved the existence of classical solutions and investigated the weak solutions for the corresponding
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one-dimensional Cauchy problem for Equation (8). Hiramatsu et al. [33] introduced the following
equation:

ur — Au~+u+ up + |ul?u = uln |ul 9)

to study the dynamics of Q-ball in theoretical physics and presented a numerical study. However,
there was no theoretical analysis for the problem. In [34], Han proved the global existence of weak
solutions, for all

(u, t1) € Hy(Q) x L*(Q),

to the initial boundary value problem (9) in R>.

In this paper, we are concerned with the well-posedness and stability of the plate problem (1) with
kernels g having an arbitrary growth at infinity (condition (11) below). The obtained stability results
improve and generalize many results in the literature.

This paper is organized as follows. In Section 2, we present some notations and material needed
for our work. In Section 3, we establish the local existence of the solutions of the problem. The global
existence and the decay results are presented in Sections 4 and 5, respectively.

2. Preliminaries

In this section, we present some material needed for the proof of our results. We use the stan-
dard Lebesgue space L2(£2) and Sobolev space Hg(Q) with their usual scalar products and norms.
Throughout this paper, ¢ is used to denote a generic positive constant.

We consider the following hypotheses:

(A1) g:RT — RT isa C!- nonincreasing function satisfying
o0
g0) >0, 1 —/ gls)ds=1¢>0. (10)
0

(A2) There exist a nonincreasing differentiable function & : R* — R™, with £(0) > 0, and a con-
stant 1 < p < % such that

g < —Emgh), VteR* (11)

(A3) The constant k in (1) is such that

2mee’
0<k<k =2 (12)

p

where ¢, is the smallest positive number satisfying
2 2 2
IVully < ¢pllAully,  Yu € Hy(2),

where || - |2 = | - l12(e)-
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The energy functional associated with problem (1) is

1 , 1 t
<Hﬂ=;:3mmﬂb+£<<LiLg@dgHAm@+HAmﬁ—kﬁﬂﬂnMda

+5mW+l@mm (13)
) ’
where
t
(goAu)(t) = /0 gt —9)||Au(s) — Au(t)||% ds.

Direct differentiation of (13), using (1), leads to

1 1 1
E®=5@%MMﬂ—5ﬂmmm@§5@mwxﬂfu (14)

Lemma 2.1 ([35,36]): (Logarithmic Sobolev inequality) Let u be any function in Hé () and a> 0 be
any number. Then

1 a?
[t dx = Sl g} + 1 9ul - 0+ o (15)
Q 2 2w
Corollary 2.2: Let u be any function in H(Q2) and a > 0 be any number. Then
2 Lo 2, 9% 2 2
wlnfuldx < Sllullz Inllull; + S—IlAull; — (1 +Ina)|lull. (16)
Q 2 2w

Lemma 2.3 ([32]): (Logarithmic Gronwall inequality) Let C > 0, y € LY(0, T;RT) and assume that
the function w : [0, T] — [1, 00) satisfies

t
w(t) < C (1 +/ y (s)w(s) In (w(s)) ds) , Vtelo,T]. (17)
0
Then
t
w(t) < Cexp (C/ y(s) ds>, vVt € [0, T]. (18)
0
Lemma 2.4: Let €y € (0,1). Then there exists dg, > 0 such that
s|lns| < % + deoslfq’, Vs > 0. (19)

Proof: Let r(s) = s(|Ins| — s). Notice that r is continuous on (0, 00) and its limit at 0" is 07, and
its limit at oo is —oo. Then r has a maximum d, on (0, 00), so (19) holds. |

3. Local existence

In this section, we state and prove the local existence result for problem (1).
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Definition 3.1: Let T > 0. A function
u € CY([0, T], HA(R))

is called a weak solution of (1) on [0, T] if

/|ut|putt(x,t)w(x)dx+f Au(x,t)Aw(x)dx+[ Auy Awdx
Q Q Q

t
—/ Aw(x)/ gt —s)Au(s)dsdx = k/ wx)u(x, t) In ju(x, t)| dx, Vwe H(Z)(Q), (20)
Q 0 Q

u(x,0) = up(x), u(x,0) = up(x).

Theorem 3.2: Assume that (A1)-(A3) hold and let (ug, u1) € H3 () x H3 (). Then problem (1) has
a weak solution on [0, T).

Proof: To establish the existence of a solution to problem (1), we use the Faedo-Galerkin

approximations. Let {w;}72, be an orthogonal basis of the ‘separable’ space Hé(Q). Let V,, =

span{wi, w2, ..., Wi} anc{ let the projections of the initial data on the finite dimensional subspace
Vm be given by

uy (x) = Zajwj(x), ul'(x) = ijwj(x),
j=1 j=1

where
uy' — g in Hg(Q) and u]' - wuin Hg(Q), as m — oQ. (21)
We search for an approximate solution
m
W t) = (Ow(x)
j=1

of the approximate problem in V,
t
/ (|u§”|pug’w + Au" Aw + Aup Aw — / gt — s)Aum(s)Awds> dx
Q 0

=k/ wu™In |u™|dx, VYw € V,,
Q

" (22)
W(0) = ug' =) (uo, wy)wj,
j=1

m
u"(0) = uf’ = Z(ul,wj)wj.
=1

This leads to a system of ODESs for unknown functions 4;"(#). Based on standard existence theory for
ODE, one can obtain functions

hj:[O,tm)—>R, j=L2,...,m,

which satisfy (22) in a maximal interval [0, t,,,), t,n € (0, T]. Next, we show that t,, = T and that the
local solution is uniformly bounded independently of 7 and ¢. For this purpose, let w = u}" in (22)
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and integrate by parts to obtain
d m m
—E () < (goAu ) <0, (23)
where
1 t
E"(t) = ,o_”ut ||§I§ + - (IIAuf”II% + (1 —/ g(s) ds) | Au™ |3 + (goAum)(t))
0
—|| uw™|l3 — / | |* In [u™] dx. (24)

From (23), we have
E™(t) < E™(0), Vt>0.
The last inequality together with the Logarithmic Sobolev inequality leads to

2c k
n” IAW"5 + [5 +k(1+1In a)] llu™]13 + goAu™

ka
112 +2+ IAu 5+ (€ -

< CH+ w5 1n |u™ |3, (25)

where C = 2E™(0). Choosing

2l
e 3?2 < g < i (26)
kep
will make
ka*c
— P >0
2
and

IE( 4+ k(1 +1Ina) > 0.
This selection is possible thanks to (A3). So, we get
555 + AW S + A1+ ™3+ goAu™ < (1 + I3 In ™). (27)
Let us note that
U () = u"(-,0) + /t %(-,s) ds.
o O0s

Then, using Cauchy-Schwarz’ inequality, we get

taum 2
lu™ ()13 < 2[u™0)]|3 + 2 H/ o ©ds
0

2

t
< 2" O] + 2T / 1)1 ds, (28)
0

hence, inequality (27) gives

t
w15 < 2/[u™(0)||5 + 2Tc (1 +f ™3 In ||u"‘||%ds). (29)
0
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If we put C; = max {2Tc, 2||u(0)||%}, (29) leads to

t
™5 < 2C, (1 +/ ||u’"||§1n<||umn§>ds).
0

Because C; > 0, we get

lu"ll3 < 2Cy (1 + /0 €1+ 1) In(C + ||u'"||§>ds) :
Applying the Logarithmic Gronwall inequality to the last inequality, we obtain the following estimate:
™3 < 2G84 = Cs.
Hence, from inequality (27) it follows that
(goAu™)(t) + " |1243 + 1 Au™ 3 + 1 Au™ I3 + [u™ 3 < (1 + C2In Cy) = Cs.

This implies

sup [(goAw™)() + w1575 + 1 A3 + | Au™|3 + |u™(13] < Cs. (30)
te(0,ty)

So, the approximate solution is uniformly bounded independent of m and t. Therefore, we can extend
tmto T.
Substituting w = uj} in (22) and using Young’s and Cauchy-Schwarz’ inequalities, we obtain

t
/;2|uf”|p|uZ'|2dx+ ||Au?f||§= —/QAumAu’Zfdx—l—/;Z/O gt — AU () Aufi (t) dsdx

+ k/ u ™ In |u™| dx
Q

1/ [t 2
§5||Auf7||%+5</ g(l‘—S)HAum(S)llzdS) + 8l Aug|
0

1
+ —lAu™(®)|? +k/ U™ In [u™| dx. (31)
48 Q

To estimate the last term in the right-hand side of (31), we apply (19) with gy = % and use repeatedly
Young’s, Cauchy-Schwarz’ and the embedding inequalities as follows

k/ uppu™ In [u™| dx < c/ upy (Iuml2 +d2Vum) dx
Q Q
1
§c<8/ |u:;'|2dx+—/(|u'"|2+dzvum>2dx)
Q 48 Jo

Cc
§c8||Au:’;|I§+E</ |um|4dx+/ |um|dx)
Q Q

C
< S Aufl3 + E(IIAu’"II‘% + [[™]l2). (32)

Combining (31) and (32) to have

1 t 2
/Q|u§”|"’|u§?|2dx+ (1—cd)Aul|3 < ry </ gt =9 AU"(5) |2 dS)
0

1 c
+ BIIAM’”II2 + g(llAumll‘z1 + [[u™13). (33)
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Integrate the last inequality on (0, T') and use (10) and (30), we obtain

' T
0 Q 0
c (T ) ) 2
= E/ [(gOAum)(f) + ”Aum”z + ||Aum||2 + ||”m||2] dr. (34)
0

From the last inequality, choosing § > 0 small enough and using (30), we get the following, for some
positive constant C4 not depending neither on 7 nor on t:

T
/ | Au||3 dt < Cy. (35)
0

From (30) and (35), we have
(u™) is uniformly bounded in L*°(0, T; HZ (2)),
(4" is uniformly bounded in L*°(0, T; L**2(2)) N L*°(0, T; Hj (), (36)
(4" is uniformly bounded in L*(0, T; H3 (2)),

which implies that there exists a subsequence of (u™) (still denoted by (1™)), such that

u™—u weakly * in L (0, T; Hé (),

Ul —u; weakly * in L (0, T; LPT2(Q2)) N L™(0, T; HE (Q)),

u—y weakly in L*(0, T; HS (Q)), (37)
Ul —u; weakly in L*(0, T; L T2(Q2)) N L*(0, T; H3 (R2)),

Ul =Yy in L2(0, T; H3 (2)).

Analysis of the non-linear terms

(1) Term u™ ln |u™|: using (36), we have (4™) is bounded in L*°(0, T} Hg(Q)) which implies, using
the embedding ong(Q) in L®(Q) (Q ¢ R?), the boundedness of (1) in L2(2 x (0, T)). Sim-
ilarly, (uf") is bounded in L*(2 x (0, T)). Then, making use of Aubin-Lions theorem, we find,
up to a subsequence, that

u™ — u  strongly in L*(Q x (0, T))
and
" - u aeinQ x (0, 7).
Since the maps s — ksIn |s| is continuous, we have the following convergence:
kuIn|u™| — kuln|u| ae. in Q x (0, 7). (38)

Using the embedding of H3(2) in L®(Q) (€ C R?), it is clear that k(1 In [u™]) is bounded in
L%°(€2 x (0, T)). Next, taking into account the Lebesgue bounded convergence theorem (2 is
bounded), we get

ku™In |u™| — kuln|u| strongly in L*(0, T; L*(2)). (39)
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(2) Term |uj’|°uf*: using (35), we have (") is uniformly bounded in L*°(0, T} H2 (£2)) which implies
the boundedness of (u}") in L>°(Q2 x (0, T)), and so in L2(Q x (0,T)). Usmg (35), we see that
(u}}) is bounded in L2((0, T); HZ(Q)) which implies that (u}}) is bounded in L*(©2 x (0,T)).
Now, using Aubin-Lions theorem, there exists a subsequence, st111 denoted by (u}"), such that

U — u, strongly in L*(0, T; L*(2))

and
[ 1Pul® — |u|Pu;  ae. inQ x (0, 7). (40)

Using (30) and the embedding theorems, we have

T
+1
N1 w12 2 ) = fo w1507 de

T
5c/ IAw )13 de < cTcl ™, (41)
0

which implies that (|u|”u!™) is bounded in L?( x (0, T)). Combining (40) and (41) and using
Lions’ lemma, see Lions ([37], pp. 12), we obtain

[P ul"—|u;|Puy  weakly in L2 (0, T; L*(2)). (42)

Now, we integrate (22) over (0, t) to obtain, for every w € Vi,

+1/ [t} |Puf wdxds——f [uf’ |u1wdx+f / Au™(s)Awdxds
0
+/ Au{”Awdxds—/ AuTAwdx—// </ g(r—s)Aum(s)> Awdsdr dx
Q Q aJo \Jo
t
=k/ fgwum(s)ln|um(s)|dxds. (43)
0

Convergences (21), (37), (39) and (42) are sufficient to pass to the limit in (43) as m — 00, and get,
foranyw € Vy, and m > 1,

+1/ / |us|P usw dxds = —/ |uf’ |u1wdx—/ / Au(s) Aw dxds
o

—/ AutAwd.xds—i—/ Aui' Awdx
Q Q

t T
+/ / (/ gt — s)Au(s)) Awdsdr dx
QJo 0

t
+ k [ / wu(s) In |u(s)| dxds, (44)
0 Ja

which implies that (44) is valid for any w € H3(£2). Using the fact that the terms in the right-hand
side of (44) are absolutely continuous (since they are functions of ¢ defined by integrals over (0, 1)),
then (44) is differentiable for a.e. t € R*. Thus, differentiating (44), we obtain, for a.e. t € (0, T)
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and w € H(z)(Q),

/|ut|puttwdxds+/ Au(t)Awdx
Q Q

t
+/ Au,tAwdx—/ (/ g(t—s)Au(s)) Awdsdx
Q Q \Jo

= k/ wu(t) In |u(t)| dxds. (45)
Q
This ends the proof of Theorem 3.2. [

4. Global Existence

In this section, we state and prove a global existence result under smallness conditions on the initial
data (ug, u1). For this purpose, we introduce the following functionals:

1 t
J0 = ((1 —/ g(s) ds) [ Aull3 + || Augll3 + goAu — k/ u? 1n|u|dx>
0 Q
k
+ <l (46)
and

t
I(t) = (1 —f 120 ds) | Aul? 4 | Aull3 + goAu — 3k/ u*In |ul dx. (47)
0 Q

Lemma 4.1: The following inequalities hold:

— kdo/ 121 Aul3? < k/g W2 In |ul dx < k|| Aull},  Vu € H(Q), (48)

where dy = sup,_,_; +/s|Ins| = %, |S2| is the Lesbegue measure of Q and c, is the smallest embedding
constant

1/3
(/ |u|3dx> <cllAuly  VYue HAQ) (49)
Q
(¢« exists thanks to the embedding ong(Q) in L () and Q C R?).

Proof: Let
Q={xeQ:|ulx)|>1} and Q0 ={xeQ:|ulx)| <1}

So, using (49), we have

k/ u21n|u|dx=k/ u21n|u|dx+k/ u* In |u| dx
Q Q) Q

§k/ u21n|u|dx§k/ |u|3dx§k/ lul® dx < kc2|| Aull3.
Q1 Q1 Q



APPLICABLE ANALYSIS (&) 61

On the other hand, using Holder’s inequality and (49), we find

—k/ W’ In|u|dx = —k u?In|u|dx — k u? In |u| dx
Q Q) 2

< —k W ln|uldx =k u?|1n |u|| dx
Q) Q)

1/2
Skdo/ |M|3/2dx§kd0\/|9|(/ |u|3dx) < kdo\/ 11311 Aul?,
Q Q

which implies the left inequality in (48).

Lemma 4.2: Assume that (A1)-(A3). Let (ug, uy) € Hg(Q) X HS () such that

1/2
I(0) > 0 and ﬁkci <¥> < /.

Then
I(t) >0, Vtel0,T).

Proof: From (47), we have
5 1 ! , 1 , 1 1
k| vInluldx=—-(1— | g@)ds)lAull; + [l Aull5 + —goAu — -I(t).
o 3 0 3 3 3
Substitute (52) in (46), we find

1 t 5 5 ko5 1
](t)=§ L— [ g(s)ds|l[Aull; + [[Autll; + goAu +Z||u||2+gl(t)-
0

(50)

(51)

(52)

(53)

Since I(0) > 0 and I is continuous on [0, T], there exists ty € (0, T] such that I(¢) > 0, for all ¢ €
[0, fp). Let us denote by £y the largest real number in (0, T] such that I > 0 on [0, ). If ty = T, then (51)

is satisfied.
We assume by contradiction that fo € (0, T). Thus I(t) = 0 and

1 Au®E < %1@ < %E(t) < %E(o» vt € [0,1o).

If | Au(ty) |13 = 0, then (48) and (49) give
to
0=1I(t) = (1— / g(s) ds) | Au(to) |13 + | Aue(to) 13 + goAuto)
0

- 3k/ u? (to) In |u(ty)| dx
Q

< clAu(t)ll3 + goAulty)

to
_ fo 2©)]| Au(s) |2 ds

Consequently, if g > 0 on [0, fp), we get
[Au@s)ll2 =0, Vs € [0,t).
Then
I(t) =0, Vtel0,t),

(54)

(55)

which is not true since I > 0 on [0, ). If g 7 0 on [0, y), then let ¢ € [0, fp) the smallest real num-
ber such that g(t;) = 0. Because g(0) > 0 and g is positive, nonincreasing and continuous on R™
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(condition (A1)), then ¢; > 0 and g=0 on [t;, 00). Therefore, from (55), we deduce that

to t
0= /0 g@ N Au(s)|3ds = /0 ZOIAu(s)]l5 ds,

then ||Au(s)||2 = 0, for any s € [0, t;), which implies that I(#) = 0, for any t € [0, #;). As in above,
this is a contraduction with the fact that I > 0 on [0, ty). Then we conclude that || Au(ty) ||% > 0. On
the other hannd, we have

I(to) > €]l Au(ty)ll5 — 3k / u(to)? In u(to)| dx.
Q

By using (54) and Lemma 4.1, we have

1/2
I(ty) > [e - 3kci<6iﬁ) } | Au(to) 13-

By recalling (50), we arrive at I(fp) > 0, which contradicts the assumption I(fp) = 0. Hence, tp = T
and then

I(t) > 0, Vtel[0,T). ]

5. Stability

In this section, we state and prove our stability result. We start by establishing several lemmas needed
for the proof of our main result.

Lemma 5.1: Assume that g satisfies (A1). Then, for u € HS (2), we have

¢ 2
f </ gt — s)(u(t) — u(s)) ds) dx < c(goAu)(t)
Q \Jo

and
2

t
/ ( / gt —9)(ut) — u(s)) ds> dx < —c(g'oAu)(1).
Q 0

Proof:

t 2 t 2
];2 (/0 gt —s)(u(t) — u(s)) ds) dx = /Q (/0 Vgt — s) /gt — s)(u(t) — u(s)) ds) dx.

By applying Cauchy-Schwarz’ and Poincaré’s inequalities, we can show that

2

t

/ </ gt — s)(u(t) — u(s)) ds> dx
Q 0
t t

< / (/ gt—ys) ds) (/ gt —s)(u(t) — u(s))? ds) dx
o \Jo 0

< (1 — £)c(goAu)(t)
< c(goAu)(t). (56)

Similarly, the second inequality in Lemma 5.1 can be proved. [
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Lemma 5.2: Assume that g satisfies (A1) and (A2). Then
o0
/ E(g () dt < 00, Yo <2—p. (57)
0

Proof: Using (A1) and (A2), we easily see that, forany o < 2 — p,

£ () = E(Dg T (DgP (g P (1) < —g (g TP (b).

Integrate the last inequality over (0, co), we obtain

o0 0 2—p—0o 0
1-o _ / l1—o—p _|_& (t):|
/0 E(Ng 7 (dr < /0 gg (t)dt [ o, < oo0. [ |

Similar to Cavalcanti and Oquendo [38], we can easily have the following lemma:

Lemma 5.3: Assume that (A1)-(A3) and (50) hold and u is a solution of (1). Then, forany 0 < o < 1,
we have

(p—1)/(p—1+40)
:| (gpoAu)U/(p_l"'”),

t
(goAu)(t) < ¢ [( / g dt) E(0)
0

By takingo = % we get

(2p—2)/(2p—1)
) (g oAw)! /P~ (1) (58)

t
(goAu)(t) < ¢ (/ g% (s) ds
0
and, for any €y € (0, 1),

) (2p=2)/((2p=1)(1+€0))

t
(goAu)l/(HeO)(t) < o1/ (A+€o) (f g1/2(5) ds (gPOAu)l/((ZP—l)(Héo))(t). (59)
0

Corollary 5.4: Assume that (A1)-(A3) and (50) hold and u is a solution of (1). Then
E(t)(goAu) () < c(—E'(t))/*P~D (60)
and, for any € € (0, 1),
é(t)(goAu)l/(HéO)(t) < Cep — E/(t))l/((Zp—l)(lJreo)). (61)
Proof: Multiply both sides of (58) by &(#) and use (57) and (14) to obtain

) (2p—-2)/(2p—D

t
£(H)(goAu)(f) < cg@P=2/@P=D(p) ( f g% (s)ds gV/CP=D (1) (gPoAu)/ P~V (1)
0

t (2p—2)/(2p—1)
<c ( / E(s)g'%(s) ds) (EgPoAu)/ 2D 1
0
o0 (2p—2)/(2p—1)
=c (f £(982(s) ds) (—g'oAw)/ =D p)
0
<c—E @)/, .

For the proof of (61), using (60) and because & is nonnegative and nonincreasing, we obtain

E(D)(goAw) /I (1) = £0/IF0 (1) & (1) (goAu) (1) H) < ¢y — E'()) /P~ DIF0).
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Lemma 5.5: Under the assumptions (A1)-(A3) and (50), the functional
1
Y(t) == —/ |ut|putudx+/ AuAu; dx
p+1Jg Q
satisfies, along the solution of (1), the estimate
/ ¢ 2 2 1 +2
Y <—= | |Aul"dx+ | |Au*dx+ —— [ |u]”" dx + c(goAu)(t)
2 Ja Q p+1lJa
—i—k/ u? In |u| dx. (63)
Q
Proof: Direct differentiation of ¥/, using (1), yields
t
V(1) = —/ |Aul? dx + / Au(t) / g(t — s)Au(s) dsdx
Q Q 0
1
+/ |Aut|2dx+—/ Iutlp“dx—i-k/ u? In |u| dx. (64)
Q p+1Jg Q
We then estimate the second term on the right side of (64). We have, using (10),

t t
/ Au(t)/ gt —s)Au(s) dsdx = / Au(t)/ g(t —s)(Au(s) — Au(t) + Au(t)) dsdx
Q 0 Q 0

t
<(1- 6)/ |Aul? dx—/ (/ gt —5) (Au(t) — Au(s)) ds)dx.
Q e \Jo

By exploiting Lemma 5.1 and
L o M
ab < —a +Eb, VYa,b > 0, Vn > 0,
n

we arrive at

t
/Au(t)/ g(t —s)Au(s) dsdx
Q 0

t 2
5(1-1{)[ |Au|2dx+if (/ g(t—s)|Au(t)—Au(s)|ds) dx
Q 2n Ja \Jo
n 2
+ 2/Q|Au| dx
n 2 c
< (1 o4 E)/Q|Au| dx -+ - (goAw(®).
By taking n = ¢, we find
g 2—1¢ 2
/Au(t)/ gt —s)Au(s)dsdx < T/ [Au|” dx + c(goAu)(t). (65)
Q 0 Q

Inserting (65) in (64), estimate (63) is established. [ |
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Lemma 5.6: Under the assumptions (A1)-(A3) and (50), the functional

1
£) = — Au; +
x (1) /Q< t o+ 1

satisfies, along the solution of (1) and for any §, 81,82 > 0, the estimate

S 1 t
£ < [<1+2<1—z>2>31+ﬂ /Q A s = ( /0 g(s)ds) /Q g2 e

+c<51 + = 5 + )(goAu)(t) - —(g oVu)(t)

t
Iurlpur> [ gt = 9)(u(®) — u(s)) dsdx
0

+ [52 + c8,(E(0))” — / g(s) ds] f |Aug|? dx + ce 5 (goAw) /1T (1), (66)
0 Q
Proof: Differentiating x with respect to t and making use of (1), we find

t
x' (1) =/ Au(t)/ g(t —s)(Au(s) — Au(t)) dsdx
Q 0

t t
- / ( / g(t—s)Au(s)ds> ( / g(t—s)(Au(s)—Au(t))ds> dx
Q 0 0
t t
_ <f g(s)ds)/ |Aut|2dx—f Aut(t)/ g () (Au(s) — Au(t)) dsdx

pr |ut|f’ut/ &t — ) (u(s) — u(®)) dsdx

t
—;</‘ g(s)ds)f |u[|p+2dx—kf uln|u|/ gt —s)(u(t) — u(s))dsdx. (67)
p+1\Jo Q Q 0

Now we proceed, using repeatedly Cauchy-Schwarz’ inequality, Young’s inequality and Lemma 5.1,
to estimate each term in the right-hand side of (67). The first term may be estimated as follows

t
/ Au(t)/ gt —s)(Au(s) — Au(t)) dsdx
Q 0
< 31/ |Aul? dx + 8i(goAu)(t), V8, > 0. (68)
Q 1

For the second term, we recall (10) and the fact that (a + b)? < 2(a® + b?) to get, for any §; > 0,

t t
— / (/ g(t —s)Au(s) ds) (/ g(t —s)(Au(s) — Au(t)) ds) dx
Q \Jo 0
2
< 31/
Q
2

t
< 31/ (/ gt =) (|Au(s) — Au(t)| + |Au(t)]) ds) dx + 8i(g0Au)(t)
Q 1

t 2

dx + L gt —s)(Au(s) — Au(t)) ds
0

t
/ gt —s)Au(s)ds
461

(31 + ) (goAu)(t) + 281 (1 — 0)? / |Aul? dx. (69)
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For the fourth term, it is easy to see that, for any 6, > 0,

t
—f Aut/ gt —s)(Au(s) — Au(t)) dsdx
Q 0

t
< 32/ |Aut|2dx+£/ / (=g (t — $))|Au(s) — Au(t)|* ds dx. (70)
Q 82 Ja Jo
The fifth term may be handled similarly
,o~|—1/ Iutlput/ g'(t — ) (u(s) — u(t)) dsdx

<_[52/ g 2P+ dx 4+ = // —g'(t—9) |Au(s) — Au(?)] dsdxi| (71)

Using (13), (14), (46), (51) and (53), we have

E(0) = E(t) = () + p—ll— ||ut||p+2 > J(t) = _”Autl|2>
which gives
1 Augl)3 < 6E(0). (72)
By exploiting the Sobolev embedding
HY(Q) — L*PTD(Q), (73)
and (72), we obtain
jg Jug 207D dx < c(E(0)” | Aue 3. (74)

Therefore (71) takes the form
400
o —g) —
p—i—l/ 14| ”t/(; g () (u(t —s) —u(t)) dsdx
< c82(E0)” | Augll3 — g(g/oAm(t). (75)

Applying (19) for s = |ul, using the embedding of Hg(Q) in L*°(Q) and performing the same
calulactions as before, we get, for any §3 > 0 and any &y € (0, 1),

t
—k/ uln|u|/ gt — s)(u(t) — u(s)) dsdx
Q 0

<k / (W + deg =)
Q

<
Q

+ Cep.d3

t
f gt — 9)(u(t) — u(s)) dsdx
0

t
; gt —s)(u(t) — u(s)) ds

dx+83fu2dx
Q

2/(14€9)
dx

t

gt — s)(u(t) — u(s)) ds
0

¢ 2
< c83l|Aull3 + if ‘/ gt —s)(u(t) — u(s))ds| dx
3 Jallo

2/(14€9)

t
+ Ceq.3 fQ VO gt —s)(u(t) — u(s)) ds dx,
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then, puting §/4 = ¢§3 and using Holder’s inequality and Lemma 5.1, we find

t
—k/ uln |u|/ gt —s)(u(t) — u(s)) dsdx < gIIAMII% + g(goAu)(t)
Q 0

+ Cey 5 (g0 AW/ IH€0 (1),

Combining (67)-(70), (75) and (76), estimate (66) is established.

Lemma 5.7: Assume that (A1)-(A3) and (50) hold and let gy € (0,1). Assume that

elm
0 < E(0) < .

»
Then, for k small enough, there exist positive constants &€ and N such that the functional
L=NE+¢y + x
satisfies
L~E

and, for any ty > 0, there exists a positive constant m such that

L'(t) < —mE(t) + c(goAu)(t) + ce,(goAw) /AT (1), Vi > t,.

(76)

(77)

(78)

(79)

Proof: To prove (78), we use Young’s inequality, the Sobolev embedding Hj (Q) < L°T2(R), (51),

(53), (72) and (74) to obtain

& 2 € +2 , € 2
L(t) — NE(t)| < —— Pt - L —|A
[L() QI p+2||utllp+2+ (p+1)(p+2)llullp+z+2ll url|3

& 2(p+1)
+ = llAull; + ———
2” I 2(p + 1)

1—¢
S (goAu)(1)
P2

1+(p/2)

1 2
+z||A”t||2+

3¢ 3(1-19)
E(0))’E _
(p+ 1 EOVEO+ 0

+3E(t) + 3(1 — OE®)
< c(1+e)E®),

3¢
+ 7E(t) + cpE(1)

that is
[N —c(1+&)]E(t) < L(t) < [N+ c(1 + &)]E().

By fixing N large enough so that N > ¢(1 4+ ¢), we obtain the desired result (78).

1—¢
5 p41) + mcp(goAu)(t)

(80)
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For the proof of (79), since g is positive and g(0) > 0 then, for any t; > 0, we have

t to
/ g(s)ds > / gls)ds=go >0, Vt=>t.
0 0

By using (14), (63) and (66) then, for t > t, we have
N c 8o — €
L/ ¢ o= / A H - p+2d
Y 1)
- [85 — (1421 - 08 — ﬂ lAul3
— [g0 — & — 82 — cS2(E(0)* ]| Aue 3
+c<8+81 + — 5, + )(goAu)(t)

+ o5 (goAw)/ITO (1) + €k/ u? In |u| dx. (81)
Q

Using the definition of E(t), we obtain, for any m > 0,

N _ +2
L'(t) < mE(t)—i—(———)(g oAu)(t) ( 1 p+2>/|ut|p dx

A ) 8§ m(l—g) )
—les = — 0 — o = TSV A
_62 1+20 -0 1 2 ]H ull3

B m
— 80— &= 82— co2E@)” = 2| NAwI}

i 1 1 m
+ c<8+81 +5t §> + —} (g0Au)(t)

+ cep (oA /00 () 4 X ||u||2

m 2
+ (8 — 3) k/Q u” In |u| dx. (82)

Using the Logarithmic Sobolev inequality (16), we get, for 0 < m < 2¢,

’ _ N_i ’ _ &0 m p+2
L' < mE(f)+[2 52}(g0Au)(t) <p+1 p+2>/|ut| dx

¢ ) s m(l—g) ka“ 2
_[85—<1+2<1—e>>81—Z———(8—5) }ll ull

m
~ (80— & — 82— coa(EO)” = ) NAwi[

+ [c (s + 6 + 5+ 5) + %} (g0AU)(t) + cep s (goAw)/ A€ (1)
1

m mk
(== 2) St tna — a3 + s (83)

At this point, we choose our constant carefully. First, we pick 0 < ¢ < go, then §;, §; and § small
enough so that

k ¢ 1421 =0)%s 8 0
=& — - - = >
=5 17y
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and
k2 =g0— & — 82 — CSz(E(O))'O > 0.
Then, N sufficiently large so that

N> c(l+¢) and

> 0.

o] Z

¢
)

Consequently, we get

: g—& m 2
L'(t) < —mE(t) — _— P2 dx
() < —mE() <p+1 p+2)/g|ut|

m(1 — go) m kcpa2 )
R S R Y

- (kz _ %) | Au? + (c + %) (goAu)(1)

mk
+ Ceo(goAu)l/(l+EO)(f) + T”u”%

k
~(e- g) $@0 +Ina) — In fjul)|ul}. (84)

Finally, we choose m and k small enough so that m < ¢ (so (mk)/4 < (¢ — m/2)k/2),

go=e Moy,
p+1l  p+2
1— kepa®
2 2 21
and
m
ky— — >0,
2 2>
we get

L'(t) < —mE(t) + c(goAu)(t) + ce, (goAu)l/(1+£0)(t)
_ <g— %) §(1+21na—ln lull3) [ull3. (85)

Using (13), (14), (46), (51), (53) and (77), we have

4 4 4 ¢
In lu)? < In (E](t)> <In <%E(t)> <In <%E(0)) <In (%) (86)

By taking a satisfying

max e73/2, @_n <a< %l
ka

(so (26) is satisfied), we guarantee
1+2Ina—In|ul?>o0.

Which completes the proof of (79). |
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Remark 5.8: Using (10), (13), (46), (51) and (53), we have

1 )
E() = J(t) + mnutnﬁﬁ > J() = N Au®]3,
then, using (14),
, 6 6
|Au®I3 < JE®) < JEO). (87)

So, from (14) and using Young’s inequality, we get

1 1
IE'(t)] = Eg(ouAu(t)n% — 5 &oAu)®

IA

1 t
Ega)uAu(t)n% - /0 gt —)lAu® |3 + Il Aus)[13) ds

IA

6 (1
7 <§g(f) +2g(0) — Zg(f)) E(0)

IA

cE(0). (88)

Theorem 5.9: Let (1o, u1) € H3 () x H3(Q), € € (0,2p — 1) and ty > 0. Assume that (A1)-(A3)
and (50) hold. Then, for k small enough, there exists a positive constant K such that the solution of (1)
satisfies

—1/(2p—2+¢€)
> , Vi> 1. (89)

t
E(t) <K (1 + | 271 (s)ds

to

Moreover, if there exist €; € (0,2p — 1) and ty > 0 such that

00 t —1/(2p—2+€1)
/ <1+ / gr—1re () ds) dt < oo, (90)
to to

then, for any r € (0, p) and ty > 0, there exists a positive constant K such that the solution of (1) satisfies

t —1/(p—14r)
E(t) <K (1 + / £PFT(5) ds> , V> 1. (91)
fo
Remark 5.10: Using (89) and (90), we can easily show that
+00
/ E(t) dt < +o0. (92)
0

Proof: We multiply (79) by £(¢) and use Corollary 5.4 and (88) to get, for any ¢ > ¢,

ENL'(t) < —mEWDE) + co(—E (1) ™D 4 o(—E/ () V/ (2P~ D(+<0)
< —mE)E(t) + C(_E/(t))eo/((lp—1)(1+60))(_E/(t))l/((2p—1)(l+eo))
+ c(—E () (@r=D(+<0)

< —mE(E®t) + c(—E (1) @=DUre) -y > 4y (93)



APPLICABLE ANALYSIS (&) 71
Multiply the last inequality by &7 (£)E (¢), where ¥y = (2p — 1)(1 + €p) — 1, and notice that £’ < 0
to obtain
ETTH OB (DL (1) < —ms" THOE (1) + cEB)Y ()(—E ()Y, e = 1.
Use of Young’s inequality, with g = y + 1 and g* = (y + 1)/y, gives, for any &’ > 0,
EVHMEN (L' (1) < —mE" T OET TN (1) + c('§ T OE T — o E (1)
=—(m—¢e "V OE T — cE/(t), Vt > t.
We then choose 0 < ¢’ < m/cand recall that £’ < 0 and E' < 0, to get, for c; = m — ¢’c,
ETEL (1) <&M O OL(1) < —as" T OETH O — B0, V=1,
which implies
ETEL+ cB) (1) < —a&"T'OE T (1), V= 1.
Let F = EY T EYL 4 cE. Then F ~ E (thanks to (78)) and

F(t) < —CEV+1(t)Fy+1(t) — —cf<2p—1)<l+€°)(t)F(ZP_l)(1+5°)(t), Yt > to.

Integrating over (ty, ) and using the fact that F ~ E, we obtain (89) with ¢ = (2p — 1)¢o.
To establish (91), we use the idea of Messaoudi and Al-Khulaifi [12]. Let

t
1) = fo lAu(®) — Au(t — 5)|2 ds.

Using (89), (87), (90) and (92), we have
t
0o < 2/0 (A3 + [ Autt — 9)[3) ds

12 [t
< T,/ (E(t) + E(t —s)) ds
0

24
< — ] E(s)ds<—/ E(s)ds < oo.
This implies that
supn! =P (1) < . (94)
t>0

Assume that n(t) > 0. Then, because & is nonincreasing, we find

E(D(go Au)(t) < Mf (EP ()P (NPl Au(t) — Au(t — 9)|13 ds

Applying Jensen’s inequality to get

1/p
§(H)(go Au)(t) = n(t) ( / EP(9)gP (Il Au(t) — Au(t — 5)||2’d5> .

(1)
Therefore, using (A2) and (94) we obtain

t 1/p
E(B)(go Auy(t) < n' =P (sp—l(m / £ G) |Aut) — Ault —s) |3 ds)
0

< c(—g o Aw)'P(t),
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and then, according to (14),
E(t)(go Au)(t) < c(—E ()P, (95)
So, since & is nonincreasing,
E(D)(go Aw)/UFO (1) = (ED(DE(t) (g o Au)(1)"/ 1T
< (E(0)E(1)(g 0 Au)()/+<0)
< c(E(1)(g 0 Au ()<
< C(_E’(t))l/(P(lJréo))‘ (96)
If n(t) = 0, then s — Au(s) is a constant function on [0, ¢t]. Therefore
(goAu)(t) =0,

and hence (95) and (96) hold.
Now, multiplying (79) by &(t) and using (88), (95) and (96) to find, for any t > t, (as for (93)),

EML (1) < —mE)E(t) + co(—E ()P 4 c(—E (1)) "/ P +<0)
—mE(H)E(t) + C(_E/(t))€0/(P(1+€o))(_E/(t))l/(P(1+€o)) + C(_E/(t))l/(P(l-Féo))

IA

—mE(E() + c(—E (1) P+ vt > . (97)

IA

Inequality (93) with 2p—1 replaced by p is exactely (97). Then, the proof of (91) can be completed as
for the one of (89) (by taking y = p(1 + €9) — 1 and € = pey). This completes the proof of our main
result. .

Remark 5.11: We note here that 2p — 2 4+ € and p — 1 + € can be arbitrary close to 2p—2 and p—1,
respectively, since € can be arbitrary close to zero. On the other hand, in the absence of the logarithmic
‘forcing’ term (k =0), the estimates (19) and (76) drop out and, consequently, (79) takes the form

L'(t) < —mE(t) + c(goAu)(t), Vt > t. (98)
In this case, we obtain the following result.

Theorem 5.12: Let (ug, u1) € H3(Q) x HZ(Q) and ty > 0. Assume that (A1)~(A2) hold. Then, there
exists a positive constant K such that the solution of (1) satisfies, for all t > to,

E(H) < Ke MofO% ey (99)
and

t —1/(2p—2) 3
E(t) <K (1 + [ &) ds) ifl<p<=. (100)

to

: 3
Moreover,if 1 < p < 5 and

% ¢ ~1/(2p-2)
/ <1+/ £271(s) ds) dt < oo, (101)
0 to

t -1/(p—1)
E(t) <K <1 +/ £P(s) ds) , Vt>t. (102)
to

then
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