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1. Introduction

In this paper, we consider the following Timoshenko system:

L1901 (X, 1) — ki (@x + V) (1) + A1r(x, 1) + g (x,t — 71) =0,
P2V (X, 1) — koW (x, 1) + k1 (@x + V) (x, 1) + Aote (x, 1) + pate(x, t — 12) = 0,
(/J(X, 0) = QO()(X), %(x, 0) = §01(x)7 (11)
¥ (x,0) = Yo (x), ¥ (x,0) = Y1 (x),
et(x, —t10) = filx, —=T1p), Yi(x, —12p) = f2(x, —T20)
under the Dirichlet-Dirichlet boundary conditions

@0,1) = ¢(L,t) = ¥ (0,1) = ¥ (L, t) =0 (1.2)
or the Dirichlet-Neumann boundary conditions
9(0,8) = (L, 1) = ¥x(0, 1) = Yx(L, 1) = 0, (1.3)
forx €]0,L[,t >0, p €]0,1[, uj € R, L, pj, kj, 7j > 0,4; = 0(j = 1,2),

(@, %) :10, L[ x 10, +-00[ — R?

CONTACT Aissa Guesmia @ aissa.guesmia@univ-lorraine.fr
© 2016 Informa UK Limited, trading as Taylor & Francis Group
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is the state of (1.1) with (1.2) or (1.3),
%o, ¢1, Yo, Y1 :]0,L[— R and f; :]0,L[x] —7;,0[— R

(j = 1,2) are given initial data. A subscript y as well as the notation 9, denote the derivative with
respect to y. When a function has only one variable, its derivative is noted by /.

Our aim is the study of the well posedness and asymptotic behavior of the solutions of (1.1) with
(1.2) or (1.3) in case of the equal-speed wave propagation

k k
S (1.4)
P£1 P2

as well as in the opposite case.

The Timoshenko-type systems were introduced in [50] to describe the transverse vibration of a
beam. Since then, the well posedness and stability of this model has attracted the attention of many
researchers using diverse types of dissipative mechanisms. Let us mention here some of these results.

When no time delay is considered (i.e. u; = w2 = 0), investigations showed that the presence
of controls (linear or nonlinear feedbacks and/or finite or infinite memories) on both the rotation
angle ¢ and the transverse displacement i guarantees the stability without any restriction on the
constants p; and k;. However, in the case of only one control, the rate of decay depends heavily on
the relation (1.4) and the regularity of the initial data. We quote in this regard [1-3,7,10-16,20,24-
30,33,40-42,44,45,48,49].

When only one time delay is present (i.e. ;2 = 0 and (1, u2) # (0,0)), the questions related
to well posedness and stability/instability of Timoshenko-type systems have attracted considerable
attention in recent years and many researchers have shown that the time delay can destabilize a
system that was asymptotically stable in the absence of time delay. Under smallness conditions on
the weight of the time delay, it was proved that, when the time delay and control are considered on
the same equation, the stability still holds; see [4,8,9,18,19,21,23,43,46].

In [47], the stability of Timoshenko systems with two internal time delays and two boundary linear
feedbacks was proved under some smallness conditions on L and the weights of the delays.

For the stability of another kind of systems with delay, we refer the reader to [5,6,17,34-38] and
the references therein.

As far as we know, the problem of stability of Timoshenko system with two discrete time delays
and one or two frictional dampings, as well as the case of one time delay and one frictional damping
not considered on the same equation, has never been treated in the literature. Our goal in this paper is
to study the well posedness of (1.1) with (1.2) or (1.3) and investigate the effect of presence of one or
two frictional dampings on the asymptotic behavior of their solutions. When the weight of one time
delay is not smaller than the one of the corresponding damping, the system (1.1) with (1.2) or (1.3) is
not necessarily dissipative with respect to its classical energy, so some new difficulties are generated.

The proof of the well posedness is based on the maximal monotone operators and semigroup
approach. However, the proof of stability estimates is based on the multiplier method. The paper is
organized as follows. Section 2 deals with the well posedness of (1.1) with (1.2) or (1.3). In section 3,
we present our exponential and polynomial stability results. In section 4, we prove the exponential
stability in both cases (1.2) and (1.3), when the weights of the time delays are smaller than the ones of
the corresponding dampings, respectively. After, we consider the case where the weight of one time
delay is not smaller than the one of the corresponding damping and we prove in sections 5 and 6,
respectively, the exponential stability in case (1.4), and the polynomial stability in the opposite case.
Finally, we conclude in Section 7 by some remarks and open questions.
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2. Well posedness

In this section, we prove the existence, uniqueness, and smoothness of the solution of (1.1) with (1.2)
or (1.3). For this purpose, we adopt the technique of [34], (see also [35-38]) to reformulate (1.1)
with (1.2) or (1.3) in the first-order system (2.3) below and prove that the operator &7 + % defined,
respectively, in (2.4) and (2.6) generates a contraction semigroup on the Hilbert space .7 given in
(2.7).

Let us consider the following new variables:

z (x,,o,t) =g (x, t— 'L’1,0) , in]0, L[ x]0, 1[x]0, +o0[, 2.1
z (%, p,t) == Y1 (x,t — T2p) , in]0, L[x]0, 1[x]0, +00[. :
Then it is easy to check that
Tzt (%, p,t) + 2jp (%, p,t) = 0, in]0, L[x]0, 1[x]0, 40, (2.2)
z1 (x,0,1) = ¢y(x, 1), 22 (x,0,1) = Y1 (x, 1), in]0, L[x]0, +oo[. '

Now, we present a short discussion of the formulation of (1.1) with (1.2) or (1.3) in a first-order
system. For this purpose, let

U = (%fptﬂ/f,wt’Zl’Zz)T and % = (fﬂo)@hl/fo,1/f1)f1(-,—71.),f2(~>—72.))T,

then % satisfies the problem

U= (A +BUD), t>0, (23)
w (0) = , :
where the operators % and &/ are defined by
0 EO r
%(ul)ul’ Vl)v2>zl>Z2)T = 0)_11"2’0) _ZVZ)O)O > (24)
P1 P2
0 _ T = 2.5
g {|uj| i 1] > (23)
and
uz
ux At 0
U % (ulxx + le) - 1[0151 Uz — %WI(I)
V1 V2
JZ% = Aot 0 (26)
;2 %lex - % (u1x +v1) — 202%‘2 vy — ’;—jwz(l)
1 Lw,
w -1
o W

with domains D (%) = # and

D(ﬂ) = {(ul’uz’vl)vz,WbWz)T e H:

wmmmoeﬁoauJRMmeL%mJLwy(mmxmm»=(wmﬁL
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where

H := (H*(10,L[) N Hy (10, L)) x Hy (10, L) x (H;(10,L[) N V)
x Vi x L* (10,1[, L*(10, LD)) x L* (10, 1[, Vy),

J is the energy space defined by

A = Hy(10,L[) x L*(10,L[) x Vi x Vo x L* (10, 1[, L*(10,LD)) x L* (10, 1[, Vo), (2.7)

H%(10, LD, in case (1.2),
2 —
H, 101D = { {v € H2(10, L), 0,v(0) = 0,v(L) =0}, in case (1.3), (2.8)
H;(10,L]), in case (1.2),
1= {v e H'(Jo, L), fOLvdeO}, in case (1.3) (2.9)
and
L*(]o, L), in case (1.2),
- {V € L*(10, L), fOL vdx = 0}, in case (1.3). (2.10)
For U = (ul, Uz, vi, v, Wi, Wz)T, U= (ﬁl,ﬂz,vl,VZ,Wl,Wz)T and
_ Tj)‘-j if0<|pl,j| <A 211
g {rjw i 1111 > 4 o 1 =0, (211

the space L? (]0, 1[, L2(J0, L[)) x L2 (]0, 1[, Vo) endowed with the inner product

((w1, w2), (W, WZ))LZ(]O,l[,LZ(]O,L[)) ><L2(]0,1[,V0)

L 1
= f / (E1w1(x, P)W1(x, p) + E2wa(x, P)W2(x, p)) dp dx
0 0

is a Hilbert space, and we define the inner product in .77 as follows:

L
(U, U),, = /0 (o1u2tiz 4 p2va¥a + ki (u1x + v1) (F1x + 71) + k2viaVix) dx
+ (w1, w2), (WlaW2)>L2(]0,1[,L2(]0,L[))XLZ(]OJ[,VO) .

Remark 2.1:

(1) If uj = 0, the variable z; is not considered, and therefore, the corresponding components in
the definition of %, %y, A4, </, D(«7), H, and ¢ will not appear.

(2) Let co be the smallest positive constant depending only on L and satisfying (Poincaré’s
inequality)

L L
/ vdx < co/ v}zc dx, Vve Hi(]O,L[), (2.12)
0 0
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where
L
H(0,L]) = {v € H'(10,L[), v(0) = v(L) = 0 or / vdx = o} )
0
By applying (2.12) on vy, we see that
L L
/ (u%x + v%x) dx < / (2(u1x +v)? + 21/% + v%x) dx
0 0

L
< / (21 + vi)? + (2c0 + 1)V%x) dx
0

2 2 1] [t
< max {—, ‘o + } / (ky(uix + vi)? + kgvfx) dx. (2.13)
ki k 0

Because fOL u%x dxand fOL vfx dx define norms, for u; and v; on H& (10, L[) and V7, respectively,
then

L
/ (k1 (u1x +v1) (F1x + 1) + kavia¥ix) dx
0

generates a norm on Hé (10,L[) x Vi, for (u1,v1), equivalent to the one induced by
(H1 (o, L[))z. Consequently, .77 is a Hilbert space.

In case of Dirichlet-Neumann boundary conditions (1.3), Poincaré’s inequality (2.12) is not
necessarily applicable for 1. To overcome this problem, let us consider

L L
g = / Y(x,t)dx (fort >0), g-1(t) = / fH(x,t —1)dx (fort €]0, 12]),
0 0

L L
gg1 = f Yo(x)dx and gll = / ¥y (x) dx.
0 0

Using the second equation and initial data (¥, {1, f2) in (1.1) and the boundary conditions
(1.3), we easily verify that

P28 (1) + hag' () + kg (1) + pag'(t — 12) =0, £t >0,
g = [ Al dx, tel— 1,0l (2.14)
g0 =¢%, gOy=g¢',.

In particular,

{ P28 () + hag (1) + Kig () + pag—1 (1) = 0, £ € 10,%2], (2.15)

g(o) =ggl> g/(o) =g11

The characteristic equation 025> + Aas + k; = 0 of the homogeneous equation associated to
(2.15) has the solutions

so = ETi\ZZ if 12 = 24/k1p2,
—ha—A/ 12—k p| —hata/IA3—dkipa| .
s1= G gy = SN if ), > 2 K,

so — (52— s0)i, So + (52 — so)i if Xy € [0,2+/k1 2]
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(here i is the imaginary number satisfying i = —1). Then, using classical arguments, we find
that the unique solution gy of (2.15) is given by go = g + g4, where

((gll _SOgg1>t+g91> et if Ay = 24/k1 02,

g(())(t) = 52151 (Szggl _g£1> et + 52151 (gll - Slggl) et if 22 > 2v/k102,

(821 cos (52 =500 + i (g1 — 5082, ) sim (2 = s0)0)) €' if 22 € [0,2v/Kapal

and
_ uz;ZSO’ Jo J5 g=1(0)e™%7 dr ds if Ay = 2vk1p2,
S1t

g(}(t): _sz%l fot e2(so—s1)s fosg_l(t)e_(zs(’_sl)f dr ds if 1y > 2/k1 p2,

—%Re (e(so—i(sz—so))tfot o2i(s2—50)s fosg_l(l—)e—(So-i-i(Sz—So))T dr d5> if 25 € [0, 2k p2l,

where Re denotes the real part. Therefore, for any n € N*, the unique solution g, of

{ P28 (1) + Aag' (1) + kig(t) + pagn—1(t) =0, t € Inty, (n+ D12,
gnn) =g, 1(nm), g'(np) =g, _,(n12)

is defined as go with g_1,¢° |, g* |, fot and [ are replaced by g,—1, gu—1(n72), g,_; (n72), fntfz
and |, ,f +,» respectively. Consequently, the unique two times differential solution g of (2.14) is
given by

g(t) = gn(D), t €lnty, (n+ D1z, n €N,

gnm) =gy 1(nm), g'(nry) =g,_,(n1p), n € N¥,

g0) =g, £ =g.
Now, we put

& =y — —g. (2.16)

Then, one can easily check that

L ~
/ v dx =0, (2.17)
0

and, hence, Poincaré’s inequality (2.12) is applicable for v provided that ¥ € H'(]0,L[). In
addition, (¢, ¥) satisfies (1.1) with (1.3) and initial data

- 1 (L . 1 L ~ 1 L
1/f0=1//o—z/ Vo dx, 1/f1=1ﬁ1—z/ Y1dx and f2=f2—z/f2dx
0 0 0

instead of ¥, Y1, and f,, respectively. In the sequel, we work with ¥ instead of v when (1.3)
holds, but, for simplicity of notation, we use always  instead of .

Theorem 2.2:  For any %, € 7, there exists a unique solution
U € C(RY, )
of problem (2.3). Moreover, if %y € D (<), then

% € C(R*,D(«))nC' (RT, ).
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Proof: 1In order to prove the result stated in Theorem 2.2, we will use the semigroup approach; that
is, we will show that the operator .o/ + % generates a Cy-semigroup in ¢ . In this step, we concern
ourselves to prove that the operator .27 is dissipative. Indeed, exploiting (2.2), (2.6) and the definition
of (,) p, integrating by parts with respect to x and using the boundary conditions (1.2) or (1.3), we
have, for U = (ul, Up, V1, V2, W1, wz) eD (,Qi)

L L L
(.dU,U)jfz—()»l—i-ElO)/o uzdx—()»2+52)/ vzdx—ulf wl( )uzdx
L
—/«02/ wz( vzdx——/ / w1 x, wlp(x,o)d,odx
//wz x, wzp(x ,o) dp dx. (2.18)

Looking now at the last four integrals of the right-hand side of (2.18), we have

L 1
—é—I//wl x,p wlp(x,o d,odx——/ / %) xp wzp(xp)dpdx

//——wlx,o d,odx——/ / ——w2 x,o dpdx

_ 5 0 " (W2 (5,0) — w2 (1)) dx+$—2/0 (2 (x,0) — w2 (x.1)) dx

2‘L'1

and, using Young’s inequality,

L L 1] [142]
—,u1/ wl(x,l)uzdx—uzf wz( )vzdx<T ( —i—wl(x,l))d +—
0 0 0

L
/ (v% + wa(x, 1) dx
0

Consequently, because w% (x, 0) = u% (x) and w% (x, 0) = v% (x), (2.18) becomes

L L
(ﬂU,U)(ygS(s—l—l—M—)»l— 10)/ u%dx+(ﬁ+ﬂ—)\2—$2>/ v%dx
211 0 27 2 0

w1l & L lpal & Ly
+<T_E>/o wi (x,1) dx + 2 o /0 wi (x,1) dx.  (2.19)
Using (2.5) and (2.11), we get

i-q-ﬂ— —5 <0 and M—igo.
27 2 2 27

Hence, we deduce from (2.19) that (/' U, U) 5 < 0, and consequently, the operator o7 is dissipative.

Now, we show that the operator Id — ¢/ is surjective. Indeed, given

= (¢1’ ¢2’g1,82, hl) hZ)T [S %,
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we seek U = (ul, Up, V1, V2, W1, wz)T eD (.;z/) solution of (Id — .&/)U = Uy; that is,

Uy —uz
k A +ED o1
u — o (U1xx + Vix) + — 2t %M(l) b
Vi —Wn2 g
k k hatE) =

V2= Vi + (u1x +v1) + V2t %Wz(l) J'$)
wy + r_llwlp hy
1 h2

wy + ngp

Suppose that we have found
(ur,v1) € (H*(0,L)) N Hy(10,LD) x (HZ(10,L]) N V1)
Then the first and third equations in (2.20) give

V) =V _gl-

{M2=u1—¢1,

It is clear that (uy,v;) € Hé (10, L[) x Vy. Furthermore,

o

wi(x, p) = (u1(x) — g1(x))e” "7 + Tlefm)/ hi(x,0)e"? do,
0
P

w2 p) = (M (x) — g1(0))e~2F + e~ f hy(x, )¢ do
0

satisfy the last two equations in (2.20),
(w1, w2), (Wi, wap) € L7 (10, 1, L*(10, LD)) x L* (10, 1[, Vo)

and, according to (2.22), (w1(0), w2(0)) = (u2, v2). Puting

1
wd(x) i= —1(x)e” " + 11e7 1 / hi(x,0)e™? do,
0
1
wg(x) =—g1(x)e” 2 + rze_”/ hy(x,0)e™? do.
0

We deduce from (2.23) that
{ wi(x, 1) = e up (x) + w(x),

wa(x,1) = e 2vi(x) + wg(x).

By using (2.22) and (2.25), the second and fourth equations in (2.20) are equivalent to

MHpe”1+E] A+ED
(1 + %ﬁ) Uy — % (u1x +v1x) = 2 + (1 + —1p151>¢1 — Elw),

A - 0 A 0
(1+M>V1 _k_zlex+%(u1x+vl) =gz+(1+ﬁ)gl—%

02 02 P2

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

So, proving that Id — .o is surjective is reduced to prove that (2.26) has at least one solution satisfying
(2.21). To do so, multiplying the first and second equations in (2.26) by p1]; and p,l,, respectively,
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where (I1, ) € Hé (10, L[) x V1, and integrating by parts with respect to x, we see that any solution
(2.21) of (2.26) satisfies the variational formulation

Z((u1,v1), (b)) = L, b), Y, b) € Hy(10,L) x Vi, (2.27)

where the bilinear form % : (H(} (]O,L[) X Vl)2 — Rand thelinear form . : H(} (]O,L[) xVi— R
are defined by

L
R (0, V), (W, w)) = f (o1 + 21+ pie™™ + &) il + (p2 + A2 + poe™ ™ + &) v1b) dx
0
L
+ / (k1 (uix + v) (i + b) + kaviehsy) dx
0

and

L
g(lhlz)=/ (1002 + (o1 + A1 + EDG1 — w)) It + (p2g2 + (2 + Ao + Eg1 — pawh) b) dx.
0

It is easy to verify that & is continuous and coercive, and . is continuous. So applying the
Lax-Milgram theorem, we deduce that problem (2.27) admits a unique solution

(u1,v1) € Hy (10,L[) x V7.

Applying the classical elliptic regularity arguments, it follows that (u;, v;) satisfies (2.21). Therefore,
the operator Id — o7 is surjective.

Since o7 is dissipative and Id— .7 is surjective, ./ is maximal monotone. Therefore, using Lummer-
Phillips theorem (see [39]), we deduce that &7 is an infinitesimal generator of a linear contraction
Cop-semigroup on 7. On the other hand, we see that the linear operator 4 is Lipschitz continuous.
So, finally, also &7 + # is an infinitesimal generator of a linear contraction Cy-semigroup on 7 (see
[39]: Ch. 3 - Theorem 1.1). Consequently, the well-posedness results of Theorem 2.2 follow from the
Hille-Yosida theorem (see [22] and [39]). O

3. Stability

To announce our stability results, we consider the energy functional associated with (1.1) and the
boundary conditions (1.2) or (1.3) defined by

B : = 1% 01
1t 2 2 2 2
:E./o (/3190, + o2 + ki(px +¥) +k2¢x)dx
El L 1 5 EZ L 1 5
+5/ / (pt(x,t—tl,o)dpdx—i-E/ / Yi(x,t —p)dpdx. (3.1)
o Jo o Jo

Now, independently of (1.4) and in both cases (1.2) and (1.3), we give our first stability result
which concerns the case

il <A1 and  |ual < Az (3.2)
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Theorem 3.1:  Assume that (3.2) is satisfied and let %y € €. Then there exist positive constants cy
and ¢, for which E satisfies

E(t) < cpe™ ', Vt>0. (3.3)

Our second stability result concerns the case when (1.4) and one of the following situations hold:

w1l =21 and |ual < Az, (3.4)

[l <A1 and  |ua| = Az, (3.5)

[1l > A1 and  [ua] <Az (3.6)
and

i1l <A1 and  [u2| > Az. (3.7)

Theorem 3.2: Assume that (1.4), and (3.4) or (3.6) or [(1.3) and (3.5)] or [(1.3) and (3.7)] are
satisfied, and let %y € €. Then there exists a positive constant M]Q independent of uj, wherej = 1 in
cases (3.4) and (3.6), and j = 2 in cases (3.5) and (3.7), such that, if

i+l < w1, (3.8)

the energy E satisfies (3.3).
Our last stability result concerns the case when (1.4) does not hold but (3.4) or (3.5) holds.

Theorem 3.3:  Assume that (1.4) does not hold, and (3.4) or [(1.3) and (3.5)] hold, and let % €
D(). Then there exists a positive constant . independent of i, where j = 1 in case (3.4), and j = 2
in case (3.5), such that, if (3.8) holds, then there exists a positive constant ¢, for which E satisfies

C
E(t) < ?1 vt > 0. (3.9)

We will use ¢ (sometimes ¢s which depends on some parameter §), throughout the proof of our
stability results, to denote a generic positive constant which depends continuously on the initial data
and can be different from step to step, but it does not depend neither on A; nor on ;.

By considering suitable multipliers in the next lemmas, we will construct a Lyapunov functional
F satistying some differential inequalities, for all %% € D(<7); so all the calculations are justified. By
integrating these differential inequalities, we get the desired decay estimates (3.3) and (3.9). In case of
Theorem 3.1 and Theorem 3.2, by a simple density arguments (D(.27) is dense in .7¢), (3.3) remains
valid for any %, € .

Before starting the proof of our stability results, we give the following identity:

Lemma 3.4: The energy functional satisfies

L
B0 < [ (e +dv?) d (3.10)
0
where

dj_{ > if 0 <|pjl < Aj (3.11)

—Aj + [l if [l > A or pj = 0.
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Proof: By exploiting (2.3), (2.4), and (2.19), we obtain

& fL 2 2, ual /L 2
E@) <21+ B0y do+ (22 + B2y d
(1) < (2_[1 + > 1 A ¢ dx + 20, + 5 2 ; yi dx

luil & Ly w2l & L
+ <T - 2—1_1)/0 @i (x,t — 1) dx + (T — E) /0 Yr(x,t —1)dx.  (3.12)

Then, using (2.11), we see that, if 0 < il < Ajs

: ; . ; A — s
E_] |kl 5= |t E_]__ i — il -

] - - —
27.']' 2 2 2‘L'j 2

However, if |uj| > Aj or uj = 0, we have

&  Iujl il &
2Ly N =pl -2 and —- - 2L =o.
21 T A=A 2 2y
Hence, (3.12) yields (3.10). O

Remark 3.5: When (3.2) or (3.4) or [(1.3) and (3.5)] hold, E’ < 0, and then (1.1) is dissipative.
However, when (3.6) or [(1.3) and (3.7)] hold, the sign of E’ is not determined from (3.10), and
therefore, (1.1) is not necessarily dissipative with respect to E at this stage.

4. Proof of Theorem 3.1
Assume that (3.2) holds and let % € D(«).

Lemma4.1: The functional

Al

L A
J(t) = /0 (pﬂp(m + oY + 7«)2 - 721/9) dx (4.1)

satisfies, for any § > 0,

L L L
I <~k f (6x+ ) dx — ks f 2 dx + / (107 + p29?) dx
0 0 0
Loy 2 Lo B 2,200 4
+8 | (ox+v0) dx 4o [ (ef (ot — 1) + u3vf (6t — 1)) dx.  (4.2)
0 0

Proof: By differentiating J, and using the first two equations in (1.1) and boundary conditions (1.2)
or (1.3), we have
L L
Py = [ (g + 20d) dx = [ (katoet v+ kavd) dn
0 0
L
—/ (m19@r (.t — T1) + oY (x, t — 12)) dx.
0

Consequently, applying Young’s inequality, for the terms of the last integral of the above equality,
and using Poincaré’s inequality (2.12), for ¢ and ¥, we find (4.2). O
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Lemma 4.2: The functionals

L(t) =& foL fl e 2P p2(x,t — 110) dp dx,
L(t) =& fo fl e 2Py l(x,t — 1ap) dp dx

satisfy
L 1 El L
L) < —2sle—2“/ / 97 (x,t —T1p) dp dx + —/ o7 dx
0o Jo 71 Jo
721’1 L
- S1e / (ptz(x,t—rl)dx
T 0
and

L 1 L
L) < —2526_2’2/ / Yi(x,t — 1p)dpdx + 5—2/ y; dx
0 0 2 Jo
e 2n2

L
/ w,z(x,t — 1) dx.
0

Proof: Using (2.1) and (2.2), the derivative of I; entails

L 1
IH0) =2$1/ / e 2P (x,t — T1p)gr(x,t — T1p) dp dx
2% _
= 1/ / 2P0, (x,t — T1p) e (x, t — T1p) dp dix

——/ / e 2P,k (x,t — T1p) dp dx.
1 Jo Jo

Then, using an integrating by parts, the above formula can be rewritten as

(4.3)

(4.4)

(4.5)

(4.6)

/ “2up 3 2 fe?n o,
I(t) = —251 @; 2(x,t — 71p) dpdx+ (pt dx — @7 (x,t — 11) dx,
0

71

which gives (4.4), since —e™2%1” < —e™2%, for any p €]0, 1[. Similarily, (4.6) can be proved.

Now, let Nj, N > 0 and

F=NiE+Ny(I) + 1) +].

O

(4.7)
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By combining (4.2), (4.4), and (4.6), we obtain

L L L
F'(t) < N\E'(t) — k1/ (@x +¥)?dx — k2/ Y2 dx—i-(S/ (92 + ) dx
0

L
+/ <<p1+w>w3+< 2+€2—2)%)
0 Tl

§1N2€_2” L
+ (cm% e @i (ot — ) dx
0

71

Nye2m2
+ (wi Szz—)/ Wit — 1) dx
L 1
—2N; / / (E1e M @i (x,t — T1p) + E2e YL (x,t — Top)) dpdx.  (4.8)
0 0

At this point, we choose § > 0 small enough and N, > 0 large enough so that (¢ is defined in (2.12))

2 2 +1
ki’ Kk

1
Smax{ } < > and min{&;,&}N, > ¢s max {flezrlu%,tzezh,u%}

(notice that, thanks to (2.11), §; = 0 implies j4; = 0; so N, exists). Therefore, using (2.13), for (¢, /)
instead of (11, v1), and the definition of E, we find that (4.8) implies that

L
F(t) < NiE'(t) — cE(t) + f (@7 + v?) dx,
0

for some positive constant ¢ depending on A; and 1;. Hence, according to (3.2) and (3.10), we have
(notice that max {d;, d»} < 0)

L 1
2 2 /
/(; (§0t + wt) dx < —max{dl,dz}E ().

By combining the above two inequalities, we get

F(t) < <N1 + ) E'(t) — cE(t). (4.9)

c
max {dy, d,}

On the other hand, using again (2.13) (for (¢, ¥) instead of (u;,v1)) and the definition of J, I; and
I, we can find that there exists a positive constant 8 (not depending on N ) such that

IN2(Ii + I) + ]| < BE,
which implies that
(N1 —B)E<F = (N1 + B)E. (4.10)

Thus, choosing Nj large enough so that

c
N+ ——>0 d N; > B,
1+ max{d,d,} — an 1>h
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and using the fact that E' < 0 (see Remark (3.5)), we deduce from (4.9) and (4.10) that, for some
positive constant cj,

F' < —¢F. (4.11)

Then, by integrating (4.11) over [0, t] and using again (4.10), we get (3.3).

5. Proof of Theorem 3.2

Assume that (1.4) is satisfied, (3.4) or (3.5) or (3.6) or (3.7) holds and let 74 € D(</). We distinguish
two cases.
Case 1: the boundary conditions (1.2) or (1.3) hold,

w1l = A1 and  |ua| < Az (5.1)

Lemma 5.1:  The functional

L
I(t)=—/0 (mwﬂrpzwwt —<p + = lﬁ)

satisfies
L L
r'e < - / (P97 + p2v7) dx + / (ki (px +¥)? + kayr}) dx
0 0
L L
+ 3/ (02 +v;) dx + q/ (1iQf(x,t — 1) + 13y (ot — ) dx. (5.2)
0 0
Proof: The proof of (5.2) is identical to the one of (4.2). O

Similarly to [3], we consider the following lemma:

Lemma 5.2:  The functional

L
L(t) = )02/ Yi(px +¥)dx + —— 2'01 / Yxpr dx
0

satisfies, for any €, § > 0,

2 L
I§<r)sk—2(w§<L,t>+w§<o,t>)+5(¢§<L,t)+w§(o,t) ) + 02 / 7 dx
0
k2 p1 L
<k1—8> (wx+w) dx+8 w dx + o)) @1 dx

L
+ca/ (m WMYE+ el (ot — 1) + 13yl (et — 1) dx (5.3)
0
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in case (1.2), and

L L
1) < pzf Y2 dx — (ki — 5>f (e + ¥ dx
0
k L
+5f Yy dx + (i—pl—pz>/ @1y dx
0

+ s / (Mo + M3y + i (x,t — 1) + 3P E(xnt — 1)) dx (5.4)

0

in case (1.3).
Proof: Using equations in (1.1) and the boundary conditions (1.2), and arguing as before, we have

k L
I3<t>——k1/ (0x+ ) dx—i—pz/ V2 dx +<2—‘”—p2)/ orre dx
0

+ k2 (@x (L, DY (Ly 1) — 9x (0, DY (0, 1)) — fo (ox + V) (2 + 2 (x,t — 12)) dx

Kk

kl / Vx (M‘Pt + w1 (x, t — rl))

Using Young’s inequality (for the last three terms of this equality), (5.3) is established. Similarly, in
case (1.3), we get

L L L
L(t) =~k / (px +¥)* dx + ,02/ yidx+ (— - pz) / Qe dx
0 0 0
L , (L
- f (ox + V) (M2 + 2V (x,t — 1)) dx — E/ Y (Mr + g (x,t — 1)) dx
0 0
which, using Young’s inequality (for the last two terms of this equality), implies (5.27). g

To estimate the boundary terms in (5.3), we proceed as in [3].
Lemma5.3: Letm(x) =2 — —x Then, for any € > 0, the functionals

L L
I = pzkz/ m@X) Y dx and Is = m/ m(x) @@y dx
0 0

satisfy
L L
L) < =K (V2L ) + Y20, 1) + ek / (ox + ¥)? dx + c/ Y2 dx
0 0
L L
+c <1 + é)/ V2 dx+c/ (vl + w3yt t — 1)) dx (5.5)
0 0
and
L
IL(t) < —ki (2(L, ) + 92(0,6)) + ¢ / (0 + o7 +¥7) dx
0

L
+C/O (Me? + migi (ot — 1) d. (5.6)
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Proof: Exploiting the second equation in (1.1) and using the boundary conditions (1.2), we get

2mky [T 2k (L
0 =222 [Cupaxs 32 [ vRac- B uian + vio.n)
0 0
L

—ky /0 mrx (ki(px + V) + A + w2 (x,t — 1)) dx.

Using Young’s inequality, for the terms of the last integral of the above equality, (5.5) is established.
Similarly, exploiting the first equation in (1.1) and using the boundary conditions (1.2), we find

/ 2p1 [* 2 2k (" 2 2 2
Is(t) = T / n dx + T / (O dx — k; (q)x(L, t) + <,0x(0, t))
0 0

L L
+ki / mexYx dx — f mey (h1gr + 19 (x, t — 71)) dx.
0 0

Then (5.6) can be proved by applying Young’s inequality, for the terms of the last two integrals of the

above equality.
Lemma 5.4: Foranye €]0,1[ and § > 0, the functional

I — Iz + %14 + 257115, in case (1.2),
¥ L, in case (1.3)

satisfies
/ ki L 2 c [t 2
() <—|—=—8—ce (ox + ) dx + — Wi dx
2 0 € Jo

L L L
< 2 2 pl_kz_
+(5+€2)/0 1/fxdx+ce/0 ®; dx+( o ,02)/0 Oty dx

L
+ e +c) f (K07 + 2292 + 1202 (et — ) + 1P (ot — 1) d.
0

Proof: Using Poincaré’s inequality (2.12), for v/, we obtain

L L L
fwﬁdfo/ (¢x+1ﬂ)2dx+2f v dx
0 0 0
L L
52/ (gpx—}—l/f)zdx—i—c/ wfdx.
0 0

Then (5.3)-(5.6) imply (5.8).
Lemma 5.5:  The functional I; = Is + %I satisfies

16
L 2 2 p1kz L
4 ac/ (o + 90> + ¥2) dx + (k— - ,02)/ o dx
0 1 0

/ ke 2 o [t 2 L 2 2
17(t) =< _Z/ (ox +¥) dx — _/ (2" dx + C/ (wt + Iil’x) dx
0 0 0

L
+cs / (Mo} + 23y} + uler(xt — 1) + WY (xt — 1)) dx.
0

Proof: Using (5.9), inequalities (5.2) and (5.8) (with € €]0, 1[ small enough) imply (5.10).

]

(5.7)

(5.8)

(5.9)

(5.10)
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Now, as in [3], we use a function w to get a crucial estimate.

Lemma 5.6: The function

X l L
w(x, 1) = —/ Yy, t)dy + I (/ Yy, t) dy> x (5.11)
0 0
satisfies the estimates
L L
/ wﬁ dx < C/ wz dx, Vt>0 (5.12)
0 0
and
L L
/ wt2 dx < c/ 1//? dx, Vt>0. (5.13)
0 0

Proof: We just have to calculate w, and use Holder’s inequality to get (5.12). Applying (5.12) to wy,
we get

L L
/wactdxfc/() Yrdx, Vt>0.

Then, using Poincaré’s inequality (2.12), for w; (note that w;(0,t) = wy(L,t) = 0), we arrive at
(5.13). a

Lemma 5.7: Forany e €]0,1[ and § > 0, the functional

L A
I3(t) =/ (pzwwt + piwer + fwz) dx
0
satisfies
L c L L L
Ié(t)g—kZ/ wfdx—ir—/ wfdx+e/ ¢§dx+5/ Wk dx
0 €Jo 0 0
L
+cs / (Aof + uier (n,t — 1) + u3v7 (6t — 1)) dx. (5.14)
0

Proof: Exploiting the first two equations in (1.1), integrating by parts and using the boundary
conditions (1.2) or (1.3), we get

L L
L) = fo (0292 — kay?) dx — ky /0 (@5 + V)Y + wy) dx
L L
+ 01 /0 wrp dx — o /(; Y (x, t — 12) dx

L
- / w (M@ + pige(xt — 11)) dx. (5.15)
0
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Notice that

L L 1 L
&, / (05 + V) (¥ + wy) dx = —k; / (0 + ) (Z / Yt dy) dx
0 0 0

ki ( [* 2
_f</0 1/f()”t)d)’>

<0.

Then, by applying Young’s inequality, for the terms of the last three integrals of (5.29), and using
(5.12) and (5.13), (5.14) is established. O

Now, for Ny, Np, N3 > 0, let
F=NE+Ny(I; + L) + N3Ig + I. (5.16)

By combining (4.4), (4.6), (5.10) and (5.14), we obtain

/ t 2 P1 t 2
F'(t) <-— (k2N3 —c—8(N3 + c) I/Ix dx — (R — €N3> @; dx
0

L
- 2N2/ / (Sle_zn(ptz(x, t—1p) + £e 2 I/ftz(x,t - ‘L’zp)) dpdx
o Jo

N.
+,§1 b
T1

+ (cw%(N3+ 1) — 52 )/ Y2 (x,t — 13) dx

L 2 2 gle—Zfl L 2
/ @; dx + (ca,ul(N3 +1) — . NZ) / @; (x,t —11)dx
0 1 0

k L
+C8/ ()LZ(N3 + 1)901 + A 1//t) <,0]l<_12 —/02)/0 O dx. (5.17)

At this point, we choose N3 > 0 large enough so that
k2N3 —c>0,

then € € 10, 1[ and é > 0 small enough so that

k
'f—6—eN3>0 8(N3 +¢) < koN3 —c¢ and 5c<zl.

Next, we pick N, > 0 large enough so that

_21_—1 —2‘[2
e e
51 N, <0 and c,;p,%(Ns +1) — 52

71 T2

st (N3 + 1) — N, <0.

Notice that, according to (2.11), if u; = 0, then & = 0. Otherwise, in virtue of (2.11) and (5.1),
& = 11|1| and & = 1oA;. So N, exists and can be taken in the form

Ny = c(Jp1| + A2). (5.18)
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From the choice (5.18), the definition of E and the fact that A; < |u;], we deduce from (5.17) that

L
F(t) < —cmin{l,mll+A2}E(t)+N1E’(t)+c(u%+kz|m|)/ o7 dx
0

L k L
+c (k% + Aolpr| + 1) / W2 dx + (% - p2> / Oy dx. (5.19)
0 1 0
Hence, according to (3.10) and (5.1), we have
/ L 2 |/~’L2| - )"2 2
Fw < [ (Gl =gt + L2202 an (5.20)
0

By combining (5.31) and (5.35), we get (min{1, [t1] + A2} > min{1, X5})

k L
F'(t) < —cmin{1,A,}E(t) + <% - pz)/ Oy dx
1 0
L
+ (c(uf + 2alma) + Ni(lpa| — M))/ @7 dx
0
2 N t 2
| cOa+ Rl + D+ —(lpal = 22) Y7 dx. (5.21)
0
On the other hand, by definition of the functionals I, I} — Is and E (notice that A; < |u;|), we have
IN2(Iy + I2) + Nalg + I7| < c(|ur] + A2 + DE,
which implies that

(N1 —c(Ju1l + 22 +1))E < F < (N1 + c(Jur] + A2 + D)E.

Then we choose N large enough such that

N
O3+ halml+ D+ —(ual =22) <0 and Ni > (il + 242+ 1),
Because |2] < Ay, then Ny exists and can be taken in the form

224 +1
N1:c< 3+ halpu

+lul+2r2+1], (5.22)
A2 — 2]

so the last term in (5.31) is non-positive and F ~ E. In addition, using the definition of E, we deduce
from (5.31) and (5.22) that

k L
F'(t) < —cmin{1, A }E(f) 4+ E(ui + |1 DE() + <'0]1(—12 - pz)/ Pt dx, (5.23)
0

where ¢ is a positive constant which depends on A, and p, but it does not depend neither on A; nor
on p1. Therefore, we assume that |41 ] is small enough so that

E(u? + |pa]) < cmin{1, Az} (5.24)

Because A, > 0 (according to (5.1)), the set of uu; satisfying (5.37) is not empty and it is reduced to
the one defined by a smallness condition of the form (3.8), for j = 1 and “(1) = = min{l, A2}. Then
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(5.34) and F ~ E imply that, for some positive constant ¢,

/ p1ka L
F () < —aF@®) + o P2 @tV dx. (5.25)
0

Because the last term of (5.25) vanishes (thanks to (1.4)), than (5.25) leads to (4.11), and then (3.3) is
deduced as in the previous section.

Case 2: the boundary conditions (1.3) hold,
w1l <A1 and  |uz| > As. (5.26)

Similarly to [3], we consider the following lemma:

Lemma 5.8: The functional

L kapr [*
Ji(t) = —,02/ Vi(px + ) dx — k_/ Yxpr dx
0 1 Jo

satisfies, for any § > 0,

/ L , Lo Lo kapr L
fl(f)i(k1+5)/ (ox + ) dx—ﬂzf Y dx+8/ lﬂxdx+(,02—k—l>/ iy dx
0 0 0 0

L
+ s / (Mof + A3Y7 + uief (x,t — 1) + WY (xn t — 1)) dx. (5.27)
0

Proof: Using equations in (1.1) and the boundary conditions (1.3), we have

L
/ @ dx

0

/ L 2 L 2 kzpl
fl(t)=k1/ (ox + ) dx—/)z/ Y dx + p2= ==
0 0 1
L k L
+ / (0x + V) (Mot + pavi (x, t — 12)) dx + k_j / Y (Mer + g (x,t — 1) dx.
0 0

Arguing as for (5.27), we get (5.27). O

Lemma 5.9: Let consider the functionals
X
w(x,t) = / v (y, 1) dy
0
and
L A
L(t) = PLo@:+ prwer + —¢” ) dx. (5.28)
0
Then, for any €, § > 0,
L oy L L
L) < —k1/ (@ + ¥ dx+ (o1 + —)/ wfdx+e/ Vi dx
0 € Jo 0
L L
+4 / (@2 +yHdx+cs / (Mo} + 1l (x,t — 11)) dx. (5.29)
0 0

Proof: _First, we have w(0,t) = w(L, t) = 0 thanks to (2.17) (remeber that, in case (1.3), ¥ plays the
role of /). Then (5.12) and (5.13) hold (as for (5.11)). Exploiting the first equation in (1.1), integrating
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by parts, using (5.12), (5.13), and the boundary conditions (1.3), and arguing as for (5.14), we find
(5.29). |

Now, for N1, N,, N3, Ny > 0, let
F=NE+ Ny + L) + N3] + NaJo + J1. (5.30)

By combining (4.2), (4.4), (4.6), (5.27), and (5.29), and using (5.9), we obtain
L L
F'(t) < — (k2N3 — 8(cN3 + cN3 + 1)) / yidx— ((1—N3)ps — eN4)/ W2 dx
0 0
N L

+ NE'(t) + (N3P1 + Ny (,01 + E) + 51—2) / @7 dx

€ T 0

L
— ((N3 4+ N4 — Dk; — 8(2N3 + 2N4 + 1)) f (px + ¥)* dx
0

L 1
— / / (8re™ 2" @F (x,t — T1p) + G2 Y2 (x,t — Top)) dpdx
0 0

+

N L e—2‘L’1 L
EZT 2 / wfdx—i- <C§M%(N3+N4+l)— EIT Nz)/ <pt2(x,t—r1)dx
2 Jo 1 0

5 526721’2 L 5
+ <68M2(N3 +1) - Nz) / Y (x,t — 1) dx
0

2

L k L
+ c(;/ (M(Ns + Dof +2397) dx + (,02 - p;(—12>/ @1 dx. (5.31)
0 0

At this point, we choose

1 1
N3=E’ Ny=1+— and €=

p1 N

then § > 0 small enough so that

. { kaN3 (N3 + Ny — Dky }
6 < min .

cN3+cNg+1" 2N3 4+ 2N, + 1
Next, we pick N, > 0 large enough so that

e 2o
N, <0 and Cg/,L%(N3 +1) —
71 L7)

(N3 + Ny + 1) — N, <0.

Notice that, according to (2.11), if u; = 0, then & = 0. Otherwise, in virtue of (2.11) and (5.26),
& = A1 and & = 12]u3]. So N, exists and can be taken in the form

Ny = c(|pal + A1). (5.32)
From the choice (5.32), the definition of E and the fact that A, < |u;|, we deduce from (5.31) that
L
F'(t) < —emin(1, |pa| + A}E®) + N E'()) + ¢ (45 + Mlpal) f i dx
0

L k L
+ ¢ (A + Mol +1)/ @?dx + <,02— %)/ @1 dx. (5.33)
0 1 0
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Hence, according to (3.10) and (5.26), we have

L -1
E®) < /0 ("“'T%oﬂ (Iutzl —mwf) dx. (5.34)

By combining (5.35) and (5.34), we get (min{1, A;} < min{1, |ua2| + X1})

k L
F'(t) < —cmin{1,A}E(t) + (Pz - p;{—f)f @t dx
0
L
+ (c(u3 + Alpzl) + Ni(lpa] — )»2))/ 7 dx
0
2 N b
+ | c(A] + Alpal + 1) + 7(|M1| — A1) @; dx. (5.35)
0

On the other hand, by definition of the functionals J, I1, I», J1, J» and E (notice that 1, < |u2]), we
have

IN2(I1 4+ I2) + N3] + NaJo + Ji| < c(lp2| + A1 + 1E,
which implies that
(N1 —c(ls2| + 21 +1))E < F < (N1 + c(Jjua| + A1 + D)E.

Then we choose N large enough such that

N
€G3+ Mlpal + D+ -l = 24) <0 and Ni > c(lpal + 21+ D
Because || < A1, then N exists and can be taken in the form

A2+ +1
N = (1 sl

+lpnal +21+1], (5.36)
A — |l

so the last term in (5.35) is non-positive and F ~ E. In addition, using the definition of E, we deduce
from (5.35) and (5.36) that

k L
F'(t) < —emin{1, A }E(t) + E(u3 + [u2DE(®) + (pz - 'Ollc—lz) / Perxe dx, (5.37)
0

where ¢ is a positive constant which depends on A; and ) but it does not depend neither on A, nor
on /3. Therefore, we assume that |13 is small enough so that

E(u3 + |ual) < cminf1, A1} (5.38)

Because A1 > 0 (according to (5.26)), the set of 15 satisfying (5.39) is not empty and it is reduced to
the one defined by a smallness condition of the form (3.8), for j = 2 and H(z) = zmin{L, A1}. Then
(5.37) and F ~ E imply that, for some positive constant cj,

/ plk2 L
F(t) < —aF@®) +(p— T @1y dx. (5.39)
0

The end of the proof is the same as in the Case 1.
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6. Proof of Theorem 3.3

Assume that (1.4) does not hold, (3.4) or (3.5) holds and let % € D(%). As in Theorem 3.2, we
distinguish two cases.

Case 1: the boundary conditions (1.2) or (1.3) hold,
il =41 and |u2| < Aa.

We will estimate the last term in (5.25) using the system (6) resulting from differentiating (1.1), (1.2),
and (1.3) with respect to time; that is

{ P10, 1) — k1 (@xr + Y)x (X, 1) + A1@p (X, 1) + (19 (x,t — 71) =0,
P2V (5, 1) — koW (%, 1) + k1 (@xr + Y1) (X, 1) + Aotse (%, 1) + o (x,t — 72) =0

with Dirichlet-Dirichlet boundary conditions

01 (0,8) = @ (L, t) = ¥ (0,8) = Y (L, 1) =0
or Dirichlet-Neumann boundary conditions
@10, 1) = @1 (L, 1) = ¥t (0, 1) = Yy (L, 1) = 0.
System (6) with (6) or (6) is well posed for initial data 24 € D(<) (see Theorem 2.2). Let E; be the

second-order energy (the energy of (6)) defined by E(t) = E(%(t)), where E(% (t)) = E(t) and E
is defined by (3.1)). As for (3.10) and according to (6), a simple calculation implies that

L
Byt < dy / ¥ dz,
0

s0, as E, also E; is non-increasing.

Lemma 6.1: For any € > 0, there exists a positive constant ae such that

p1k2 Tt T
- P / f thwtdxdtse/ E(t)dt + ac (E(S) + E2(S)), VT >=S=>0.
1 S 0 S

Proof: By integration with respect to t, we get

T pL L T T pL
/ / Ox Y dxdt = I:f OxVYt dx] - / / Oy dx dt.
s Jo 0 S s Jo

Moreover, using the definition of E and its non-increasingness, we find

k L
‘(% - Pz) / @x Y dx
1 0

Thus, from (6) we have

,01k2 T L T L
(——p)f / goxtwtdxdtscE(swc/ / oullvl dxdt, VT = § > 0.
S 0 S 0

< cE(t) < cE(S), V0<S<t.
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On the other hand, because d;, < 0, (6) leads to
L 1
[ via= B0
0 d»

Then, using Young’s inequality, we estimate the last integral in (6) as follows:

T pL T c T
c/ |¢x||wn|dxdt5e/ E(t)dt—i/ Ej(t) dt
s Jo S dy Js

2
T c
< e/ E(t)dt + —Ex(S), VT >S>0.
s da
Inserting this inequality into (6), we get (6.1) with oe = max{c, ;—;}. O

Now, exploiting (5.25) and (6.1), using the property F ~ E, and choosing € > 0 small enough, we
get, for some positive constants oy and o,

T T
/ F(t)dt < —alf E(t)dt + ay (E(S) +E2(S)), VT >S§>0.
S S
By combining (6) and the property F ~ E, we deduce that, for some positive constant o3,
T
/ E(t)dt < a3 (E(S) + E2(S)), VT =S=0.
S
Choosing S = 0 in (6) and using the fact that E is non-increasing, we get
T
E(T)T < / E(t)dt < a3 (E(0) + Ez(0)) :==c1, VT >0,
0

which gives (3.9).
Case 2: the boundary conditions (1.3) hold,

[u1l <A1 and  [ua| = Az

According to (6), a simple calculation implies that, as for (6),

L
Ej(t) < d1/ @% dx.
0
Lemma 6.2: For any € > 0, there exists a positive constant e such that, forall T > § > 0,

o1ks

(pz_ _>/ f et dx dt <€/ E(t) dt + e (E(S) + Ex(S))
S

Proof: By integration with respect to x and t, and using the boundary condition (1.3), we get

T oL T oL
f / P Yrdxdt = —/ / Qi dxdt = — |:/ V1 ¥x dxi| / / Yy dxdt.
s Jo s Jo 0

Using (6), the proof of (6.2) can be finished as for (6.1). O
Exploiting (5.39) and (6.2), the proof of (3.9) can be ended as in the Case 1.
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7. Concluding remarks

In this section, we conclude with some remarks and list some open questions for the interested reader.
Remark 7.1: When (3.6) or [(1.3) and (3.7)] hold, we can take [A; = O and iy # 0] or [A; =0
and iy # 0] or [A; = up = 0and Ay # 0] or [A; = u; = 0and Ay # 0]. These cases
show that, provided that (1.4) is satisfied, the exponential stability (3.3) of (1.1) holds also under one
internal frictional damping and two discrete time delays or under one internal frictional damping
and one discrete time delay not considered on the same equation.

Remark 7.2:  Our results remain true if we consider Timoshenko-type systems with variables
coeffiecients Aj(x) and w;(x) satisfying some smoothness and smallness conditions by modifying
the operators and Lyapunov functionals considered in our proof (see [9] in case A, = pp = 0).

Remark 7.3: 'We can consider distributed time delays

+00 +0o0
/ hi(s)pi(x,t —s)ds and / hy(s)Yri(x,t — s) ds
o) o)

instead of the discrete ones p1¢:(x,t — 71) and pav;(x,t — 12), respectively, in both first two
equations in (1.1) or in one of them, where hy, h; : RT — R are some given functions (see [8] in
case Ay = up = 0).

Remark 7.4: The estimate (3.9) can be generalized by proving that, for any n € N* and % €
D(27™), there exists a positive constant ¢, > 0 such that

n

C
E(t) < 7, VE>0

(see [9] in case Ay = uy = 0).

Remark 7.5:  Our stability results can be generalized to the case where, for some given functions
@1, ¢2 : R — R, the linear frictional dampings A;¢; and A,y are replaced by the nonlinear ones
¢1(¢¢) and @2 (Y), respectively.

Remark 7.6: We do not know if (1.1) is stable when (1.4) does not hold, and (3.6) or (3.7) holds.
Similarly, we do not know if (1.1) is stable when [(1.2) and (3.5)] or [(1.2) and (3.7)] hold. On the
other hand, the stability of (1.1) is an open question when (3.4) or (3.5) or (3.6) or (3.7) holds but
| is not small enough.

Remark 7.7:  The stability of (1.1) with (1.2) or (1.3) when
[1l = A1 and  |ua| = Az

seems not being satisfied. It was proved in [34] that the stability of the wave equation with internal
frictional damping and discrete time delay does not hold (even for small time delay) when the weight
of the delay is bigger than the one of the damping.

Remark 7.8: It will be interesting to extend our results to the following system:

P191 (%, 1) — k1(@x + ¥)x(x, 1) + p1ge(x,t — 711) =0,

P2 (%, 1) — ko (%, 1) + k1 (px + ¥) (X, 1) + pa¥e(x,t — 12) = 0,
@(x,0) = @o(x), ¢t (x,0) = ¢1(x),

Y (x,0) = Yo(x), ¥ (x,0) = ¥1(x),

@, —110) = fi(x, —T10), Yt (x, —T2p) = f2(x, —T2p)
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under the following boundary conditions:

((px + W)(L, t) + M%(L’ t) =0,
Vx(L, 1) + A2y (L, £) =0,
®(0,1) =¥ (0,¢) = 0.
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